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Let M be a Kahlerian manifold equipped with an almost complex struc-
ture J and a Riemannian metric g, and let TM be its tangent bundle with
the Berger type deformed Sasaki metric. In this paper, firstly, we find all
forms of Riemannian curvature tensors of TM. Secondly, we search the con-
ditions under which a vector field is harmonic with respect to the Berger
type deformed Sasaki metric and give some examples of harmonic vector
fields. Finally, we study the harmonicity of maps between the Riemannian
manifold and the tangent bundle of another Riemannian manifold and vice
versa.
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1. Introduction

The theory of tangent bundles began to be studied with the paper of Sasaki
[16] which studies the differential geometry of tangent bundles of Riemannian
manifolds and introduces the Sasaki metric on the tangent bundles as a Rieman-
nian metric. Later, the geometric properties of Sasaki metric have been exten-
sively searched by researchers. But, in most cases, they met the flatness of the
base manifold (see, for example, [13,14]). This situation has led many researchers
to studying different deformations of the Sasaki metric. In this direction, Ab-
bassi and Sarih [1] proposed general g—natural metrics on the tangent bundle and
the unit tangent bundles which include the Sasaki metric, the Cheeger-Gromoll
metric, the Kaluza—Klein type metric and some others as partial cases. Inspired
by the Berger deformation of metric on a unit sphere, Yampolsky [17] gave an-
other natural way of deforming the Sasaki metric on slashed and unit tangent
bundles over a Kahlerian manifold with the help of an almost complex structure
J. He called this metric as a Berger type deformed Sasaki metric and studied
geodesics of this metric. In [2], the first author defined the Berger type deformed
Sasaki metric on the tangent bundle over an anti-paraKahler manifold. They
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compute all Riemannian curvature tensors of this metric and presented some ge-
ometric results. Also, they defined some almost anti-paraHermitian structures on
the tangent bundle and searched the conditions for these structures to be anti-
paraKéahler and quasi-anti-paraKéhler. The deformations of the Sasaki metric
on the tangent bundle are not limited to those mentioned above. Also, we refer
to [6-8,19,22].

The paper deals with the Berger type deformed Sasaki metric on the tangent
bundle over a Kéahlerian manifold. We compute all Riemannian curvature tensors
of the tangent bundle with this metric and study harmonicity problems on this
setting.

2. Basic definitions and results

Let M, be an n-dimensional differentiable manifold. An almost complex
structure J on M, is a (1,1)—tensor field on M, such that J? = —I, (I is the
identity tensor field of type (1,1)). The pair (M,, J) is called an almost complex
manifold. Since every almost complex manifold is even dimensional, we will take
n = 2k. Also, note that every complex manifold (topological space endowed with
a holomorphic atlas) carries a natural almost complex structure [11].

The integrability of J on My, is equivalent to the vanishing of the Nijenhuis
tensor IVj:

Ny(X,Y)=[JX,JY] - J[JX,Y] - J[X,JY] - [X,Y] (2.1)

for all vector fields X,Y on M. If the almost complex structure J is integrable,
then we call it a complex structure.

On an almost complex manifold (Mag, J), a Hermitian metric is a Riemannian
metric g on Moy such that

9(JX,Y)=—g(X,JY) (2.2)

or, equivalently,
g(JX,JY) =g(X)Y) (2.3)

for any vector fields X, Y on Msy. The almost complex manifold (Mag, J) having
the Hermitian metric g is called an almost Hermitian manifold. Let (Mag, J, g)
be an almost Hermitian manifold. We define the fundamental or K&hler 2-form
Q on My by

QX,Y)=g(X,JY) (2.4)

for any vector fields X and Y on My,. A Hermitian metric ¢ on an almost
Hermitian manifold My is called a Kéahlerian metric if the fundamental 2-form
Q is closed, i.e., dQ = 0. In the case, the triple (Mag, J, g) is called an almost
Kaéhlerian manifold. If the almost complex structure is integrable, then the triple
(Mag, J, g) is called a Kéhlerian manifold. Moreover, the following conditions are
equivalent:

1. VJ =0, (V is the Levi-Civita connection of g),
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2. VQ =0,
3. Ny=0and dQ =0 [11].
As a result, the almost Hermitian manifold (May, J, g) is a Kéhlerian manifold

if and only if VJ = 0. The Riemannian curvature tensor R of a Ké&hlerian
manifold possess the following properties [11]:

R(Y,Z)J = JR(Y, Z),
R(JY,JZ) = R(Y, Z),
R(JY,Z) = —R(Y, JZ)

for all vector fields Y, Z on Myy.

3. Lifts to tangent bundles

Let M be an n-dimensional Riemannian manifold with a Riemannian metric
g, and let TM be its tangent bundle denoted by « : TM — M. A system
of local coordinates (U, %) in M induces on TM a system of local coordinates

(77_1 (U),zt, 2t = uz) ,i=mn+i=mn+1,...,2n, where (u') is the Cartesian

coordinates in each tangent space TpM at P € M with respect to the natural

base {% P}, P being an arbitrary point in U whose coordinates are (x?).
Given a vector field X = X*-2- on M, the vertical lift VX and the horizontal

ox?
lift X of X are given, with respect to the induced coordinates, by

VX — Xz&l’
HX = X'0; — w'Th X" 0,

where 0; = 8‘2“ 0= 8‘22- and Fi .. are the coefficients of the Levi-Civita connection

V of g [18].
In particular, we have the vertical spray Yu and the horizontal spray fu on
TM defined by

Vu = u™V(0;) = u'd5, Fu = u'H(5;).

Vi is also called the canonical or Liouville vector field on TM.

Now, let r be the norm of a vector u € T M. Then, for any smooth function
f of R to R, we have [1]:

and, in particular, we get
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Let X, Y and Z be any vector fields on M. Then we have [1]:

"X (g(Y,u)) =g ((VxY),u),
VX(g(Y,u) =g(X)Y),
X (M9(v, 2))) = X (9(Y. Z)),
VX (Y(9(Y, 2))) = 0.

The bracket operation of vertical and horizontal vector fields is given by the
formulas [3, 18]:
[,y ] = 7X, Y] =Y (R(X, Y )u)
X, VY] =Y(VxY)
Vx,"v] =0 (3.1)

for all vector fields X and Y on M, where R is the Riemannian curvature tensor
of g.

4. The Berger type deformed Sasaki metric on the tangent bun-
dle

Let (Mag, J, g) be an almost Hermitian manifold and T'M be its tangent bun-
dle. A fiber-wise Berger type deformation of the Sasaki metric on T'M is defined
by

gBS(HX7 HY) = g(X)Y)7

gps(VX, 1Y) = 5g("x,"Y) = 0,

gps("X,"Y) = g(X,Y) + 6*g(X, Ju)g(Y, Ju) (4.1)
for all vector fields X,Y on My, where 0 is some constant [17]. Also, it is called
a Berger type deformed Sasaki metric.

In the following, we put A = 1 + 62g(u,u) = 1 + 62||ul|?>. where ||.|| denotes
the norm with respect to g.

Lemma 4.1. Let (Mag, J,g) be a Kdhlerian manifold. We have the follow-
mgs:
L X (g(Y, Ju)) = g(VxY, Ju),
2. VX (g(Y, Ju)) = g(Y, JX) for all vector fields X,Y on May.

Proof. 1. By standard calculations, we have
HX (g(V, Ju)) = X9 (g, Y T} ut) — u*T% X*0: (g1, Y T ut)
= X(g(Y, Ju)) — Ty X" g, Y T 6}
= g(VxY, Ju) + g(Y, Vx(Ju)) — g V' T/ uT¢ X*
=g(VxY,Ju) + g(Y,Vx(Ju)) — g(Y, J(Vxu))
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= g(VXY, Ju).
2. We also have
VX (g(Y, Ju)) = X'0: (g, V' Tu®) = X'gy Y6k = g VI X' = g(V,JX). O

Lemma 4.2. Let (Mag, g,J) be a Kihlerian manifold. We have the following:
"X (9ps("Y,"2)) = X (9(Y, 2)),

VX (g98s("Y,7Z)) =0,

HX (g98s(VY,V2)) = gs("(VxY),YZ) + gps("Y,V(Vx Z)),

VX (98s(VY.V2)) = 6% (9(Y. I X)g(Z, Ju) + 9(Y, Ju)g(Z, J X))

for all vector fields X,Y,Z on Msy,.

e

Proof. The results follow directly from Lemma 4.1. O

Theorem 4.3 ([17]). Let (Mo, J,g) be a Kdihlerian manifold, and let
(TM,gps) be its tangent bundle equipped with the Berger type deformed Sasaki
metric. Then we have the following formulas:

1 Vaxy = H(VxY) - W(R(X,Y)u),
2 ViV = (VY )+ L H (R, V)X +529(Y, Ju) Rlu, Ju)X),

=~ 1
3. Vvylly = iH(R(u,X)Y + 6%9(X, Ju)R(u, Ju)Y) ,

. 4
4. Vvy"Y =62 (g(X, Ju)\V(JIY) + g(Y, Ju)V(JX)) — %(Q(Y, w)g(X, Ju)

+9(X, u)g(Y, Ju))¥(Ju)
for all vector fields X,Y, where V 1is the Levi-Civita connection, R is the Rie-

mannian curvature tensor of (Mag,g,J).

Lemma 4.4. Let (Myy,J,g) be a Kdhlerian manifold and let (T M, gps) be
its tangent bundle equipped with the Berger type deformed Sasaki metric. Then
we have

Vi (Ju) = gH(R(u, Ju)X),

Ty V(JY) = V(VxJY) + %H(R(u, JY)X + 629(Y, w)R(u, Ju)X)

2 _
8D ok wVw),

Vv (Ju) = A\(IX) = 68%g(X, Ju)u
Vv (JY) = 82 (g(V,u)V(JX) — g(X, Ju)"Y)
4

= 29X, wg(¥, ) — g(X, Tu)g(Y: ) ()

for all vector fields X,Y on Msyy.

Definition 4.5. Let (Myg, g, J) be a Kéhlerian manifold and let (T'M, gps)
be its tangent bundle equipped with the Berger type deformed Sasaki metric, F' :
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TM — TM be a smooth bundle endomorphism of TM and K : TM x TM —
TM be a differential map preserving the fibers and bilinear on each of them.
Then the vertical and horizontal vector fields VF, #F, VK and PK, respectively,
are defined on T'M by
VF:TM — TTM
(1’, ’LL) = V(qu)’
Hp . TM — TTM
(1’, ’LL) = H(Fﬂiu)a
VK :TM — TTM
(z,u) — V(K (u, Ju)),
A . TM — TTM
(z,u) = A(K,(u, Ju)).

Locally, we have

Y(F(u)) = wV(Fj),

H(F(u)) = ' H(Faj)

V(K (u)) = u'u® JIV(K (0i,05)) = u'u®Y (K (0, J(Ds))),
H K (u)) = v*u® JIT(K (9i,07))) = u'u* (K (i, J(Ds))).

Proposition 4.6. Let (Msyg,g,J) be a Kdhlerian manifold and let (T M, gps)
be its tangent bundle equipped with the Berger type deformed Sasaki metric. Then
we have the following formulas:

L VaxF ) = H(VxF)(u) = $Y(Ro(X, Fu)u),
2. Vi Flou) = (VX F)(u) + S H(Ry(u, Fu) X + 62g(Fu, Ju) Ry (u, Ju)X),

N —

~ 1
3. Vux"F, =(FX)+ §H(Rx(u, X)Fu+ 0%g(X, Ju)Ry(u, Ju)Fu),

4. VvyVF iy = Y(FX) + 8% (g(X, Ju)V(JFu) + g(Fu, Ju)"(J X))
4
O (X, Tu)g(Fuyu) + 9(X, w)g(Fu, Ju))V(Ju),

A

5. (Vax"K) (p.) = (VX K) (u, Ju)) — YV(Re (X, K (u, Ju)u),

6. (Vix"K)@u = "(VxE)(u, Ju)) + %H(Rx(u,K(u, Ju)) X
+029(K (u, Ju), Ju) Ry (u, Ju)X),

7. (Vox"K) () = %H(RI(U,X)K(U, Ju) + 6%g(X, Ju) Ry (u, Ju) K (u, Ju))

N +H(K(X, Ju)) + 7(K (u, JX)),

8. (VvxVK)(zu) = +5i [9(X, Ju)V(J (K (u, Ju)) + g(K (u, Ju), Ju)V(JX)]
_% [9(X, Ju)g(K (u, Ju), w) + g(X, u)g (K (u, Ju), Ju)] V()
V(K (X, Ju)) + V(K (u, JX))
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for any vector field X on Moy, where V is the Levi-Civita connection, R is its
curvature tensor of (Mo, g, J).

Proof. The results come directly from Theorem 4.3. O

5. The Riemannian curvatures of Berger type deformed Sasaki
metric

We will calculate the Riemannian curvature tensor R of TM with the Berger
type deformed Sasaki metric ggg. The Riemannian curvature tensor is charac-
terized by the formula

for all vector fields X , }7, Z on TM.

Theorem 5.1. Let (Moy, g, J) be a Kdhlerian manifold and let (T M, gps) be
its tangent bundle equipped with the Berger type deformed Sasaki metric. Then
we have the following formulas:

R(x HyyHz — 522 (R(X, Y )u, Ju)*(R(u, Ju)Z) + %H(R(U,R(X, Y)u)Z)

+ T (R(X, Z)u, Ju)(R(u, Ju)Y) + iH(R(u, R(X, Z)u)Y)
52
4

"R(X,Y)Z) + iv((VzR)(X, Y)u), (5.1)

g(R(Y, Z)u, Ju)*(R(u, Ju)X) — %H(R(u, R(Y, Z)u)X)

ROX. V)7 = LIV xR0, ) 2) + g, T0) (T R) 0, 7u)2)

(Y, Ju) (R, TV xu) Z) — %V(R(X, R(w,Y)Z)u)

2

+ V(R(X,2)Y) - %g(Y, Ju)V(R(X, R(u, Ju)Z)u)

+ — (9(Y, Ju)V(JR(X, Z)u) + g(R(X, Z)u, Ju)"(JY))

2
Ty
1y
2
52
2
54

- 59(
RIX My Wz = 1H((v xR)(u, 2)Y — %(VyR)(u, 7)X)

+ 5229(Z Ju)?(VxR)(u, Ju)Y — (VyR)(u, Ju)X)
+ 522g(Z, Ju)?(R(u, JV xu)Y — R(u, JVyu)X)

+Y(R(X,Y)Z) - %V(R(X, R(u,Z)Y)u — R(Y, R(u, Z) X )u)

Y, u)g(R(X, Z)u, Ju))Y(Ju), (5.2)
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R(X Vv)Vz =

RVX, YY)z =

RVX, YY)z =

2

— %g(Z, Ju)V(R(X, R(u, Ju)Y)u — R(Y, R(u, Ju)X)u)

+ 6 (g(R(X,Y)u, Ju)"(J Z) + g(Z, Ju)(JR(X,Y)u))
4
— —9(Z,w)g(R(X,Y)u, Ju)"(Ju), (5.3)
4
%g(X, Ju) (g(Y, Ju) (R(u, Ju) I Z) + g(Z, Ju)(R(u, Ju)JY))

—0%9(Z, Ju)*(R(Y, Ju)X) — fg(Z, JY)H(R(u, Ju)X)

4
— (9 Zwg(Y. Tu) + 9(¥, u)g(Z, ) (B, Ju) X)
2

+ %g(Y, Ju)(2R(u, JZ)u — R(u, Ju)R(u, Z)X)
+ 5429(2, Ju)"(2R(u, JY )u — R(u,Y)R(u, Ju)X)

4
— %g(Y, Ju)g(Z, Ju)(R(u, Ju)R(u, Ju)X)

- %H(R(Y, Z)X) - EH(R(U,Y)R(U, 2)X), (5.4)
HR(X,Y)Z) + 6%9(Y, JX)(R(u, Ju)Z)

+ iH((R(u, X)R(u,Y)Z) — (R(u,Y)R(u, X)Z))

+ 6% (g(Y, Ju)*(R(X, Ju) Z) — g(X, Ju)(R(Y, Ju)Z))

- Tg(X, Ju)"(R(u, Ju)R(u,Y)Z — R(u,Y)R(u, Ju)Z)

2
- %g(Y, Ju)?(R(u, Ju)R(u, X)Z — R(u, X)R(u, Ju)Z),

(5.5)
6*g(Z, Ju)(g(Y, Ju)'X — g(X, Ju)"Y)
+ 6% (g(Y, JZ)(JX) — g(X, JZ)V(IY)) — 28%g(X, JY)V(I Z)

6
+ %Q(Z, Ju) (9(X, Ju)g(Y,u) — g(X,u)g(Y, Ju))u

6
+ (Sgo(Z ) (X, wa(¥, Ju) — g(X. Ju)g(Y, )

4

i %(g(X, Ju)g(Y, Z) — g(Y, Ju)g(X, Z))
4

N %(g(x, TZ)g(Y,u) — (Y, JZ)g(X, u))

4

+ %g(z, wg(X, 7Y))V(Ju) (5.6)

for all vector fields X,Y,Z on Msyy,.

Proof. In the proof, we will use Theorem 4.3, Lemma 4.4 and Proposition 4.6.
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1. Let F : TM — TM be the bundle endomorphism given by F(u)
R(Y, Z)u. Direct calculations give

- . 1
ViuxVuytZ = Vuy [H(Vy Z) - §VF]

_ H(Y  Vy Z) — %V(R(X, Yy Z)u) — %V(VX(R(Y, Z)u)

+ %V(R(Y, Z)(Vxu)) — %H(R(u, R(Y, Z)u)X)

(52
— ZQ(R(Y’ Z)u, Ju)(R(u, Ju)X),
from which, with permutation of X by Y in the formula of %HX%HYHZ , we get

V iy Vi 12 = H(Vy v Z) — %V(R(Y, VxZ)u) — %V(VY(R(X, Z)u)

+ 3 V(RO 2)(Vyu)) — (R, ROX, Z)u)Y)
2
= T I(R(X, Z)u, Ju)(R(u, Ju)Y').

Also, we find
ﬁ[HX7Hy]HZ - %H[XA/]HZ - %V(R(X,Y)U)HZ

1 1
= (Vixy2) = 5 (R(X, Y], Z)u) = 5 (R(u, R(X,Y)u) Z)
2
— RO Y Y ) (R, Ju)2).
Using the second Bianchi identity, we obtain formula (5.1).

2. Let F : TM — TM be the bundle endomorphisms given by F(u) =
R(u,Y)Z and K : TM x TM — TM given by K(u,v) = R(u,v)Z. Hence, we
obtain

VixVy'Z = Vuy [%HF + 5229(1/, Ju)PK]
= SV (Rw,Y)Z) ~ R(Vxw,Y)Z) = {(R(X, Rlu, V) Z)u)
+ ;g(VXY, Ju) (R(u, Ju)Z)
+ ;g(Y, Ju)*(V x (R(u, Ju)Z) — R(V xu, Ju)Z)

2
-7 g(Y, Ju)V(R(X, R(u, Ju)Z)u).

Let F': TM — TM be the bundle endomorphism given by F(u) = R(X, Z)u.
We get

1

Viy Vi 12 = Vi [1(Vx Z) - 5

VF]
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= 119 2) + 5 g R 00 (9 2)

2
- %(Q(Y, Ju)"(JR(X, Z)u) + g(R(X, Z)u, Ju)"(JY))

— %V(R(X, 2)Y) + g(R(X, Z)u, Ju)g(Y,u))(Ju)" .

Also,

~ 1 52
Viax vy Z = iH(R(u, VxY)Z) + S9(VxY, Ju)H(R(u, Ju)Z),

which gives formula (5.2).
3. Applying formula (5.2) and the first Bianchi identity, we find

2

ST R)w 2)Y) + g7, Ju) (U x B) (. Ju)Y)

2
+ %g(Z, Ju)H((R(u, JVxu)Y) — iV(R(X, R(u, Z)Y )u)
52

+ %V(R(X, Y)2) - 9(Z, Ju)V(R(X, R(u, Ju)Y )u)
+ 522(9(2, Ju)"(JR(X,Y )u) + g(R(X, Y )u, Ju)"(J Z))

4

R(Ix, VZ)Hy =

— oy I(R(X,Y)u, Ju)g(Z, u)(Ju)"
and

2

%H«VYR)(U, 2)X)+ %g(Z, Ju)H(VyR)(u, Ju)X)
2
+ %Q(Z, Ju)H(R(u, JVyu)X) — iV(R(Y, R(u, Z2)X)u)

Ry, Vz)ix =

2

+ %V(R(Y, X)2) - %Q(Z, Ju)V(R(Y, R(u, Ju) X )u)

+ (Z(g(Z, Ju)V(JR(Y, X)u) + g(R(Y, X)u, Ju)"(J Z))
54

5,

which gives formula (5.3).
The other formulas are obtained by a similar calculation. We omit them to
avoid repetition. ]

(R(Y, X)u, Ju)g(Z,u)(Ju)",

Now we consider the sectional curvature K on (TM,gps) for P given by

9s(R(X,Y)Y,Y)
gBS(X7 X)ng(Y, Y) - gBS(Xa Y)2 7
where P = P(X,Y) denotes the plane spanned by {)? , }7} for all linearly inde-
pendent vector fields X,Y on T M.

K(X,)Y)= (5.7)
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Let I?(HX, Hy, IN((HX, VY) and [N((VX, VY) denote the sectional curvature
of the plane spanned by {HX, HY}, {HX, VY} and {VX, VY} on (T'M,gps), re-
spectively, where X,Y are orthonormal vector fields on Moy.

Proposition 5.2. Let (May, J, g) be a Kdihlerian manifold and let (T M, gps)
be its tangent bundle equipped with the Berger type deformed Sasaki metric. Then
we have the following:

) oms(ROX,5) 1Y, 7X) = g(R(X, Y)Y, X) = 2| ROCY Jull?
_ 3
4
i) gps(R(X, VY)Y, X)) = iHR(u, V)X |2+ 62g(Y, Ju)g(R(u, JY )u, X)
+ 6%g(X, Ju)g(Y, Ju)g(R(u, Ju)JY, X)

2
+ L g(Y, Jua(Ru, Ju)X, R, Y)X)

g(R(X,Y)u, Ju)?,

4
+ g0, T R, Ju) X P,
i) gps(R(VX,"V)V,VX) = 6*(g(X, Ju)? + g(V, Ju)?) — 36%g(X, JY)?

&6 2
— 7(g(X, w)g(Y, Ju) — g(X, Ju)g(Y, U)) .

The following result is obtained from Proposition 5.2 and formula (5.7).

Theorem 5.3. Let (Mg, J, g) be a Kdhlerian manifold and let (TM, gps) be
its tangent bundle equipped with the Berger type deformed Sasaki metric. Then
the sectional curvature K satisfies the following equations:

~ 3 362
(1) K,"x, %)= K,(X,Y) - ZHRI(X, Y)ul|? — Tgx(R(X,Y)u, Ju)?,

1 54
ot T (g e TP IR Ju)X ]|
+ 01 g2 (X, Ju)go (Y, Ju)ge (R(u, Ju)JY, X)
2

T % 92(Y, Ju) g (R(u, Ju) X, R(u,Y)X)

IR Y)X 2 4 89, (Y, Tu)gi (R(u, JY Ju, X)),
1
1+ 62 (g0 (X, Ju)? + g5 (Y, Ju)?)
+ 5 (gz(X, Ju)2 + 9:(Y, Ju)2)
56

= S (0 (X, W) ga (Y, T) — 42X, Tu)ga (V. ))),

(2) K("X,"Y)

3) K,("X,VY) = (—36%g.(X, JY)?

where p = (x,u) € TM and K denotes the sectional curvature of (Mag, g,J).
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Remark 5.4. Let p = (x,u) € TM such that u € T, M\{0} and let {E;}, 5

J J
be an orthonormal basis of the vector space T, M such that F; = ﬁ = HJUH
U U
Then
1
{Fi =B, Popr1 = —="(F1), Fagyj = V(Ej)} (5.8)
VA i=1,2k,j=2,2k

is an orthonormal basis of T),(TM).

Lemma 5.5. Let (Myy,J,g) be a Kdhlerian manifold and let (T M, gps) be
its tangent bundle equipped with the Berger type deformed Sasaki metric. Let also
p = (z,u) € TM and (F,),_74 be an anorthonormal basis of T,,(TM) defined

by (5.8). Then the sectional curvatures K satisfy the following equations:

2
Kp(F;, Fy) = Ko(E;, Ej) — ZHRx(Equ)UHQ - %gx(R(Eian)ua Ju)?,
~ )\52 )
Kp(Ft7F2k+1) - m‘Rx(u, Ju)EtH s
~ )\(52 54
KP(F17 F2k+1) = m‘Rx@j’a JU‘)ElHQ + ng(R('U,, JU)JU,U),

1
Ky, (F;, Fopqy) = ZHRx(Ua E)Ei|?,

~ B2A-1) AN+ r+1
K(F2k’+t>F2k+l) = ( A\ ) - (AQ(A _ 1) )(g:r(Ehu))Qa

Kp(Fapyt, Fary1) = —36%g.(Ey, JEy)?

fori,j=1,2k and t,l =2,2k, where K is a sectional curvature of (May, J, g).
Proof. The results come directly from Theorem 5.3 and Remark 5.4. O

We now consider the scalar curvature o of (T'M, gpg). By standard calcula-
tions, we have the following result.

Theorem 5.6. Let (May,g,J) be a Kdhlerian manifold and let (TM,gps)
be its tangent bundle equipped with the Berger type deformed Sasaki metric. If o
(resp., o) denotes the scalar curvature of (Mag,g,J) (resp., (I'M, gps)), then we
have

_ 1 & , 23— & )
Gp =02 — = > |R(E, Ejul® + ——= > |IR(u, Ju)Ei|
4ij:1 4A-1
2 4 2 9 212 1
+ %Q(R(u, Ju)Ju,u) — %[(% _aph 4202k — 1)) = 220 ;A +1)

where p = (z,u) € TM and (E;),_135, is an orthonormal basis of T,,(T M) defined
by (5.8).
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Proof. From the definition of the scalar curvature, we have

2k 2k

Gy =Y K(F,Fj)+2 Z K(F;, Fopys) + > K(Fopsi, Forej)
1,j=1 1,5=1 1,j=1
i# i#]
2k 2k
=Y K(F.F) +2ZK Fi Fopir) +2 ) K(Fi, Fary)
1,7=1 i=1 i=1
i#] j=2
2k B 2k _
+2  K(Fopys Forer) + ) K(Foryi, Fareg)-
i=2 i,j=2
i#]

Using Lemma 5.5, we obtain

2k 3 352
v= 3 (B8 - 21 Eul? - 2 g R B 0?)

ij=1
i#]
2k 2 4
2
+Z <2 o°A 5 IR, Tu) B ||2) + % (R(u, Ju) Ju, u)
1 2k 2k
2 2 2
+22;|!Ru Ej)Ei||*> — 36 ZQg(Ei,JEj)
7]:
=2 i+

A-1) N HAFT) 2
E )
+zz( o etEw)?)
In order to simplify this last expression, we use

2k
Z (E;, JE;)* ZgEZ,JE ZgEl,JE =2k —2,

i\j=2
i#j J #2 1#]

2k
Zg(Et, Zg By u)? = ||ulf?,

Z 1R(u, B;)Ei|* = Z IR(E;, Ej)ul)®.

7] 1 ,] 1

From the last equation (see, also [9,21]), we get

N 3—\)
Gp= Z |R(E;, Ej)ul|® + ( Z | R(u, Ju)E;||>
t,j=1
264 52 202(A\2 + A+ 1)

+ Tg(R(u, Ju)Ju,u) — 7[(2]{ — YA +2(2k —1)] — 2
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The theorem is proved. ]
From Theorem 5.6, we deduce the following theorem.

Theorem 5.7. Let (Mg, g,J) be a locally flat Kdihlerian manifold and let
(TM,gps) be its tangent bundle equipped with the Berger type deformed Sasaki
metric. If o denotes the scalar curvature of (TM,gps), then we have

- 52 202N+ A+ 1
5y = — - [(2h — DA +2(2k — 1) - ( ; 1

where p = (x,u) € TM and A = 1+ §2|jul|?.

6. The Berger type deformed Sasaki metric and harmonicity

Consider a smooth map ¢ : (M™,g) — (N", h) between two Riemannian
manifolds. Then the second fundamental form of ¢ is defined by

(Vde)(X,Y) = V%dp(Y) — dp(VxY). (6.1)

Here, V is the Riemannian connection on M and V¢ is the pull-back connection
on the pull-back bundle ¢~ TN, and

7(¢) = tracey Vdo (6.2)

is the tension field of ¢.
The energy functional of ¢ is defined by

such that K is any compact of M, where

e(p) = %traceg h(dg, do) (6.4)

is the energy density of ¢.
A map is called harmonic if it is a critical point of the energy functional F.

d
For any smooth variation {¢;}ier of ¢ with ¢9 = ¢ and V = ﬁqﬁt , we have
t=0

% B _ =~ /K W (), V)dv,. (6.5)

Then ¢ is harmonic if and only if 7(¢) = 0.
If ¢ : (N™, g) — (N, ) is a smooth map between two Riemannian manifolds,
then we have

T( o @) = dy(1(9)) + trace, Vd i (de, de). (6.6)

One can refer to [4,5,10,15] for background on harmonic maps.
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6.1. Harmonicity of a vector field X : (M, g) — (T'M, gps)

Lemma 6.1 ([12,20]). Let (M,g) be a Riemannian manifold. If X,Y are
vector fields on M and (z,u) on TM such that Yy = u, then we have

dwY(Xx) = HX(IM) + V(V)(Y)(:E’u).

Lemma 6.2. Let (Msyg,J,g) be a Kdhlerian manifold and let (TM,gps) be
its tangent bundle equipped with the Berger type deformed Sasaki metric. If X is
a vector field on Moy, then the energy density associated to X is given by

1
e(X)=k+ B tracey (9(VX,VX) + 62g(VX, JX)Q) .

Proof. Let (z,u) € TM, X be a vector field on My, X, = wu and let

(E1,..., Ea) be a local orthonormal frame on Myg. Then
2k
1 1
e(X)x = 5 tracey s (dX, dX) (gu) = 5 > gps(dX(Ei), dX (E;)) (g0
i=1

Using Lemma 6.1, we obtain

2%
1
e(X) =3 > 9ps("Ei+Y(VE,X),"Ei + V(VE X))
i=1
L 2
= 5> (9ms("E."E) + gps (V£ ), (VEX)))
i=1
L2k
=3 Z (9(Bi, E;) + 9(VE,X,VEX) + 6°9(VE X, JX)?)
i=1
=k+ %traceg (9(VX,VX)+6%g(VX, JX)?).
The lemma is proved. O

Theorem 6.3. Let (Mo, J,g) be a Kdahlerian manifold and let (T M, gps) be
its tangent bundle equipped with the Berger type deformed Sasaki metric. If X is
a vector field on Moy, then the tension field associated to X is given by

7(X) = (tracey A(X)) + Y(tracey B(X)),
where A(X) and B(X) are the bilinear maps defined by
A(X) = R(X,VX)*+6%g(VX, JX)R(X, JX)x,

2
B(X) = V?X +26%9(VX, JX) <JVX - %g(VX, X)JX> ,

where A = 1+ 62| X||? and | X|]? = g(X, X).
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Proof. Let (z,u) € TM, X be a vector field on My, X, = u and let
{E;},_i55 be a local orthonormal frame on My, such that (V%Ez)z = 0. Then

r(X) = Y {(VEAX (B, — dX(VE ).} = Z{de XED

(z,u)

N
B

{V HE;+V(V g, X))(HEi + V(VEZX))}
9

1

i

+ 6V(VEZ-X)V(VE1X)}($ W

Using Theorem 4.3, we obtain

2k

)= 3 (75 - 5 V(R(B, B)X) + (VY5 X)

1
+ §H(R(X, Vi, X)E; +6%9(VE, X, JX)R(X, JX)E))

1
+ §H(R(X, Vi, X)E; +6%9(VE X, JX)R(X, JX)E))

+6*(9(VEX, JX)V(IVEX) + 9(VEX, JX) (JVEX))

= GV X X)0(V 5, X, TX) + 9(V 5, X X)g(V 5, X, X)) V(7))

= f: (H(R(X, Ve, X)Ei +6°9(Ve X, JX)R(X, JX)E;) + (Vg VEX)
=1 )

TQ

—H ( trace, (R(X, VX) * +629(VX, JX)R(X, JX) ))

+20%9(V, X, JX)(IV 5 X) = - 9(VEX, X)g(Vi, X, JX)V(IX))

2
+ V( tracey (VX +26%g(VX, JX)(JVX — %g(VX, X)JX))).

The theorem is proved. O

Theorem 6.4. Let (Msy, J, g) be a Kahlerian manifold and let (TM, gps) be
its tangent bundle equipped with the Berger type deformed Sasaki metric. If X is

a vector field on Msy, then X is harmonic if and only if the following conditions
are verified:

trace, (R(X, VX)*+02g(VX, JX)R(X, JX) ) =0

and

2
trace, <V2X +26%9(VX, JX) <JVX - %g(VX, X)JX>> =0.
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Proof. The statement is a direct consequence of Theorem 6.3. ]

Corollary 6.5. Let (Moay, J,g) be a Kdhlerian manifold and let (T M, gps)
be its tangent bundle equipped with the Berger type deformed Sasaki metric. Any
parallel vector field is harmonic.

Example 6.6. Let (R?,.J, g) be a Kihlerian manifold such that
g= €2Id$2 + 62ydy2

and
ey

o

JOy = -0, JO,=

g Yo 8w>

where 0, = %. The vector field X = %0, — e Y0, is harmonic. Indeed, it is
enough to set u = e* and v = e¥ for getting the Euclidean metric ¢ = du® + dv?
and X = 9, — 0,, which is trivially parallel.

Example 6.7. Let R? be endowed with the Kihlerian structure (.J, g) in polar
coordinate defined by

g = dr® +r2d6?

and
1
JO, = —;89, JOp = 10,

1
The vector field X = sin 60, + — cos 89y is harmonic. Indeed,
T

the non-null Christoffel symbols of the Riemannian connection are
2 2 1 1
Iy =19 = oy Doy = —r

and

1
Vs Op = 0, Varag = Vagar = ;39, V3939 = —7r0,.

T

Hence we have
. 1 0 1
Vo.X =sinfVy 0, — — cos— + — cos Vg 0y = 0,
" " r2 o0 r i
1 1
Vo,X = cos00, +sin0Vy,0, — . sin 00y + - cos 0V y,0p = 0,

ie.,, VX =0.

Theorem 6.8. Let (Mo, J,g) be a Kdhlerian compact manifold and let
(TM,gps) be its tangent bundle equipped with the Berger type deformed Sasaki
metric. If X is a vector field on Moy, then X is harmonic if and only if X is
parallel.
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Proof. If X is parallel, from Corollary 6.5, we deduce that X is a harmonic
vector field.
Conversely, let X; be a variation of X defined by

RxM-—T,M
(t,z) — Xp(z) = (¢t + 1) X,

From Lemma 6.2, we have

1+1¢)2 1+¢)*
(1+%) tracegg(VX,VX)+(—;)

e(Xy) =k+ 52 traceg g(VX, JX)Q,

(1+1)?
E(Xy) =kVol(M) + —g Mtraceg 9(VX,VX)dv,
1
- ( J;t) 52 /M trace, g(VX, JX)2dv,.

If X is a critical point of the energy functional, then we have

o
o
== (k Vol (M) +

0 r(1+1t)*
+§( 2

:/ tracey g(VX, VX)dv, + 252/ trace, g(VX, JX)2dv,
M M

(1+1)?
3 ], traceg (VX VX)dvg>t:0

(52/ tracey g(VX, JX)2dvg>
M t=0

= / trace, (g(VX, VX) 4+ 20%g(VX, JX)Q)dUg
M
which gives
9(VX,VX)+25%g(VX,JX)* = 0.

Hence, it follows that VX = 0. [
Example 6.9 (Counterexample). Let (R?* J <,>) be a Kihlerian real space
(flat and non compact manifold) and let TR?* be its tangent bundle equipped

with the Berger type deformed Sasaki metric such that J is a canonical complex
structure on R?*. It is given by the matrix

0 I
—I; 0
if X = (X1',...,X%)is a vector field on R?",
For 6 = 0, we have

21 2 y2k
7(X) = trace, V2X (Zaa)g ,...,ZaX >
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1) If X is constant, then X is harmonic.
2) If X; = a;jz; and a; # 0, then X is harmonic (7(X) = 0) but VX # 0.
Indeed,

0\ _ N v (62 50l 02
VX <8x]~) _vﬁx_zi:azv% <x’axi) _Zi:éi‘”axi =% #0.

J

Remark 6.10. In general, using Corollary 6.5 and Theorem 6.8, we can con-
struct many examples for harmonic vector fields.

6.2. Harmonicity of the map o : (M,g) — (TN, hps)

Theorem 6.11. Let (My,g) be a Riemannian manifold, (Nay,J,h) be a
Kahlerian manifold and let (TN, hpgs) be the tangent bundle of N equipped with
the Berger type deformed Sasaki metric. Let ¢ : M — N be a smooth map and

oc: M —TN
rx+— o(x) =V op(x),

where V' is a vector field on N. The tension field of o is given by
T(0) = H[T(QS) + trace, (RN(J, V?o)de ()

+ 6%h(V?a, Jo)RN (0, Jo)do(*))]
+ V[VT(¢)J — tracey Vvd¢(*>d¢(*)a + traceg ((V¢>)20

+20%0(V0, Jo)(J(VPa) — ‘th(v%—, 0)Jo))],

where A = 1+ §2||a||? and ||o||? = h(o,0).
Proof. We have
7(0) =7(V o) =dV(1(¢)) + trace, V dV (dé(x), do(x))
= dV (1(9)) + tracey Vay (s AV (do(x))
— traceg dV(Vé\;(*) dp(x)).

The using of Theorem 4.3, Lemma 6.1 and Theorem 6.11 results in the fol-
lowing. O

From Theorem 6.11, we obtain

Theorem 6.12. Let (My,g) be a Riemannian manifold, (Nay,J,h) be a
Kahlerian manifold and let (TN, hpg) be the tangent bundle of N equipped with
the Berger type deformed Sasaki metric. Let ¢ : M — N be a smooth map and

oc: M —TN
z+—— o(x) =V op(x),
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where V' is a vector field on N. Then o is harmonic if and only if the following
conditions are verified:

7(¢) = — trace, (RN(J, Vd)a)dqb(*) + 62h(V¢0, JO')RN(O', Ja)dgb(*)),
VoT(¢) = —tracey [252h(V¢0, JO‘)(J(V¢O’) - (i\Qh(V%’, O‘)JO‘)]
+ trace, [Vvd¢(*)d¢(*)0 - (V¢)20].

6.3. Harmonicity of the map ®: (T'M,gps) — (N, h)

Lemma 6.13. Let (Mg, J,g) be a Kdhlerian manifold and let (T M, gps) be
its tangent bundle equipped with the Berger type deformed Sasaki metric. The
canonical projection

w: (TM,gps) — (Mag, J,g)
(z,u) —

is harmonic, i.e., T(m) = 0.

Proof. We put p = 2k. Let {E;},_1;; be a local orthonormal frame on M and

let {Ej}j:@ be a local frame on T'M, where

~ {HEj, 1<j<p
=

Ej=1, _
Ejp, p+1<7<2p

The tension field of 7 is given by

2p
7(m) = traceg,, Vdr = Z Gij{V%(Ei)dw(Ej) - dW(VEZMEj)},
ij=1

where (G;;) is the matrix of gpg and its inverse matrix is (G¥) such that

GijZCSZ'j, 1<4,5 <p,
Gi; =0, 1<i<p, p+1<j<2p,
Gij = 0ij + 82 (Ju) P (Ju) P, p+1<i, j<2p,
and
GY = &5, 1<i, j<p,
GY =0, 1<i<p p+1<j<2p,
1

1 —{—52||Ju||2[ J + (HJUH J

— (Ju)'P(Ju) )], p+ 1<, < 2p,
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where gu = (Ju)*Ey. Then

p
w(7) = 3 GV i dm("E;) — dn(VENE)) |

ij=1
2p
+ Z Gw{v%(VEi,p)dW(ij*p)_dﬂ(vgfg\{,pVEJ’*p)}-
3,j=p+1

With dn(YX) = 0 and dr(#X) = X o7 for any vector field X, we can find

(1) = > GVl oy (Bj o 7) = dr ((VEE;) ~ §V<R<E1,Ej>u>)}
i,j=1
2p
= > G g(Bip, Juydr (T Es-p) + 9By, Ju)dr ((JEip))
i,j=p+1

2
O (g w)g By, Ju) + 9(Br g By, Ju)) e ()}

p
= Z 5ij{(V]\E/‘£Ej) o — (VAE/[I,Ej) o 7r} =0.
ij=1

O]

Theorem 6.14. Let (Msyg, J,g) be a Kdhlerian manifold, (N™, h) be a Rie-
mannian manifold and let (T'M, gps) be the tangent bundle of M equipped with
the Berger type deformed Sasaki metric. Let ¢ : (M,g) — (N,h) be a smooth
map. The tension field of the map

O (TM,gps) — (N, h)
(z,u) — ¢(x)
is given by T(®) = 7(¢) o 7.

Proof. We put p = 2k. Let {Ei}i:ﬁ be a local orthonormal frame on M and

let {Ej}j:L?p be a local frame on T'M. As the ® is defined by ® = ¢ om, we have
7(®) = 7(pom) = dp(r(m)) + traceg,, Vdo(dr, dr),
2p B B
tracey, Vdo(dr,dr) = G”{Vﬁl\;(dﬂ(gi))dQS(dW(Ej)) - d¢(V3fr(,;i)d7T(Ej))}

Il
MR

%

I
ﬁM@

5 {V ar A0 )
1

- dﬁb(vfi\fr(HEi)dW(HEj)) }

S
<
Il

Il
.MB

(V%(Ei)dgb(Ei) — d¢(VH E;)) o = 7(¢) o .

=1

Using Lemma 6.13, we obtain 7(®) = 7(¢) o 7. O
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Theorem 6.15. Let (Msyg, J,g) be a Kdhlerian manifold, (N™, h) be a Rie-

mannian manifold and let (T'M,gps) be the tangent bundle of M equipped with
Berger type deformed Sasaki metric. Let ¢ : (M,g) — (N, h) be a smooth map.
The map

®: (TM,gps) — (N, h)

(z,u) — ()

is harmonic if and only if ¢ is harmonic.

sor
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Jesiki pe3yabTaT HIOA0 AOTUYHUX PO3INapyBaHb 3
meTpukoro Cacaki, nedpopmoBaHoio 3a TuiioMm bepxke, Ha
MmHoroBugax Kesepa

Aydin Gezer, Abderrahim Zagane, and Nour Elhouda Djaa

Hexait M o3nadae KejepoBHUil MHOTOBHJ, OCHAINECHUI MaiizKe KOMILIe-
KCHOIO CTPYKTypoio J i piMaHOBOIO MeTpukoio g, a T'M € itoro JoTuvHUM
posmapyBanHsiM 3 Merpukor Cacaxi, medopmoBanoro 3a Tuiom Bepxke. ¥
it cTaTTi, TMO-TIepIme, M 3HAXOIMMO BCi (pOpMHU TEH30piB pIMAHOBOI KpH-
suau T'M. Ilo-gpyre, Mu mrykaemMo yMOBH, 32 SKHX BEKTODHE IIOJIE € rap-
MoHIYHUM BimHocHO Merpuku Cacaxi, medopMoBaHOl 3a THIOM bepike, Ta
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HaBOJUMO KiJTbKa MPUKJIAIIB TapMOHIYHOTO BeKTOopa mnoJid. Ha 3aBeprenns,
MU JOCJIIZKYEMO TapMOHINHICTD BifloOparkeHb MizK PIMAHOBUM MHOTOBHJIOM
Ta JIOTUYHUM PO3IIAPYBAHHSIM 1HITIOTO PIMAHOBOTO MHOTOBUJLY 1 HABITAKH.

Kirrouosi cioBa: merpuka Cacaxi, jgedpopmoBaHa 3a TunioM bepxke; rap-
MOHIHICTB; TEH30p PIMaHOBOI KPUBUHU; JOTUIHE PO3IIAPYBAHHS
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