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Univalence Criterion and Quasiconformal
Extensions of Analytic Mappings
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In the present paper, we study the criterion for univalence and quasi-
conformal extensions for locally univalent analytic mappings and analytic
mappings. For locally univalent analytic functions, we introduce integral
operators in Loewner chain and obtain sufficient conditions for univalent
and quasiconformal extensions to generalize the results of Becker, Ahlfors
and Wang et al. For analytic functions, we use different proof methods to
obtain a sufficient condition for univalence, which generalizes the result of
Masih et al.
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1. Introduction

We denote D = {z:|z| <1}, D, = {2 : |2| < r}, where 0 < r < 1, and
C = CU {00} is the extended complex plane. Let R, be the class of all positive
real numbers, k be constant in [0,1), and C; = {z € C : Rz > 0}. We call
Q) a hyperbolic domain if €2 is a domain in the complex plane C with at least
two boundary points. Let f be a locally univalent analytic function. Define the
Schwarzian derivative of the function f as

1
S = (Py) = 5Pf,

where Py = f”/f" is the pre-Schwarzian derivative of the function f. The
Schwarzian derivatives norm and pre-Schwarzian derivatives norm of the func-
tion f in  are defined as

15¢lle = Sup S¢(2)l pg*(2) and ||Pylle = Sup Py ()] pg (2),

where pq(z) is the Poincaré density with Gaussian curvature -4 in Q. If f: D —
Q is a covering mapping, then pp(2) = pa(f(2)) [f'(z)] =1/(1 - |z[?).
A homeomorphism F on I is K-quasiconformal if F has locally L?-derivatives
and satisfies
|F5| < Ek|F,| fora.a.zeD,

where K = (1+k)/(1-k) > 1.
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The Loewner chain plays an important role in univalent function theory, qua-
siconformal extension and universal Teichmiiller space theory. For locally univa-
lent analytic functions f in DD, Becker [1] proved by using the Loewner chain that
if f satisfies

1Pslln < k <1, (11)

then f is univalent in D and has a continuous extension f to the closed unit
disk D = {z € C : |z| < 1}. Moreover, Becker proved that f has a quasiconformal
extension to C if (1.1) holds. We call (1.1) Becker’s extended univalence criterion.
In 1974, Ahlfors [2] generalized Becker’s extended univalent criterion. It states
that

Theorem A ([2]). If f satisfies
lelz|? 4+ (1 — |2]?) 2Pf(2)| €1, =z €D,
where |c| <1 and ¢ # —1, then f is univalent in D. Moreover, if
|c|z|2 +(1—|2[*) 2Pr(2)| <k <1, z€D,
then f has K-quasiconformal extension onto C of the form

f(2) for|z] <1

F(z) = f<i>+1ic<z_i>f<i> for 2] > 1.

Recently, Wang et al. [3] constructed different Loewner chains, which gener-
alize the criterion (1.1). It states that

Theorem B ([3]). Let f and g be locally univalent analytic in D, and o be a

«
constant with « € [0, 1]. If the principal branch of (fEZ;> is considered and
g(z
a|P(z) — Py (L= |22 + 1= F(2)' g (2 <k <1, (12)

where k € (0,1), then f(z) is univalent in D and has a quasiconformal extension
to C.

For more generalizations of Becker’s univalence criterion and quasiconformal
extension, we refer to [4—11].

We use the same methods and techniques as Deniz, Kanas and Orhan (see [12])
for discussing the univalence criteria of integral operators and give a sufficient
condition of univalence and quasiconformal extensions. The theorem below gen-
eralizes the results of Becker (the criteria (1.1)) and Wang et al. (Theorem B).

Theorem 1.1. Let f and g be locally univalent analytic in D, and o be a
constant with o € [0,1]. Let m, 3 € Ry and ¢ € D\ {—1}. If the principal branch

of <f(z)>a s considered and
9(2)

[m — 1
4+ —

51PrE) = Pyl (1 12lm2) 4+ 2

+A+0)f () (2)* — 1
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< (m+1)k m+1

< 5 <5 (1.3)
then the function Fg(z), defined by
1
Fp(z) = <B /Oz P! (u)du) s , z€D, (1.4)

where the principal branch is considered, is analytic and univalent in D. More-
over, Fg(z) has a quasiconformal extension to C.

We get the following corollary, when 8§ = 1.

Corollary 1.2. Let f and g be locally univalent analytic in D, and a be a
constant with o € [0,1]. Let m € Ry and ¢ € D\ {—1}. If the principal branch

of <f(z)>a s considered and
9(2)

a|Pp(2) — Py(2)] (1 — |2[**™) + m—1]

5 T+ af(2) ()" -1
< (m+ 1)k - m+ 1

— 2 2 )

(1.5)

then the function f(2) is univalent in D and has a quasiconformal extension to C.

Remark 1.3.

(1) The criterion (1.5) corresponds to the criterion (1.1), when oo = 1, g(2) = z,
c=0and m=1.
(2) The criterion (1.5) corresponds to the criterion (1.2), when m =1 and ¢ = 0.

By using the proof method that differs from that of Theorem 1.1, we get the
following conclusion, which generalizes Ahlfors’s result (Theorem A) as follows.

Theorem 1.4. Let f and g be locally univalent analytic in D, and a be a
constant with o € [0,1]. Let m, f € Ry and ¢ € D\ {—1}. If the principal branch

of <f(z)>a s considered and
9(2)

k(1 +m) - 1+m
2 2

‘ [T+ 0)f (=)' ()™ = 1] =

m—l’

<
9 >

(1.6)

and

12| (FmB (14 ) f(2) g (2)* — 1] + %z (1= 2105™7) (Py(2) = Py(2))

_m—1] < kE(1+m) - 1—|—m7
2 - 2 2

(1.7)

then the function Fg(z) defined by (1.4) is analytic and univalent in D. Moreover,
the function F3(z) has a quasiconformal extension to C. Here the principal branch
of F3(z) is considered.
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We get the following corollary, when § = 1.

Corollary 1.5. Let f and g be locally uniwalent analytic in D, and « be a
constant with o € [0,1]. Let m, 3 € Ry and ¢ € D\ {—1}. If the principal branch

of <f(z)>az's considered and
9(2)

[+ areygee -1 - 5 < MEm I
and
7 [(1 4 O£ ()9 (2)* — 1] +az (1~ [2]™) (Py(z) — Py(2)
_]mQ—l'Sk(l—;m)<1—;m7 (1.9)

then the function f(z) is univalent in D and has a quasiconformal extension to C.

Remark 1.6.

(1) Corollary 1.5 corresponds to the criterion (1.1), when oo = 1, g(z) = 2z, ¢ =
0, and m = 1.
(2) Corollary 1.5 corresponds to Theorem A, when o =1, g(2) = z, and m = 1.

Denote by A the class of all analytic functions f in D with f(0) = f/(0)—1 =
0. Masih et al. [13] studied the univalence criterion of integral operators defined
by

z 1/y
Fy(z) = (’y/ uLf! (u)du) , z€D (1.10)
0
if f € A. It states that

Theorem C ([13]). Let a,y € C4 with R[y(1 + «)] > 0. Let h(z) € A and
g(2) be an analytic function in D such that g(z) = 1+b1z+byz?+- - with g(z) #
0. If the inequalities

(G5 -1+ <
and

|2[7(0+e) (h/(z) 7 1> + 1 — [z () 2¢/(2) n -«
gl 9(2) 2

1+ «f

5 for zeD (1.11)

|1+ «f

< for z € D\ {0}

9(2)
(1.12)

are satisfied, then the function F(z) defined by (1.10) is univalent in D. Here
the principal branch of F(z) is considered.

Remark 1.7. We point out that the integral operator (1.4) is different from
the integral operator (1.10), because the parameter § € R4 of (1.4) and the
parameter v € C of (1.10).
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After some modifications of the proof of Theorem C, the following theorem
can be obtained.

Theorem 1.8. Let a,y € C4 with R(y(1 + «)) > 0. Let h(z) € A and g(z)
be an analytic function in D such that g(z) = 1+ bz + byz® +---, A+ B # 0,
|A— B| <2, |A|l <1, and |B| <1 with g(z) # 0. If the inequalities

W(z) l1-a] 14+a(A-B)(A+B)| [1+a|l[A+B
H(Q(z)_l>+ 9 ]_ 92 4—|A— BJ? I_|A—BP for z €D
(1.13)
and
~y(1+a) M . > 1— ‘Z”Y(lﬂx) zg’(z) 11—«
‘F| <ﬂ@ A o) 2

1+a(A-B)(A+B)
2 4-|A-BP

< 11+ a||A+ B|

S TC[A-BP for z € D\ {0} (1.14)

are satisfied, then the function F,(z) defined by (1.10) is univalent in . Here
the principal branch of F(z) is considered.

Remark 1.9. Theorem 1.8 corresponds to Theorem C, when A = B = 1.
We get the following corollary, when o = 1.

Corollary 1.10. Let v € C, h(z) € A and g(z) be an analytic function in
D such that g(z) = 1+ bz +by2? +---, A+ B#0,|A-B| <2, |A <1, and
|B| <1 with g(z) # 0. If the inequalities

<M@)_Q_¢A_BXA+R
9(z) 4—|A-BP?

2|A + B
1—|A- B

for z €D (1.15)

and

() |2 eg(z) (A-B)(A+B)
" (_1>+ v g d-|A-BP
2|4 + B

=41-|A-BP

for z € D\ {0} (1.16)

are satisfied, then the function F(z) defined by (1.10) is univalent in D. Here
the principal branch of F(z) is considered.

Using Theorem 1.8 and the method of scaling proof, we can get the following
theorem.
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Theorem 1.11. Let o,y € Cy with R[y(1 + )] > 0. Let h(z) € A and g(z)
be an analytic function in D such that g(z) = 1+ bz +byz® +---, A+ B # 0,
|A—B| <2, |Al <1, and |B| <1 with g(z) # 0. If the inequalities

H(g(z)—1>+ 5 }_ 2  4-|A-BP 1_|A-BP for z €D
(1.17)
and
2| RO h’(z)_l' I £
l—a 1+a(A-B)(A+B)| _|l+a||A+B
_ < |

are satisfied, then the function F(z) defined by (1.10) is univalent in . Here
the principal branch of F(z) is considered.

For more information about the univalence criterion of integral operators,
see [14-18].

2. Preliminaries

In this section, we describe the results to be used in the proof. Recall the
definition of the Loewner chain.

Definition 2.1. A function L(z,t) : D x [0,00) — C is said to be a Loewner
chain or a subordination chain if:
(i) L(z,t) is analytic and univalent in D for all ¢t > 0.
(ii) L(z,t) < L(z,s) for all 0 <t < oo, where “<” is subordination.

The following result is due to Pommerenke [19].

Lemma 2.2 ([19]). Let L(z,t) = a1(t)z+aa(t)z?+- - be an analytic function
inD, (0<r<1) forallt > 0. Suppose that
(i) L(z,t) is locally absolutely continuous with respect to t € [0,00) and locally
uniform with respect to z € D,;
(ii) a1(t) is a complex valued continuous function on [0,00) such that ai(t) # 0,
) L(z,t)
lim a1 (¢) | = 00 and {
t—o0 al (t)
(iii) there exists an analytic function p : D x [0,00) — C satisfying Rp(z,t) > 0
for all (z,t) € D x [0,00) and

} is a normal family of functions in D,;
>0

OL (0z,t) OL (z,t)
_— = _ .a. t > 0. .
. p(z,t) 5% ze€D,, foraa t>0 (2.1)

Then L(z,t) is a Loewner chain.
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We call L(z,t) a standard Loewner chain when the function L(z, t) satisfies the
above three conditions and a;(t) = e~!. Equation (2.1) is called the generalized
Loewner equation.

The following result is due to Becker [20].

Lemma 2.3 ([20]). Suppose that L(z,t) is a Loewner chain. Consider

p(z,t) —1

B TEU R,

zeD, t>0,

where p(z,t) is given in (2.1). If
lw(z,t)| <k, 0<k<1

for all z €D and t > 0, then L(z,t) admits a continuous extension to D for each
t > 0 and the function F(z,z) defined by

L(z,0) if |zl <1
F(z,z) =
(%) L(ﬁlogzl) if 12>1
z

is a quasiconformal extension of L(z,0) to C.
At present, there are many studies of Loewner chain, see [21-25], where [21]

established an analogue of Lemma 2.3 in the upper half plane.

3. Proof of the main results

In this section, we state the proof of the main results.

Proof of Theorem 1.1. Without loss of generality, suppose that
f(2)=z4a2* +--- and g(z)=z+b2>+---.
Firstly, we prove that there exists a real number 0 < r < 1 such that the function
L(z,t) : D, x [0,00) — C defined by
1/p

—t

L(z,t) = [ﬁ /Oe Zuﬁ_lf'(u) du + (e = e7h)2" (f’(etz)>a]

1+c¢ g'(e7tz)

is analytic in D,. for all £ > 0.
We find that the function hq(z,t) defined by

is analytic in D,,, 0 < <1, for all ¢t > 0, if we consider the principal branches
of the function h;(z,t).
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Define ha(z,t) as

2(2,t) 5/ u)du = (e '2) —i-zgﬁfq ~t n+ﬁ_1.

We have
ho(z,t) = zﬁhg(z,t),

where

_ —t ”ﬁan —t nth—1 n-1
ha(,t) = +§:ﬁ+1

According to [18], the function hs(z,t) is analytic in D,,. Therefore, the function
ha(z,t) defined by

(emPt — e=Pt) hy(z,t)

h t)=nh t
4(27 ) 3(27 )+ 1+c¢

is analytic in D,, for all ¢ > 0, and we observe that

(emﬂt — e‘ﬂt) h1(0,t) o emBt _ o= Pt

1+c¢ - 1+¢

h4(0,t) = h3(0,t) + , he(0,0) =1

Further, we have to prove that hy(0,t) # 0 for each t > 0. Suppose h4(0,t) =0,

then there exists a number ¢; > 0 such that h4(0,¢1) = 0, namely —¢ = e#(m+Dt

Since m, 8 € Ry, then |c| = }eﬁ(mﬂ)tl‘ > 1, which contradicts the condition ¢ €

D\ {—1}. Then there exists a disk D,,, 0 < ro < r1, such that h4(0,¢) # 0 for all

¢t >0, and we can choose an analytic branch of [hy(z,t)]"/? denoted by hs(z,t).
Thus, the function L(z,t) can be written as

L(z,t) = zhs(2,t) =a1(t)z+---, z€Dy,, t>0, (3.1)

where
emPt 4 e Bt /8
t) = ——— .
() ( 1+¢ >

Here we consider the uniform branch equal to 1 at the origin. Then we get
tlim la1 (t) | = oo and a;(t) # 0 for all ¢ > 0. After the above discussion, we can
— 00

infer that L(z,t) is analytic in D,,.
Since L(z,t) is analytic in D, then

L(z,t)
aq(t)
where 0 < r3 < 79 and K = K(r3).

Thus, by Montel’s theorem, {

’<K, z€D,,, t>0,

L(z,t)

al (t

} is a normal family in D,,. From
t>0

(3.1), we observe that
OL(z,t) 28h5(z,t)
ot 7 ot 7
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Ohs(z,t OL(z,t
where w is analytic in D,,. It implies that ((9? ) is also an analytic
OL(z,t
function in D,,. From the analyticity of é? ), for any fixed number T > 0,
we have oL
.t
‘é’;)‘ <Ky, zeD,, tel0,1],

where 0 < 74 < r3 and K7 > 0 (that is related to T' and ry).
Hence, the function L(z,t) is locally absolutely continuous in [0, 00) and lo-
cally uniform with respect to D,

. .
From the analyticity of 0 é? t), there exists a disk D,., 0 < r < ry4, such that
10L(z,t)
-———=#0
z Ot 70,
and defined OL(z.1) /OL(z.)
z z,t z,t
t) = : : 3.2
e = 0020 [OLC (3:2)

is analytic in D, for each ¢t > 0.
Proving that p(z,t) has an analytic extension and Rp(z,t) > 0 in D for each
t > 0 is equivalent to proving that

t)—1
wiey = PEIZL sy, (3.3)
p(z,t) +1
is analytic in D and
lw(z,t)] <1, zeD, t>0. (3.4)

Calculations yield that

o) 2 e o

Lty (1 — e~ (m+Dt f"(e7'2) _g"(e7'2)\ _m-1
+ 3 (1 > <f,( t7) g (e712) 9 .

Since m, 3 € Ry and t > 0, it follows that ‘e_tz‘ (mHDB - o=(m+DB for » ¢ D,
Using z to represent e 'z, by (1.3), we have

lw(z,t)] < mi—l U(l 4 o) f (e ta) g (e ) — 1] ‘ m-‘rl),Bt’

m — azet —(m t f" (e ta "ets
1‘+ 5 (1_e ( Jrl)ﬁ)‘f/((e—tz)) _gg/((e—tz))]
gmil[ (1 +0)f'(2)' 7 (2)* ~ 1]
L
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From (3.5), we obtain Rp(z,t) > 0. Since |e~*z| < 1 for each t > 0, z € D and
f'(2)17%g'(2)® is analytic in D, it follows that e~'z € D and w(z,t) is analytic
in D. Hence, L(z,t) is a Loewner chain. It implies that F3(z) is univalent and
analytic in D. Furthermore, by Lemma 2.3, we can infer that Fz(z) admits a
quasiconformal extension onto C. ]

We change the proof method of Theorem 1.1 as follows.
Proof of Theorem 1.4. Without loss of generality, suppose that
f(z)=z4a2®+--- and g(z)=z+by2>+---.

Define the function L(z,t) : D x [0,00) — C by

ot emt _ ot 8 ety a11/8
L(z,t) = [ﬁ/o uPL (u)du + ( T ) (J;/ Ee‘tzg) ] :

It can be seen from the proof of Theorem 1.1 that the function L(z,t) satisfies
conditions (i) and (ii). Next, we use another method to prove that the function
L(z,t) satisfies condition (iii). The functions p(z,t) and w(z,t) are given by (3.2)
and (3.3). Notice that

w(zt) = —— {G(z,t) _ m_l] , (3.6)

where
Gz, t) = e MR [(14 o) (f'(e™'2) 70 (e7'2)" = 1)]

azet _ o (m1)Bt ( ) g" (e_tz)
#5500 )< (e t2) g/(etz>>'

It is easy to prove that the condition (3.4) is equivalent to

-1 1
‘G(z,t)—m2 ‘<m;, €D, t>0. (3.7)
When t =0 and z = 0, by (1.6), we have
m—1 l—a 7 m—1
G0~ "o = | [0+ A ) g ) - 1) - T
1k 1
g(m; ) <m; (3.8)

and
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(m—|— 1)k —(m+1)8t —(m+1)8t (m+ 1)]€

< NPT )R _ ur R

=2 ¢ (- ) 2
m+1

< —

: (3.9)

Define 1
Q(z,t) = G(z,t) — —5 o 2 e, t>0.

Since |ze7| < e < 1 for each z € D, t > 0 and f/(2)!~%¢/(2)* is analytic in D.
It implies that Q(z,t) is analytic in D. Using the maximum modulus principle,
it follows that

Q)] < max]Q(= 0] = Q1) 2D t>0,  (310)

where § = 0(t) € R. Let £ = e~'e’. Therefore, |¢| = e~* and e~ (MDA =
(e t)m+1B = |¢|m+1B By (1.7), we have

@, =il ? [+ o9 (@ 1] -
ot s (SO d©
+ 5 (L) <f’(€) - g’(@)‘
Sk(m2+1)<m;—1' (3.11)

Combining (3.8)-(3.11), we conclude that inequality (3.7) holds true for all z €
D and ¢t > 0. Hence, L(z,t) is a Loewner chain. It implies that the function
F+(z) is univalent and analytic in . Furthermore, by Lemma 2.3, we can infer
that F,(z) admits a quasiconformal extension onto C. O

The proof of Theorem 1.8 is similar to that of [13]. Here we only describe the
differences.

Proof of Theorem 1.8. Define the function F'(z,t) by

etz 1/~
F(z,t) = 7/ WL (u)du + (e*7 —e™ ) 27g (e_tz)] .
0

It can be seen from [13] that the function F(z,t) satisfies the conditions (i) and
(ii) of Lemma 2.2. Next, we prove that the function F'(z,t) satisfies the condition

(iii).

Let the function p(z,t) : D, x [0,00) — C, 0 < r < 1, defined by

z@L(z,t)/@L(z,t)

(1) = —5~ ot

be analytic in D, for all ¢ > 0. Define the function w;(z,t) by

p(Z,t)—l
t) = ——F—— D, t>0. 12
w(ah) = L0 2eD 120 (312
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We can prove that
lwi(z,t)] <1, zeD, t>0, (3.13)

is equivalent to Rp(z,t) > 0 since A+ B #0, |A] <1, and |B| < 1.
Make a transformation as follows:

p(est) =1
wi(z,t) = plzt) =1 p(z,t) +1
O Ap(z )+ B p(z,t) — 1
(A_B)W—F(A—l—B)
_ 2w(z,t)
“(A—Bu(zt) + (A+B)
From [13], we have
w(z,t) = p-1_ 2 —(at1)yt f'(e*2) _
(’t)_p+1_a+1 +1 (g(e_tz) 1

It can be proved that (3.13) is equivalent to

zeD, t>0. (3.14)

‘w(z’t)_ (A—B)(A+B)‘ 2|A + B|

4—|A— BJ]? 4—|A—- B]?’
When ¢t =0 and z = 0, by (1.13), we have

s (2, 0)] = ‘w(Z,O) ~ (A—B)(A+B)' 9 ' H(f’(z) ) 1> R a}

4—|A=B2 | Ja+ g(z) 2
B a+1(A-B)(A+ B) 2|A+ B (3.15)
2 4—|A— BJ]? 4—|A- B '
and
B (A—B)(A+ B)
un(0.0)] = fu(0,0) - =S
2 1—a_a+1(A—B)(A+B) 2|A+ Bj (3.16)
a1 2 2  4-|A-BJ? 4—|A—-B|* '
respectively. Define
(A-B)(A+ B)
= — > 0.
Q1<Z7t) 'lU(Z,t) 4—‘A—B‘2 ’ Z€D7 t>0

Since ‘ze*t| <elt<l, for each z € D, t > 0, w(z,t) is analytic in D. It implies
that Q1(z,t) is analytic in D. Using the maximum modulus principle, we obtain

Q1(z,1)] < 1‘m|§>1<|621(z,t)| = ‘Ql(eiG,t) , zeD, t>0, (3.17)
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where = 0(t) € R
Let ¢ = e tel?. Then |¢| = e~ and e~ (@t = (g=t)(et])y — |¢|latDy By
(1.14), we have

. ! —|¢|A+a)y ¢! _
|Q1(e, 1) = ' [|C|(1+a)7 (f@) _ 1> + L= |¢|MF (g (()  1—-a

9(¢) gl g(¢) T

1+a(A-B)(A+B) |1+ a||A+ B]
2 4—-JA-B]? |7 4—-|A-B]?

(3.18)

Combining (3.15)-(3.18), we conclude that inequality (3.14) holds true for all z €
D and ¢t > 0. Hence, F(z,t) is a Loewner chain. It implies that F,(z) is univalent
in D. O

Proof of Theorem 1.11. According to [26], we have

1— |Z|W(1+Oc) 1— |Z|§R[W(1+0¢)]

Ry ’

2 eD\ {0} (3.19)

v

Using the relation (3.19), we obtain

‘ [\zlv(lw) <h/(z) - 1> 41z MW(HQ) Zg

9(2) v 2

a(A—-B)(A+ B) < |2+ h'(z) 1
2 4-|A-BP 9(2)
1— |2[R0 )] | 20/ (2) l-a l+a (A—B)(A+B) (3.20)
Ry g(z) 2 2  4—]JA-B]? |" 7

Combining (1.18) and (3.20), we have (1.14). Therefore, from Theorem 1.8, we
can infer that the function F,(z) defined by (1.10) is univalent in D. O
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Kpurepiii ogaommcrocTi Ta KBa3ikKoHOPMHIi
MPOJAOB>KE€HHsI AaHAJIITUYHUX BiJIOOpa>keHb

Chaochuan Wang and Min Yang

VY miit cTaTTi MM BHBYAEMO KPUTEPIiil OMHOJIUCTOCTI Ta KBa3iKOH(OPM-
Hi TIPOJIOBXKEHHS JJIs JIOKAJIHHO OIHOJUCTUX AHAJITUIHUX BiToOpaskeHb Ta
aHATITUIHUX BifoOpakeHb. /Iy JOKaIbHO OJHOJMCTUX AHAJITUIHUX (DyH-
KIIifl MU BBOJMMO iHTErpaJibHi OllepaTopu B JIAHIIOTY JIeBHepa Ta oTpumye-
MO JIOCTATHI YMOBH JIJTsT OJHOJUCTUAX 1 KBa3iKOH(MOPMHUX MIPOIOBKEHbD, 100
y3araJbHUTH pe3ysbratu bekkepa, Asbdopca, Banra ta in. g anasmitu-
IHUX (PYHKIIH MU BUKOPUCTOBYEMO iHITII METO/IM JOBEIEHHs, 100 OIepKaTH
JIOCTATHIO YMOBY OJIHOJIMCTOCTI, siKa y3araJbHIo€ pe3yabraT Macixa Ta iH.

KirogoBi cioBa: anasiTuaHa (DYHKIIisI, KPUTEPi OJHOJIMCTOCTI, KBa3i-
KOHMDOPMHI MTPOIOBKEHHST
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