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1. Introduction

In this paper, we consider the following 3D magnetic Bénard problem [9]:

∂tu+ (u · ∇)u+∇(π +
1

2
|b|2)− µ∆u = (b · ∇)b+ θe3, (1.1)

∂tb+ (u · ∇)b = (b · ∇)u+ η∆b, (1.2)

∂tθ + (u · ∇)θ − k∆θ = ue3, (1.3)

div u = div b = 0 in Ω× (0,∞), (1.4)

u = 0, b · n = 0, rot b× n = 0,
∂θ

∂n
= 0 on ∂Ω× (0,∞), (1.5)

(u, b, θ)(·, 0) = (u0, b0, θ0)(·) in Ω ⊂ R3. (1.6)

Here u, the fluid velocity field, π, the pressure, b, the magnetic field, and θ, the
temperature, are the unknowns, e3 := (0, 0, 1)t, µ is the viscosity coefficient, η is
the resistivity coefficient, k is the heat conductivity coefficient, Ω is a bounded
and simply connected domain in R3 with smooth boundary ∂Ω, n is the unit
outward normal vector to ∂Ω.

When b ≡ 0, the system reduces to the well-known Boussinesq system. Lai–
Pan–Zhao [12] and K. Zhao [20] showed the global well-posedness of smooth
solutions with µ = 0, k = 1 or µ = 1, k = 0. Jin–Fan–Nakamura–Zhou [11]
studied the partial vanishing viscosity limit.

Zhou–Fan–Nakamura [21] showed the global well-posedness of smooth solution
to the problem (1.1)–(1.6) when k = 0 and Ω := R2 for large initial data b0 but
with positive resistivity. For other studies of magnetic Bénard problem, we refer
readers to [4–8,16,18,19].

The aim of this paper is to prove some uniform regularity estimates. We will
prove the following.
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Theorem 1.1. Let 0 < η, k < 1, θ0 ∈ W 1,6, u0 ∈ H1
0 ∩ H2, b0 ∈ H2 with

b0 · n = 0, rot b0 × n = 0 on ∂Ω and div u0 = div b0 = 0 in Ω.

Then there exists a small time T independent of η, k > 0 and a unique strong
solution u, θ, b to the initial boundary value problem (1.1)–(1.6) such that

u ∈ L∞(0, T ;H2) ∩ L2(0, T ;W 2,6), ut ∈ L∞(0, T ;L2) ∩ L2(0, T ;H1),

b, θ ∈ L∞(0, T ;W 1,6), bt, θt ∈ L∞(0, T ;L2),
√
ηb,
√
kθ ∈ L∞(0, T ;H2), (1.7)

with the corresponding norms that are uniformly bounded with respect to η and
k.

Theorem 1.1 will be proved by using the Banach fixed point theorem. We
denote the nonempty set by

A := {ũ ∈ A; ũ(·, 0) = u0, div ũ = 0, ‖ũ‖A ≤ A}

with the norm

‖ũ‖A := ‖ũ‖L∞(0,T ;H2) + ‖ũ‖L2(0,T ;W 2,6) + ‖∂tũ‖L∞(0,T ;L2) + ‖∂tũ‖L2(0,T ;H1).

Let ũ ∈ A be given, we consider the following linear problems:

∂tb+ ũ · ∇b− b · ∇ũ = η∆b, (1.8)

div b = 0, (1.9)

b(·, 0) = b0, (1.10)

b · n = 0, rot b× n = 0 on ∂Ω× (0, T ), (1.11)

∂tθ + ũ · ∇θ − k∆θ = ũe3, (1.12)

θ(·, 0) = θ0, (1.13)

∂θ

∂n
= 0 on ∂Ω× (0, T ); (1.14)

∂tu+ ũ · ∇u+∇π − µ∆u = b · ∇b− 1

2
∇|b|2 + θe3, (1.15)

u(·, 0) = u0, (1.16)

u = 0 on ∂Ω× (0, T ). (1.17)

Let u be a unique strong solution to the above problem, we define the fixed
point map F : ũ ∈ A → u ∈ A with ũ(·, 0) = u0 and ũ = 0 on ∂Ω × (0, T ). We
are to prove that the map F maps A into A for a suitable constant A and a small
T and F is a contraction mapping on A. Thus F has a unique fixed point in A.
This proves Theorem 1.1.

2. Preliminaries

In this section, we will collect some lemmas which will be used in the proof.
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Lemma 2.1 (Poincaré inequality). Let Ω be a bounded simple connected
domain with smooth boundary and let w be a smooth vector satisfying w · n = 0
on the boundary ∂Ω. Then

‖w‖Lp ≤ C‖∇w‖Lp (2.1)

holds for 2 ≤ p <∞.

Proof. For p = 2, the proof was given in Lions [13, (6.47), page 75]. We
assume 2 < p < ∞. Using the Gagliardo–Nirenberg inequality and the case p =
2, we see that

‖w‖Lp ≤ C‖w‖1−θ
L2 ‖∇w‖θLp + C‖w‖L2 ≤ C‖∇w‖1−θ

L2 ‖∇w‖θLp + C‖∇w‖L2

≤ C‖∇w‖1−θLp ‖∇w‖θLp + C‖∇w‖Lp ≤ C‖∇w‖Lp .

This completes the proof.

Lemma 2.2 ([17]). There holds

‖∇w‖Lp ≤ C(‖divw‖Lp + ‖rotw‖Lp) (2.2)

for any smooth vector w satisfying w ·n = 0 or w×n = 0 on ∂Ω and 1 < p <∞.

Lemma 2.3 ([3]). There holds

−
∫

Ω
∆f · f |f |p−2 dx =

∫
Ω
|f |p−2|∇f |2 dx

+ 4
p− 2

p2

∫
Ω
|∇|f |

p
2 |2 dx−

∫
∂Ω
|f |p−2(n · ∇)f · f dS (2.3)

for any smooth vector f and 1 < p <∞.

Lemma 2.4 ([2, Lemma 2.2]). Assume that b is sufficiently smooth and
satisfies the boundary condition b ·n = 0, rot b×n = 0 on ∂Ω. Then the following
identity holds for J := rot b:

− ∂J

∂n
· J = (ε1jkε1βγ + ε2jkε2βγ + ε3jkε3βγ)JjJβ∂knγ (2.4)

on ∂Ω, where εijk denotes the totally anti-symmetric tensor such that (a× b)i =
εijkajbk.

Lemma 2.5 ([1, Lemma 7.44] and [14, Corollary 1.7]). There holds

‖f‖Lp(∂Ω) ≤ C‖f‖
1− 1

p

Lp(Ω)‖f‖
1
p

W 1,p(Ω)
(2.5)

for any smooth f and 1 < p <∞.

Proof. We have

‖f‖Lp(∂Ω) ≤ C‖f‖
W

1
p ,p

(Ω)
≤ C‖f‖

1− 1
p

Lp(Ω)‖f‖
1
p

W 1,p(Ω)
.
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Lemma 2.6 ([10]). Let b be a solution to the Poisson equation

−∆b = f in Ω

with the boundary condition

b · n = 0, rot b× n = 0 on ∂Ω.

Then it holds

‖b‖H2 ≤ C‖f‖L2 + C‖∇b‖L2 . (2.6)

Lemma 2.7 ([15]). For the bounded domain Ω and θ ∈ C2(Ω), satisfying
∂θ
∂n = 0 on ∂Ω, we have

∂

∂n
|∇θ|2 ≤ 2K|∇θ|2 on ∂Ω, (2.7)

where K = K(Ω) is an upper bound for the curvatures of ∂Ω.

3. Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1.

Lemma 3.1. Let ũ ∈ A be given. Then the problem (1.8)–(1.11) has a unique
solution b satisfying

‖rot b‖L6(Ω) ≤ C, (3.1)

‖∂tb(·, t)‖L2 ≤ C, (3.2)
√
η‖rot ∂tb‖L2(0,T ;L2) ≤ C, (3.3)

√
η‖b(·, t)‖H2 ≤ C + CA. (3.4)

for some small 0 < T ≤ 1.

Proof. Since equations (1.8)–(1.11) are linear with regular ũ, the existence
and uniqueness are well known, we only need to show a priori estimates.

Denoting

J := rot b,

applying rot to (1.8), we observe that

∂tJ + ũ · ∇J − η∆J = g := −
∑
i

∇ũi × ∂ib+ rot (b · ∇ũ). (3.5)

Testing (3.5) by |J |4J , using (2.3), (2.4), (2.2), and (2.5), we have

1

6

d

dt

∫
Ω
|J |6dx+ η

∫
Ω
|J |4|∇J |2dx+

4

9
η

∫
Ω
|∇|J |3|2 dx

= η

∫
∂Ω
|J |4(ε1jkε1βγ + ε2jkε2βγ + ε3jkε3βγ)JjJβ∂knγ dS +

∫
Ω
g|J |4J dx
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≤ Cη
∫
∂Ω
|J |6dS + C‖∇ũ‖L∞‖J‖6L6(Ω) + C‖b‖L∞(Ω)‖∇2ũ‖L6(Ω)‖J‖5L6(Ω)

≤ Cη‖|J |3‖L2(Ω)‖∇|J |3‖L2(Ω) + C(‖∇ũ‖L∞(Ω) + ‖∇2ũ‖L6(Ω))‖J‖6L6(Ω)

≤ 1

9
η‖∇|J |3‖2L2(Ω) + C(1 + ‖∇ũ‖L∞(Ω) + ‖∇2ũ‖L6(Ω))‖J‖6L6(Ω),

which gives (3.1):

‖J‖L6(Ω) ≤ ‖J0‖L6(Ω) exp

(
C

∫ T

0
(1 + ‖∇ũ‖L∞ + ‖∇2ũ‖L6)dt

)
≤ C exp(C

√
TA) ≤ C (3.6)

if
√
TA ≤ 1.

Here we have used the estimate

‖b‖L∞ ≤ C(‖b‖L6 + ‖∇b‖L6) ≤ C‖∇b‖L6 ≤ C‖J‖L6 . (3.7)

Taking ∂t to (1.8), testing by ∂tb, using (3.6) and (3.7), we derive

1

2

d

dt

∫
|∂tb|2 dx+ η

∫
|rot ∂tb|2 dx = −

∫
ũ · ∇∂tb · ∂tbdx+

∫
∂tb · ∇ũ · ∂tbdx

−
∫
∂tũ · ∇b · ∂tbdx+

∫
b · ∇∂tũ · ∂tbdx

≤ C‖∇ũ‖L∞‖∂tb‖2L2 + C‖∂tũ‖L6‖∇b‖L3‖∂tb‖L2 + C‖b‖L∞‖∇∂tũ‖L2‖∂tb‖L2 ,

which gives
d

dt
‖∂tb‖L2 ≤ C‖∇ũ‖L∞‖∂tb‖L2 + C‖∇∂tũ‖L2 . (3.8)

Whence we obtain (3.2):

‖∂tb(·, t)‖L2 ≤
(
‖∂tb(·, 0)‖L2 +

∫ T

0
‖∇∂tũ‖L2dt

)
exp

(
C

∫ T

0
‖∇ũ‖L∞dt

)
≤ C(1 +

√
TA) exp(C

√
TA) ≤ C (3.9)

if
√
TA ≤ 1. Now it is obvious that (3.3) and (3.4) hold. The lemma is proved.

Lemma 3.2. Let ũ ∈ A be given. Then the problem (1.12)–(1.14) has a
unique solution θ satisfying ∫

|∇θ|6 dx ≤ C, (3.10)

‖θt(·, t)‖L2 ≤ C, (3.11)
√
k‖∇θt‖L2(0,T ;L2) +

√
k‖θ‖L∞(0,T ;H2) ≤ C (3.12)

for some small 0 < T ≤ 1.
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Proof. Since equation (1.12) is linear with regular ũ, the existence and unique-
ness are well known, we only need to establish a priori estimates.

Since

ũ(x, t) = u0(x) +

∫ t

0
∂tũds,

we have

‖ũ‖L∞(0,T ;L6) ≤ ‖u0‖L6 +

∫ T

0
‖∂tũ‖L6 dt ≤ C + C

√
TA ≤ C (3.13)

if A
√
T ≤ 1.

Testing (1.12) by θ and using (3.13), we deduce

1

2

d

dt

∫
θ2 dx+ k

∫
|∇θ|2 dx =

∫
ũe3θ dx ≤ ‖ũ‖L2‖θ‖L2 ≤ C‖θ‖L2 ,

which yields ∫
θ2 dx+ k

∫ T

0

∫
|∇θ|2 dx dt ≤ C.

Taking ∇ to (1.12), testing by |∇θ|4∇θ, using (2.3), (2.5), and (2.7), we derive

1

6

d

dt

∫
|∇θ|6 dx+ k

∫
|∇θ|4|∇2θ|2 dx+

4

9
k

∫
|∇|∇θ|3|2 dx

≤ Ck
∫
∂Ω
|∇θ|6 dS + C‖∇ũ‖L∞(1 + ‖∇θ‖L6)‖∇θ‖5L6

≤ Ck‖∇θ‖3L6(Ω)‖∇|∇θ|
3‖L2(Ω) + C‖∇ũ‖L∞(1 + ‖∇θ‖L6)‖∇θ‖5L6

≤ 1

9
k‖∇|∇θ|3‖2L2 + C‖∇θ‖6L6 + C‖∇ũ‖L∞(1 + ‖∇θ‖L6)‖∇θ‖5L6 ,

which implies (3.10): ∫
|∇θ|6 dx ≤ C exp(C

√
TA) ≤ C (3.14)

if
√
TA ≤ 1.
Applying ∂t to (1.12), testing by θt and using (3.14), we have

1

2

d

dt

∫
θ2
t dx+ k

∫
|∇θt|2 dx =

∫
ũte3θt dx−

∫
ũt · ∇θ · θt dx

≤ ‖ũt‖L2‖θt‖L2 + ‖ũt‖L6‖∇θ‖L3‖θt‖L2

≤ A‖θt‖L2 + C‖∇ũt‖L2‖θt‖L2 .

Whence
d

dt
‖θt‖L2 ≤ A+ C‖∇ũt‖L2 ,

which implies (3.11):

‖θt(·, t)‖L2 ≤ C +AT + C
√
TA ≤ C (3.15)

if AT ≤ 1 and A
√
T ≤ 1.

Similarly to (3.3) and (3.4), we have (3.12). The lemma is proved.
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Lemma 3.3. Let ũ ∈ A be given. Then the problem (1.15)–(1.17) has a
unique solution u satisfying

‖u‖L∞(0,T ;H2) + ‖u‖L2(0,T ;W 2,6) + ‖ut‖L∞(0,T ;L2) + ‖ut‖L2(0,T ;H1) ≤ C1 (3.16)

for some small 0 < T ≤ 1. Here C1 is a positive constant independent of η, k
and A.

Proof. Since equation (1.15) is linear with regular ũ, b, θ, the existence and
uniqueness are well known, we only need to establish (3.16).

Testing (1.15) by u and using Lemmas 3.1 and 3.2, we see that

1

2

d

dt

∫
|u|2 dx+

∫
µ|∇u|2 dx =

∫
b · ∇b · u dx+

∫
θe3udx

≤ ‖∇b‖L6‖b‖L3‖u‖L2 + ‖θ‖L2‖u‖L2 ≤ C‖u‖L2 ,

which gives ∫
|u|2 dx+

∫ T

0

∫
|∇u|2 dx dt ≤ C. (3.17)

Testing (1.15) by ut and using Lemmas 3.1 and 3.2, we find that

1

2

d

dt

∫
µ|∇u|2 dx+

∫
|ut|2 dx

= −
∫
ũ · ∇u · ut dx+

∫
b · ∇b · ut dx+

∫
θe3ut dx

≤ 1

4

∫
|ut|2dx+ C‖ũ‖2L∞‖∇u‖2L2 + C‖∇b‖L2‖b‖L∞‖ut‖L2 + ‖θ‖L2‖ut‖L2

≤ 1

2

∫
|ut|2dx+ CA2‖∇u‖2L2 + C + CA2,

which implies ∫
|∇u|2 dx+

∫ T

0

∫
|ut|2 dx dt ≤ C (3.18)

if A2T ≤ 1.

Applying ∂t to (1.15), testing by ut, using Lemmas 3.1, 3.2 and (3.18), we
have

1

2

d

dt

∫
|ut|2 dx+

∫
µ|∇ut|2 dx

= −
∫
ũt · ∇u · ut dx−

∫
∂t(b⊗ b) : ∇ut dx+

∫
θte3ut dx

≤ ‖ũt‖L3‖∇u‖L2‖ut‖L6 + C‖b‖L∞‖bt‖L2‖∇ut‖L2 + ‖θt‖L2‖ut‖L2

≤ CA‖ut‖L3 + C‖ũt‖L3‖ut‖L6 + C‖∇ut‖L2

≤ µ

2

∫
|∇ut|2 dx+ C‖ũt‖L2‖∇ũt‖L2 + C,
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which gives ∫
|ut|2 dx+

∫ T

0

∫
|∇ut|2 dx dt ≤ C1 (3.19)

if A2
√
T ≤ 1.

We rewrite (1.15) as

− µ∆u+∇π = f := rot b× b− ∂tu− ũ · ∇u+ θe3. (3.20)

By the H2-theory of elliptic systems, we get

‖u‖H2 ≤ C‖f‖L2 ≤ C‖rot b‖L6‖b‖L3 + C‖∂tu‖L2 + C‖ũ‖L6‖∇u‖L3 + C‖θ‖L2

≤ C + C‖∇u‖L3 ,

which yields
‖u‖L∞(0,T ;H2) ≤ C1. (3.21)

In a similar way, by the W 2,6-theory of elliptic systems, we obtain

‖u‖W 2,6 ≤ C‖f‖L6

≤ C‖rot b‖L6‖b‖L∞ + C‖ut‖L6 + C‖ũ‖L6‖∇u‖L∞ + C‖θ‖L6

≤ C + C‖∇u‖L∞ + CA2 + C‖ut‖L6

≤ C + C‖∇u‖
1
4

L2‖u‖
3
4

W 2,6 + CA2 + C‖∇ut‖L2 .

Whence
‖u‖W 2,6 ≤ C + CA2 + C‖∇ut‖L2 ,

which yields
‖u‖L2(0,T ;W 2,6) ≤ C1 (3.22)

if A4T ≤ 1. This completes the proof.

Due to the above Lemmas 2.1–2.3, we can take A := C1, and thus F maps
A into A. The following lemma tells us that F is a contraction mapping in the
sense of a weaker norm.

Lemma 3.4. There is a constant 0 < δ < 1 such that for any ũi (i = 1, 2),

‖F (ũ1)− F (ũ2)‖L2(0,T ;H1) ≤ δ‖ũ1 − ũ2‖L2(0,T ;H1) (3.23)

for some small 0 < T ≤ 1.

Proof. Suppose ui, πi, bi, θi, i = 1, 2, are the solutions to the problem (1.8),
(1.17) corresponding to ũi (i = 1, 2). Denote

u := u1 − u2, b := b1 − b2, θ := θ1 − θ2, ũ := ũ1 − ũ2.

Then we have

∂tb− η∆b = −ũ1 · ∇b− ũ · ∇b2 + b1 · ∇ũ+ b · ∇ũ2, (3.24)
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∂tθ + ũ1 · ∇θ + ũ · ∇θ2 − k∆θ = ũe3, (3.25)

∂tu+ ũ1 · ∇u+∇(π1 − π2)− µ∆u+ ũ · ∇u2

= div (b1 ⊗ b1 − b2 ⊗ b2) + θe3. (3.26)

Testing (3.24) by b, we find that

1

2

d

dt

∫
|b2|dx+ η

∫
|rot b|2dx ≤ C‖∇ũ2‖L∞‖b‖2L2 + C‖∇ũ‖L2‖b‖L2

≤ ε1‖∇ũ‖2L2 + C‖b‖2L2 + C‖∇ũ2‖L∞‖b‖2L2 (3.27)

for any 0 < ε1 < 1.

Testing (3.25) by θ, we have

1

2

d

dt

∫
θ2dx+ k

∫
|∇θ|2dx = −

∫
ũ · ∇θ2 · θdx+

∫
ũe3θdx

≤ ‖ũ‖L6‖∇θ2‖L3‖θ‖L2 + ‖ũ‖L2‖θ‖L2 ≤ C‖∇ũ‖L2‖θ‖L2

≤ ε2‖∇ũ‖2L2 + C‖θ‖2L2 (3.28)

for any 0 < ε2 < 1.

Testing (3.26) by u, we deduce that

1

2

d

dt

∫
|u|2dx+

∫
µ|∇u|2dx

= −
∫
ũ · ∇u2 · udx−

∫
(b1 ⊗ b1 − b2 ⊗ b2) : ∇udx+

∫
θe3udx

≤ ‖ũ‖L2‖∇u2‖L6‖u‖L3 + C‖b‖L2(‖b1‖L∞ + ‖b2‖L∞)‖∇u‖L2 + ‖θ‖L2‖u‖L2

≤ µ

8
‖∇u‖2L2 + C‖ũ‖L2‖u‖L3 + C‖b‖2L2 + C‖θ‖2L2

≤ µ

4
‖∇u‖2L2 + ε3‖ũ‖2L2 + C‖u‖2L2 + C‖b‖2L2 + C‖θ‖2L2 (3.29)

for any 0 < ε3 < 1.

Combining (3.27)–(3.29) and taking εi, i = 1, 2, 3, small enough, by using
the Gronwall inequality, we arrive at (3.23) for small 0 < T ≤ 1. This completes
the proof.

Proof of Theorem 1.1. By Lemmas 3.1–3.4 and the Banach fixed point theo-
rem, we finish the proof.
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