
Journal of Mathematical Physics, Analysis, Geometry
2024, Vol. 20, No. 4, pp. 527–535

doi: https://doi.org/10.15407/mag20.04.08

On a Uniqueness Property of n-th

Convolutions and Extensions of Titchmarsh

Convolution Theorem

Alexander Ulanovskii

This note is an attempt to present a brief story of how a question of Kol-
mogorov on Gaussian measures had led to an number of function-theoretic
results obtained mostly by Ostrovskii and some of his students. It is in-
tended to outline the general development, rather than give a full account
of the results.

Key words: probability measure, infinitely divisible measure, character-
istic function, analytic function, Titchmarsh convolution theorem, value-
distribution theory

Mathematical Subject Classification 2020: 30D, 60E

1. Introduction

1.1. Notations. This note is an attempt to present a brief story of how a
question of Kolmogorov on Gaussian measures had led to a number of function-
theoretic results obtained mostly by Ostrovskii and some of his students. It is
intended to outline the general development, rather than give a full account of the
(large number of) results. The reference list is therefore far from being complete.
For a more detailed account of the results and a fuller list of references, see [18].
This story also illustrates the efficiency of complex-analytic methods in some
problems of probability theory.

Given a real-valued random variable ξ, its probability measure (distribution)
is defined by

ν((−∞, t)) := Prob({ξ < t}).

The Fourier–Stieltjes transform

ν̂(x) =

∫
R
eitxν(dt)

is often called the characteristic function of ξ.
Denote by P the set of all probability measures on the real line and by I the set

of all infinitely divisible probability measures. Recall that a probability measure
µ is infinitely divisible if every n-th “convolution root” of µ is again a probability
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measure. This means that for every natural number n ≥ 2 there exists µn ∈ P
such that µ = µn∗n (convolution of µn with itself n times). Infinitely divisible
measures play an important role in Probability Theory. The famous Gaussian
(or normal) measures φ are infinitely divisible. The corresponding characteristic
functions are given by

φ̂(x) = e−σx
2+iαx, σ > 0, α ∈ R.

1.2. Kolmogorov’s question. The following problem was raised by Kol-
mogorov in the 50-ies at a Moscow university seminar: Show that the normal
measure is uniquely determined in the class of all infinitely divisible measures by
its values (restriction) on a half-line.

In what follows we consider the “left” half-lines (−∞, a), a ∈ R, though similar
results are true for the “right” half-lines (a,∞).

The fist proof was given by Rossberg [21] in 1974. He proved the implication:

µ ∈ I, µ|(−∞,a) = φ|(−∞,a) for some a ∈ R⇒ µ = φ. (1.1)

It was proved in [23] that condition µ ∈ I in (1.1) can be replaced by the weaker
condition µ = µn∗1 , n ≥ 2, where µ1 ∈ P. Also, implication (1.1) remains true
under the weaker conditions µ ∈ I and

lim
x→−∞

µ(−∞, x)/φ(−∞, x) = 1,

see [20]. For different extensions of these results (including extensions to finite
complex-valued measures and extensions to LCA groups), see [1,2,10–12,26,27].
Note that these results have applications in the theory of addition of random
variables (see e.g. [22, 25, 30]). Some natural generalizations of Kolmogorov’s
problem were suggested by Zolotarev [30].

1.3. Ibragimov’s result. Denote by C the complex plane and by C+ :=
{z ∈ C : =z > 0} the upper half-plane.

A key development was due to Ibragimov [9] who proved a far reaching gen-
eralization of (1.1):

Theorem 1.1. Let µ, ν ∈ I. Assume that the characteristic function ν̂ ad-
mits analytic continuation to C+. If

µ|(−∞,a) = ν|(−∞,a) for some a ∈ R,

then either ν|(−∞,b) = 0 for some b ∈ R, or µ = ν.

The analyticity of ν̂ in C+ is essential in this result. Moreover, Ostrovskii
in [14] and [15] presented some conditions on a positive measure ν defined in a
ball |x| < r in Rn (r > 0, n ≥ 1), to have infinitely many infinitely divisible
extensions, i.e. there are infinitely many different measures µ ∈ I such that µ =
ν outside the ball.

The proof of Theorem 1.1 used the value distribution theory of Nevanlinna.
Both Ibragimov’s theorem and the method of proof indicated that the phe-
nomenon may have purely analytic nature.
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2. A simple lemma

Denote byM the set of all finite complex-valued Borel measures on R. Given
ν ∈M, we denote by l(µ) := inf(suppµ) the left boundary of support of ν.

In what follows we consider measures ν ∈ M satisfying one of the following
decay conditions at −∞:

lim
x→−∞

log |ν|(−∞, x)

|x|
= −∞, (2.1)

lim
x→−∞

log |ν|(−∞, x)

|x| log |x|
= −∞. (2.2)

Let us now “transfer” certain conditions on measures to conditions on ana-
lytical functions.

Lemma 2.1.

(i) If ν ∈ M satisfies (2.1) then its Fourier–Stieltjes transform ν̂ admits ana-
lytic extension to C+ and satisfies

sup
x∈R,0<y<R

|ν̂(x+ iy)| <∞, for every R > 0. (2.3)

If ν is a non-negative finite measure, condition (2.1) is necessary and suffi-
cient for ν̂ to have the above property.

(ii) If ν ∈M satisfies (2.2) then ν̂ admits analytic extension to C+ and satisfies

lim
y→+∞

log log supx∈R |ν̂(x+ iy)|
y

= 0. (2.4)

(iii) If ν ∈ I satisfies (2.1), then ν̂ does not vanish in C+.

(iv) If ν ∈M and ν|(−∞,b) = 0, for some b ∈ R, then

|ν̂(x+ iy)| ≤ Ce−by, for some C = C(ν) > 0 and all x ∈ R, y ≥ 0. (2.5)

3. Uniqueness property of n-fold convolutions

Using Lemma 2.1 one may check that Theorem 1.1 is an immediate conse-
quence of the following result on analytic functions: Assume that two functions
f, g are analytic in C+, do not vanish there and satisfy (2.3). If the difference
f − g satisfies (2.5) with some b, then either f = g or both f and g satisfy (2.5)
with some number b.

Ostrovskii proved in [13] that the condition f, g 6= 0 in C+ can be replaced
with a weaker condition f = fn1 , g = gn1 , where n ≥ 3, f1, g1 are analytic in C+

and satisfy (2.3). Therefore, Theorem 1.1 can be generalized in two directions:

(a) The condition of infinite divisibility of µ and ν can be weakened by replacing
it with the condition µ = µ∗n1 , ν = ν∗n1 , for some n ≥ 3;

(b) The result remains true for complex-valued measures from M.
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Theorem 3.1. Given measures µ = µn∗1 and ν = νn∗1 , where n ≥ 3, µ1, ν1 ∈
M and ν1 satisfies (2.1). If

µ|(−∞,a) = ν|(−∞,a) for some a ∈ R,

then either l(ν1) > −∞, or µ = ν. In the latter case we have µ1 = e2πij/nν1, for
some integer j, 0 ≤ j ≤ n− 1.

Corollary 3.2 (Uniqueness property of n-th convolutions). Let n ≥ 3 and
let ν1 ∈ M satisfy (2.1) and l(ν1) = −∞. Then every half-line (−∞, a) is
a uniqueness set for the n-th convolution νn∗1 in the sense that the implication
holds:

µ1 ∈M, µ∗n1 |(−∞,a) = ν∗n1 |(−∞,a) for some a ∈ R⇒ µ∗n1 = ν∗n1 .

The property that ν̂1 is analytic in C+ cannot be replaced with the property
that ν̂1 is only analytic in some strip {0 < =z < R}. However, a variant of
Theorem 3.1 for the strip is true provided ν̂1 has ”sufficiently fast” growth when
approaching the line z = x+ iR, see [4].

Corollary 3.2 ceases to be true for n = 2.

Example 3.3. Define µ1, ν1 by

µ̂1(x) := ee
−aix

+ e−e
−aix

, ν̂1(x) := ee
−aix − e−e−aix

(a > 0).

One may check that µ1, ν1 ∈ M, satisfy (2.1), l(ν1) = l(µ1) = −∞ and µ2∗1 −
ν2∗1 = 4δ0, so that µ2∗1 |(−∞,0) = ν2∗1 |(−∞,0) = 0.

However, it was proved in [5] that there cannot be more than two different
second convolutions which agree on a half-line:

Theorem 3.4. Assume µ1 ∈ M satisfies (2.1) and l(µ1) = −∞. If there
exist measures µ2, µ3 ∈M such that

µ2∗1 |(−∞,a) = µ2∗2 |(−∞,a) = µ2∗3 |(−∞,a) for some a ∈ R,

then either µ2∗1 = µ2∗2 , or µ2∗1 = µ2∗3 .

It follows that for every measure µ1 ∈ M satisfying (2.1) there is a number
a ∈ R such that the second convolution µ2∗1 is uniquely determined by its values
on (−∞, a).

An analogue of Theorem 3.1 for n = 2 is true under a sharper condition on
the decay of µ (see [17]):

Theorem 3.5. Assume ν1 ∈M satisfies (2.2). If a measure µ1 ∈M satisfies

µ2∗1 |(−∞,a) = ν2∗1 |(−∞,a) for some a ∈ R,

then either l(ν1) > −∞ or µ2∗1 = ν∗21 .

Example 3.3 shows that condition (2.2) in Theorem 3.5 cannot be essentially
weakened.
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4. Extensions of Titchmarsh convolution theorem

Given measures µ1, µ2 ∈M. Assume that

l(µj) > −∞, j = 1, 2. (4.1)

Then the classical Titchmarsh convolution theorem states that

l(µ1 ∗ µ2) = l(µ1) + l(µ2). (4.2)

Let µ1, ν1 be measure defined in Example 3.3. Then

l(µ2∗1 − ν2∗1 ) = l((µ1 + ν1) ∗ (µ1 − ν1)) = 0, while l(µ1 ± ν1) = −∞,

which proves that condition (4.1) in Titchmarsh’s theorem is essential. One may
ask if condition (4.1) can be weakened by replacing it with sufficiently rapid decay
of |µj |((−∞, x)) as x → −∞. A positive answer to this question was given by
Domar [7] for a somewhat wider class thanM. More general results are mentioned
below.

The best condition on the decay of measures fromM was found by Ostrovskii
in [17]:

Theorem 4.1. If µ1, µ2 ∈M satisfy (2.2) and l(µ1 ∗µ2) > −∞ then l(µj) >
−∞, j = 1, 2, so that (4.2) holds true.

Since µ2∗1 − ν2∗1 = (µ1 + ν1) ∗ (µ1 − ν1), one may check that Theorems 3.5
and 4.1 are in fact equivalent. Example 3.3 shows that restriction (2.2) cannot
be essentially improved.

When n ≥ 3, we have

µn∗1 − νn∗1 = (µ1 − ν1) ∗ (µ1 − εν1) ∗ · · · ∗ (µ1 − εn−1ν1), ε = exp(2πi/n).

Therefore, µn∗1 − νn∗1 is a convolution of linearly dependent measures. One may
ask if Theorem 3.1 can be deduced from an extension of Titchmarsh convolution
theorem for convolution of n ≥ 3 linearly dependent measures. This was con-
firmed in [8]. We will state one result from [8] showing that condition (2.2) can
be relaxed:

Theorem 4.2. If the measures µ1, . . . , µn−1 ∈ M, n ≥ 3, are linearly inde-
pendent over C, satisfy (2.1) and µn = µ1 + · · ·+ µn, then

l(µ1 ∗ · · · ∗ µn) =

n∑
j=1

l(µj).

5. Methods of proof

Some of the methods used in the proofs of Theorems 1–6 above are described
in the survey [18]. These include the theory of distribution of values, theory of
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divisibility of quasi-polynomials, factorization in Hardy classes, and results on
the connection between the growth and decrease of analytic functions.

For the convenience of the reader, we recall very briefly the main ideas of the
proof of Theorem 4.2 in [8].

Assume that n = 3. Then it suffices to verify the implication

l(µ1 ∗ µ2 ∗ (µ1 + µ2)) > −∞⇒ l(µj) > −∞, j = 1, 2.

One may assume that µ1 ∗ µ2 ∗ (µ1 + µ2) = 0 on (−∞, 0). Then the product
of the Fourier–Stieltjes transforms µ̂1µ̂2(µ̂1 + µ̂2) belongs to the Hardy space
H∞(C+). Hence, the product (and so each factor) has ”few” zeros in the sense
that the zeros satisfy the Blaschke condition. Now one can use the following
argument: If functions fj , j = 1, . . . , n, n ≥ 2, are analytic in the unit disk,
linearly independent and such that the zeros of each fj and the sum f1 + · · ·+ fn
satisfy the Blaschke condition in the disk, then each fj must have “slow” growth
in the disk. A sharp statement follows from Cartan’s second main theorem for
analytic curves. This argument proves that the growth of each µ̂j in the upper
half-plane satisfies a certain restriction. Next, we have additional information
(see condition (2.3) in Lemma 2.1 above) that each function µ̂j is bounded in
every horizontal strip in C+. This allows one to improve the previous estimate
to show that numbers bj exist such that

µ̂j(z) exp(ibjz) ∈ H∞(C+).

This implies l(µj) > −∞, j = 1, 2.

6. Extensions and related results

6.1. Zaidenberg’s results. The following result follows from Theorem 3.1
as a corollary for the measures concentrated on Z: Given an integer n ≥ 3 and
polynomial p(x, y) := xn − yn. Assume functions f and g are analytic in D :=
{0 < |z| < 1} and f has an essential singularity at the origin. If the function
p(f, g) is meromorphic in {z : |z| < 1}, then p(f, g) = 0, i.e. fn = gn. One may
ask if and how this result can be extended to other polynomials p ∈ C[x, y]. This
was one of the questions considered by Zaidenberg in [28]. In particular, it was
proved that that every “sufficiently general” polynomial p in C2 has a somewhat
analogous property, see details in [28]. See also Theorem 3.4 in [29].

6.2. Borichev’s results. Observe that the convolution µ1∗µ2 is well defined
for unbounded complex-valued measures µ1, µ2 having “fast” decay at −∞ and
“moderate” growth at +∞. One may wonder if Theorem 4.1 admits extension to
such measures. The paper [6] presents in quite general situations exact relations
(provided some regularity conditions are satisfied) between growth on (0,∞) and
decay on (−∞, 0) which imply condition (4.2). Also, the problem is considered
under what conditions the relation µ1 ∗ µ2 = 0 implies µ1 = 0 or µ2 = 0.
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Про властивiсть єдиностi n-ї згортки та посилення
теореми Тiтчмарша про згортку

Alexander Ulanovskii

Ця замiтка є спробою представити коротку iсторiю про те, як
питання Колмогорова про мiри Гауса привело до низки теоретико-
функцiональних результатiв, одержаних переважно Островським та де-
якими з його учнiв. Замiтка має на метi окреслити загальний розвиток,
а не подати повний звiт про результати.

Ключовi слова: ймовiрнiсна мiра, нескiнченно подiльна мiра, ха-
рактеристична функцiя, аналiтична функцiя, теорема Тiтчмарша про
згортку, теорiя розподiлу Неванлiнни
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