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Actions on the Four-Dimensional
Pseudo-Euclidean Space R*? with a
Three-Dimensional Orbit
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In this paper, we classify the connected Lie groups up to conjugacy within
Iso(R?2), which act isometrically on the four-dimensional pseudo-Euclidean
space R%2 in such a way that there is a three-dimensional induced orbit in
R?2. Then we give the list of the acting groups in both cases, proper and
nonproper actions. When the action is proper, we determine the explicit
representation of the acting group in SO(2,2) x R%? and then we specify
the orbits and the orbit spaces.
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1. Introduction and preliminaries

The concept of a cohomogeneity one action on a manifold was introduced by
P.S. Mostert in his paper [17] in 1956. According to this paper, an action of a Lie
grpoup G on a manifold M is said to be of cohomogeneity one if there exists an
induced orbit in M of codimension one. He assumed that the acting Lie group
G is a compact subgroup of Diff (M), the group of diffeomorphisms of M, and
then studied the orbit space M/G. He showed that the space is homeomorphic to
one of (i) a circle, (ii) an open interval, (iii) a half-open interval or (iv) a closed
interval. The compactness of the acting group was crucial in the study since
it implied that the induced orbits were closed embedded submanifolds and the
orbit space was Hausdorff. The generalization of the study was done by L. Berard
Bergery [10] for closed subgroups of a Riemannian manifold. More precisely, he
assumed that G is a closed Lie subgroup of Iso(M), where M is a Riemannian
manifold, acting on M isometrically and with cohomogeneity one. Then he got
the same results about the orbit space. Thereafter, the topic “cohomogeneity one
Riemannian manifolds” has been studied by many mathematicians with different
approaches (see, for instance, [3,10,12-14, 16, 18-23]). However, if the metric on
M is indefinite, i.e., M is a pseudo-Riemannian manifold, then the closedness of
the acting group in the isometry group Iso(M) does not imply that the orbits are
closed and the quotient space is Haussdorff.
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Let G be a Lie group which acts on a connected smooth manifold M. For each
point x in M, G(x) denotes the orbit of z and G is the stabilizer in G of x. The
action is said to be proper if the mapping ¢ : Gx M — M x M, where ¢((g,x)) =
(g.x,x), is proper. Equivalently, for any sequences z,, in M and g,, in G, gpz, —
y and z, — x imply that g, has a convergent subsequence. The action of G on
M is nonproper if it is not proper. Equivalently, there are sequences g, in G
and x, in M such that x,, and g,x, converge in M and g, — oo, i.e., g, leaves
compact subsets. For instance, if G is compact, the action is obviously proper.
The orbit space M /G of a proper action of G on M is Hausdorff, the orbits are
closed embedded submanifolds, and the stabilizers are compact (see [1]).

By a result of D.V. Alekseevsky in [2], for a Lie group G, there exists a com-
plete G invariant Riemannian metric g on M if and only if the action of G on M
is proper. Furthermore, in this case the Lie group G would be a closed subgroup
of the Riemannian isometry group Iso(M, g). This theorem makes a link between
proper actions and Riemannian G-manifolds. Also, it clarifies the importance of
cohomogeneity one proper actions on pseudo-Riemannian manifolds.

This paper which deals with cohomogeneity one actions on four-dimensional
pseudo-Euclidean space R?2, the real vector space R* with the quadratic form
q = dr? + do3 — dz? — d2?, is the continuation of our study of cohomogeneity
one pseudo-Riemannian manifolds (see, for instance, [4-9,15]). In the main The-
orem 2.5 of the paper, we determine all the Lie subgroups of Iso(R??) acting
with cohomogeneity one on R%*? up to conjugacy. As a remarkable consequence
of Theorem 2.5, we prove that any connected Lie subgroup of Iso(R??) acting
linearly and with cohomogeneity one preserves a maximal totally isotropic sub-
space (Corollary 2.7). Then we specify the subgroups acting properly and those
acting nonproperly in Theorem 3.1. When the action is proper, we give the ex-
plicit representation of the acting group in Iso(R?2), up to conjugacy, and then
we determine the induced orbits and the orbit space. As a result of Theorem 3.1,
we prove that the linear projection of the groups acting properly preserves ei-
ther a two-dimensional definite subspace or a maximal totally isotropic subspace
(Corollaries 3.2 and 3.4).

2. Groups acting with cohomogeneity one on R??

The (p+¢q)-dimensional pseudo-Euclidean space RP? is the (p+¢q)-dimensional
real vector space RPT? with the line element ds* = daf 4 - + da — dxz 1
cee— dx12,+q. Let Iso(RP?) denote the group of isometries of RP4 that is, the
group O(p, q) x RP4. The multiplication and inversion on Iso(RP9) is given by
(V,0)(U,u) = (VU,v + V(u)) and (V,v)~t = (V=1,-V~1(v)) and the action
of Iso(RP?) on RP? is given by Iso(RP?) x RPY — RPY ((V,v),z) — V(z) +
v. The isometry group Iso(RP+?) has four connected components. The identity
component of Iso(RP?) is denoted by Iso,(RP?) = SO, (p, q) x RP*Z.

To simplify computations in determining the Lie groups acting isometrically
and with cohomogeneity one on R?2, we consider the four-dimensional vector

space of 2 x 2 real matrices M (2,R) endowed with the line element defined by
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the determinant. Let FE;; denote the 2 x 2 matrix whose (7,7) entry is 1 and
whose other entries are zero. Then {€}, e, €5, €} is a basis for M(2,R), where

¢y = Fi1+ FE2, €,=—FEia+ Fan, e5=Fj2+ Ey, ¢y=FE1; — FE».

If {e1, ea,€3,64} is the standard basis of R*, then the linear function ¥ : R>? —
(M(2,R),det), defined by e; — €} for 1 < ¢ < 4, is a linear isometry. Hence
we denote M(2,R) endowed with the determinant line element by M?2. Let
Iso,(M??) denote the identity component of the isometry group of M%2. If X €
M??2, the translation Tx sending Y to X + Y is an isometry. Then Tx o Ty =
Tx+z = Tz o Tx, and since Tj is the identity, Tx ' = T_x. It follows that
the set of all translations of M is a commutative subgroup of Iso,(M??2) and is
isomorphic to M (2,R), the additive Lie group of 2 x 2 real matrices, via Tx <>
X. The following Lemma gives an explicit representation of Iso,(M??).

Lemma 2.1. Considering M (2,R) as the commutative Lie group of all trans-
lations of M?2, we have
SL(2,R) x SL(2,R)
Zo

Isoo (M?*?) = X, M(2,R),

where ([A, B])(Tx) = Taxp-1-

Proof. First we determine the identity component of the Lie group of linear
isometries of M%2, say L,(M??), that preserves the origin. Let G = SL(2,R) x
SL(2,R). The homomorphism

6 : G — Isoo(M*?)
with
0(A,B)(X)=AXB™', XeM?*?
defines an isometric action of G on M?2, and
ker0 = {(—1,-1),(I,1)},

where I denotes the identity matrix. Then 6 induces a faithful linear action of
G/Zs on M?? given by [A, B]X = AXB~!. Hence G/Zy C Lo(M??). On the
other hand, the isomorphism SO, (2,2) — Lo(M??) given by g +— W o go U1
implies that dim Lo(M??) = 6. Thus (SL(2,R) x SL(2,R))/Zy = Lo(M??).

Now, if f € Isoo(M??), let X = f(0) € M?2. Thus T_x o f(0) = 0. Hence
T xof € Lo(M?*?), and so f = Tx o [A, B] for some A, B € SL(2,R). Clearly,
this expression of f as T'x o [A, B] is unique.

For all Z € M2,

[A,B]oTx)(Z) = AXB™' + AZB™" = (Tj4 px © [A, B])(2).

Hence, [A, B[Tx = Tja, px © [A, B] that determines the multiplication rule on
Isoo(M??) as

([[A, B]]7TX) ’ ([[Ca D]],Ty) = ([[AC, BD]]vTAYB*1+X)-
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This rule shows that the group of all translations of M?? is a normal subgroup of
Isoo(M?2). If we define ¢ : G/Zy — Aut(M(2,R)) by o([A, B])(Tx) = Taxp-1,
then the function ([A, B],Tx) — Tx o [A, B] is a Lie group isomorphism from
G/Zy ., M(2,R) onto Iso,(M?%?). O

By the proof of Lemma 2.1, we may consider any element of Iso,(M??) of
the from ([A,B],X) € (SL(2,R) x SL(2,R))/Zo x, M(2,R). The action of
Isoo(M??) on M?? is given by

([A,B], X)Y = AYB™! + X.

The Lie algebra of Isoo(M?%?) is J = (&) &4 M, where M denotes the space of
2 x 2 real matrices on which the bracket is identically zero, and ¢(V, W)(x) =
Vi — zW. Thus the bracket on J is

(U V) +2, (W, 2) +y|=(UW -WUVZ - 2V) + U, V)(y) — (W, Z)(x),
and hence the adjoint action of Iso,(M??2) on its Lie algebra is given as follows:
Ad(a gy x) (VW) +y) = (AVA ", BWB™ ')~ AVAT' X+ XBWB ™'+ AyB™".

Therefore, to determine the Lie groups acting with cohomogeneity one on
R?2, we may specify the connected Lie subgroups of (SL(2,R) x SL(2,R)) x.,
M (2,R) that act with cohomogeneity one on M?2?2.

It is known that any one-parameter Lie subgroup of SL(2,R) is conjugate to
one of the groups (see [3], p.436),

o A= {At = etEn + e_tEQQ | te R},
o N={N,=FEi1+ FEx+tEp|tecR},
o K= {K;=(cost)(E11+ Ea2) + (sint)(Ea — E12) | t € R},

The Lie groups A, N and K are one-parameter subgroups defined by
Yo = Bl — By, Yau= FE12, Y= Exn — Eig,

respectively. The set {Yg, Yy, Ye} is a basis for s[(2,R) and we fix this basis
throughout the paper. The decomposition SL(2,R) = KAN is known as the
Iwasawa decomposition of the simple group SL(2,R).

Each two-dimensional connected Lie subgroup of SL(2,R) is conjugate to

{At,s = €tE11 + e_tEQQ + sFqs | t,s € R},

which is isomorphic to Aff;(R), the identity component of the group of affine
transformations of the real line R. Henceforth, we denote this group by Aff,(R)
in the paper.

The bracket rule on s((2,R) implies that

[Ye, Ya] = 2Ye +4Ya,  [Ye,Ya] = —Ya, [Yo,Ya] =2V, (2.1)
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Let (Y, 0)+ (Ya,O)—I—’U (Ya,0)+w, (0,Ye) +x, (0,Y,)+y and (0,Y,)+ 2 belong
to a subalgebra h C 7, where u,v,w,x,y,z € 9. Then the following vectors
should belong to h:

(Y6, 0) + u, (Ya,0) + 0] = (2% + 4Y5,0) + (Ve — Yau),
(Y2, 0) + 1, (Y2, 0) + w] = (—Ya,0) + (Yew — Yyu),
[(Ya, 0) + v, (Yy, 0) + w] = (2¥4,0) + (Yaw — Yyu),
[(0,e) + 2, (0, Ya) + ] = (0,2Y; + 4Y,) + (Viy — Yaa),
[(0,Y8) + 2, (0,Y3) + 2] = (0, ~Ya) + (Ve — Yia),
1(0,Ya) + 4, (0,Ya) + 2] = (

(

0, 2Y) (Yaz — Yay). (2.2)
0),

By the fact that {(Y%0), (Y, 0),(Ys,0),(0,Y:),(0,Y,),(0,Y,)} is a basis for

sl(2,R) @& sl(2,R), we have

Yiv — You = 2u + 4w, Yiw — Yyu = —v, Yow — Yy = 2w,
Yy — Yoxr =22 + 4z, Yez — Yoo = —y, Yoz — Yoy =22 (2.3)

The relations (2) and (3) are key relations in determining the Lie algebras of Lie
groups acting with cohomogeneity one on M?? (see the proof of Theorem 2.5).
Finally, we define the following subspaces in M?%?2:

e the lightlike line £ = R(e}, — €}),

e the spacelike plane M%° = Re) @ Reb,

the timelike plane M%? = Rej} @ Relj,

the Lorentz plane M 1! = Re), @ Rej,

e the degenerate plane W2 = Re) & ¢,

e the totally isotropic plane V2 = R(e] — €}) @ .

The first step in classifying cohomogeneity one actions on M?? is to determine
Lie subgroups of SL(2,R) x SL(2,R) acting linearly up to conjugacy. First, we
define the indefinite unitary group of signature (1,1) to be

U(1,1) = {X € M(2,C) | X*JX = J},

where J = Ej; — E9s. The special indefinite unitary group of signature (1,1) is
SU(1,1) =U(1,1) N SL(2,C). Their Lie algebras are spanned by {X1, Xo, X3}
for SU(1, 1) and these three plus {X4} for U(1,1), where

X1 =i(Ei1—E), Xo=FEip+Ey, Xz=i(Eip—FEy), X4=i(E1+Ep).

Equivalently, u(1,1) = {X | X*J + JX =0} and su(1,1) = {X | X*J + JX =
0, Tr(X) = 0}. Thus U(1,1) and SU(1,1) are connected Lie groups of dimension
4 and 3, respectively.

Consider the linear map ¢ : u(1,1) — sl(2,R) & ¢ defined by

Xl — (1/%)0)7 X2 = (Yaa())a X3 = (}/% + 2Yﬂ70)7 X4 = (Oyi/%)

It is easy to see that ¢ is an injective Lie algebra homomorphism. This gives
an explicit Lie algebra embedding of u(1,1) into sl(2,R) & sl(2,R). By this
embedding, the following theorem from [11] is easily understood.
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Theorem 2.2 ([11]). Let H C SO(2,n) be a connected Lie group that acts
irreducibly on R>™. Then H is conjugate to one of the following Lie groups:

(1) for arbitrary n > 1: SO.(2,n),
(2) forn=2p :U(l,p), SU(,p) or SL.SO,(1,p) if p > 1,
(3) forn=3:50,(1,2) C SO(2,3).

Lemma 2.3. Let H be a connected Lie subgroup of SL(2,R)xSL(2,R) whose
action is reducible on M?2. Then H is conjugate to some subgroup of one of the
Lie groups SL(2,R) x Aff(R) or diag(SL(2,R) x SL(2,R)). Furthermore, if the
action is of cohomogeneity one, then H C SL(2, R) x Affo(R) up to conjugacy.

Proof. By Theorem 2.2, if H acts irreducibly on M??2, then H is conjugate to
SL(2,R)xSL(2,R) or U(1,1). Due to this theorem, every other connected proper
Lie subgroup of SO,(2,2) preserves a nontrivial linear subspace of M?%2. Every
one-dimensional spacelike, timelike or lightlike subspace of M?? is congruent by
an element of SL(2,R) x SL(2,R) to Re}, Re) or ¢, respectively. Let H be a Lie
subgroup of SL(2,R) x SL(2,R) which acts on M?? isometrically and preserves
a one-dimensional linear subspace .Z.

o If ¥ =Re), then H C diag(SL(2,R) x SL(2,R)),

o If ¥ =Re), then H C {(P,e,Pe ") | P € SL(2,R)},

o If £ =1/ then H C Aff,(R) x Aff,(R).

We notice that {(P,e}Pe; ") | P € SL(2,R)} is conjugate to diag(SL(2,R) x
SL(2,R)).

And any two-dimensional spacelike, timelike, Lorentzian, degenerate or to-
tally isotropic subspace of M?? is congruent to M?°, M%2 M1 W? or V2,
respectively.

o If £ is either M?0 or M%? | then H C K x K,

If £ is MY!, then H C A x A,

If & =W?2 then H C {(Ass, Ars)|t, 5,8 € R},

If £ =V?2 then H C SL(2,R) x Aff,(R).

If H preserves a three-dimensional subspace, then it should preserve its orthog-
onal complement that is considered above.

To complete the proof, we show that the group diag(SL(2,R)x SL(2,R)) does
not act with cohomogeneity one on M?2. Let H = diag(SL(2,R) x SL(2,R)).
Since H fixes Re}, it preserves the subspace IT = Ref" as well. The hyperplane
I = {T € M?? | trace(T) = 0} is isometric to the Minkowski space R»? and the
induced action of H on II is linear and isometric, so it preserves the hyperquadrics
contained in II that are two- dimensional. Therefore the action of H on II has
no open orbit, i.e., its action on M?>? is not of cohomogeneity one. ]

Now we are going to get the list of the groups acting linearly and with coho-
mogeneity one on M?%?2 up to conjugacy. Let p; : SL(2,R) x SL(2,R) — SL(2, R)
be the projection map on the first and second factor, where ¢ € {1,2}, that is a
Lie group homomorphism. For any Lie subgroup H of SL(2,R) x SL(2,R), we
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denote by p; the restriction of p; to H as well. Clearly, a product group py (H) x
p2(H) is conjugate to po(H) x p1(H) by an element of Iso(M??2) (considering
H as a subgroup of SO.(2,2), they are conjugate by an element of SO(2,2)).
Hence, to determine linear actions on M??2, we consider only the Lie subgroups
H of SL(2,R) x SL(2,R) with dimp;(H) > dim pa(H).

Proposition 2.4. Let H be a connected Lie subgroup of SL(2,R) x SL(2,R)
acting linearly and with cohomogeneity one on M?2. Then the following state-
ments hold.

(i) If the action is irreducible, then H is conjugate to one of the groups
SL(2,R) x SL(2,R) or U(1,1).
(ii) If the action is reducible, then H is conjugate to one of the following Lie

groups:
SL(2,R) x Aff,(R), SL(2,R) x {I}, SL(2,R) x A,
SL(2,R) x N, SL(2,R) x K, Aff,(R) x Affo(R),
Aff,(R) x A, Aff,(R) x N, Aff,(R) x K,

or {(AIZS’ Aozt,s’) | t,s, s e R},
where a is a fixed real number.

Proof. If the action of H is irreducible, then H is conjugate to either
SL(2,R) x SL(2,R) or U(1,1) =2 SL(2,R) x K by Theorem 2.2 . The actions of
these groups are of cohomogeneity one since both of them act on the hyperquadric
{x € M?? | det(z) = 1} transitively.

Now assume that the action of H is reducible. By Lemma 2.3, it should be a
subgroup of SL(2, R) x Aff;(R) up to conjugacy.

e Let dimpi(H) = 3, ie., p1(H) = SL(2,R). Then H = p1(H) % p2(H) since
p1(H) is simple and pa(H) is solvable. Hence, H is one of the groups:

SL(2,R) x Affo(R), SL(2,R) x {I}, SL(2,R)x A, SL(2,R)x N,

up to conjugacy.

e Let dimpi(H) = 2, i.e., p1(H) = Affo(R). First, assume that dimpe(H) =
1. The action is of cohomogeneity one, so dim(kerp;) = 1 and we have
kerp; = p2(H). Hence H = pi1(H) x pa(H). By the well-known fact about
one-dimensional subgroups of SL(2,R), the Lie group H can be conjugate to
one of the groups Aff,(R) x A, Affo(R) x N or Aff;(R) x K.

Now suppose that dimps(H) = 2. If dim H = 3, then kerp; is a one-
dimensional normal Lie subgroup of {I} x pa(H), so

kerp; = {I} x N =exp({0} & {tY, | t € R}). (2.4)
The Lie algebra b is a three-dimensional subalgebra of

aff(R) @ aff(R) = {(tYy + sYn, 'Yy + s'Yy) | £, 1, s,8" € R}.
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Combining this with relation (2.4) implies that the projection (¢Y,+sYy, t'Y,+
s'Yy) v (t,s,8') is a linear isomorphism from h onto R3. Thus ¢ = #/(t, s) is
a linear function ¢ : R2 — R. So there are fixed real numbers « and 3 such
that t'(t, s) = at + Bs. The closedness under the bracket of h implies that 3 =
0. Therefore, b has the form {(tY, + sYn, atYy + s'Yy) | ¢, s, 8" € R}, and thus
H={(Ats,Aats) | t,s,s € R}.

If dim H = 4, then p1(h) = p2(h) = Aff(R) and ker p; is a two-dimensional
normal subgroup of {I} x Aff,(R). So, ker p; = {0} x Aff,(R), and thus H =
Aff,(R) x Aff,(R).

The theorem is proved. O

Let L: (SL(2,R) x SL(2,R)) x M(2,R) — SL(2,R) x SL(2,R) be the pro-
jection map, ((g1,92), ) — (g1, g2), which is a Lie group homomorphism. Let H
be a Lie subgroup of (SL(2,R) x SL(2,R)) x M(2,R). Then ker L|z is a normal
subgroup of H that is called the translation part of H. The Lie subgroup L(H) is
called the linear projection of H in SL(2,R) x SL(2,R). We use the same nota-
tion L : (sl(2,R) @ sl(2,R)) &y M — (sl(2,R) & sl(2,R)), given by (V,W),y) —
(V,W), to denote the projection on the first factor as well. Let h be the Lie
algebra of H. Then L(h) is a subalgebra of s[(2,R) @ s[(2,R), ker L|j, is an ideal
of b and, obviously, ker L|, = h N M. Hence L(h) preserves h N M, i.e., L(h)(h N
M) C hN M. By the normalizer of h NI in sl(2,R) @ sl(2,R), we mean the
maximal Lie subalgebra of s[(2, R) @ sl(2, R) preserving h N9. Now we are ready
to state our main theorem.

Theorem 2.5. Let H be a connected Lie subgroup of Iso(M??) acting on
M?? with cohomogeneity one. Then H is conjugate within Iso(M?>?2) to one of
the groups in Tables 2.1-2.6.

We consider the proof of Theorem 2.5 according to the translation part of
the acting group. The proof is a direct consequence of Lemmas 2.6-2.10. In any
case, when the obtained group does not act with cohomogeneity one, we indicate
it by determining the dimensions of the induced orbits. For all reminded cases
we have dim H(q) = 3, where ¢ € M?? with go1 # 0.

Consider the ordered basis B = (E11, E12, Fa1, E92) for 9. For any ¢ € 9N,
let ¢ = (q1, 42,93, q4) be its representation in this basis.

2.1. Subgroups with trivial translation part Here we assume that the
translation part of the acting group H is trivial, and so M N h = {0}.

Lemma 2.6. Let H be a connected Lie subgroup of Iso(M??) acting on M?>?
with cohomogeneity one. If the translation part of H is trivial, then H is conjugate
within Iso(M??) to one of the groups in Table 2.1.

Proof. The translation part of H is trivial, so dim(h N 9<M) = 0. The coho-
mogeneity one assumption implies that dim L(h) > 3. By Proposition 2.4, L(H)
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Subgroups with trivial translation part
SL(2,R) U(1,1) SL(2,R) x A SL(2,R) x N
xSL(2,R) | =SL(2,R)xK
{(Ats, Aat,s')] Aff,(R) Aff,(R) x A Aff,(R) x N
t,s,s € R} x Aff,(R)
SU(1,1) Aff,(R) x K
= SL(2,R) x {I}

Table 2.1: Groups acting linearly and with cohomogeneity one, up to conjugacy
within Iso(M?%?2), where o € R.

can be one of the Lie subgroups in Table 2.1. We claim that if L(H) is conjugate
to one of these groups, then H is.

First, assume that L(H) = SL(2,R) x SL(2,R). There exist u,v,w,z,y,z €
9t such that

h=R((Ye,0) 4+ u) + R((Ya,0) +v) + R((Yy, 0) + w)
+R((0,Ye) + ) + R((0,Yy) + y) + R((0,Yy) + 2).

Then the obtained relations in (2.2) and (2.3) show that u,v,w,z,y and z have
the following representations in the basis B:

U = (U/l,UQ,U/g,UAL), v = (u37u47u17u2)7 w = (_ulv_uQ’O)O)?

T = (*U4,U3,U2, *ul)v Yy = (*Ug,U4,U1, *u2)a = (07 *u3707u1)-

Let p = (us, uq, —u1, —uz). Then Ad((I, 1), p) maps (Y, 0)+u, (Yq, 0)+v, (Yy,0)+
w, (Oa Yv?) + x, (O>YCI) + Yy and (O,Yn) +z to (Yvévo ’ Yaa 0)7 (Y;‘H 0)7 (07 }/E)a (O,Ya)
and (0,Yy), respectively. Hence, Ad((I,1),p)(h) = sl(2,R) @& s[(2,R). Therefore
H is conjugate to SL(2,R) x SL(2,R).

By a similar argument, one can see that if L(H) is one of the remaining Lie
groups, then H itself is conjugate to that group. The key point is in finding a
suitable point p such that Ad((Z,I),p) maps b to L(h) @ {0}. O

Corollary 2.7. Let H be a connected Lie subgroup of Iso(R*2) acting lin-
early and with cohomogeneity one on R?2. If the action is reducible, then H C
Stab(V?), where V? is a mazimal totally isotropic vector subspace of R*2.

Proof. Every group in Table 2.1, except the two groups SL(2,R) x SL(2,R)
and U(1,1), acts reducibly and preserves one of the maximal totally isotropic
subspace {tE12 + sFEas | t,s € R} or {tE11 + sE12 | t,s € R}. O

2.2. Subgroups with a line as the translation part. Every one-
dimensional spacelike, timelike or lightlike subspace of M?%? is congruent to
Re’, Re)) or ¢, respectively.

Lemma 2.8. Let H be a connected Lie subgroup of Iso(M??) acting on M??
with cohomogeneity one. If the translation part of H is a line, then H is conjugate
within Iso(M??) to one of the groups in Table 2.2.
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Subgroups with a definite line as the translation part
spacelike timelike
diag(SL(2,R) x SL(2,R)) x Re} | {(z,ejzel M|z € SL(2,R)} x Re),
exp(R((Ya, Ya) + M(E11 + E2)) | exp(R((Ya, €,Ya€, 1) + M(E11 — E))
+R (Y, Yy)) X Re) +R(Yn, e, Yaei 1)) x Re))
Subgroups with a lightlike line ¢/ as the translation part
xp(R((Ya, —Ya) + \E13) + R(Ya,0) + R(0, o)) x ¢

exp(R(Ya, 3Ya) + R((Y,0) + AEg2) + R(0,Yy)) X £
exp(R(Yg, 3Y) + R(Y,0) + R((0,Yy) + AE11) x £
(Aff(R) x A) x £, (A x Aff,(R)) x £
exp( ((Ya, Ya) + A(EH + EQQ)) + R(Yn, Yn)) 4
Ya,aYy) + R(Y;,0)) x £
( 1, Ya) + AE11) + R(Y;,0)) x £
Ya,3Ya) + R((Ya, 0) + AE5) x £
(Ya, bYa) + R(Ys, 0)) x ¢
fIo(R) x I) x £, (I x Affo(R)) x ¢
Yo, Ye) + R(0,Y})) x £

+ AE2) +R(0,Y;)) x £
3Ya, Ya> (( ) + )\EH) 4
(bYh,Yq) + R(0,Yy)) X £
(AxA)x{, (AxN)x/l (NxA)x/
exp(R((Yn,0) + AE92) + R((0,Yy) + pnE11)) X £

Table 2.2: Here ¢ denotes the lightlike line R(e) — e5) < M>2, X, u, a, b are fixed
real numbers, where a € RT™ — {1,3} and b € {£1} .

Proof. We may assume that §h N 91 is one of the one-dimensional subspaces
Re), Re)y or £.

Case I: h N 9M = Re|. The normalizer of Rej in SL(2,R) x SL(2,R) is
diag(SL(2,R)x SL(2,R)), which implies that L(H) C diag(SL(2,R) x SL(2,R)).
By the assumption h N9 = Ref, so dim L(H) > 2.

o If dimL(H) = 3, then b is of the form R((Ye,Ye) + u) + R((Ya, Ya) + v) +
R((Yy, Ya) + w) ® Re}, where u,v,w € M?2. Hence, by using (2.2) and (2.3),
we have

1 1
w = (u1,ug,uz, —u1), v=(0,v3—2uy,v3,0), w= <—21)3, —u2, 0, 2”3) :

Let p = (u2, 3v3 — u1, —3v3,0). Then Ad((Z, I),p) maps (Ye, Ye)+u, (Ya, Ya)+
v and (Yy,Ya) + w to (Ve Ye), (Ya,Ys) and (Yi,Y,) respectively. Hence,
Ad((1,I),p)(h) = R(Ye, Ye) + R(Ys, Ya) + R(Y;, Ya) ® Rej. Therefore H is
conjugate to diag(SL(2,R) x SL(2,R)) x Re].

o Ifdim L(H) =2, then L(H) = diag(Aff,(R) x Affo(R)) up to conjugacy. Hence
b is of the form R((Yq, Ya) +u) +R((Ya, Ya) +v) @ Re), where u,v € 9. Then
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(2.2) and (2.3) show that

1 1
U = (u1,'U,2,’U,3,’LL1), w = <—QU3,U2,O, QU3) .

Let p = (—v2, 3us, —3u3,0). Then Ad((1,1),p)(h) = R((Ya,Ya) + w1 (En +
Ey))+R(Yy, Ya) @ Re). Therefore H is conjugate to exp(R((Yy, Ya) + A (E11 +
E2)) + R(Ys, Ya)) x Re}, where A is a fixed real number, (the action of this
later group is orbit-equivalent to that of diag(Aff,(R) x Affo(R)) x Re).

Case II: hNM = Re)j. The normalizer of Re) in SL(2,R) x SL(2,R) is G =
{(x, ez ) | & € SL(2,R)}, which implies that L(H) C G.

e Ifdim L(H) = 3, then b is of the form R((Ys, ¢, Yee, 1) +u) +R((Ya, ¢, Yae, 1) +
v) +R((Yn, ey Yae ) +w) @ Rel), where u,v,w € M?2. By using the relations
obtained in (2.2) and (2.3), one gets that u,v and w have the following repre-
sentations in the basis B:

u = (u1,u, —ug,u1), v=_(0,2(u1 —u2),2u,0), w=(—uz, —u20,—us).

Let p = (—ug,u; — ug, —ug,0). Then Ad((I,I),p)(h) = R(Ys, e Yeeh ) +
R(Yy, e, Yae h) + R(Yn, e, Yaei ') @ Re). Hence H = {(z,ejzei") | z €
SL(2,R)} x Re), up to conjugacy.

e Ifdim L(H) =2, then L(H) = {(z,jzel ") | x € Affo(R)}. Therefore, b is of
the form R((Yy, ¢} Yaei 1) +u) + R((Ya, €, Yaes 1) +v) ® Re), where u,v € M.
Then (2.2) and (2.3) show that

1 1
u = (U1,U2,U3, _ul)a v = <_2U3,U2,0, —2U3> .

Let p = (v2, gu2, —5u3,0). Then Ad((1, 1), p)(h) = R((Ya, €4 Yaey ) +ur (B —

F2)) +R(Yy, e, Yae ) @Re)y and so H is conjugate to exp(R((Yy, e} Yae, t) +

MFE11 — Eg2)) + R(Yy, €, Yne 1)) x Relj, where ) is a fixed real number. The

action of this group is orbit-equivalent to that of {(x, ejzel ) | z € Affo(R)} x

Re).

Case III: Let h N9t = ¢. The normalizer of ¢ in SL(2,R) x SL(2,R) is
Aff,(R) x Aff,(R), which implies that L(H) C Affo(R) x Affo(R).

If dim L(H) = 4, then L(H) = Aff,(R) x Aff;(R). Hence b is of the form
R((Yy, 0)4u)+R((Yy, 0)+v)+R((0, Yy) +w)+R((0, Yy)+z) B, where u, v, w,z €
M. Thus, the same argument as in the proof of Lemma 2.6 shows that H is
conjugate to (Affo(R) x Aff(R)) x £. We claim that the action of this group is
not of cohomogeneity one . In fact, for any ¢ € M2, if g3 # 0, then dim H(q) =
4, if g3 = 0, then dim H(q) < 2. Thus, the case h NI = ¢, where L(H) =
Aff,(R) x Aff5(R), is excluded.

Subcase ITI-a: dim L(h) = 3. Since L(H) C Aff,(R) x Aff;(R), then, up to
conjugacy, the following cases may occur:

(i) dimp(L(H)) = 2,
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(ii) dimpy (L(H)) = 1.

In Case (i), if dimpo(L(H)) = 2, then pi(L(h)) = {tYs + sYa | t,s € R} and
p2(L(h)) = {uYa+vY, | u,v € R}. Since dim L(h) = 3, one of the parameters ¢, s,
u or v should be a linear function of the others. If v = v(¢, s, u) (respectively, s =
s(u,v,t)), then the closedness of the bracket on h implies that v = 0 (respectively,
s=0).

Let u = at + bs+ cv, where a, b, ¢ are fixed real numbers. The relation [h, h] C
h implies that b = ¢ = 0 and so u = at where a € R*. We claim that a €

{133}

Proof of the claim.The Lie algebra b is of the form R((Yq, aYqy)+u)+R((Yy, 0)+
v) + R((0,Yys) + w) & ¢ where u,v,w € M. We consider the following different
cases for a and in each case we use (2.2) and (2.3) to obtain a simple form of the
group up to conjugacy.

Ifa¢ {1, +1, 3}, then

u = (Ul,UQ,Ug,’LL4),
- 1 1 0.0 (0 1 0 1
v = a+1u3>a_1u47 ’ ) w = 7a_1u17 aa+1u3 .

Let p = (ﬁul, ﬁuz, —a%rlu;;, ﬁUzl). Then Ad((Z,1),p)(h) = R(Ya,aYs) +
R(Y4,0) + R(0,Y,) @ ¢. Hence H = exp(R(Yy, aYy) + R(Yy,0) + R(0,Yy)) X £ up
to conjugacy. Let ¢ € M%2. If g3 # 0 (respectively, g3 = 0 and ¢? + 2 # 0), then
dim H(q) = 4 (respectively, dim H(q) = 2), and for any other point ¢ we have
dim H(q) = 1. Hence H does not act with cohomogeneity one on M??2.

If a =1, then

1 1
u = (0,ug,us,0), v= (—2u3,vg,0,0> , w= <O,w2,0, 2u3> i

Let p = (—wa, Ju2, —3uz,v2). Then Ad((I,1),p)(h) = R(Yy,Ya) + R(Y;,0) +
R(0,Yy)® ¢ and so H = exp(R(Yy, Ya) +R(Yy, 0)+R(0, Yy)) x £. For any ¢ € M?2,
if g3 # 0 (respectively, g3 = 0), then dim H(q) = 4 (respectively, dim H(q) < 2).
Hence H does not act with cohomogeneity one on M?2. Thus a # 1.

If a = —1, then a similar argument used for a = 1 shows that H is conjugate
to exp(R((Ya, —Ya) + AE12) + R(Y5,0) + R(0,Yy)) x £, where A is a fixed real
number (its action is orbit-equivalent to the action of exp(R(Yy, —Ya) +R(Ya,0)+
R(0,Yy)) x £). For any ¢ € M?2, if Agz # 0, then dim H(q) = 3, and thus H acts
with cohomogeneity one on M??2.

If a = 3, then

1 1 1 1
U = (U17U27U3,U4), v = <—4U3, §u47 07”4) ) w = (07 iula 07 4U3> .

Let p = (—gu1, yu, —gus, 3u4). Then Ad((Z, 1), p)(h) = R(Yq, 3Ya) +R((Yn, 0)+
vaF99) +R(0,Yy) @ ¢. Therefore H is conjugate to exp(R(Yq, 3Y,) + R((Y;,0) +
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AEs3) +R(0,Y;)) x £, where ) is a fixed real number. For any q € M??2, if q3 #
0, then dim H(q) = 4, if g3 = 0 and ¢1 g4\ # 0, then dim H(q) = 3. Hence H acts
with cohomogeneity one on M?%?2 with at least one open orbit.

If a = %, then
3 3 3 3
u = (u1,us,us,uyq), V= <—4U3, —QU4,O, O> , W= <w1,—2u1,0, 4U3> .

Let p = (3u1, 3ug, —2ug, —3uy). Then Ad((1,1),p)(h) = R(Yy, 1Ya) +R(Y;,0) +
R((0,Yy) + wiEn & ¢, and so H is conjugate to exp(R(3Yq, Yy) + R(Y;,0) +
R((0,Yy) + AF11) X £, where ) is a fixed real number. For ¢ € M?2, if g3 # 0,
then dim H(q) = 4, if g3 = 0 and qiqaA # 0, then dim H(q) = 3. Hence H acts
with cohomogeneity one on M?? and there exists at least one open orbit. The

claim is proved. O
In Case (ii), if dimpyo(L(H)) = 1, then
L(H) € {Aff,(R) x A, Aff(R) x N}.

We claim that L(H) # Affo(R) x N, otherwise h should be of the form
R((Ya,0) +u) +R((Yn,0)+v) +R((0,Ys) + w) @ ¢, where u,v,w € M. Then (2.2)
and (2.3) show that

u = (uy,ug,us,ug), v=_(—ug,—u4,0,0), w=(—uy,0,0,us).
Let p = (u1, u2, —ug, —u4). Then Ad((Z,I),p)(h) = R(Ya, 0)+R(Yy, 0)+R(0,Y,)®
¢. Therefore H = (Affo(R) x N) x £ up to conjugacy. Let ¢ € M?2. If g3 # 0 (re-
spectively, g3 = 0 and ¢? + g7 # 0), then dim H(q) = 4 (respectively, dim H(q) =
2), and for any other point ¢ we have dim H(q) = 1 . Hence H does not act with
cohomogeneity one on M?2. Thus L(H) # Aff,(R) x N as it is claimed.

Let L(H) = Affo(R) x A. Then a similar argument shows that H is conjugate
to (Affo(R) x A) x £.

In Case (ii), dim L(H) = 3 implies that dimps(L(H)) = 2. Hence the same
argument we used for the previous case shows that H = (A x Aff,(R)) x £ up to
conjugacy.

Subcase III-b: dim L(H) = 2. Considering various cases for dim p; (H) and
dim po(H), we obtain H up to conjugacy as follows.

« 1t dim py (L(H)) = dim ps(L(H)) = 2, then p(L(H)) = pa(L(H)) = Affo(R)
up to conjugacy. Since automorphisms of Aff,(R) are conjugacies, for each
automorphism p € Aut(Aff,(R)) there is an h € Aff,(R) such that

p: Affo(R) — Aff,(R), g+ h™lgh.
Hence L(H) = {(z,h~1xh) | x € Affo(R)} and so
Ad(I,h)(L(H)) = diag(Affo(R) x Affo(R)).

The same argument we used for the second item of Case I shows that H is
conjugate to exp(R((Yy, Yy) + A(E11 + Ea2)) + R(Ya, Ya)) X £, where A is a fixed
real number.
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* If dimpy(L(H)) = 2 and dimpe(L(H)) = 1, then p1(L(H)) = Aff,(R) and
po(L(H)) € {A,N} up to conjugacy.

o If po(L(H))= A, then
p1(L(h)) = {tYa + sYy | t,s € R}, pa(L(h)) = {rYs|r € R}.

Remind that dim L(h) = 2. Hence r = r(t,s) is a linear function r :
p1(L(bh)) — p2(L(H)), i.e., r = at + bs for some a,b € R. But [h,h] C b
implies that b = 0. Thus L(h) = {(tYy + sYn,atYy) | t,s € R} and a € R*.
If we denote this Lie algebra by L(h)%, then (I,h)Le(h)(I,h)~1 = L=%(h),
where h = Ej9 — E1. Therefore, it is adequate to consider L(h)? for a €
Ry. Let us denote by h® the corresponding Lie algebra to L(h)®. Hence h*
is of the form R((Yq, aYs) +u) + R((Ya,0) +v) & ¢, where u,v € M. Using
(2.2) and (2.3), one gets the following.
If a € Ry — {1, 3}, then

1 1
= 0 = (- 0,0
u = (ur, uz,us3,0), v ( Pl e )

Let p = (ﬁul, a%rlug, —a—ilug, ﬁm). Then we have Ad((1,1),p)(h) =
R((Ya,aYy)) + R(Yn,0) & £. Therefore H = exp(R(Yq, aYs) + R(Y;,0)) x £
up to conjugacy.

If a =1, then

1
u = (u17u27u370)7 v = <—2U3,’U2,0,0> .
(Ya

For p = (0, Jus, —5usz,v2) we have Ad((I,1),p)(h) = R((Ya,Ya) + u1E11) +
R(Y;4,0) ® ¢ and so H is conjugate to exp(R((Yy, Yy) + AE ) +R(Y;,0)) x
£, where ) is a fixed real number.

If a = 3, then

u = (u1,ug,us,0), v= (—iug, ;U4,0,7}4> .

Let p = (—3u1, gu2, —+us, sus). Then Ad((L,I),p)(h) = R((Ya,3Ya)) +
R((Yy,0) 4+ v4FE92) ® ¢ and so H is conjugate to exp(R(Yq, 3Yy) +R((Yy,0) +
AE32) x £, where A is a fixed real number.

o If po(L(H)) = N, then, by the same argument as above, one gets that
L(H) = {(Ats, Npt) | t, s € R}, where b is a fixed real nonzero number.

Let b € R,. Then, for hy = %EH +VbEy € SL(2,R), Ad(I, hy) maps

bE12 to Eyo. If b € R_, then Ad(I,h_;) maps bE1y to —FEj2. Hence we
have the two cases {(A¢s, V) | t,s € R} and {(As, N—¢) | t,s € R} for
L(H) up to conjugacy. This implies that b is of the form R((Yy, bYy) +u)+
R((Ys,0)+v) @ ¢, where u,v € M and b € {£1}. The relations in (2.2) and
(2.3) show that

u = (ur,ug,u3, uy), v=(—us,bug—1u4,0,0).
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Let p = (u1, buy + ug, —us, bus — uyg). Then Ad((I,I),p)(h) = R(Yq, bYn) +
R(Y,,0) @ £. Therefore H is conjugate to exp(R(Yq, bYy) + R(Yq,0)) x £,
where b € {£1}.
* Ifdimp(L(H)) =2 and dimpa(L(H)) = 0, then L(H) = Affo(R) x I, where [
denotes the trivial subgroup. Hence b is of the form R((Yg, 0)+u)+R((Yy,0)+
v) @ ¢, where u,v € 9. Then (2.2) and (2.3) show that

u = (u1,us,us,uyg), v=_(—us,—u4,0,0).

Let p = (u1,ug, —us, —uyg). Then Ad((I,I),p)(h) = R(Yq,0) + R(Y,,0) @ ¢,
and so H = (Aff,(R) x I) x £ up to conjugacy. If L(H) = I x Aff,(R), then
the same argument shows that H = (I x Affo(R)) x ¢.

* If dimpi(L(H)) = 1 and dimpe(L(H)) = 2, then, up to conjugacy, we have
pi(L(H)) € {A,N} and pa(L(H)) = Affo(R). Thus, the same argument as
that of the case, where dimp;(L(H)) = 2 and dimpy(L(H)) = 1, of Subcase
III-b shows that H is conjugate to one of the following groups:

o exp(R((Yq, Ya) + AE22) + R(0,Y,)) x L.

o exp(R(3Yq, Yy) + R((0,Yq) + AEq11) X £.

o exp(R(aYy,Ys) +R(0,Yy)) x £if a € Ry —{1,3}.
o exp(R(bY;,Ys) +R(0,Y,)) x £ and b € {£1}.

* If dimpy(L(H)) = dimpa(L(H)) = 1, then

L(H) e {AxA/AXxN/NxANxN}

e L(H)= A x A. Hence § is of the form R((Yy,0) +u) + R((0,Yy) +v) & ¢,
where u,v € M. By using (2.2) and (2.3), one gets that

u = (u1,ug,us,uyg), v=(—uy,us,us, —us).

Let p = (u1,u2, —ug, —u4). Then Ad((1,I),p)(h) = R(Ys,0) +R(0,Yq) & ¢
and so H = (A x A) x £ up to conjugacy. A similar argument shows that
if L(H) is one of the groups A x N or N x A, then H is conjugate to (A x
N) x £ or (N x A) x ¢, respectively.

e L(H)=N x N. Hence b is of the form R((Yy,0) + u) + R((0,Yy) +v) & ¢,
where u,v € 9. Then (2.2) and (2.3) show that

U = (u17u2707u4)) V= (U17U2707 _u1)°

Let p = (—v2,0,u1,u2). Then Ad((Z,1),p)(h) = R((Yn,0) + uaFa2) +
R((0,Yyn) + v1E11) @ ¢, and so H is conjugate to exp(R((Yy,0) + AE22) +
R((0,Yy) + nE11)) X £, where A and p are fixed real numbers.

The theorem is proved. O
2.3. Subgroups with a plane as the translation part. Every two-

dimensional spacelike, timelike, Lorentzian, degenerate or totally isotropic sub-
space of M?? is congruent to M0, M2 MU W2 or V2, respectively.
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Lemma 2.9. Let H be a connected Lie subgroup of Iso(M??) acting on M?>?>
with cohomogeneity one. If the translation part of H is a plane, then H is con-
jugate within Iso(M?>?2) to one of the groups in Tables 2.3, 2.4 or 2.5.

Subgroups with a definite plane as the translation part
spacelike timelike
(K x K) x M%0 (K x K) x M2
{(Ky, Kot) | t € R} x M0 {(Ki, Kat) | t € R} x MY2
exp(R((Ye, —Ye) + AEo21 + k) | exp(R((Ye, —Ye) + AE21 + pFEa2))
I><M2’0 KM0’2
(I xK)x M?0 (I x K) x MY2

Table 2.3: Here M%? and M%? denote the subspaces Re} @ Rel, and Refy & Re),
respectively, and a, A, u € R are fixed numbers and a # —1.

Subgroups with a Lorentzian plane as the translation part
(A xA)x MUt

{(AtaAat) | t e R} X ]\4171

exp(R((Ya, Ya) + \Eq1 + ,LLEQQ)) x M1

exp(R((Yy, —Yy) + AE12 + pEop)) x M1

(I xA)x MbH!

Table 2.4: Here M1! denotes the subspace Re}, @ Rej and a, A\, 4 € R are fixed
numbers and a # +1.

Proof. We may assume that b N2 is equal to one of the two-dimensional
subspaces M?29, M2 M1 W2 or V2,

Case I: h N M = M20. The normalizer of M?? in SL(2,R) x SL(2,R) is
equal to K x K, which implies that L(H) C K x K.

* If dimL(H) = 2, then L(H) = K x K. Hence b is of the form R((Yt,0) +
u) + R((0,Ye) + v) ® M%°, where u,v € M. By a simple computation and
using relations in (2.2) and (2.3), one can see that b is conjugate to R(Yy, 0) +
R(0,Y;) @ M?Y and so H = (K x K) x M2 up to conjugacy.

*x If dimL(H) = 1, then, up to conjugacy, L(H) is one of the Lie groups
{(Kt,Ka) | t € R} or I x K, where a € R. In the first case, b is of the
form R((Y, aYe) +u) @ M2, where u € 9. Let u = (uy, uz, us, uq).

If a # £1, then Ad((I,1),p)(h) = R(Ys,aY) ® M?°, where

auz — U3 aul + U4 aUqs — UL aAU3 — U2
p:
a2—1" 1—a? "’ a?2-1" 1—a?

Hence H = {(Ky, Kat) | t € R} x M?? up to conjugacy.

If @ = +1, then, for p = (—ug,u1,0,0), we have Ad((I,I),p)(h) =
R((Ye, ¥Ye) + (u3 & u2)Fa1 + (ug F u1)Fag) & M. This implies that H
is conjugate to exp(R((Ys, aYs) + AEa1 + pFEa2)) x M*°, where A and p are
fixed real numbers and a € {£1}. However, for the case a = +1, we have
1Ad(([, 1), p)(R((Y, Ye) + AEa1 + p1E22) ® M*°) = R(Yy, Ye) ® M>°, where p =
5(_>‘7 —Hs 1y )‘)
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Subgroups with a plane as the translation part

degenerate

totally degenerate

R(Yy, bYy)) x W2

exp(R((Yq, Ya) + AE11 + bAE) +

Affo(R) x Affo(R) x V2

exp(R((Ya, Ya) + ME22) + R(0, Yp)) X
W2

exp(R(cYq, Yy) +R(Y4, 0) +R(0,Yq)) x
VQ

exp(R((Yn, 0) + /\E22) + ]R((O, Yn) +

exp(R(3Y,, Yy) +R(Yq, 0) +R((0, Yy,) +

,U,EH)) X W2 /\EH) X Vz

exp(R((Ya, Ya) + MNE11 + 1B22)) x W2 | (Affo(R) x A) X V2, (Affo(R) x N) x
VQ

exp(R((Yy, aYn) + \Ea1 + ) % | (A x Affo(R)) x V2, (N x Affo(R)) x

W2 V?

(I x N)x W?

(K x Aff,(R)) x V?

exp(R((Ya, Ya) + A(E11 + Ez)) +
R(Yy, Yy)) x V2

exp(R(Yy, a'Yy) + R(Y,,0)) x V2
(

exp(R((Ya, Ya) +AE11) +R(Yy, 0)) x V2
exp(R(Ya, b'Yn) + R(Y3,0)) x V2

(Affo(R) x 1) x V2,
V2

(I x Aff.(R)) x

exp(R(dYy, Yy) + R(0, Yy)) x V2

exp(]R(SYa, Yy) + R((O, Ya) + AE11) X
VZ

exp(R(V'Yq, Yy) + R(0,Y,)) x V2

exp(R(Yg, aY,) + R(0,Y;)) x V2

(A x A)x V2 (K x N) x V2 (A x
N) x V2

(NxA)x V2 (KxA)x V?

eXp(R((YmO) + >\E22) + R((ann) +
ME11)> X V2

exp(R(Ye, AY:
exp(R Y:

x V2,

x V2,

)
) X V2
)
) x V2

Y
€Xp a Y

( a)
(R(Ye, AYr)
exp(R(Ya, AY,)
(R(Ya, AYn)
(R(Yn, AYa)

exp ) x V2

exp R( Y) + AEq1 + /LEQQ)) x V2

(Ya,
exp(R((Yy, aYy) + AE21 + pEag)) X V2
x I) x V2, (N x I) x V2,

(A
(I x A) xV?
(K xI)x V2% (I xN) x V?

Table 2.5: Here W? and V? denote the degenerate plane Re} @ ¢ and the totally
isotropic plane R(e}] — €}) @ ¢, respectively, and a,b,c,a’,b', ¢/, A\, u € R are fixed

numbers and b # 1, ¢ # 3, ' € RT —

{1}, ¥ € {+1} and ¢ € Rt —

{3}
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Case II: hN9M = M%2. Since the normalizer of M%? in SL(2,R) x SL(2,R)
is equal to Kx K, the same argument as in Case I shows that H is conjugate to one
of the Lie groups (K x K) x M%2 {(K;, K,) |t € R} x M%2 exp(R((Ys, —Y;) +
AE91 + /J,EQQ)) x M2 or (I X K) x M2,

Case III: h N MM = ML The normalizer of M5! in SL(2,R) x SL(2,R) is
A x A, which shows that L(H) C A x A.

* If dim L(H) = 2, then L(H) = A x A. Thus, using the same argument as in
the fifth item of Subcase I11-b of the proof of Lemma 2.8, one can see that H =
(A x A) x MY up to conjugacy. Let ¢ € M?2. If ¢; # 0, then dim H(q) = 3,
and thus H acts with cohomogeneity one on M??2.

* If dim L(H) = 1, then, up to conjugacy, L(H) is one of the Lie group I x A
or {(As, Aat) | t € R}, where a € R. In the first, H = (I x A) x M>! and
in the later, b is of the form R((Yg,aYy) +u) @ M1 where u € M. Let u =
(ul, ug, us, U4).

e For a # +£1, let p = (ﬁul, ﬁu% —alﬁug, ﬁm). Then we have
Ad((I,1),p)(h) = R(Yy,aYy) ® MY, which implies that H = {(A¢, Aat) |
t € R} x MY up to conjugacy. Let ¢ € M?2. If ¢; # 0, then dim H(q) =
3, and thus H acts with cohomogeneity one on M?%2.

e Fora=1,let p= (O, %UQ, —%’U,g,O). Then Ad((Z,1),p)(h) = R((Yq, Ya) +
u1 Ey1+ugEg) @MUY, Therefore H is conjugate to exp(R((Ya, Ya)+AE11 +
pEa2)) x M1 where A and p are fixed real numbers. Let ¢ € M?2. If
q1 # 0 and \? 4 p? # 0, then dim H(q) = 3.

e For a = —1, let p = (%ul,O,O,—%U4). Therefore Ad((1,1),p)(h) =
R((Yy, —Ya) + uaEr2 + uzEs) @ MY, Hence H is conjugate to
exp(R((Yq, =Yy) + AE12 + puE21)) x MY where X and p are fixed real
numbers. Let ¢ € M?2. If ¢; # 0 and A2+ p% # 0, then dim H(q) = 3, and
thus H acts with cohomogeneity one on M?%2.

Case IV: h N9t = W2. The identity component of the normalizer of W? in
SL(2,R) x SL(2,R) is

G={(Ars, Ary) | t,s,8 €R},

which implies that L(H) C G.

We claim that dim L(H) < 2. Otherwise, if dim L(H) = 3, then L(H) = G.
An argument simimlar to that of the proof of Lemma 2.6 shows that H = (A s X
Apg) x W2 up to conjugacy. Let ¢ € M2, If g3 # 0 (respectively, g3 = 0), then
dim H(q) = 4 (respectively, dim H(q) = 2), which is in contradiction with the
cohomogeneity one assumption.

Subcase IV-a: dim(L(H)) = 2.

o If dimpi(L(H)) = 2, then L(h) C {(tYy + sY¥y,tYy +uYy) | t,s,u € R}. Since
dim L(H) = 2, we may assume that u = u(t, s) is a linear function u : R? —
R, i.e., u = at 4 bs for some a,b € R.

Let g = (1, %a,O, 1). Then Ad((I,g)) maps (Ya,Ys + aYy) and (Y, bYy)
to (Y, Yq) and (Y, bYh), respectively. Thus, L(h) = {(tY, + sYq, tYy + bsYy) |
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t,s € R}. Note that if b # 0 (respectively, b = 0), then dimps(L(H)) =
2 (respectively, dimpa(L(H)) = 1). We claim that b # 1. Otherwise H is
conjugate to diag(Aff(R) x Aff,(R)) x W2, Then, for any ¢ € M??2, if g3 # 0
(respectively ¢z = 0), then dim H(q) = 4 (respectively, dim H(q) = 2), which
is a contradiction to the cohomogeneity one assumption. Thus b # 1 and so b
is of the form R((Yy, Yy) + u) + R((Ya, bYs) +v) @ W2, where u, v € M. Using
the relations (2.2) and (2.3), one gets

u = (u1,ue,us,buy), v= (—;u;z,,vg,o, ;bu;:,> .

Let p = (0,3u2, —3us,v2). Then Ad((Z,1),p)(h) = R((Ya Ya) + 1B +

bui F2g) + R(Yy, bY,) @ W2, Henceforth H is conjugate to exp(R((Yq, Ya) +

AE11 + bAEg) 4+ R(Yq, bY;)) x W2, where ) is a fixed real number. Let ¢ €

M?*2, 1f g3 # 0 and b # —1 (respectively, (g3 # 0 and b= —1) or (g3 = 0 and

A #0)), then dim H(q) = 4 (respectively, dim H(q) = 3) and so H acts with

cohomogeneity one with at least one open orbit in M?2.

e Let dimpi(L(H)) = 1.

* If dimpe(L(H)) = 2, then the same argument as above shows that H is
conjugate to exp(R((Yy, Ya) + AEa2) + R(0,Yy)) x W2 where ) is a fixed
real number. Here H also acts with cohomogeneity one on M?? with at
least one open orbit.

* If dimpo(L(H)) = 1, then, by the fact that dim L(H) = 2, one gets that
L(h) = {(sYy,s'Yn) | 5,8 € R}. Hence b is of the form R((Y,0) + u) +
R((0,Yy) + v) & W2, where u,v € M. By using the same argument as in
the last item of Subcase III-b of the proof of Lemma 2.8, it is seen that H
is conjugate to exp(R((Yn,0) + AE22) +R((0,Yy) + pE11)) x W?, where A
and p are fixed real numbers. Let ¢ € M22. If g3 = 0 and A2 4 p? # 0,
then dim H(q) = 3, and thus H acts with cohomogeneity one on M?*?2.

Subcase IV-b: dimL(H) = 1. When depending on the dimension of
p1(L(H)) and pa2(L(H)), the Lie group L(H) is conjugate to one of the following
groups:

(i) {(A, A) [t € R},

(ii) {(N¢, Nat) | t € R}, a € R,

(iii) I x N.

In Case (i), b is of the form R((Yq, Yy) + u) & W2, where u € 9. By using the
same argument as in the second item of Case III of the proof of Lemma 2.9, one
can see that H is conjugate to exp(R((Yy, Ya) +AE11 + iF22)) x W2, where A and
1 are fixed real numbers.

In case (ii), b is of the form R((Yy, aYy)+u) DW?2, where u = (u1, ug, u3, us) €
M. We consider the cases a # —1 and a = —1 separately.

o For a # —1, let p = (0,0,ﬁ(ul—u@,m). Then Ad((I,I),p)(h) =
R((Ya,aYn) + usEy + (ug + auy)Er) & W2, and so H is conjugate to
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exp(R((Yy, aYy) + AE2p + pEa)) x W2, where A and pu are fixed real num-
bers.

e For a = —1, let p = (0,0,us,uz). Then Ad((,I),p)(h) = R((Ya,—Ya) +
uzEo1 + (ug — u1)Eog) ® W2, Therefore H is conjugate to exp(R((Yy, —Ya) +
AEo1 + 11E2)) x W2 where A and p are fixed real numbers.

Altogether, Case (ii) leads to the group exp(R((Yn, aYyn) + AE21 + pFEas)) X
W2, where a, A and p are fixed real numbers. This group acts with cohomo-
geneity one if A2 + p? # 0.

Finally, in Case (iii), it is easily seen that H is conjugate to (I x N) x W2,

Case V: h N M = V2. The normalizer of V2 in SL(2,R) x SL(2,R) is equal
to SL(2,R) x Aff,(R), which implies that L(H) C SL(2,R) x Aff,(R).

If L(H) = SL(2,R) x Affo(R), then b is of the form R((Y, 0)+u)+R((Ya, 0)+
v)+R((Ya, 0)4+w)+R((0, o) +2)+R((0, Yy) +y)®V?, where u, v, w, z,y € 9. An
argument similar to that of the proof of Lemma 2.6 shows that H = (SL(2,R) x
Affo(R)) x V2 up to conjugacy. Let ¢ € M?2. If qiq3 # 0 (respectively, ¢; and
g3 are equal to zero), then dim H(q) = 4 (respectively, dim H(q) = 2). Hence H
does not act with cohomogeneity one on M*2. Therefore, L(H) & SL(2,R) x
Aff,(R).

Subcase V-a: dim(L(H)) = 4. We claim that dimp;(L(H)) # 3. Oth-
erwise there should be a Lie group homomorphism ¢ : SL(2,R) — Aff,(R),
with dimker(¢) # 0, which contradicts the fact that SL(2,R) is simple. Thus
p1(L(H)) and po(L(H)) are two-dimensional, and so L(H) = Affo(R) x Aff,(R).
The same argument as that used in the proof of Lemma 2.6 shows that H =
Affo(R) x Aff,(R) x V2 up to conjugacy. Let ¢ € M2, If g3 # 0 (respectively,
g3 = 0 and ¢; # 0), then dim H(q) = 4 (respectively, dim H(q) = 3). Hence H
acts with cohomogeneity one on M??2.

Subcase V-b: dim L(H) = 3.

o Ifpi(L(H))= SL(2,R), then po(L(H)) = {I} since SL(2,R) is simple. Hence
b is of the form R((Yg, 0) + u) + R((Yy, 0) + v) + R((Yy,0) + w) & V2, where
u,v,w € M. Using (2.2) and (2.3) show that

u = (U1,UQ,U3,U4), v = (U3,U4,U1,U2), w = (—U1,—U2,0,0)-

Let p = (us,u4, —u1, —uz). Then Ad((I,I),p)(h) = R(Y: 0) + R(Y,,0) +
R(Yy,0) @ V2 and so H = (SL(2,R) x I) x V2. Let ¢ € M?2. If q; or q3 # 0,
then dim H(q) = 4. If both ¢; and g3 are equal to zero, then dim H(q) = 2.
Hence H does not act with cohomogeneity one on M?? and the case h NI =
V2, where L(H) = SL(2,R) x I, is excluded.

o If dimpi(L(H)) = dimpa(L(H)) = 2, then, up to conjugacy, p1(L(H)) =
p2(L(H)) = Affo(R). Using the same argument as in the first item of Subcase
III-b of the proof of Lemma 2.8 shows that H is conjugate to one of the
following Lie subgroups:

* exp(R(Yq, cYa) + R(Y;,0) + R(0,Y)) x V2 if ce R — {1}
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*x exp(R(Yg, %Ya) +R(Y,0) +R((0,Y,) + AE11) x V2, where ) is a fixed real

number.
In all of the above cases, for any ¢ € M??, if g3 # 0, then dim H(q) = 4, if
g3 = 0 and ¢1 # 0, then dim H(q) = 3. Hence H acts with cohomogeneity one
on M?? and there exists at least one open orbit.

e dimp(L(H)) =2 and dimps(L(H)) = 1. Then, up to cojugacy, L(H) is one
of the groups Aff,(R) x A or Aff,(R) x N. By using the same argument as in
the second item of Subcase IlI-a of the proof of Lemma 2.8, one can see that
H is conjugate to one of the Lie subgroups (Aff,(R) x A) x V2 or (Affo(R) x
N) x V2. In both cases, if g3 # 0, then dim H(q) = 4, and if g3 = 0 and ¢; #
0, then dim H(q) = 3. Hence H acts with cohomogeneity one with at least
one open orbit in M?%?2.

e dimp(L(H)) = 1 and dimpe(L(H)) = 2. Then po(L(H)) = Affo(R) and
p1(L(H)) is conjugate to one the Lie groups K, A or N. The later two cases
lead to (A x Aff,(R)) x V2 and (N x Aff,(R)) x V2, those were studied in the
previous case.

Now, let L(H) = K x Affo(R). Hence b is of the form R((Y,0) + u) +
R((0,Yy) +v) +R((0,Yy) +w) @ V2, where u,v,w € M. Then (2.2) and (2.3)
show that

u = (u1,ug,us,ug), v=_(—us,uq,ur,—u2), w=(0,—usz,0,uy).

Let p = (us,u4, —u1, —uz). Then Ad((I,I),p)(h) = R(Y 0) + R(0,Yy) +
R(0,Y,) @ V2. Therefore H is conjugate to (K x Affo(R)) x V2.

Subcase V-c: dim L(H) = 2. Here we consider various cases for dimensions

e dimp;(L(H)) = 2, for i = 1,2. The same argument as in the first item
of Subcase III-b of the proof of Lemma 2.8 shows that H is conjugate to
exp(R((Ya, Ya) + AM(E11 + Eo)) +R(Ya, Ya)) x V2, where A is a fixed real num-
ber (its action is orbit equivalent to the action of exp(R((Yq, Ya) + AE11) +
R(Yy, Ya)) x V2). Let ¢ € M%2. If g3 # 0, then dim H(q) = 4, if g3 = 0 and
A # 0, then dim H(¢q) = 3. Hence H acts with cohomogeneity one on M?%?2
with at least one open orbit in M?%?2.

e dimp(L(H)) =2and dimpe(L(H)) = 1. The same argument as in the second
item of Subcase I1I-b of the proof of Lemma 2.8 shows that H is conjugate to
one of the following Lie subgroups:

*x exp(R(Yy, a'Yy) + R(Yq,0)) x V2 if o’ € RT — {1}.
*x exp(R((Yq, Ya) + AE11) + R(Yy,0)) x V2, where ) is a fixed real number.
x exp(R(Yy, 'Yy) + R(Yq,0)) x V2, where V' € {£1}.
In all of the above cases for any q € M??2, if g3 # 0 (respectively, ¢z =
0 and ¢; # 0) then dim H(q) = 4 (respectively, dim H(q) = 3). Henceforth
H acts with cohomogeneity one with at least one open orbit in M?2?2.
o dimpi(L(H)) =2 and dimps(L(H)) = 0. The same argument as in the third
item of Subcase III-b of the proof of Lemma 2.8 shows that H = (Aff,(R) x
I) x V2 up to conjugacy. This group acts with cohomogeneity one on M?>?2
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since, for any ¢ € M>?2, dim H(q) = 4 if g3 # 0, and dim H(q) = 3 if g3 =0
and q; # 0.
o dimp(L(H)) =1 and dimpy(L(H)) = 2. Then, up to conjugacy, p1(L(H)) €
{K,A,N} and pa(L(H)) = Affo(R).
If p1(L(H)) € {A,N}, then the same argument as in the fourth item of
Subcase I1I-b of the proof of Lemma 2.8 shows that H is conjugate to one of
the following Lie subgroups, those act with cohomogeneity one on M??2:

x exp(R(c'Yy, Yy) + R(0,Y,)) x V2 if d € Ry and ¢ € Rt — {3},

* exp(R(3Yq, Ya) + R((0,Yn) + AE11) x V2,

x exp(R(bYy, Yy) + R(0,Yy)) x V2 and b € {£1}.

Now, let p1(L(H)) = K. Then L(h) C {(tYe, 7Yy + sYy) | 7, s,t € R}. Since
dim L(H) = 2, we may assume that ¢ = u(r, s) is a linear function. Hence ¢t =
ar + bs for some fixed a,b € R, closedness under the bracket on h shows that
b = 0. Hence b is of the form R((Y;,aYy) + u) + R((0,Y,) + v) @ V2, where
u,v € M. Then (2.2) and (2.3) show that

1

) m(aul —u3),0,u; + au3> .

u = (uy,ug,us, uyg), U= (0

Let p = a%ﬂ (us — auy, uq + aug, —u; — aug, —ug + auyg)). Then
Ad((,1),p)(h) = R(Ye,aYa) + R(0, Yy) & V2.

Therefore H is conjugate to exp(R(Yg, aYy) + R(0,Y,)) x V2 where a € R*.
e dimp;(L(H)) =1, where i = 1,2. Then, up to conjugacy,

LH)e {KxA, KxN, AxA, AxN, Nx A, NxN}.

The same argument as in the fifth item of Subcase I1I-b of the proof of Lemma
2.8 shows that H is conjugate to one of the following Lie subgroups: (A X
A)x V2 (KxN)x V2 (AxN)x V2 (N xA)x V2 (KxA)x V2 and
exp(R((Yy,0) + AFEa22) + R((0,Y,) + pE11)) x V2, where A and p are fixed
real numbers (its action is orbit equivalent to the action of exp(R(Yy,0) +
R((0,Yy) + AE11)) x V2). In all of the mentioned groups we have dim H(q) =
3 if g3 # 0, except for the group (K x A) x V2, where dim H(q) = 3 if ¢; —
q3 # 0.

o dimpi(L(H)) = 0 and dimpy(L(H)) = 2, i.e., H = (I x Affo(R)) x V2. Let
q € M?*2. If g1 # 0 or g3 # 0, then dim H(q) = 3. If both ¢; and ¢3 are equal
to zero, then dim H(q) = 2. This shows that the actions of two groups (I x
Affo(R)) x V2 and (Affo(R) x I) x V2 are not orbit equivalent (compare this
item with the third item of Subcase V-c).

Subcase V-d: dimL(H) = 1. An argument similar to that used in Sub-
case V-c shows that if dimp;(H) = 1 for ¢ = 1,2, then H is conjugate to one of
the following groups:

e exp(R(Y;, AYa)) x V2,
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o exp(R(Ye, AYy)) x V2,

o exp(R(Yg, \Y,)) x V2,

o exp(R(Y, AYy)) & V2,

o oxp(R(Yy, AYy)) & V2,

o exp(R((Ya, Ya)+AE11+uEo)) x V2, (its action is orbit equivalent to the action
of exp(R((Ya, Ya) + AE11)) x V2),

o exp(R((Yy,aYy) + AEoy + puF2)) x V2, (its action is orbit equivalent to the

action of exp(R((Yy,aYy) + AEa1)) x V).

In all of the above groups A and p are fixed real numbers.

If dimp;(H) = 0 for either ¢ = 1 or i« = 2, then H is conjugate to one of the
groups (K x I) x V2, (A x I) x V2, (Nx I) x V2 (I x A) x V2, or (I x N) x V2.

All of the above groups act with cohomogeneity one on M?2. In fact, for any
of the mentioned groups we have dim H(q) = 3 if g3 # 0. O

2.4. Subgroups with a hyperplane as the translation part. Every
three-dimensional subspace of M??2 is congruent by an element of SL(2,R) x
SL(2,R) to one of the subspaces M*!, M2 or W3. For dimension reasons, it
follows that the action of H is orbit equivalent to the action of one of the three
pure translation subgroups M?%!, M2 or W3. Let II be one of these three groups.
The normalizer of IT in SL(2,R) x SL(2,R) should preserve IT and IT+ as two
subspaces of M?2. Therefore, using the proof of Lemma 2.3, one gets that

o if II = M2, then L(H) C diag(SL(2,R) x SL(2,R));
e if IT = M?! then L(H) C {(P,¢}Pej ")|P € SL(2,R)};
o if [T =W3 then L(H) C Affo(R) x Affo(R).

The above discussion determines the acting group H up to conjugacy. Thus, we
get the following result.

Lemma 2.10. Let H be a connected Lie subgroup of Iso(M??) acting on
M?2? with cohomogeneity one. If the translation part of H is a hyperplane, then
H is conjugate within Iso(M??2) to one of the groups in Table 2.6.

Subgroups with a hyperplane as the translation part

Lorentzian | anti-Lorentzian degenerate

G1 X ]\41’2 G2 X M2’1 G3 X W3

Table 2.6: The groups Gi, G2 and (G3 can be any linear subgroup of
diag(SL(2,R) x SL(2,R)), {(P,e,Pe, )P € SL(2,R)} and Aff,(R) x Aff,(R),
respectively.

3. Proper and nonproper actions

In this section, we determine proper and nonproper actions, which are induced
by Lie groups in Tables 2.1 to 2.6. We recall that an action of a Lie group G on
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a manifold M is said to be proper if the mapping ¢ : Gx M — M x M, (g, ) —
(gz, x) is proper. Equivalently, for any sequences x,, in M and g, in G, gz, —
y and z, — x imply that g, has a convergent subsequence. In particular, the
stabilizer of any point is compact and the orbit space is Hausdorff.

The Lie groups in Table 2.1 act linearly on M?%?2, and so they fix the origin.
Since none of them is compact, their actions are not proper.

Theorem 3.1. Let G be a connected Lie subgroup of Iso(M*?), which acts
isometrically and with cohomogeneity one on M?*2. Then the action is proper if
and only if G is conjugate to one of the following Lie subgroups of (SL(2,R) x
SL(2,R)) x, M(2,R).

(i) Any group in Table 2.6, where its linear projection is either trivial or iso-
morphic to SO(2).

(ii) All of the groups in Table 2.3.

(iii) The following Lie group of Table 2.4:

(1) exp(R((Yu, Ya) + AEq1 + MEQQ)) x ML if A2+ ,LL2 #0.
(iv) The following Lie groups of Table 2.5:
(2) exp(R((Ya, Ya) + AE11 + pFE22)) X W2 if X# p,
(3) exp(R((Ya, aYy) + AEa21 + p1E2)) x W2 if A\ #£0,
(4) exp(R((Yq, Ya) + AE11)) x V2 if A #£0,
(5) exp(R((Ya,aYy) + AEap)) X V2 if A F
where a € R.

(v) The following Lie group in Table 2.2:
(6) exp(R((Yn,0) + AE22) + R((0,Yn) + uEn1)) x £ if Ap >0,
where a, A and p are fized real numbers.

Proof. (i) If G is one of the groups in Table 2.6, then L(G) = Goy. The action
is proper, so L(G) should be compact. By the fact that G, as well as L(G), is
connected and the maximal compact subgroup of any of the groups in Table 2.6
is either trivial or isomorphic to SO(2), one gets the result.

(ii) For the groups in Table 2.3, consider their representations in Iso(R??2)
using the isometry ¥ : R*2 — M?2 ¢; s e;, where 1 < i < 4, explained in
Section 2. Then any group of Table 2.3 becomes a subgroup of diag[SO(2 x
SO(2)] x R%2. These groups preserve the Euclidean metric dz? + dx3 + da3 +
dz?, and so do Lie subgroups of SO(4) x R*, which act isometrically and with
cohomogeneity one on the Euclidean space E*. Therefore their actions are proper.

(iii) In Table 2.4, we need to consider only the following two groups since any
other group has a noncompact subgroup acting linearly, i.e., the stabilizer of the
origin is noncompact:

Hy = exp(R((Ya, =Ya) + AE12 + pEy)) x ML,
Hy = exp(R((Ya, Ya) + AE11 + pEy)) x MY

where A and p are fixed real numbers. We claim that the action of H; is not
proper. By a simple computation, one gets that
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Hy = {gtuv = (e"E11 + e "B, e "By + €' Ea), (At + u) Er2 + (uut +v)Ea) |
t,u,v € R)}.

Then the noncompact subgroup {g; —x¢,—.¢ € Hi|t € R} fixes the origin of M?2,
which proves our claim.
Now we are going to consider the group Hs, where

e (26 2)-02 )

Let X, = Eiz’j:l:U?jEij and Ny, , 0, be two arbitrary sequences in M 22 and H,
respectively, where X,, — Z?’jzlxijEij and A,y vn-Xn — Ezz,j:ﬁ/ijEij- This
implies that

t,u,veR}.

)\tn — x’n — 11,
Uty — a:'22 — X992,
2o+ up > ly,
ahe 2 + v, — Th.

Hence, if at least one of A or u is nonzero, then t,, as well as u, and v,, are
convergent. This shows that the action of Hy on M?%?2 is proper if A\? + u? #
0. On the other hand, if A = p = 0, then the stabilizer of the origin is the
noncompact subgroup {hi 00 € Ha | t € R}, i.e., the action of H is nonproper.
This completes the study of properness of the actions of groups in Table 2.4.
(iv) and (v). The argument is similar to that of (iii). O

To get a better visualization of the groups in Theorem 3.1, we give their
representations in Iso(R??) in the following corollary. We use the isometry W :
R?2 — M?2 ¢; — ei, where 1 < i < 4, to compute these representations.

Corollary 3.2. Let H be a connected Lie subgroup of Iso(R*?), which acts
isometrically and with cohomogeneity one on R*»2. Then the action is proper if
and only if H is conjugate to one of the following Lie groups in SO(2,2) x R?2,
(i)  The groups obtained from Table 2.6, those are the additive groups R%?, R?1
or W3 = Re; ®R(ea — e3) @ Rey up to conjugacy. The groups obtained from
Table 2.3, their actions on R%2 are orbit equivalent to one of the groups
diag(I, SO(2)) x (R? @ {0}) or diag(SO(2),1) x ({0} ® R?).

(ii) One of the following Lie groups:

1 0 0 0 Auy
(1) 0 cosh2t —sinh2t 0 Z t, u;lzde R
0 —sinh2¢t cosh2t 0]’ v A2 42 40 ’
0 0 0 1)\
1 0 0 0 AUy 4y,
@) 0 cosh2t —sinh2¢t O ’ v b u:r]lde R
0 —sinh2¢t cosh2t 0’ —v ’
0 0 0 1 Aopy AFn
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1— 2 2 1+
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l—ay  _ay2 a2 _Tyay |
f 1-Ea 1+(3 2
0 =2t gt 1
1—a y 42
e =2y Dxevo || “;dee
— AN+ Lt + It — o N
EEAM - gt
2 R
(4) 0 cosh2t —sinh2t 0 v ¢, uz;Zde
0 —sinh2t cosh2t O]’ —v A0
0 0 0 1 %t _
((( L & s o
l—a a42 a2 1+a
=t 1435t a4 ltay
(5) 1¢ 22 a1t ,
AT i
O I
L8N 4 u
7 " R
INE + It + v ’“;lflde
— A3 4+ FAt—w A0 )
ITT“)\tz U
1o = o
s=t st st s+t
(6) é —itz 1 _2 st _@ ’
2 S+2t s t2 2
0 5 et 1
1
5 Y
1 2(2ﬂj‘/’\‘t2) t,s,u € R
5 (s )+ o
_l(ﬂsz—)\tQ)—u y
2 Ap >0
5(/1/8 — )\t)

where a, A and p are fized real numbers.

Let S be a subspace of R%2. We define the stabilizer of S as Stab(S) = {g €
Iso(R%*?) | ¢S C S}. The subspace V2 = R(e; — e4) @ R(eg — e3) is the maximal
totally isotropic subspace of R%2 up to conjugacy. We refer the reader to [8] for
the stabilizer of a maximal totally isotropic subspace in general case RP4. As a
consequence of Corollary 3.2, we get the following result.

Corollary 3.3. Let H be a connected Lie subgroup of Iso(R%?), which acts
properly, isometrically and with cohomogeneity one on R>2. If there is no singular
orbit, then L(H) C Stab(V?) up to conjugacy, where L : O(2,2) x R>2 — 0(2,2)
is the linear projection given by (g,7) = g.
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3.1. Orbits and orbit spaces of proper actions Here we are going to
determine the orbits and the orbit spaces of the groups obtained in Corollary 3.2.

The orbits of the translation groups RV2, R>! and W3 = Re; @ R(ez — e3) &
Re,4 are parallel affine hyperplanes, and so the orbit space is R.

The set of the orbits of diag(I,S0(2)) x (R? @ {0}) (respectively,
diag(SO(2),I) x ({0} ®R?)) consists of a unique singular spacelike (respectively,
timelike) orbit, congruent to R?? (respectively, R%?), and the Lorentz cylinders
St(r) x R%O (respectively, S'(r) x R%?) around the singular orbit, where r > 0.
The orbit space is homeomorphic to [0, +00).

The actions of the remaining groups from (1) to (6) of Corollary 3.2 are free
since the groups are diffeomorphic to R? and the actions are proper (stabilizer of
any point is trivial). Hence the orbit space of each of these groups is R.

The orbits of the group (1) of Corollary 3.2. Clearly, the action of this group
is orbit equivalent to that of the translation group T, = {(at,u, v, bt)"" | t,u,v €
R}, where a and b are fixed real numbers and ab # 0. Depending on the fixed
numbers a and b, the causal character of the orbits may be Lorentzian, anti-
Lorentzian or degenerate. The orbit space is R.

The orbits of the group (2) of Corollary 3.2. Every orbit is a Lorentzian
hypersurface. The orbit of the origin is a degenerate hyperplane and each other
orbit is of the form R x D, where D is a Lorentzian generalized cylinder (see
Theorem 4.1 in [7]).

The orbits of the groups (3), (4), (5), and (6) of Corollary 3.2. We claim
that, for any of the mentioned groups, the tangent space of every induced orbit
has a timelike, a spacelike and a lightlike tangent vector. To prove our claim,
we use the representations of the groups in Theorem 3.1. Let g; denote their
Lie algebras, where 3 <7 < 6. Let p = Xua;E; € M 22 and take the following
vectors:

(Ya, aYn) + AEo1 + pFoy + b(E11 + Eag) + cEya € g3,
(Ya,Ya) + AE11 + bE12 + cE92 € ga,
= (Ya,aYy) + AE21 + bE12 + cEa € g5,

((Ya,0) 4+ AE2) 4+ a((0,Yy) + uE11) € gs,

X3
Xy
X5
X6

where a, b, c and « are real numbers. Then each of the amounts

d
det <dt (eXP(tX?,)P)) = (z21 + b)(—axa1 + p+ b) — A(—az11 + 722 4 ¢),
=0

d
det <dt (exp(tX4)p)> = Ac+ 2291 (2212 + ),
t=0

d
der (5] expexo) ) = am(c— ava) + Maru — 220 1),
t=0

d
det (dt (exp(th)p)> = —pAa® + (pA — 231)a + Az
=0

may be positive, zero or negative for various choices of b,c and «. This proves
our claim. The induced metrics on the obits of (4) and (5) are degenerate since
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the tangent space of any orbit contains the totally isotropic subspace V2. The
induced metric on any orbit of the group (6) is also degenerate since the null
vector %’t:o exp(tX)p, where X = ¢, — e}, is both tangent and normal to the
orbit at p.

Corollary 3.4. Let H be a Lie subgroup of Iso(R??) acting properly, iso-
metrically and with cohomogeneity one on R*2. If there is a singular orbit, then
it is a two-dimensional totally geodesic subspace on which the induced metric is
definite.
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il Ha 9OTUPUBUMIPHOMY IICEBIOEBKJIIJIOBOMY MPOCTOPi
R?? 3 TpuBHMipHOIO 0p6iTOIO
P. Ahmadi and S. Safari

V wniit pobori Mmu kaacudikyemo 38’s3ui rpynn JIi 3 Tounicrio 0 crups-
»KEHOCTI B ISO(RQ’2)7 K1 JIIOTH 130METPUYHO Ha YOTUPUBUMIPDHOMY IICEBJIO-
eBKJIiToBOMY mpocTopi R?? TaKmM YHHOM, IO € TPUBUMIpHA iHIyKOBaHAa Op-
6ita B R%2. IloTiM Mz HagaeMo mepesiK TPYII, MO Jil0Th, y JBOX BHIAIKAX:
3 BJIACHUMU T4 HEBJIACHUMU JisIMU. ¥ BUIIAJIKY BJACHOI il MU BA3HAIAEMO
sIBHE TpeJICTaB/IeHHs TPy, mo i€, B SO(2,2) x R??2 i ommcyemo opbitn Ta
pocTopu OpoiT.

KirodoBi  cjioBa: KOOJIHOPiJIHICTH OJUH, i30MeTpWYHA, JIisl, TICEBJIO-
€BKJIJIIB TPOCTip
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