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We study asymptotic behavior of the correlation functions of bipartite
sparse weighted random N x N matrices. It is shown that the main term of
the correlation function of k-th and m-th moments of the integrated density
of statesis V _1nk,m. The closed system of recurrent relations for coefficients
{nk,m }iom= is obtained.
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1. Introduction

In the last few years interest in the spectral properties of ensembles of sparse
random matrices has sharply increased. It is expected that the spectral properties
of sparse random matrices will differ from the properties of the ensembles of most
matrices with independent elements (see [1], as well as the survey works [2,3] and
literature therein).

Interesting results for sparse random matrices were obtained in a series of
physical works [4-7]. In particular, the equation for the Laplace transform of
limiting integrated state density was derived, the ”density-density correlator”
was studied and it was shown that there exists some critical point p. > 1 in the
vicinity of which the phase transition in p occurs: for p < p. all eigenvectors
are localized, whereas for p > p. delocalized eigenvectors appear. All these
results were obtained by the replica or supersymmetry method, and therefore
need mathematically correct justification.

In mathematical papers [8-10], it was proved that there exists a limit for
N — oo averaged moments integrated state density in the simplest case, when
the matrix elements are equal to 0 with probability 1—p/N and 1 with probability
p/N. Tt is shown that limiting moments satisfy the Carleman condition, thereby
the existence of a limit of the integrated state density for the ensemble of sparse
random matrices is proved. In the papers [11,12], similar results were obtained
for a wider class of sparse random matrix ensembles. In papers [19, 20], the
delocalization and the existence of absolutely continuous part of the limiting
spectra at 0 were studied. The asymptotic behavior of the correlator of moments
as N — oo was studied in [14].
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In the papers [15,16], similar results were obtained for the bipartite sparse
random matrix ensemble. In this paper, we study asymptotic behavior of the cor-
relator of moments as N — oo for the bipartite sparse random matrix ensemble.
The speed of approaching to zero and the value of the main term are very im-
portant in physical applications. Therefore an extensive literature is devoted to
similar studies for various ensembles of random matrices (see, for example, [17,18]
and literature therein).

2. Main results

We introduce a randomly weighted adjacency matrix of random bipartite
graphs. Let 2 = {aj; : i« < j, 4,j € N} be the set of jointly independent
identically distributed random variables determined on the same probability space
and possessing the moments

Eaj; = X < oo, i,j,k€N, (2.1)

where [E denotes the mathematical expectation corresponding to Z. We set a;; =
Qi for ¢ < _]

Given 0 < p < N, let us define the family BJ(\’,)) = {bgv’p) 1<j,14,7€1,N}
of jointly independent random variables
p(Np) _ {pl/z with probability p/N,

(2.2)

i 0 with probability 1 — p/N.

We determine bgév’p ) = bg;v,p ) and assume that B](\Z;) is independent from Z=.

Let o € (0,1), denote Il(N’a) = 1, |aN], IéN’a) = |aN]|+1,N, where ||
is a floor function. Now one can consider the real symmetric N x N matrix
AWNP) (4):

N,p,a N, N,
Az('j ) — a’ijbgj p)éi(j )a (2.3)
where

gy _ JU i (z e IV pje NNy (e N Aje I{N’O‘))

,] -

0 otherwise

(2.4)

that has IV real eigenvalues )\gN’p’a) < )\gN’p’a) < s< )\E\J,V’p’a).
The normalized eigenvalue counting function (or integrated density of states)
of AVP:®) ig determined by the formula

g AP <)

N

o (3 AP
The following denotations are used:
MNP — / Nedo (3 AP} Pe) BN,

cWra) _p {MECN,P,Q)M%V,P@)} _E {M;N’p’a)}ﬂi {Mv(qi\/’p’a)} ]

k,m
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(pya)

Theorem 2.1. Main asymptotic coefficients of correlators ny. | ~,

(p7 ) y
o) _ {”k/z 2 if k and m are even, (2.5)

0 otherwise,

can be obtained by the system of recurrent relations (3.9)-(3.12), (3.23)—(3.52)
with the initial conditions (3.54)—(3.62).

3. Proof of Theorem 1
3.1. Correlators and double bipartite walks. Let us transform correla-
tor C’,i]\:r’tp ) 40 the form convenient for the limiting transition:

et =E{ MM PO pyrl — g { MOV E{ pl e |

k,m

= % (E {Tr[A(N,p,a)]’C Tr[A(Nypya)]m} —-E {Tr[A(N,p,a)]k} B {T‘Y[A(N,p,a)]m})

- S5 (AL A AN AL g

U1yt =1 J1,.,Jm=1

_F {A( ) A(Npa) 4 (Np, a)} {A(N,p @) A(Nop,e) A(N@@)})

11,12 12,13 Uk»21 J1,J2 J2,J3 T Imogt

§ § <E {ai1,i2ai2,i3 co Qi Ay g Ao g3 - - ajm:jl}

015yt =1 J1,0,jm=1

% F {b( ) )b(N D) b(N»P)b(N:P)b(N:P b(NJ’)}

i1, 2,93 ° Tgyi1 J1.J2 CJ2,d3 T T imsji
—E {ai1,i2ai2 ig .- aikail}E {aj17j2aj27j3 . 'aj'majl}

X E {600 DL E {0 .b(.N”?)})

11,12 712,13 k5?1 J1,32 "J2,J3 Jm,J1
(N,a) ~(N,a) (N,a) ~(N,a) +(N,a) (N,a)
X &iy iy 51'2723 iy 5J1 g2 5]2 Js 5Jm,Jl (3.1)

Let WIEN’O‘) be a set of closed bipartite walks of k steps over the sets Il(N’a) =
1, [aN] and IV = [aNT+ 1, N: WM = QM) g @) yhere

(1)W,§N’a) = {w = (w1, wa, S, W, W1 =w1) Vi € Lk+1 w; € Ié (“)nod2)}
@y e — {w = (w1, w2, 8, W, W1 =w1) Vi€ Lk +1 w; € Il(+(13n0d2)}

Here, (a mod m) denotes the residue of a modulo m. Thus, for a walk w

from WéN’a), either all odd elements are from IfN’a)

(N,a)

are from I,

and all even elements

, or vice versa, all odd elements are from IéN’a)
ones are from IfN’a). In the first case, w is from (1)W,£N’a), and in the sec-

and all even

ond case, w is from (Q)W(N’a) Here are some examples: (2,4,1,5,3,4,2,6,2) €
Oy l6 1/2), £ (5,1,4,2,6,3,6,1,5) € AW (2,4,1,5,3,4,2,6,1) ¢ Qw2
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(nonclosed); (2,4,1,5,3,4,2,3,2) € (1)W§6’1/2) (nonbipartite). For w € W,EN’O‘),
let us denote a(w) = Hle Qg w15 bNP) () = Hle bEjfﬁZH :

Let ’)Dgf) dzef W,gN’a) X W&N’a) be a set of double bipartite walks of k and m
steps over the sets Il(N’a) and IéN’a). For d = (w™M,w?) e @g}l, let us denote

a(d) = a(wM)a(@w@), P (d) = BIVP) (1p(D)pNP) (1(2)),
Then we can write equality (3.1) in the following way:
N,p,a 1
o) = — 3 {Ea(d)Eb(N’p)(d)—
d=(w®) w@)ew N
— Ea(w)EpP) (w(l))Ea(w(Q))Eb(N’p)(w(z))} . (3.2)
For w € WéN’a) and f,g € 1, N , denote by n,/(f,g) the number of steps f — g
and g — f:
no(f,9) =#{iclk: (wi=f AN wip1=9)V(w=9 N wip1=f)}.
For w = (w,w?) € ”D( @) , let us introduce a similar denotation

na(f,9) = n,o (f, 9) + 1y (f, 9)-

Then, for all w € W,gN’a) and all d € @g;za), we have

N N N N
= H H Vou(f.9) Ea(d) = H H Vaa(f.9)-

f=1g=f f=lg=f

Given w € W,gN), let us define the sets V,, = Ule{wi} and E, =
U {(w;, wit1)}, where (w;,w;41) is a non-ordered pair. It is easy to see that
Gy = (Vw, Ey) is a simple connected non-oriented bipartite graph and the walk
w covers the graph G,,. Let us call G, the skeleton of walk w. We denote by
ny(e) the number of passages of the edge e by the walk w in direct and inverse
directions. For (wj,wj11) = e; € Ey, let us denote ae; = Gw;w, 1 = Gw;yyw;-

Then we obtain
w) = H Ea/?w(e) = H Vnw(e)
ecEy ecEy

In a similar way, we can write

HE( m)nwe)) HW'

e€Ey, ecEy,

Let us introduce similar definitions for a double bipartite walk d = (w, w®) €
D). For Vg = V) UV, Ba = By UEye), Ga = (Va, Eg), the following

w
equations hold:

1
H Via(e)s Eb' ’p)(d) = H na(e)/2—1"
6€Ed €€Ed Np d( )/
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Then we can write (3.2) in the form

o' 1 nq(e)
e DY [T =o s [p0]
d:(w(l),w(Q))EW,gNﬂf) ecEy

— I Ee“E [ngm)}"w“"e) [ Ea=®“E [bgv,m}”m(e)

eEEw(l) eeEw<2>
1 v
= — —|Eq] na(e)
- N2 Z N7 H pra(e)/2-1
d=(w®) ,w@)ew ) e€Ey
— N B, =B, @] H M H M
no (@721 " (@21
e€B,m P €,z P
= i Z HeeEd Vnd(e)
- N2 NIEalp(k+m)/2—|Eq|

d:(w(1>7w(2))6W,£]\£;a)

eer ) Vo, Hees o) Va0 |
Nle(1)|+|Ew(2)|p(k+m)/2*|Ew(1)|*|Ew(2)| o

> 0(d), (3.3)

dew ")

where 6(d) is the contribution of the double bipartite walk d to the mathemati-
cal expectation of the corresponding correlator. The last expression is not very
convenient for the limiting transition. Moreover, the latter formula shows that
the contribution of a double bipartite walk d depends only on the sets

Ueers {na(@)},  Ueer, o (num (@), Ueer, o (nu@ (@}, (3.4)

Therefore, it is natural to introduce an equivalence relation on @,(C]\;a). Double

bipartite walks d = (w™®,w®),u = (u,u?) e W,E]X;a) are equivalent d ~ u
if and only if there exists a partition preserving bijection ¢ between the sets of
vertices Vy and V,, such that

deu = <3¢ Vi B v s(Van Iy = v, A 1™ 4y = ¢(d)) .

Let us denote by [d] the class of equivalence of double bipartite walk d and by
Qf,(gj\;a) the set of such classes for all d € C‘D,(g%a). It is obvious that if two walks d
and u are equivalent, then their contributions are equal:

d~u = 0(d) = 6(u).

Cardinality of the equivalence class Jg] is equal to the number of all mappings
¢ : Vg — 1, N such that ¢(Vi4) € I, and ¢(Vaq) C ;"™ (where Vi 4 = VgN
I]EN’Q) and Vo g = VdﬂféN’a)). Therefore, it is equal to the number |aN |(|aN | —
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Do (leN] = [Vigl+ D1 =) NI = a)NT = 1) - ([(1 = ) NT = [Vo,a] +
1). Then we can write (3.3) in the following form:

e~ L {LmNJ(LalNJ—1)~--(La1NJ—Vl,d|+1)

koo N2 NIEalp(ktm)/2—[Eq|
e

X ([aaN)(JaaNT = 1) - (aeNT = [Vo,a + 1)

p‘Ew(l)‘+‘Ew(2)‘*|Ed‘

x H Viate) = NIE, 0 HIE, )= 1Ed H win) (€ H Vi, (2 (e
eGE'd SEEw(l) GEE w(2)

= > 9([d)), (3.5)
[deei)

where vy = o and a9 =1 — a.

But the transition to the limit N — oo in the last formula is hindered by the

(Na)

dependence of &€ """ on N. In order to solve this problem, and at the same time

for better understandlng of Q,(%m @)

bipartite walks.

, we introduce the notion of minimal double

3.2. Minimal and essential walks. It is convenient to deal with 35,21\;;0‘)

instead of ©(N o) , where 5(N’a) is a set of double bipartite closed walks over the

sets I{N ) and T A(N ) = {1 2...,[N(1-a) } We just renamed the vertices of

the second component. Let us consider 61231\7[7’101), the set of equivalence classes of
351(;,\7[1?)' As a representative of the equivalence class [d] € é,(ﬁ’f) , we can take a

minimal double walk.

Definition 3.1. A double bipartite closed walk d € €(N ) is called minimal

if and only if at each stage of the passage a new vertex is the minimum element
among the unused vertices of the corresponding component. In this case, we
apply the following procedure for passing a double walk: first, we pass the first
walk, then we jump over to the initial vertex of the second walk and then pass it.

) by o),

Let us denote the set of all minimal walks of D o

Example 3.2. The double walk ((1,1 1,2,1),(3,2,3,1,1, 1,§)> is the minimal
one.
Then (3.5) can be written as

o) _ 1 3 [ N](laaN| = 1) -+~ (laa N | —
koo N2 NIEalp(k+m)/2—[Eq|
dem )

X ([aaN)(JaaNT = 1) - (aeNT| = |[Vo,a + 1)

p\Ewu)\HEw(z)\*lEd\

X H Vnd(ﬁ)_ N|Ew(1)|+|Ew(2>|—|Ed| H w(D (€ H Vw<2)
ecEy BEEw(l) EGE w(2)

)




440 V. Vengerovsky

= Z 9([d])> (3,6)

dem)
Each double walk d € zm( ) has at most k + m vertices. Hence, Sﬂ,(j?f;)
m(Q a) c...C E)n(f(k—&—m) mln(a1,a2) D) _ 9:n(((k—i-m) min(a,02)71)]+1,a) — Tt

k,m k,m

is natural to denote zm( ) E)JZ(HHm) min(e1,02)")1¢) 1 ot 116 denote the number
of common edges of G ( ) and G w(2) by ¢(d) = [E )| + [Ey@ | — |Eq|l. Then the

following equality for the main asymptotic coeflicient of the correlator holds:

NIVal—|Eql-1

(p,a) (NPCY) : Vial V2l
e = Jm NG 2. Jm | e e
wemg”)n
c(d
< | 1T Voate) — H Vi (@) I v o]l B
CEEd GEE (1) eEEw(2>

mt,(j‘gl is a finite set. Not all minimal walks make a nonzero contribution to
the main asymptotic coefficient of the correlator. The graph G4 has at most 2
connected components because G,(1) and G, () are connected graphs. But if the
graph G4 has exactly 2 connected components, then

VNV =0=E,0)NE, 2 =2=cd =0

peld)

= | II Voue Nc(d) 11 Vo, @) II v W@ | =0

eEEd EEEw(l) eck w(2)

Consequently, such minimal double bipartite walks make zero contribution to
(P
k’/2 m/2°
This means that only minimal double walks with a connected skeleton G4 can

make a nonzero contribution. For any connected graph G, the inequality |Vy| —
|E4| — 1 < 0 holds, and the equality holds if and only if G4 is a tree. There are
two cases: E, 1) N E, 2 = @ = ¢(d) = 0 and ¢(d) > 0. In the first case, the

o . V1,4l |V2,d| Vig(e)
contribution is 0 (see above), and in the second, it is o [eer, /2T

Definition 3.3. We call essential a minimal double bipartite walk whose
contribution to the main asymptotic coefficient of the corresponding correlator is
not equal to 0.

Denote the set of essential double walks by &p.,. Gppm = {d € My, -
Gqis atree A c(d) > 0}. These are all minimal double bipartite walks, whose
graph is a tree and the graphs of the first and second walks have at least one
common edge. Now (3.7) can be written like this:

n /2 iz = > o (3.8)

deGy m
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where

Vil Vel Via(e)
0(d) = oy “ay 1; pra(e)/2-1"
ecky

(»)
k/2,m/2"

It remains to derive a system of recurrence relations for n,(cp )Qm ,- From the
definition it is clear that the weight 6 of an essential double bipartite walk is
multiplicative along the edges of G.

It is clear that &y, = @ if k£ or m is odd. Indeed, from the definition of the
essential double walk d it follows that Gy is a tree. Hence, G, 1) and G 2) are
trees. Each edge of any tree is a bridge. Since w(® and w® are closed walks,

’(:;)2”/2 = 0 for such k and m.

Thus the first part of the theorem is proved, namely the existence of n

then their lengths are even numbers. Thus, n

3.3. First edge decomposition of essential walks. The idea of deriva-
tion of the recurrent system is the same as that of Wigner ( [1]), however its
implementation is more complicated. Remove from the graph Gy the first edge
(r,v) of the first walk w(!). Since G is a tree, the graph splits into two pieces:
the upper graph G,,, which contains the vertex v, and the right graph G,., which
contains the vertex r. Then the bipartite walk w®) (respectively, w(®?) is divided
into the upper bipartite walk w(®:%) (respectively, w(z’“)) on G, and the right
bipartite walk w®") (respectively, w(Q’T)) on G,. Similarly, let us call d® =
(w™ w@®)) an upper double walk and d") = (w7, w?")) a right double
walk. But for an unambiguous restoration of the minimal double walk d it is not
enough to know these pieces. It is also necessary to know the multiplicity of the
edge (r,v) and the behavior of the double walk d at the vertices r and v (that is,
after what moments of passing r and v the edge (r,v) is passed). Let us call this
information a code of the double walk d. Thus, after removing the edge (r,v)
from G, instead of one set of double walks we get a set of upper double walks, a
set of right double walks and a set of codes. We divide the original set of double
walks into such non-intersecting subsets for which the corresponding set of upper
double walks, the set of right double walks and the set of codes are independent
(that is, there is a bijection between the original set of double walks and the
Cartesian product of the set of upper double walks, the set of right double walks
and the set of codes). Then, using the weight multiplicity, we can write a total
weight of double walks from original set as a product of a total weight of upper
double walks by a total weight of right double walks by some number specified
below. Then we do the same for new sets of double walks until the system of
recurrence relations closes. Each such step is carried out in two stages:

(i) cut the graph G4 along the root r and call it the first cutting;

(ii) the resulting piece of G4, containing the edge (r,v), cut along the vertex v
and call it the second cutting.

Let us introduce some notations. The first walk of a minimal double walk is
called a gray walk, and the second, a blue one. The first vertex of the gray (blue)
walk is called a gray (blue) root. One can see that r is a gray root. We also
denote the left graph by G; = (r,v) UG,. G is a tree with the root r and exactly
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one edge extending from the root is (r,v). Half of the length of the gray (blue)
walk we denote by I, (I). Let also uy (up) denote a half of the length of a gray
(blue) walk along the upper graph, and f4 (fp) denote the number of gray (blue)
steps from the gray root r to the vertex v. We also denote by ry () the number
of all gray (blue) steps leaving the gray root r, and denote by v, (vp) the number

of steps leaving v vertex, other than (v, 7“;.

Let Set(ly,15) denote the set of essential (Ig,1;)-walks, and S(l4,1;) denote
their total weight. The following table describes the used denotations. The same
denotations are also used for total weight S. If several designations are used
simultaneously, then the corresponding set is the intersection of sets with only
one designation, that is, all requirements are met simultaneously (see Table 3.1
below).

Set@ | the parameters 74(d), rp(d) in this class can take any valid
values

the absence of (%) | the parameters r,(d), 3(d) are fixed

Set(—) | the gray root matches the blue root

Set(x) | the gray root does not match the blue root

Set(.) | the skeleton of the gray walk and the skeleton of the blue
walk have at least one common edge
Set(y | the skeleton of the gray walk and the skeleton of the blue
walk have at least zero common edge
Set™ | the skeleton of the blue walk has the edge (r,v)
Set® | the skeleton of the blue walk does not have the edge (r,v)
Set™ | the blue root is in the upper tree

Set® | the blue root which does not coincide with the gray root
is in the right tree

Set™ | the parameters v,(d), v(d) are fixed

Set™ | the gray or blue walk is lacking

Set(q) | the skeleton of the double walk G4 has only one edge with
the gray root r

Set® | the lengths of the gray walk and the blue walk on the
upper (left) graph

are fixed

Set() gray multiplicity and blue multiplicity of the edge (r,v)
are fixed

Set(@) top graph is empty

Set™®) | the blue walk passes the gray root

Set™ | the gray walk does not have any steps

(MSet | the gray root is in the first component (V; 4)

@)Set | the gray root is in the second component (V5 4)

Table 3.1

Schematically, the system of recurrence relations is presented in Fig. 3.1. Each
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element of the scheme is expressed through those elements which are indicated
by arrows coming from it. The dotted arrow means that the total length is
necessarily reduced.

(&) €] {(g.u) (8 d)
=0 (=) (#.0)

1 | A /
| \ : \\\ /
I\ 2 \ ©
) N
S

Fig. 3.1: Scheme of the system of recurrence relations

In the figures, the blue root is depicted as a black circle, the gray one is
depicted as a white circle, and if the gray and blue roots coincide, the circle is
black and white. Two parallel segments indicate gray and blue edges. The case
when the blue walk reaches the gray root is depicted as a small black circle inside
the gray root.

Since for each essential double walk the gray and blue roots either coincide
or they do not coincide, the following equality is true:

) = S(lg, by p, @) = S (g, i @) + 82 (g, lyipy). (3.9)

Here, S(lg,lp;p, @), Sgi)’c)(lg,lb;p, a), SE(;),C)(lg,lb;p, «) and other S depend on
p and «, but in order not to overload the formulas, we will further omit the
explicit expression of this dependence. Looking through all possible values of the
parameters ry and rp, we get the equality

lg
SECL c) g’lb Z Z S =,¢) lgalbvrgvrb) (310)

rg=07,=0
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Since the edge (r,v) is either in the blue skeleton or it is not, the following equality
holds:

St—,e)lgs 79 78) = S o (g, i 79, 78) + S (g, Iy 79, ). (3.11)

Since the gray root is either in the first component or it is in the second one, the
following equality holds:

S(:7 c) (lg, lb; Tg, T‘b) = (1)8(:7 c) (lg, lb; Tg, Tb) + (2)8(:’0) (lg, lb; Tg, Tb). (3.12)

Take an arbitrary double bipartite walk d from Setg 9) )(lg, lp;7g,mp). We divide
its skeleton G4 into the left graph G; and the right graph G,. And the double
bipartite walk d splits into a left double bipartite walk f and a right one s. At
the same time, f is really a single walk since there is no blue walk in f (the edge
(r,v) in the blue walk d is not traversed, and the skeleton G is a tree). At the
root r of the skeleton of f there is only one edge, therefore f € Setgl)(fg +ug, fq)-
Once in Gy there is a blue-gray edge, but in G it does not exist, then it is in G,.
The gray and blue roots in s coincide, therefore s € Set(;c)(lg —Ug — fg,lp,rg —
fg,7m). The following lemma holds.

Lemma 3.4 (The first cutting lemma). Let lg, 1y, 74,75 be natural numbers
such that ly > ry >0 and Iy, > 1, > 0. Then the following equalities are true:

lg—rg g

7l7
(1)82270)(@,[1,;7“9,77, Zole g f (U, lp; g, o5 ug, fg), (3.13)
Ug=YU Jg=

DS Uy, i 79, 735 11g, )

_ T
:0411<fz_1> Séig(fg—i_ugafg) —C)(lg_ug_fgalburg_fgarb)7 (3.14)

lg—rg g
(2)852,0)(l9’lb;rg’rb Z Z !Jvl,f lgvlbvrgyrbaumfg) (315)
ug=0 fg=1
7l7
(2)859:7c§)(lgvlb;rg7rb;ugafg)

_1({Tg —
= o 1( " 1> sgi(fg + g, fo) DS (lg — ug — fyulbsrg — fg,7). (3.16)

What is (I)Setgg:) c)(lg7 lp;rg,7p)7 If we look at the spreadsheet, we can easily

understand that (I)Setg‘i) o) (lg,lp; g, 7p) is a set of essential double bipartite closed
walks such that:

1)  the length of the first (gray) walk is 2{4, the length of the second (blue) walk
is 2lp;

2) (U means that the root of the first walk is 1 and the first step of the first
walk is (1,1);
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3) = means that the root of the second walk coincides with the root of the first
root, so it is 1;

4) . means that the skeleton of the first walk and the skeleton of the second
walk have at least one common edge;

5) 9 means that the skeleton of the second walk does not have edge (1,1), so
fp» = 0, then u, = 0, because the skeleton of the second walk is a tree and it
does not have edge (1,1, but it has vertex 1; 6) the number of steps of the
first walk from vertex 1 is 74, the number of steps of the second walk from
vertex 1 is rp. So, going over all the possible values ug, up, we get (3.13).

Relation (3.14) follows from the bijection

(I)Setgi,l;{) (lg,ly;rg, o3 ug, fg) — (I)Setgi;(fg + ug, fg)

X (I)Set(:,c)(lg —ug — fg, 6,79 — fg,7b) X Code(l)(rg,fg), (3.17)

where Code (rg, fg) is a set of sequences of zeros and ones of length 74, which
have exactly f, ones and the first term is 1. Fig. 3.2 illustrates equality (3.14).

I
(g.1.f) o
(=.0) &

Fig. 3.2: Representation of (I)Setgilt’:{)
Indeed, since the contribution of essential double bipartite walks is multiplica-

tive along the edges and vertices (see (3.8)), the contribution of an essential walk
from (I)Setgif’c{)(lg, lp; 79, s Ug, fg) is equal to the product of contributions of its

ifg)(lga lb; g, b3 Ug, fg) and (1)Set(:,c) (lg —ug— fg,lbs g — fo 0y

and a factor afl. The multiplier afl arises due to the double use of the root in
the first and second double bipartite walks of the partition. Applying this fact
and the Cartesian product of the image of the above described bijective map, we
obtain the following equality:

parts from (1)Setg

OSEED 1y, sy, 150, £) = [Code g, £)| VS (S + g, )

X (1)8(:76)(19 - ug - fg7 lb7rg - fg, 7“1,)041_1,

where Code(l)(rg, fg)’ = (}zj) is a trivial combinatorial fact. Indeed, if the
first element is fixed, then we have to choose f; — 1 positions for the remaining
elements among the r, — 1 free places.

It remains to prove the bijectivity of (3.17). First, we are to obtain two
numerical double walks and a code and then to minimize both double walks. For

splitting, the following splitting algorithm is used. We first split a gray walk.
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Further, we go along d) and if the next step belongs to Gj, then we add it to
the first gray walk f(1), otherwise we add it to the second gray walk s(!). At the
same time, if the next step begins with the gray root, then, if it is (7, 7), we assign
1 to the code, otherwise we assign 0 to the code. Obviously, the first element of
the code is 1 since the first edge of the gray walk is (7, 0) by definition, and the
total number of ones in the code is fy, i.e., #{i:¢; =1} = fg, #{i : ¢; = 0} =
rg — fg Ncp = 1. It is easy to see that fM and sV are really bipartite walks (in
particular for every adjacent edge, the origin of the next edge coincides with the
end of the previous edge), closed walks (in particular both walks have the same
root r). Obviously, every edge from the left graph G; and from the right graph
G, is traversed in the corresponding walk f() or s(!) the same number of times
as in a gray walk dV ie.,

(Ve € G nd<1)(e) = nf(1>(e)) and (Ve € G, g (e) = ns(l)(e)).
Since the blue walk is completely in s(?), splitting is obvious, i.e.,
(Ve € Gy nye(e) = N (e) = 0) and (Vee€ Gy nyo(e) =ngye(e)).

Thus, the weight of the original double walk is equal to the product of weights
of the first and second partitioned double walks up to the factor ozfl. Now we
make them minimal by applying minimization mapping to them. At the same
time, the weight of walks does not change.
Here is an example of double bipartite closed walk d = (d(l), d(2)) that illus-
trates the lemma.
dM =(1,1,2,2,2,3,2,2,2,1,3,1,3,1,

»

1,4,
4,1

[S1EIINTN
R

=~ ot
— R
= O

) Y

dV) is a gray walk;

d? =(1,6,7,7,7,6,7,7,7,6,1,5,8,5,1,4,1,4,9,4,5,4,1,5,1);

d® is a blue walk, r =1, v =1, d € mSetEi l’c)f)(19, 12:9,5:7,4) ;

»=({1,4,4,5,6,5,8,6,7,7,9},
{(1,4),(4,4),(4,5),(4,6),(1,5), (5.8), (1,6), (6,7), (7, 7)’(‘1»9)});
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lg =19, 1, =12, fo =4, f=0,1 =9, 1, =5, ug = Ty up = 0, vg = 4, v, = 0,
d— (n,0,¢), n= (", n®); 0= (0W,0%), c € {0,1}?

77(1) = (]‘7 ]‘7 27 Q? 27 37 27 é? 27 ~7 3’ 1)37 i’ ]‘7 17 17 i? 17 17 37 17 1);

n® = (1);

o) = (1,4,4,4,5,4,6,4,1,5,1,4,1,5,1,4,1);

0® = (1,6,7,7,7,6,7,7,7,6,1,5,8,5,1,4,1,4,9,4,5,4,1,5, 1);

c=(1,0,0,0,1,0,1,0,1); 5 € (1>Set8§(11, 7), 6 € WSet(_ (8,12, 5,5).

The bijectivity is proved by the following collection algorithm. We gradually
renumber vertices of the first and second walks. The roots of these double walks
are set in compliance number 1. Let us go along the first and second double
walks. We start the construction from the root. If the next step of a double
walk under construction ends at the root, then, if the next element of the code
is 1, we continue going along the first subwalk f, otherwise continue going along
the second subwalk s. If the final vertex of the current step along the subwalk
does not have its own number in the large walk, then we set it in correspondence
with the largest number of the already completed vertices of the large walk in
the corresponding component plus 1 in the corresponding set. The result is a
bipartite double walk from the required class. It is easy to see that splitting
mapping and collection mapping are injective. It means that they are bijective
since the area of definition and the area of values are finite. It remains to split
the gray walk f@)

Lemma 3.5 (The second cutting lemma). Let f, be a natural number and
ug be a natural number or zero. Then the following equalities are true:

Ug

<1>sﬁ§(fg tug, fo)=> W sﬁ)” (fg + tg, f: ), (3.18)
vg=0
1” f + v -1 O[lvvgf
Ug
S (fg + g, fg) = D DS (fy + g, Sy, v5), (3.20)
vg=0
1U fq+vg — 1\ a2Vay
D800 g+ g Jorvg) = ( I >pfg 208 (ug,vg). (321

This lemma is proved in the same way as the first cutting lemma. The first
equality is obvious, and the second equality follows from the bijection

(I)Set (fg+ug7fgvvg) ne )Set(l)(ug,vg) « )Set(l 2 (fg)XCOde (fg+vgafg)
(3.22)

where Code(® ( fq +vg, fg) is a set of sequences of zeros and ones of length f, +

vg, which have exactly f,; ones and the last term is 1. The last term is 1 since
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the gray walk should return to the gray root r by the last step from the vertex v.

arazVag,

It is obvious that (I)Setgl’g)( fy) consists of a single walk with a weight TomT
Fig. 3.3 illustrates equality (3.19).

— forve » a o
Q )

£, : £,

8

1) m 1.9)
()] S ()]

Fig. 3.3: Representation of (1)Set(1 v)

Combining these two lemmas, changing the order of summation and taking
out some expressions beyond sign of the sum, we get the formulas:

Tg

(@) . N (e b Ve
( )S(g:,c)(lg’lmrwrb) - fz:l <fz — ]_) pfgjl
=
lg—ryg
X Z (I)S(:’C)(lg - ug - fgalb;’rg - fgarb)
ug=0
Ug
fo+v5 =1\ 200
' ’UZ::O < fo—1 @ )(u97U9)7 (3.23)
Tg
2)a(9) . _ rg — 1Y) Vas
( )S(i,c)(l97lb7r97rb) - le (fz — 1) pfg_gl
=
lg—ryg
X Z (2)8(:70)(19 — Ug — fg,lb§rg - fg,rb)
ug=0
fo+v9 =1\ e
" ’UZO ( fg—1 WS (ug, vy). (3.24)

3.4. Conclusion of a recursive system of equations. In a similar way,
(see also [12]) the next formulas are proved:

rg lg—ryg
Vs
(l)s(l)(lgarg) = Z (f _ 1) pla1 . Z « )S(l)(lg —ug = fg;19 = fg)
fo=1 g ug=0
Ug
fo+v9 =1\ 2)q0
x UZZ:O < P @8W (uy, vy), (3.25)
Tg - V.Qf lg—7rg
80 = 30 (717 gt O g fra 1)
fo= =0
fg+vg—1 1
X Z < fg -1 ( )S( (ugavg) (3 26)
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The formulas

rg Tp
(1) (r) . _ rg — 1 b M
S(:,C)(lga lbyrg7rb) = Z <fg -1 Z fy pfg‘ifb_l

fg=1 fo=1
lg—ryg
X Z S(— —ug — fo:lb —up — foirg — fog, 70— fb)
ug=0
Ug Up
fo+vs—1 fo+u—1
2 ( Tl )2 (U o) PSealuee), 32D
’Ug:O 9 Ub:() b
@S (g lyirg.13) i <7“9 - 1) i <"”b> Vats,+4y)
=, c)\"9 b5Tg:Tp) = _ ﬁ
(=) by = 1) =\ ) ploh
lg—ryg
X Z S(f l _ug_fgvlb_“b_beTg_fgarb—fb)
ug—(]
fg+v el fot+wv,—1
x Z ( gf _gl Z f—1 (I)S(:,qﬁ(ugvvg) (3.28)
9 v’ b

follow from Lemmas 3.6 and 3.7 below.

Lemma 3.6. Let Iy, 1y, rg,7p be natural numbers such that ly > rqy > 0 and
Iy > 1y > 0. Then the following equalities are true:

lg=rg 19 ly—rp 1
()SET_) olpliirem) =3, > 3, > El{) (Lgs lb; g, o3 g, up; fy, ),
ug=0 fg=1 up=0 fp=1
¢« )ngl,z))(lg’lb;rg,rb;ug,ub;fg,fb)
e A T M TOR
=i (120 () St s
X (1)S(=7¢’)(l9 —ug — fog, lb —up — fo;7g — fgu 76 — fb),

lg=rg rg lLy—ry 1

()SEC) c)(lgyleT‘ga’f‘b Z Z Z Z El{) lg,lb;'r'g,’l"b;ug,ub;fg,fb)’

ug=0 fg*l up=0 f=1
( )Sgglvcf))(lg7lb;'f'g,7nb;ug,'LLb;fg,fb)
_1({rg—1 r,
=ox (fg - 1) <fb>( )Sglf o (fg + ug, fo + uvs fg. fo)
g

X (2)3(:7@(59 — g — fo,lb —up — fo;7g — fgs 76 — [o)-

The formula contains the factor (TZ) because, unlike a gray walk, the first step
of a blue walk does not have to be (r,v) (see Fig. 3.4).
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) = (5) ()« %]
A

=

g

lg_ug_fg
l-u,-f,

r.f)
(=) S(:,tz‘)
Fig. 3.4: Representation of (1)Setgzl’£)

Lemma 3.7. Let fy, fi be natural numbers and ug, up be natural numbers or
zeros. Then the following equalities are true:

(1)88”’2’0)(]09 + g, fo + up; fg, fo)

Ug up
= Z Z (1)8511)31723)(f9 + ug7fb +ub;fgafb;vgavb)7

vg=0v,=0
(1)881:’;{)0)(]’9 + ug, fo + wp; fg, fo3 Vg, vb)

fg+vg =1\ (fo+op— 1\ Vags4p) o
- < gfg _91 fo—1 prfi—lb( 1S (=, g (g, up; vg, v3).

(2)82711:276)(]‘? + ug, fb + Up; fg, fb)

’ng Up
=33 OGN (fy + g, fo+ s fys fuivg, w),

Ug=0 Ub:()
(2)8211}:71:’{)0)(](9 + Ug, fb + up; fg7 fba Vg, Ub)

fotvg—1\ [ fo+ve—1\2Voir,4p) 0
B ( gfg—gl fo—1 prfi—lb( '8 (=, g (ug, up; vg, v3).

The second formula is illustrated in Fig. 3.5.

— (feve firve-1
BN NG

Vo f Vite fg
w.r.f) (.2
=) S(:,t) 1,5

Fig. 3.5: Representation of (1)Setg11}’r:’f)c)

A double bipartite walk from S_ (lg, ly;74,7) has a blue-gray edge or does
not have it. In the first case, it is from S(_ ) (lg, lp; 74, 7). And in the second, blue
and gray walks do not have common vertices except the gray root r, therefore
they are practically independent. This implies the following equations:

(1)8(:’@“9’ lyig,mb) = (1)8(:70)“97 lb; g, ) + afl(l)s(l)(lga Tg)(l)s(l)(lba ),
(3.29)
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(2)8(:,@@97 ly; Tg, 74b) = (Z)S(;c)(lg, lp; Tg, Tb) + OéQ_I(Q)S(l)(lg, rg)(l)S(Q) (lb, T‘b).
(3.30)

Going over all possible values of the parameters r, and 3, we deduce the equality
lg
7&76) =) Z ( 0 (Ug Wi g ) + PS(s oy(lg, Lo, Tb)) . (3.31)
rg=07,=0

In any essential double bipartite walk from , the edge (r,v) is a blue-gray one or
it is a pure gray one. Therefore, the following equalities hold:

~

(Q)S(fac)(lgvlb;rg,’l"b) _ (2 )S )

(1)8(7570) (g, loi 7gs ) = “ )Sgi,c)( 9> b3 Tg, ) + (1)8&)7 o) (g, ly;rg, ), (3.32)
Ei,c)(lg, lp; g, 1) + (2)82;)7 (g, loirg, ). (3.33)

If a blue root does not coincide with a gray one, then the blue root is either in
the upper graph or it is in the lower one:

(I)SEQ )(lgalbﬂ"gﬂ”b) = (l)sgi,i))(lg7lb5rg7rb) + @ )S§¢ ))(lgvlvagvrb) (3.34)
7“ d
@S (Ugslyirgs ) = PSEY (lg. Iy g, 1) + PSED, (1g, Iy rg,m).  (3.35)

For a double walk from S(;é ))(lg, lp;7g, 1), T is O since there is no edge (r,v) in
the blue skeleton. In the second double walk s there is no blue component. We
have the next lemma (see also Fig. 3.6).

Lemma 3.8. Let Iy, ly, 74, 1p be natural numbers or zeros such that l; >
rg >0 and ly > ry > 0. Then the following equalities are true:

lg—rg Tg
u sl
“ )Sgﬁ ))(lmlb”“gv’"b) = 0p, ZO le (I)SEZA,C) f)(lg>lb§7“g§ug>fg)a
Ug: g:

7u7l7
()Sgi o) f)(lgalb§Tg§ugafg)

1<f >(1)Sgg,f),c (fg +“g7lbafg) S( )(l - ’LLg fgarg - fg)a
g

lg—rg 1g
, 7u7l7
. )Sgi c))( 9> Wi Tg, Th) = Opy E : E : (2)8 y )f)(lgvlb’rgﬂuwfg)
ug=0 fg 1

u,l,
( )Sggﬁ c) f)(lgalb;rg;ugafg)

_a21 - (2)SE (fg+ug,lb,fg) S()(l — g — forrg — fy)-
fg 1

If a blue root lies in the upper graph, then it either coincides with the vertex
v or it does not coincide with it. In the first case, a double walk along the
upper graph belongs to S.— (ug,lp; vg, vp), and in the second case, it belongs to
Sz, ¢)(tg, lb; vg, vp). And we have the next lemma.
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£,
(&)
(1,#.¢)

Fig. 3.6: Representation of (I)Setgi’ “c’)l"f)

Lemma 3.9. Let f, be a natural number, ug be a natural number or zero, I,
be a natural number or zero. Then the following equalities are true:

Ug
(I)SE?:Q,C)(fg—FUg,leQ > Z 7g’ fg+ug>lb’f97”9)

’L}g—O Vp= =0

(I)Sgiii))(fg + Ug, l; fg§ Ug)

+v, — 1\ V&
= 01 <fg g > Qfg <(2)S(=,C)(ugulb;vg7vb) + (2)8(#,0)(u97lb;vg7vb)> )

fo—1 pla—l
Ug
(Q)S&Q,c)(fg g, by fy) = D Z 11)3&]; (fg + ug, lv; fg5vg),

vg=0 v,=0

¢ )SEU o0 (fg + ug, lb; fg3vg)

+ov,— 1\ Vo
=y (fg J )fg <(1)S(:,c)(ug,lb;vg,vb) + (I)S(yé,c)(ug,lb;vg,vb)) :

fg — 1 pfg_l
o1
V\O o VVb V
(v.8.1) 1.9)
(1%.0) 0) S(;c) S(i,c)
Fig. 3.7: Representation of 1)Setg if))

The next equalities follow from Lemmas 3.8 and 3.9:

lg—T
u Var,
(l)sggﬁ’c))(lmlba Tg, 7"b - 57"1; Z < - 1) pfg_Jl Z (l)s(l)(lg - Ug — fg>r9 - fg)

ug=0

lb
fo+v,—1
X Z < gfg _gl Z <(2)s(:,c)(ug,lb;vg,vb) + (2)s(¢76)(ug,lb;vg,vb)),

”L}g:O UbZO
(3.36)
lg—r
(75 e)\'g» bsTgs b = Oy 1 pfg_l g — Ug g:Tg g

fq=1 ug=0
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-1
x Z <fg+vg ) Z (D8 (<) (1 3 vy 1) + DS 0 ttgs b v, w5) )

vg=0 vp=0
(3.37)
The following formulas:

Tg

— V
a )S(g D (oo Iy 70, 7p) = <7"g 1) 2f
Gttt = 2 o )

lg—Tg Ug f +U _ 1 9
x> WS oy —ug = faliirg = o) Y ( T >( 5% (g, v5).

ug=0 vg=0

Tg

(2) ( ) ’I“g -1 ‘/éfg
S(# )(lgvlb”"gvrb) le <fg— 1) pfa—t

fTo N (fy v —1
X Z (2)8(7&70)([9 —ug — fg,lb;mg — fg:7b) Z ( gfg —gl >(1)S(1)(ug,vg)

ug=0 vg=0

(g.d.1.f) ®
(#.0) M

Fig. 3.8: Representation of (I)Setg‘i’ dc’)l’f)

Lemma 3.10. Let Iy, ly, 74, 7 be natural numbers or zeros such that lg >
rg >0 and ly > ry, > 0. Then the following equalities are true:

lg—rg g
,d 7d7l7
(1)Sgi7g)(l9,lb;7’g,7°b E g g f gvlb;rgvrb;ugafg)v
ug=0 f,=1

DS DD Uy, by g, 7519, fy)

:a1_1<fg_]—> 1)8 (fg+ugafg) ,c)(lg_ug_fg7lb7Tg_fgvrb)7

lg—ryg Tg
d Z Z ,d,l,
(2)82172)(lg,lb;7'g,7"b g f galb;rgaTb;ugafg)7
ug=0 fs=1

(2)8&7(16,)1,)”)(197 ly; T, Tv; Ug, fg) =
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_a21( _ )2)8 (f9+u97fg) ,c)(lg_ug_fgylb7rg_fg7rb)-
fg—1

The blue root which does not coincide with the gray one can be located either
in the upper graph or in the lower (right) graph:

r T, U r,d
(1)857270)(lgalb57"g>7”b) = (1)SE ,c))(lgaleTgﬂ“b) ( )Sé ))(lgalbvrgarb) (3.40)
(
(

(Z)S(T)

#
) g lirg,m) = ST (1, Iy g, 1) + PSTY (L, by rg, 1) (3.41)

One more lemma for S( ))(lg, lp; g, 7p) looks like this (see also Fig. 3.9).

et Y
r.f)
(L#.0) S(:J)

Fig. 3.9: Representation of (1)SetE;u;l)’f)

Lemma 3.11. Let Iy, Iy, 74, 7 be natural numbers or zeros such that lg >
rg >0 and ly > ry > 0. Then the following equalities are true:

lg=rg 19 ly—rp T
(I)SE ))(lg,lb,T‘g,T‘b Z Z Z Z (I)SE;Z:L’CZ)J)(ZQ)lb;rgarb;ug7ub;fg7fb)v
ug=0 fy=1up=0 fr,=1

(1)Sg;u7l)7f) (lg7 ly; Tg, Th; Ug, Ub; fga fb)

_ (a1 (1)
- <fg_1> <fb_1> S (fg+ugafb+ubafgafb)
x 0‘1_1(1)8(=,¢)(l9 —ug — fg, lp —up — fo;7g — fgs1 — fo),

lg=rg 1g Ly—rp T
T’ 7l7
(Z)SE ))(lg,lbargarb E E E g (Q)SE¢?C)f)(lgalb§7“ga7ﬂb5ug7ub;fgvfb)
ug:O fgzl 'LLb:() szl

(2)85;%[)7']() (lg, lb; Tga Ty; Ug, Up; fg’ fb)

_ (a1 (2)
= (20 () Sttt s
X a;1(2)s(:7¢?(lg —ug — fg,lb —up — fo;7g — fg, 10 — 1)

rp—1

The last formula contains the factor ( It 1) since the last step of the blue walk

from the gray root of r should be (r,v). The second double walk has or it does

not have blue-gray edges due to the fact that the edge (r,v) is gray-blue.

The following lemma for SE ))(lg, lp; g, 7p) looks like this (see also Fig. 3.10).
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— vt < < forvy y a N forvi-1 y )
V R (RN

/£ Vive Vivo
f.~ f, '

o f) @)

(L#.0) () Sco Seo

. . . . v, 7, f)
Fig. 3.10: Representation (! Set(1 20

Lemma 3.12. Let f,, f be natural numbers and ug, u, be natural numbers
or zeros. Then the following equalities are true:

(I)S(r’f) o (fg + tig, fo + up; fg, fi)
= Z Z fg+ug7fb+ub7fg>fbavg7vb)

’Ug—O’L)b 0
v, T, f +v, —1 ‘/Qf_i,_f
()S( f) (fg+ugafb+ubafgvfbavgvvb) <gfg—gl #Oﬂ

+v + vy —1 s
x ((fb : b> @8 _ ) (ug, up; vg, v6) + (fb fbb )(2)35727@(%,%;@9,%))7

(2)3(?2 C)(fg+ug,fb+ub;fg,fb)
- Z Z (11};6) fg+ug7fb+ubafg7fbavgyvb)

vg=0v,=0
v, f fo+vg =1\ Vasyts)
()SE )(fg+ugafb+ubafgvfbavgavb) <gfg_91 >pfg_ffb_bla

T +uvp—1 s
X ((fb / b> (l)S(:#f)(Ug,UM’Ug,Ub) + (fb fbb )(I)SE;&),Q’)(UQ’UI’;UQ’U}’)>‘

The blue root either matches the vertex v or it does not. In the first case,
a double walk along the upper graph is from <1)S(:7@(ug,ub; vg, ), and in the
second case, from (1)82‘;) @(ug,ub;vg,vb) (the blue walk along the upper graph
should go along the vertex v since the blue root is in the upper graph, but the
blue walk passes through the edge (r,v)). Different factors are in the expression
in parentheses since in the second case the last step from the vertex v does not

have to coincide with (v,r;, but in the first case it is optional. So, we have the
following formulas:

rg T
(1) q(r,w) Tg—l rp—1 w
S( )(lg, lb,rga Tb) Z_ (fg _ 1 f; fb _ 1 pfg+fb—1
lg—rg ly—ry

X Z Z S(* l _ug_fg>lb_ub_fb5rg_fga7"b_fb)

ugf(] Up= 0

x Z (fg};v_gl ) 3 <(fb}:?fb> )8, (ttg, up; Vg, )

vp=0
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+v s
+ (fb fbb )(ZSE#) @(ug,ub;vg,vb)), (3.42)
@)g(rw) ;

_ _ rg—1 (1 — 1 Va(se+hy)
, )(lg,lb,rg,rb) = fE 1: (fg _ 1) fZl (fb _ 1>pfg+fb1
9= b=

lg—=rg ly—ry

X Z Z S(* —Ug — fo, b —up — fo;79 — fg, 70 — fb)
ug=0 up=0
Ug _ 1 Up
% Z (fg + vy > Z <<fb +vb) (1)8(:,@(%,%;@9,%)
=0 fg —1 —0 fo
Vg Vp
fo+uw—1 s
+ ( b fbb )(DSE%d)(ug,ub;vg,vb)). (3.43)

A walk from SE;),q’)(ug’ up; Vg, Up) either has gray edges with a gray root or it
does not have. If the walk has gray edges with a gray root, then the edge (r,v)
can be either blue-gray or pure gray. If the edge (r,v) is blue-gray, then it is just
tree-like double walk with different roots and a blue-gray edge (r,v), i.e., it is
from SEQ C)(lg,lb;rg,rb). If the edge (r,v) is pure gray, then the blue root is in
the lower graph since a blue walk passes through the gray root r. If there are no
gray edges in the walk with a gray root, then there are no gray edges at all:

(7,5 Q/)(lgalbvrgarb) (I)S( )

(#, )(lgalbﬂ“gﬂ“b)‘{'

+ (1)82;94;’)@([5]7 ly;rg, ) + (1)S(S’n) (lgv lp; g, re), (3.44)

@) g lirg,ms) = PST) (U, i rg, 1)+

+ (Z)Sgifiéad)([g, lp;rg,m) + 2)g(sm) (lg,lpsrg, ). (3.45)

S(S gvd)

And we have the next lemma for (£.0) (lg,lp;rg, 1) (see also Fig. 3.11).

(s.8.d.1.1) @ (s)
#.) @ (#.2)

Fig. 3.11: Representation of (1)Set§;’ gg’,)d’l’f)

Lemma 3.13. Let Iy, Iy, 74, 7 be natural numbers or zeros such that 1y >
rg >0 and ly > ry > 0. Then the following equalities are true:

lg—rg T4

(1)852?(;,)@([9,[5;7‘9,?”1, Z Z (S g,d b f lg7lb§rgarb;ugafg)v
ug=0 fys=1
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s,g,d,l
(1)85757,9?7/) ”f)(lgvlb§rgy7'b§ugafg)

_1f{rg—1 5
_O[11<f§1>( (fg+ug,fg) ng)(/)(l _fg7lb7rg_fg>7‘b)7
lg—rg 1g
,g,d dl,
(Q)Sg’évg‘/) )(ngb;rg’Tb Z(] le s g f g»lb;TgaTb;ugafg),
ug=0 fg=

(Q)Sgi;gé,)djl’ f) (l97 lb7 Tgv b3 ugv fg)

(7T
—a21<fz—1> 2)8 (fg+ug7fg) SE;)@(Z ug = fg:lbs g = fg57)-

For proving we use Lemma 3.5:

g
1 Z fo+v, — 1\ a1Vay,
( S( )(fg + 97 fg) ( gfg _g 1 > pfg_lg (2)8(1)(ugyvg)7

vg=0

1) fo+v,— 1\ a2Vay
(2 S( (fg"'ugafg) Z_O< gf _91 > pfg_lg(l)s( )(Ug,Ug)-

Therefore, the following equalities hold:

(1) (s,g,d) & Tg -1 V2f9
Szt lg g ) = > =
fg

(#¢) fg —1 pfg 1
g
X Z (I)S(¢7@(lg*ug7fgalb;’rg7fgvrb)
ug=0
Ug
03 <fg+vg1 1><2>s<1>(ug,vg). (3.46)
vg=0 fg B
Tg
2)q(s,9,d) ) — rg =1\ Y2y
( )S(#7c) (lg,lb,rg,rb) = Z (f _ 1) pfg—gl
fo= g
lg—ryg ®)
ug=
Ug 1
3 (fg;:vgl ><1>S<1>(ug,v9)_ (3.47)
vg=0 9

If there are no gray edges, then I, = 0 and 7, = 0. So, by the definition of

(Hglsn) (lg,lp; g, 1), the following formulas are correct:

o
DS Uy by gy 1) = 81,6, VST (1y;7my), (3.48)
(2)85;@9 (lg: Ios g, m0) = 81,0, DS Ly 7). (3.49)
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The case SU9) (1, 73) also does not cause problems (see Figs. 3.12 and 3.13). We
denote by b a vertex from which a blue walk first passes the gray root r. We cut
the graph along the vertices of the edge (r,b). Here u; means half of the length
of the blue walk along the upper blue graph which was formed after removing
the edge (r,b), and f, means half of the length of the blue walk along the edge of

(r,b). By vp, we denote the number of steps leaving the vertex b other than m
Obviously, the blue root lies in the upper graph. Again, two cases are possible:
the blue root coincides with the vertex b and it does not coincide with the vertex
b. In different cases different factors appear. And we have two more lemmas.

Lemma 3.14. Let Iy, rp, be natural numbers such that ly, > r, > 0. Then the
following equalities are true:

ly—ry T
WS (1, 7)) = Y Y~ WSO D (175 ),
up=0 fp=1
WS L D) 1y 75 up; fo
1 s,
= (TZ - 1> _1(1)8 1 & (fo + ups fo) SN Uy — wp — fo, 75 = f),
lp—rp T
(2 )S( s) lb ’r’b Z Z (1 s,l,f) lb Tb;ub;fb)a
up=0 fp=1
@S 1y 75 up; f)
— 1 s
;b —1(2)3 1 I (o4 up, 7)) DS (1 =y — Foum — Fo).
Tv-1
‘ fb 1) >< .
£,

(1 sLf) Ls.f)
(&)

Fig. 3.12: Representation of (MGet(t st f)

Lemma 3.15. Let f, be a natural number, up be a natural number or zero.
Then the following equalities are true:

Up

DS o+ s fo) = D DS (fy + 1w, fow0),

’l)b:O

(1)38357 I (fy -+, fir0)

_aqVay, Jo+ v =1\ (1ya(1, ) fo o) (1)q()
= pfb—l (( fb S (Ub, Ub) + fb S (ub7 Q}b) ;
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Up

@ )SEI Iy +up, ) = » e )Sﬁ)s D (fy + up, fo, vb),

vp=0

(2)88 5, f) (fo + up, fo,0p)
Vi +up—1 s T
S () ()0 ).

b

- fb+Vb . fb+vh . )
fk\@
(1)

(1 s)

Fig. 3.13: Representation of Set(1 v )

These two lemmas imply the following equallmes.

Dy — 1\ Vay,
(I)S(l’s)(lbﬂ“b) = Z <fl; . 1) ]% Z (I)S(l)(lb —up — fo, 7 — fb)

fo=1 up=0
+ +op—1 s
XZ <<fb Ub>(2)8()(ub,vb)+<fb }’: ><2>s<1 )(ub,vb)>, (3.50)
vp=0
@51, 9) (1= 1) Vg, ' g
S (ly,m) = ) fo1) ph > WSE =y — fo,r — f)
fr=1 b p up=0
f + v f +up—1 s
x Z (( b ”>(1>s<>(u vp) + (b f: ><1>s<1 )(ub,vb)>. (3.51)
vp=0

The lemmas for (I)SE ))(lb, rp) are formulated as follows.

Lemma 3.16. Let Iy, 1y, 14, 7y be natural numbers or zeros such that 1y >
rg >0 and ly, > rp, > 0. Then the following equalities are true:

( lg=rg 19 ly—ry T3
Mg

(;fig)(lgalbvrgarb Z Z Z Z S(r d,l7f) g7lb;rgarb;ugvub;fgafb)7

ug=0 fy=1up=0 f,=1
4 lg—rg Tg ly—ry T8 - dlf)
(2)82272)@97[577051771[) Z Z Z Z Sr N g,lb;T‘g,Tb;Ug,Ub;fg,fb)7
ug=0 fg=1up=0 fr,=1

(Q)Sg;i)l’f)(lm ly; g, T3 Ugs Ups fg, fo)

o Tg—l 'I"b—]. (2) ]
- (fg_1>( f > S(l,Z,C)<f9+ugvfb+ubafg7fb)
X oy ()SE;)@( _fgvlb_Ub—fb;rg_fgarb—fb)-
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Lemma 3.17. Let ly, ly, vy, 1y, fg, fo be natural numbers and ug, vy be
natural numbers or zeros such that ly > ry > fg >0 and ly > 1, > fi, > 0. Then
the following equalities are true:

(1)5&,(137]0)([97 Iy Tgs 703 Ugs Ubi fgs fo)

1 1
N (?Z - 1) (beb )(I)S(L%c)(fg g, fo + i fo f)

><0411(1)SE72@(Z ug = fg, lo —up = fo;7g = fg. 10 — J3),
WSy, — o) (fg + g, fo + us; fg, f)

- Z Z SW)_ o\ (fg + gy fo + ups For fi vgvn),

s C

vg=0v,=0
v f +ug—1 fb 0y = 1
(1)851,):’0)009 + ug, fo + up; fg, fo; Vg, vb) = ( gfg ’ 1 fo—1
Vattu+1) 2

X O E 1 (=) (U Ui Vg, 1),

@81, = o (fy + ug, fo + up; fg, )

- Z Z SW_ o\ (fg + gy Fo + ups For fi vgvn),

s C

vg=0 v,=0
v +vg—1 4y —1
Vat,+ 1)
8 QQW(DS(;@(%’“M”WUb)~

Lemmas 3.16 and 3.17 imply the following equalities:

Tg B Tb B V-
OSED (1 1y 7 (Tg 1) (Tb 1) 2(fyt o)
(#, )(97 b Tg) b) ZZI fg_l be:l fb pfg+fb—1
lg—rg ly—ry

X Z Z (1)8227@(@_“9_fg7lb_ub_fb§7’g_fgvrb_fb)

ug=0 up=0
- +uy—1) & +op—1
S 1 CHA A Dol () LI
—\ fg—1 =\ fo—1
’Ugf vp=
Tg Ty
@) q(r.d) . _ rg —1 ro — 1\ Vagsy+1)
Stk 0 lla iTa 1) = Z <fg—1 le fo ) pFti
— o
lg—=rg ly—ry

X Z Z #Q,)l — Ug — fgalb_ub_fb;rg_fgvrb_fb)

ugf(] Up= 0

Up 1
. Z (fg};v_g1 ) Z (fb;c;?ﬁjl >(1)S(_7¢)(ugvub;vgyvb)- (3.53)

vg=0 vp=0
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The system (3.9)—(3.12), (3.23)—(3.52) is recursive since by each essential step
we decrease the total length of the double (single) walk. For unambiguous solv-
ability, it is necessary to impose on the system the following initial conditions:

WsM(0,z) = da1, @sW(0,2) = d,0z (3.54)
Ws:9)(0, z) = 0, @89 (0,z) = 0. (3.55)

Let z,y,z,w be natural numbers or zeros such that at least one of the next
inequalities z > > 0 w > y > 0 is violated. Then the following equalities hold:

M8 (2 wi,y) =0, @89 (2 wiz,y) =0, (3.56)
(I)SEQ c) (2, wiz,y) =0, (2)852) o) (z,wyz,y) =0, (3.57)
(I)SE;“C)(Z,M,%Q) =0, (2)82;’7%(2,10,:573/) =0, (3.58)

7d r,d
M8 (2, wi,) =0, O, (2 wiz,y) =0, (3.59)
( ) ( ) (3.60)

Let x,y,z,w be natural numbers or zeros such that at least one of the next
inequalities z > x > 0 w > y > 0 is violated. Then the following equalities hold:

W89 (2, w2, y) =0, @89 (2, w2, y) =0, (3.61)
, d
(I)Sgi’z)(z,w;x, y) =0, (2)85172)(2,10;9:@) = 0. (3.62)
References

[1] E.P. Wigner, On the distribution of the roots of certain symmetric matrices, Ann.
of Math. (2) 67 (1958), 325-327.

[2] A.Khorunzhy, B. Khoruzhenko, L. Pastur, and M. Shcherbina, The Large-n Limit in
Statistical Mechanics and Spectral Theory of Disordered Systems, Phase transition
and critical phenomena, 15, Academic Press, 1992, 73-239.

[3] L. Pastur, Random matrices as paradigm, Mathematical Physics 2000 (Eds.
A. Fokas, A. Grigoryan, T. Kibble, and B. Zegarlinski), Imperial College Press,
London, 2000, 216—-266.

[4] G.J. Rodgers and A.J. Bray, Density of states of a sparse random matrix, Phys.
Rev. B 37 (1988), 3557-3562.

[5] G.J. Rodgers and C. De Dominicis, Density of states of sparse random matrices, J.
Phys. A 23 (1990), 1567-1566.

[6] A.D. Mirlin and Y.V.Fyodorov, Universality of the level correlation function of
sparce random matrices, J. Phys. A 24 (1991), 2273-2286.

[7] Y.V. Fyodorov and A.D. Mirlin, Strong eigenfunction correlations near the Ander-
son localization transition, Phys. Rev. B 55 (1997), R16001-R16004.

[8] M. Bauer and O. Golinelli, Exactly solvable model with two conductor-insulator
transitions driven by impurities, Phys. Rev. Lett. 86 (2001), 2621-2624.



462

V. Vengerovsky

[9]

[10]
[11]

M. Bauer and O. Golinelli, Random incidence matrices: moments and spectral
density, J. Stat. Phys. 103 (2001), 301-336.

B. Bollobas, Random Graphs, Cambridge University Press, 2001.

A. Khorunzhy and V. Vengerovsky, On asymptotic solvability of random graph’s
laplacians, preprint, https://arxiv.org/abs/math-ph/0009028.

O. Khorunzhy, M. Shcherbina, and V. Vengerovsky, Eigenvalue distribution of large
weighted random graphs, J. Math. Phys. 45 (2004), 1648-1672.

M.L. Mehta, Random Matrices, Academic Press, New York, 1991.

V. Vengerovsky, Asymptotics of the correlator of some ensemble of sparse random
matrices, J. Math. Phys. Anal. Geom. 11 (2004), 135-160 (Russian).

V. Vengerovsky, Eigenvalue Distribution of a Large Weighted Bipartite Random
Graph, J. Math. Phys. Anal. Geom. 10 (2014), 240-255.

V. Vengerovsky. Eigenvalue Distribution of a Large Weighted Bipartite Random
Graph. Resolvent Approach, J. Math. Phys. Anal. Geom. 12 (2016), 78-93.

A. Khorunzhy, B. Khoruzhenko, and L. Pastur, Asymptotic properties of large
random matrices with independent entries, J. Math. Phys. 37 (1996), 5033-5059.

S. Albeverio, L. Pastur, and M. Shcherbina, On the 1/n expansion for some unitary
invariant ensembles of random matrices, Comm. Math. Phys. 224 (2001), 271-305.

P. Jung and J. Lee, Delocalization and limiting spectral distribution of Erdos—Renyi
graphs with constant expected degree, Electron. Commun. Probab. 23 (2018), 1-13.

S. Coste and J. Salez, Emergence of extended states at zero in the spectrum of
sparse random graphs, Ann. Probab. 49 (2021), 2012-2030.

Received July 21, 2024, revised April 1, 2025.

V. Vengerovsky,

B. Verkin Institute for Low Temperature Physics and Engineering of the National
Academy of Sciences of Ukraine, 47 Nauky Ave., Kharkiv, 61103, Ukraine,
E-mail: vengerovsky@ilt.kharkov.ua

AcuMnToTnka KopeJjsTopiB po30aB/ieHUX JIBOAOJJIbHUX
BUIIQJIKOBUX rpadiB

V. Vengerovsky

JocmaimKeHo aCMMIITOTUKY KOPEJIIHHIK (DYHKITIH IBOTOJIHHAX PO30aB-
JleHuX 3BakeHuX BunaakoBux N X N matpunpb. [lokazano, 1mo ocHOBHHI
YIEH KOPeJANiiHOl dyHKIT k-ro Ta m-To0 MOMEHTIB iHTEerpasIbHOI IIIBHO-
cri crauis jgopisnioe N ~ny . OJep:Kano 3aMKHYTY CUCTEMY PEKYPEHTHHX

. L o
criBBinHOmeHb A1 KoedinieHTis {ny ., } =1

KimrouoBi ciioBa: nBomonbHUN po30aBIeHUit BUMAIKOBUN rpad, KOpess-
TOP MOMEHTIB, ACUMIITOTHKA, OCHOBHUI YJIEH, CUCTEMa PEKYyPEHTHUX pPiB-
HSAHb
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