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Existence of a Renormalized Solution for a
Class of Parabolic Problems

Mohammed El Fatry, Mounir Mekkour, and Youssef Akdim

In the paper, we prove the existence of the renormalized solution for the

nonlinear degenerate parabolic equation B%(tu) —div(A(t, z,u)Du) = f, where
the matrix A (¢, z,s) = (ai;(t,x,s))1<i<n is not controlled with respect to
1<5EN

u, f € LY(Q), and b is a strictly increasing C!-function.
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1. Introduction

In this paper, we study the existence of a solution for a class of parabolic-type
problems of the form

81)8(tu) —div(A(t,z,u)Du) = f in Q x (0,7,
b(u)(t = 0) = b(uo) in Q, (1.1)
u=0 on 9Q x 10, T,

where ) is an open bounded subset of RY (N > 1), T is a positive number. Set
Q = Q x (0,T). In the problem (1.1), b is a strictly increasing C!-function with
b(0) =0, f € L' (Q), and by(u) € L' (Q2). Moreover, the matrix

A:(t,z,s) = A(t,x,s) = (a;j(t, z,5))1<i<n (1.2)

1<G<N
is a Carathéodory function from @ x (—oo,m) into Sym,,, it blows up when
s — m~ and satisfies the coercivity condition, where Sym,, is the set of N x N
symmetric matrices and m > 0.
In the literature, there are other models that contain a blow-up term. We
mention

88? —div(A(t,z,u)Du) + g(u) = f in Qx (0,T),
ult = 0) = g in Q. (1.3)
u=0 on 99 x 10,77,

where the matrix M is not blowing up and the nonlinearity g has a vertical
asymptote. The problem (1.3) was studied in [12] for the case, where f € L1(Q).
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For the case, where f is replaced by a measure, the problem (1.3) was studied
n [1,2]. On the other hand, we also mention

1.4
u=20 on 0, (14)

{ —Au+g(u) =p in Q,
where the nonlinearity g has a vertical asymptote at 1 and p is a bounded measure
on Q. The problem (1.4) was established in [10, 11].

When we look at the problem (1.1), we come up against two kinds of dif-
ficulties. First, the assumptions f € L'(Q) and bo(u) € L' (). To overcome
this difficulty, we use the framework of renormalized solutions. This concept was
presented by DiPerna and Lions [11] to study the Boltzmann equation. See also
Lions [13] for a few applications to fluid mechanics models. We refer the reader
to [8,18,19] for elliptic problems and to [5,6,14,15,17] for parabolic equations.
A similar notion of entropy solution was defined in [16] and it was proven to be
the same as the renormalized solution. The second difficulty is due to the matrix
A (t,z,s) blowing up when s — m™, which makes the task of giving meaning to
this function on the set {z € Q| u(z) = m} difficult.

For the case, where the field is a Leray—Lions operator, the existence of renor-
malized solutions was proved in [6] and for the weighted Sobolev space, in [3].
For the case, where the field is a Leray—Lions operator and b is a maximal mono-
tone graph on R, the existence of renormalized solutions was established in [4].
More precisely, the problem (1.1) is an extension of the work of Blanchard et al.
(see [7]).

This paper is organized as follows. In Section 2, we make assumptions and
provide the main result. In Section 3, we give the proof of the main result.

2. Basic assumptions and main result

The following assumptions are assumed to be true throughout the paper:

b:R — R is a strictly increasing C L_function with b(0) =0, (
bO € Ll (Q) ) (

feLl'(Q), (
(

Az (t,x,s) = A(t,x,5) = (ai(t, 7, 8))1<i<N
152N

2.
2.
2.
2.

is a Caracthéodory function from @ X (—oo,m) into Sym,, such that there exist
two positive functions 8 and v in C° ((—oo0, m)) which satisfy

lim B(s) =400, p(s)>a>0, s (—oo,m), (2.5)

S—m—

/Om v(s) ds < +o0, (2.6)

B(s)|]* < A(t,z,s)E-€ <y (s) €], €eRV. (2.7)
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For any positive real number ¢, we define the function o, by

1 if r <m — 2e,
o(r)={1=(r—m+¢e) ifm—2e<r<m-—ce, (2.8)
0 ifr>m—e.

For a fixed n > 1 and for all s € R, we define

0,(s) = %(Tn(s —T,(s)) and h(s)=1—10,(s)|. (2.9)

Definition 2.1. A measurable function v defined on 2 is a renormalized
solution of the problem (1.1) if

Vk >0 Ty(u) e L*0,T;Hy(Q)), (2.10)

b(u) € L=(0,T; L (), (2.11)

u<m ae. inQ, (2.12)

Vk >0 X{—k<ucm}A(t, 2, u)Du € (Lz(Q))N, (2.13)

lim ! / A(t,z,u)Du - Dudzdt =0, (2.14)
p=+o0 P J_op<u<—p}

p——+o0

N
Vo € Cgo ([O)T]) lim pZ/Q<pX{m2/p<u<m1/p}A(t7xau)DuDwadt
i=1
_ / FoX (umy der dt, (2.15)
Q

and u satisfies

8B, (u)

o — div (S'(w)A(t, z,u)Du) + S" (u) A(t, z,u) Du - Du

— £5'(u) in D'(Q), (2.16)

where

Bu(z) = /Ozb’(s)S’(s)ds and  B(u)(t = 0) = By (uo)

for every function S in W?2°°(R) such that supp(S’) is compact and S’(m) = 0
and for any ¢ € C2° ([0,7T] x Q) such that S"(u)p € L*(0,T; Hg(2)).

Remark 2.2. Conditions (2.10) and (2.13) show that all terms in (2.16) are
well defined. The assumption (2.1) was established in [7] when b(u) = u.

Theorem 2.3. Under the assumptions (2.1)—(2.7) there exists at least a
renormalized solution u of the problem (1.1).



Existence of a Renormalized Solution for a Class of Parabolic Problems 305

3. Proof of main result

3.1. Step 1: Approximation of the problem. For ¢ > 0, we consider
the field of matrices

A (t,z,s) = 0:(s)A(t,x,s) + (1 — o-(s))B(m — €)1, (3.1)

where o, is the function defined by (2.8) and I is the diagonal matrix. Indeed,
in (3.1), we use the convention

oe(s)A(t,z,s) =0 for s>m —e.
Due to the assumptions (2.5) and (2.7), we have
B(s) €] < A%(t2,5)€ - € < (v(s)oe(s) +  sup B(r) €7, (3:2)

re(0,m—e)
Thus,
b.(s) = b(Ty/.(s)) +es fore >0,
and
b_(s) — b(s) converges almost everywhere on Q. (3.3)
Finally, there exists (f:).., € L> (Q) such that
fe— [ in LNQ), (3.4)

and there exists (ug),., € L> (Q) such that
be(ug) — b(ug) in L'(Q).

The following regularized problem admits a weak solution u° :

Bb&é(tue) —div(A®(t,z,u®)Du’) = f. in Q,
b(uf)(t = 0) = bo(uf) in 0, (3.5)
us =0 in 0Q % 10, T7.

As a result, to show the existence of a weak solution v € L2(0,T; H} (2) of (3.5)
is an easy task (see [4]).

Remark 3.1. Any weak solution is a renormalized solution. Indeed, for any
S € W2 (R) and any ¢ € C2°((0,T) x Q) such that S"(u)p € L*(0,T; Hi(Q2)),
we can choose S’ (uf)p as a test function in (3.5), to deduce, using the integration-
by-parts formula (see [4]), that

€ €
0Bi(w) _ div (S"(u)A*(t, z, u®) Du®) + S" () A% (t, x,u®) Du® - Du’

ot
= f5'(u%) in D'(Q), (3.6)

where

Bi(z) = /OZ bL(s)S'(s)ds and B:(u®)(t = 0) = Bs(uf)

for any S € W2 (R).
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3.2. Step 2: Apriori estimate and weak limit of the field. The test
function ¢ is always equal to ¢ = min <w, 1). Choosing S'(r) = Ty (u®)

in (3.6), we have

T—6

1 u
- // bL(s)Tk(s) ds dx dt
0 Jr-25 Ja Jo
T—-26
+ / / AS(t, 2,0 DT (u) - DTy (u) dv dt
0 Q

<k [l gy + =) 1 gy | - (3.7)
Let ¢ tend to 0. Then we have
T
0
Thanks to (2.7) and f. € L' (Q), we have
a/ | DT, (uf)|? dadt < Ck (3.8)
Q
and
X*(t,2,u%) DTy (u) € (LA(Q)Y, (3.9)
where X¢ (z,s) = (3:%(:1@,3)) L<i<y is the square root of the matrix A®(z,s).
1<j<N

To establish that b(u) is in L>(0,T; L' (2)), we replace S'(r) = x(o.nT1 (v°) in
(3.6). Proceeding as above, we get

1 () Lo (0,7 L1 (02)) < C-

Then we pass to the limit-inf as ¢ tends to 0, which gives that b(u) belongs to
L>=(0,T; LY(9)).

By a classical argument (see, e.g, [3]), for a subsequence still indexed by ¢,
from (3.8) and (3.3), we have

u® —u ae. in Q, (3.10)
be(u®) — b(u) a.e. in Q, (3.11)
Vk >0 Ty (u®) — Tk (u) weakly in L?(0,T; H3(2)). (3.12)

Now, using of S’(s) = Ty (s) — T, (s) in (3.6), leads to

T
/ / A% (t,x,u®) DTy (u®) - D (Ty), (u®) — T,F (u®)) dadt < C,
o Ja
where C' does not depend on e. By (3.2), we have

B(m — 5)/(2 T (uf) = T (uf)|? de dt < C. (3.13)
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We pass to the limit in (3.13), as € tends to 0, to deduce that

Ty (u) = TF(u) =0 ae. inQ, (3.14)

u<m a.e. in Q.

We define two sequences of auxiliary functions

(wo)t
o = / (7 (5) 02(5) + (1 = be(5))B(m — £) ds (3.15)
0
and
(us)*
= / (B(s)os(s) 4+ (1 —b:(s))B(m —¢) ds. (3.16)
0

For every k > 0, we have T} (v°) € L?(0,T; H}()) and Ty (d°) € L*(0,T; H} (1))
with

VTi(0%) = Xqoe<iy [(7 (uF) 0 (u®) + (1 = 0 (u) B(m — €)] VT o (w®) ™ (3.17)

and
VTi(d%) = Xqar <k} [(B (0) 0c(u®) + (1 — 0 (u%)) B(m — €)] VT} o (w) T (3.18)

By taking S’ (uf) = Tp,(d® — (u°) ™) in (3.6), we have
/ A (t,z,u®)Du® - T, (d° — ()7 ) dadt < C. (3.19)
Q

Since the supports of d° and (u®)~ are disjoint, by using (3.18), we can deduce
that

N
Z/QX{de<k} [B(u)oe(uf) + (1 — oe(u))] (A°(t, 2, u")D (w) ") - DTn (u°) Fda dt
i=1

N N
—|—Z/QX{(ua)<k}ZA5(t,m,u5)D(uE)_ - DT, (uf)~dzdt < C. (3.20)
i=1 j=1

Now the definition (3.1) of A%, together with the assumptions (2.7), shows that

(1= 0c(s))B(m — €) |€1* + B(s)oe(s) €] < A°(t, 2, u”)E - €

for any s € R, any £ € RV, and a.e. in Q.
Then (3.1) and (3.20) yield

/ \DT (&) da dt + a/ |DT,((w)7)|? dadt < C. (3.21)
Q Q
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Since the supports of d® and (u®)~ are disjoint, we deduce that
mmla/‘T )} dxdt < C.

Poincaré’s inequality and (3.22) lead to
n? meas {(t,z) € Q | |d° — (v)"| > n} =0,
where C' does not depend on n and €, and we obtain that

lim sup{t:v eQHdE E)_‘>n}:0.

n—-+o0o

To obtain the analog of (3.23) with

L[?ﬂ@—ﬂ@D%QMs<+m,
by (2.6) and (3.23) it follows that

lim sup{ta: GQHU — 5)_‘>n}:0.

n—-+4o0o
Next, by (3.22), following the same procedures as above, we obtain

d®—d ae. inQ,

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

where d is a measurable function. Then, by (3.10), (3.24), and (3.26), we have

v® = v ae. in Q,

where

(w)*
v=d+A (1(s) — B(s)oe(s) ds

(3.27)

and v is a measurable positive function. Referring to the definition of o, in (2.8)
and of v® in (3.15), as well as to the convergence (3.12) and (3.27), it is seen that

(u)*
v:/o v(s)ds ae. in {(z,t) € Q| u(x,t) <m}.

(3.28)

However, as far as we know, we cannot expect to have a similar identification on

the subset {(t,z) € Q | u(t,z) =m}.
Now we choose S(uf) = 60, (v — (u)”) in (3.6) which gives us

1

/ A (t,x,u”)D (u®) - DT, (v° — (u¥)”) dxdt
n {n§|vef(u5)_|§2n}
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|uo| -
S/{\vs—ma)\>n}|fs|d$dt+/g/o [6(r)0n (G*(r) = (r)7) | drda. (3.29)

As for the second term, it should be noticed that the support of G¢(r) and r~
are disjoint. Thus, using f. € L' (Q) and (3.25), we obtain

1
lim sup/ A% (t,z,u®)D (u®) - DT, (v — (u®)™) da dt = 0.
A [y AEEAOP ) DL - ()
(3.30)
Repeating the above argument with S'(r) = 6,, (), we have
1
lim sup / A®(t,z,u®)D (uf) - DTy, (u®) dx dt = 0. (3.31)
noteo e M {n<jus|<2n}

To prove the weak limit of the field, we need to see that A®(t,x,u®)Du’ is
bounded in L?(Q) for every i = 1,...,N in the subset, where v°— (uf)” is
truncated. Indeed, we plug the test function Tj(v®) in (3.6) and, by using (3.17),
we obtain

/{|v6|gk} A% (t, 2, ut)D (u) - D (u) " (7 (u¥) 0= (u®) + (1 = 0o(s)) B(m — €)] da dt
<cC

By the definition (3.1) of A(z,s) and (2.7), we get
A%(t,,8)6 - £ < (7(s) 0=(s) + (1 — 0c(s))B(m — €) ¢ (3.32)

for any s € R, any ¢ € RV, and a.e. in . Use (3.32) with & = X®(z,u®)D (u®)" .
Therefore,

/ ‘Ae(t,az, s)D (u€)+‘2 dxdt < C.
{lvs|<k}
Then, for any k& > 0,
X{ve<k} A% (t,z,5)D (uf)* is bounded in L*(Q) uniformly in e.

Now, since X{|ve—(ue)~ | <k} = X{0<ve<k} + X{o<us<k} a.€. in €2, by the contin-
uous character of A%(t,x,s) for s € (—o0,0] and the estimate (3.8), we have

X‘vs_(us)*|<k‘4€(taxv u?)D (uf)t  is bounded in (LQ(Q))N uniformly in e.
(3.33)
Use the estimates (3.33) and (3.9) to extract another subsequence, still in-
dexed by ¢, such that

b (v — (u®)7)A%(t,z,u®)D (u°) — ¢, weakly in (LZ(Q))N,
Xe(t, x,u¥) DTy (uf) — Yy weakly in L?(Q) (3.34)

as ¢ tends to 0, where for any k > 0 and n > 1, ¢, € L*(Q) and Y}, € L*(Q).
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Next, we identify v, on the subset, where u < m. Let h be a C°°(R)-function
such that supp(h) is compact in (—M, 1) with [ < m and M > 0. Then, using the
fact that h(s)A®(t,z,u) = h(s)A(t,z,T)(sT) — Th(s7)) for € small enough and
the convergences (3.12), and (3.27), we have

h(u®)hy(v® — (u®) ") A% (¢, 2, u")Du® — h(u)h,(v —u™)A(t, 2, u)Du
weakly in (L2(Q))"  (3.35)

as € tends to 0 and Du stands for DTj(ut) — DTy (u™). Tt follows from (3.35)
and (3.2) that

Y = hy (v—u) A(t,z,u)Du a.e. in {(t,x) € Q | u(t,x) <m} (3.36)

since [ < m and M are arbitrary.
It should be noticed that on the subset {(¢,z) € @ | u (¢,z) < m} we have

(w)* m
0<v= / v(s)ds < / v(s) ds.
0 0

Then, for
n>/ v(s)ds,
0

we have h, (v —u) = hy, (—u) on {(¢t,z) € Q | u(t,z) < m}.It follows from (3.36)
that

Up = hp (—u) A(t,z,u)Du  ae. in {(t,z) € Q | u(t,z) < m}
which, in turn, implies that

N

X{—k<u<m}A<t7x7u)Du € (LQ(Q)) (3.37)

To identify Y;,, we use 1, defined above. For every k > 0, we have
hn (0" — (u®) ") A% (t, 2, u) DTy (u®) — wﬁ weakly in (LQ(Q))N.

We can write

b (v° — (u®)7) X (t, x, u®) Tk (u®)
= hn (v — (u®)7) (X°(¢, x, u‘s))_1 A% (t, o, u®) T (u’).

Using some technique developed in ( [6]), we can deduce that

Y = X{u<m}X(t,$,u)Tk(U) a.e. in Q.
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3.3. Step 3: Strong convergence of the field. To show this convergence
several authors use a particular temporal regularization (see, e.g., [10]). In this

paper, we use a method developed in [4] by Porretta for the Stefan problem.
Let £ € C§° (0,T] such that 0 < £ < 1. We choose S'(r) = hy,(r)Tk(r) and
€ = ¢ in (3.6) to obtain

/Aa(t,x,uE)DTk(uE)-DTk(uE)da:dtS / & /u bL(8)hn(8)Ty(s) ds dx dt
Q Q Jo

/f / bL(s)h (s)Tk(s)dsda:dt—i—/ffahn(ua)Tk(ue)dsdxdt
Q
—{—k:/ A (t,z,u®) DTy (u®) - DTy (u) dt dz. (3.38)
N J{n<|us|<2n}

We pass to the limit as € tends to 0 in (3.38) and, by using (3.10) and (3.3),
find that

;i_r{[l)sup/A (t,x,u") DTy (u®) - DT (u) dz dt < / §t/ V(s (s)dsdxdt
/f / b (8)hn(8)Tk(s) dsda:dt—i—/ffhn(u)Tk(u) dsdxdt
Q

+ lim sup k— / A®(t, z,u®) DTy (u®) - DTy (u®) dz dt.
=0 {n<|us|<2n}

Using (3.31), we have

lim limsupk—

/ A®(t, z,u®) DTy (u®) - DT (u®) dzdt = 0. (3.39)
n—-+oo e—0 {n<|us|<2n}

Now, using (3.39), we pass to the limit as n tends to +o0c and obtain

lim lim sup / A (t,x,u®) DTy (u®) - DT} (u®) dz dt
n—+o00 e—0

S/&/ub'(s)Tk(s) dsdx dt
/ €0 / b (s)Tk(s) ds dx dt —|—/ EfTi(u)dxdt. (3.40)
Then, using S, (r) = hy,(G*(r™) —r~) in (3.6), we have

1

Q) / A (t,x,u")Du’ - D(v° — (u°)”) dx dt
N J{n<|ve—(us)~|<2n}

—/ vt /“5 bL(s)hn(GE(sT) — 57 ) dsdx dt

/5 / b.(s)h (G5(3+)—s)dsd:cdt—/Qgpfhn(vs_(ue))dwdt

el e
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+/ A% (t, z,u®)Du® - Dphy, (v¢ — (u®)”) dxdt
Q

1

< el poe(o) = A®(t,z,u®)Du® - D(v® — (u®)” ) dzdt. (3.41)

n /{n<v5(u5)—<2n}
We want now to pass to the limit in e. First, we remark that for n > [" ~(s)ds,

ha(G2(s7) = 57) = Xqs<ophn(=57) + X{o<s<myln(s™) (3.42)

as € tends 0. As a consequence of (3.42), it follows that
/ got/ b (8)hn(GS(sT) — s7 ) dsdx dt
Q 0

— /Qcpt [/0_ b’(s)hn(s)ds—{—b(Tg(u))] dx dt

and
uo
/ Lpt/ b (s)hn(GE(sT) — 87 ) dsdx dt
o Jo
_ua
o / o [/ b (s)hn(s)ds + b (T;;(uo))] da dt.
Q 0
Secondly, from (3.36), we get
/ A®(t,z,u®)Du® - Dphy(v¢ — (u®)”) dz dt — / ty, - Do dx dt,
Q Q
Further, using (3.36) and the inequalities
/ fepdzdt — \<,0||Loo(9)/ |fe| dzdt < / O fehn (v — (u)7) dadt
Q {lve—(us)~[>n} Q

< [ feodedt+ el me [ f.] dodt
Q {lve—=(ue)~[>n}

setting

ki(n) = 1 sup 1/ A (t,x,u")Du® - D(v° — (u°)”) dx dt
{n<|ve—(u®)~|<2n}

n & n

and
ra(m) = sup | 1| dat,
{lve=(ue)~[>n}

3

we pass to the limit

Il oo ey (m(n)+f~@2(n))§/{ ot Do
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- [ o [ | @ as +o (T,:(uO))] da dt
Q 0

- '(s)hn(s)ds *(u T
+/Qgpt [/0 b (s)ha(s)ds + b (T ))]d dt
+/ A(t,z,u)Du - Dphp(v — (u)”) dx dt

u(t,z)<

—AﬁmemeWWMm+mW)

Now, let ug; be a sequence of the class C§°(£2) such that
ug; — up  strongly in L' ()

and
u(t) =wug; fort <O.

We choose .
1
o= [ Ti(u(r))dr
t—h

as a test function in (3.6), which gives us

Un - D <}1l /tt Tk(u(T))d7'> da dt

—h

ks (0) + () <

{u(t,z)=m}

—/ ©(0) [/“0 Y (s)hn(s)ds + b(T,:g(uo))] dx dt
Q 0

_ /Q gt (5; /ttth(u(T))dT> [ /0 () ha(s) ds+b(T;(u))] da dt

_ /u o Atz DD <f1l /t_th(u<T))dT) (v — () Yoy da dt

- /szp dz dt < k(k1(n) + Ka(n)).

To control the parabolic term in the previous inequality, we apply Lemma 2.3
from [4] with w = u, F(u) = u,

B(r) = /O_T I ()0 (8)ds + T (1),

and we can easily prove that when h tends to 0

1 t
7 / Ti(u(r) dr — Ti(u) strongly in L(0,T; H} (),
t—h

we get,

—wwmn+mm»s—/

& K / N W(s)hn (s)ds + b(Tnt(u))> Tho(w) dr
Q 0
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/ F) (b(—r™) + BT (u )))dr} d dt

[(/ 5)ds + (T (up))
0

/0 () (b(—r) + BT () dr] da

+ / &Yy, - DTk(uo) dz dt
{u(t,z)=m}

Ty, (ug;) dr

+ / EA(t,x,u)Du - DTk (u)hp(v — (u)”) dx dt
(t,x)<
— /foTk (u) dx dt. (3.43)

Finally, let n go to infinity. Observe first that, by the definition of T} (s), we
have

X{u=m}¥n - DTy (u) =0 .
Thanks to (3.31) and (3.25), we have

ki(n) -0 and ka(n)— 0.

Since hy(s) — 1 and for every n > [;" 7(s)ds, the inequality (3.43) yields

—/ & [(/—u V' (s)hn(s)ds + b(T%'(u))) Ti(u) dr
Q 0

_ /0 L) (b= + B(TE () dr} dx dt

Ty, (ug;) dr

— [ £(0) [(/Ouo v (8)hn(s) ds + b(TE (up))
(

_ /Oqu Ty(r) (b(—r_) + b(Tnt(u))) dr] dx
- / EA(t,x,u)Du - DT}, (u) dx dt — / fETy (u) dx dt. (3.44)
(t,) Q

Notice that for every s < m, we have

S

(b(=r7) + BT () Tels) = | Th(r) (b(=r7) + BT (1)) dr

S

V' (s)Tk(r) dr. (3.45)

|
S——

Thus, from (3.45) and putting together (3.44) and (3.40), we can prove that

hm sup/ EA(t,x,u)Du - DT}, (u)dx dt
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< / EA(t,z,u)Du - DTy, (u) dx dt.
u(t,x)<m}

By Minty’s trick lemma, we conclude that for any k£ > 0 and any 0 < 7 < T,

X{us<m} X" (t, 7, u") Du® - DT(u®) = Xquemy X (¢, 7, u%) Du - DTy (u)
strongly in L2(0,7; H ()  (3.46)

for every i = 1,..., N. Note that (3.46) implies that
Ty (uf) — Tp(u) strongly in L?(0,7; H}(Q)). (3.47)

3.4. Step 4: End of the proof. In this step, we prove that u is a renor-
malized solution in the sense of definition. It is easy to prove that u satisfies
(2.10)—(2.13).

Firstly, we prove that u satisfies (2.16). Let S € W2>(R), with supp(S’) C
(=L, m) being compact. Then we obtain

BE € 1!
63(;1,) — div(S (u®) A% (t, z,u®)Du’) + S (u®) A% (¢, z,u®) Duf - Du®
— 18w i D(Q), (3.48)
where

Bi(z) = / “H(5)8(5)ds.

0

Taking the limit as € tends to 0 and n tends to +oo in (3.48).

& 3
Limit of ﬁ Since S is bounded and continuous, according to the

ot
OBS (u® 0B
convergences (3.11) and (3.10), we have that 9B: () converges to 5t(u) in

ot
D'(Q) as n tends to +oco.

Limit of the second and the third terms in (3.48). Since supp(S’) C
(=L, L), we can replace u® by 17, (u°) in the second and the third terms of (3.48).
Then, due to (3.10) and (3.46), we have

S (T (u)) A (t, z,u®) DTy, (uf) - DTy, (uf)
— S(Ty, (u)A(t, z,u) DTy, (u) - DTy, (u)  weakly in L'(Q).

In view of (3.10) and (3.47), we have

S'(Tp, (u¥)) A% (¢, x,u®) DTy, (uf)
— STy, (w)A(t, z,u) DT}, (u)  weakly in L?(Q)

for every i =1,..., N.
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Limit of the right-hand side of (3.48). Due to (3.10) and (3.4), we have
f-S(uf) — fS(u) strongly in L*(Q).

Secondly, we prove that u satisfies (2.14). We choose S’(r) = 6,(—r~") in (3.6)
for a fixed integer p > 1 and we do the same procedure as in Step 2 to obtain

1
lim - / A(t,x,u)Du - Dudx dt = 0.
p=+o0 P S opcu<—p}

Finally, to establish (2.1), we take S'(r) = (1 — 01,(r")), where p is a fixed
integer > 1, and for any ¢ € C2° ([0,7]) in (3.6), we have

0

—/ got/ (1—01/p(7‘+))b'(7“) drdtdx—/go(O)/ b,(T)(l—O'l/p(T‘+))de:E
Q 0 Q 0
+p/QX{m—2/p<u<m—1/p}A(t7$7U)Du"pdwdt:/sz—:(l_o-l/p(u_'_))@dxdt'

Now, as p tends to 400, (1 — 01/,(u")) = X{u=m} a-e. in Q, we have

i » | Xonosppescucsyn Al v Du- Dupdrdt = | Fxquuyededt,

p—r+00
which is (2.1).
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IcnyBaHHST peHOPMAJIiI30BAHOTO PO3B’A3KY JIsi KJIACy
napaboJsiyHnX 3a/1a4

Mohammed El Fatry, Mounir Mekkour, and Youssef Akdim

V 1iit cTaTTi MU JTOBOJIMMO iICHYBaHHSI PEHOPMAJII30BAHOIO PO3B’SI3KY /ISt
o . . ab(u) 1
HeTiHiitHOro BUpO/KeHoro napaboivnoro pisusmms —~—div(A(t, z,u) Du)

= f, me marpuug A (¢, x, s) = (a;;(t, z, 8))1<i< N He KOHTPOJIIOETLC 3a U, f €
152N
LY(Q), a b € crporo zpocrambroro C'l-dbynkiieo.

Krowosi cjioBa: peHOpMaJTi3oBanuil po3s’s30K, BuOyx, L1-m1ami
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