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We prove that almost periodicity in the sense of distributions coincides
with almost periodicity with respect to Stepanov’s metric for the class of
subharmonic functions in a strip {z € C: a < Imz < b}. We also prove
that Fourier coefficients of these functions are continuous functions in Imz.
Further, if the logarithm of a subharmonic almost periodic function is a sub-
harmonic function, then it is almost periodic.
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Subharmonic almost periodic functions were introduced in [2| in connection
with investigation of zero distribution of holomorphic almost periodic functions in
a strip. In this paper almost periodicity was defined in the sense of distributions,
namely as almost periodicity of the convolution with a test function. However,
subharmonic functions log|f(z)|, where f(z) is a holomorphic almost periodic
function, were considered much earlier in papers [5] and [6], where the important
point was to prove almost periodicity of such functions in the sense of distri-
butions. In [4] this was extended to a subharmonic uniformly almost periodic
function whose logarithm is a subharmonic function.

In this paper we prove that subharmonic almost periodic in the sense of distri-
butions functions are almost periodic in the classical sense, if we consider Stepanov
integral metric instead of the uniform metric. Therefore the classes of subhar-
monic almost periodic in the sense of distributions functions and subharmonic
Stepanov almost periodic functions are the same.

Now the Fourier—-Bohr coefficients of such functions can be defined in the
usual way. For a horizontal strip these coefficients are functions depending on
Imz. In this paper we prove that these coefficients depend continuously on Imz,
which allows us to approximate any subharmonic almost periodic function by
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exponential sums with continuous coefficients in Stepanov metric. Thus we prove
that subharmonic almost periodic functions are Stepanov almost periodic in the
sense of the definition in [8].

In [2] it was proved that exp(u), where u is a subharmonic almost periodic
in the sense of distributions function, is also almost periodic in the sense of dis-
tributions. Moreover, for an almost periodic function log|f(z)|, where f(z) is
a holomorphic function, |f(z)| is uniformly almost periodic. Conversely, we prove
that the logarithm of a subharmonic almost periodic function is an almost peri-
odic function, provided it is a subharmonic function. Thus we obtain a stronger
than the one in [4], as well as the converse to the result in [2].

We start with the following definitions and notations (see [1, p. 51]).

Definition 1. A continuous function f(z) (z = z +1y), defined on R+ iK,
where K is a compact subset of R (it is allows that K = {0}), is called uniformly
almost periodic (Bohr almost periodic), if from any sequence {t,} C R one can

choose a subsequence {t,'} such that the functions f(z + t,’) converge uniformly
on R+ K.

Equivalent definition is the following:
For any € > 0 there exists L(e) > 0 such that each interval of length L(e)
contains a real number 7 with the property

sup |f(z+7) — f(2)] <e.
2ER+IK

Definition 2. A distribution f(z) € D'(S) of order 0 (S is an open horizontal
strip) is called almost periodic, if for any test function @ € D(S) the convolution

/u(z)tp(z — t)dzdy

18 uniformly almost periodic on the real axis.

Note that according to [6], for an almost periodic distribution f(z) from any
sequence {h,} C R one can choose a subsequence {h,,}, such that [¢(z)f(z +
hyp)dzdy converge uniformly on every set T = {p(z +¢) : t € R, € K}, where
K is a compact subset of D(S).

Any subharmonic function is locally integrable, so we can consider it as a dis-
tribution.

A class of subharmonic almost periodic functions in an open strip S will be
denoted by WAP(S).

Furthermore, for —oo < o < 8 < 400 we define

Siag =12 € C: a <Imz < B},
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ImS = {Imz : z € S},

and for functions u, v, which are integrable on horizontal intervals in S}, g, we

denote )

dio,p)(u,v) 3= sup /IU(Z’ +t) —v(z + t)|dt.
2€57a58) &

Definition 3. A function f(z) integrable on horizontal intervals in an
open horizontal strip S is called Stepanov almost periodic, if from any sequence
{hn} C R one can choose a subsequence {h,} and a function g(z) such that the
functions f(z + hy) converge to g(z) in the topology defined by seminorms di, g),
o, €ImsS.

A class of a subharmonic Stepanov almost periodic functions in an open strip
S will be denoted by StAP(S). Since such functions are Stepanov almost periodic
on every line y = const, for u € StAP(S) there exists the mean value

T
.1 .
M(u,y) = Tlgrgoﬁ / u(z + 1y)dz.
-7

To each such u we can associate Fourier—Bohr series
IAT
U(Z) ~ a/\(ua y)e b
A€ER

where .
a/\(ua y) = M(ue_Z)\xa y)

are Fourier-Bohr coefficients.

Definition 4. A function u(z) > 0 is called logarithmic subharmonic in
a domain G C C, if the function logu(z) is subharmonic in this domain.

It is easy to see that a logarithmic subharmonic function is subharmonic.
We prove the following theorems:

Theorem 1. wu(z) € WAP(S) if and only if u(z) € StAP(S).

Theorem 2. Let u(z) be a logarithmic subharmonic function in a strip S.
Then logu(z) € WAP(S) if and only if u(z) € WAP(S).

Theorem 3. Let u(z) be a subharmonic almost periodic function in a strip S.
Then its Fourier—Bohr coefficients are continuous in ImS.

From Theorem 3 and Bessel inequality for Fourier—Bohr coefficients it follows
that spectrum of an almost periodic subharmonic function u(z) (i.e., the set
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{N € R:ay(u,y) #Z 0}) it is most countable, which also follows from Theorem 1.12
in [6].

Theorem 4. Subharmonic function u(z) in an open horizontal strip S is
almost periodic if and only if there exists a sequence of finite exponential sums

Nim
2) =y al"(y)e 7, (1)
n=1

where A\, € R, al™ (y) € C(ImS), which converges to the function u(z) in the
topology defined by seminorms dj, g, o, 8 € ImS.
Moreover, Pp(z), m =1,2,... are subharmonic functions in S.

To prove the theorems above we use the following propositions:

Proposition 1. Convergence of subharmonic functions in D'(G) is equivalent
to the convergence in Li,.(G) (see [7]).

Proposition 2. Weak limit of subharmonic functions is subharmonic function

(see [7]).
We denote by G* the Green potential of a measure p for the disk B(R,0), i.e

-,
)= [ o),
R|z — (|
B(R,z0)
Lemma 1. Let measures u, converge weakly to a measure u in a neighbor-

hood of the disk B(R,0), and u(0B(R,0)) = 0. Then for any t; > 0, to > 0 such
that 12 + 13 < R?,

t1

lim  sup / G (2) — GH(2)| da = 0, @)
n—00 y6[7t2;t2}7 )

where z = T + 1y.
P r o o f. Denote v, = pp, — 4. We have

t1

-
sup /|G“” —G"(z)|dx < sup / / logudun(f) dz
—t23ts] yE[—ta;ta] R
—t1 |B(R,0)

t1

b s [ [ togle=clan ()| s (3)

yE|—ta2;t2
[~ —t1 |B(R,0)
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The condition p(0B(R,0)) = 0 implies that the restrictions of the measures
tn to the disk B(R,0) converge weakly to the restriction of the measure p on
the disk, and the function log(|R? — 2{|R™!) is continuous for |z| < t1, |y| < to,
¢ € B(R,0). Thus the first term on the right-hand side of (3) is small. Without
loss of generality, we can assume that R < 1/2, so that for z,{ € B(R,0) we have
log|z — (] <0.

Let € > 0 be an arbitrary fixed number. We denote log, |z — (| = max{log |z —
¢|,loge}. This function is continuous for |z| < t1, |y| < t2, ¢ € B(R,0) and for
any € > 0. We have

t1 t1

sup / / log |2 — C|dva(¢)|dz < sup / / log. |z — C|dun (¢)| da
yE[—ta;ta] yE[—ta;ta]

“t1 |B(R0) “t1 |B(R,0)

I — I — dlvp,
suph/ / llog |2 — ¢ — log. | — ¢|| | (¢)dz

t27

The first term on the rlght—hand side of this inequality is small when n is suffi-
ciently large. Then

w / /|log|z—<| log, |z — ¢ dval (¢)de

—ta;ta]

= / / (loge — log |z — ¢|)dzdlvn|(€)

t2,t2
B(R,0) [~ty;ta]n{aslo-iy—¢l<e}

/ / loge — log |z|)dzd|vy,|(¢) < 2e|v,|(B(R,0)).
B(R,0) ~¢

Note that since € > 0 is arbitrary, and measures v, weakly converge to zero, one
can choose a constant C' € R with |v,|(B(R,0)) < C. The lemma is proved.

Lemma 2. Let u,(z) be a sequence of subharmonic functions in a domain
G C C converging to a function ug(z) Z —oo in D'(G), and let

sup u,(2) < W(G') < 0o
2€G’

for any subdomain G' C G. Then for any rectangle [a;b] X [a; ] C G

b

lim sup } / |un (2) — up(z)| dx = 0. (4)

"0yl )
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P r oo f. For every disk B(zy, R) CC G we have the following representation
un(z) = _GlIL{n(za ZO) + HR(Z, 203 un) n = 07 ]-7 2... )

where p, are the Riesz measures of the functions u,(z), G (2; z9) is the Green
potential of the measure u, in the disk B(zg, R), and Hpg(z; z0; uy,) are the best
harmonic majorants of the functions uy,(2) in this disk. Conditions of the lemma
imply that p, converge weakly to the measure puy. Without loss of generality, we
can assume that p(0B(zp, R)) = 0, and using Lemma 1 we conclude that for any
ti,to, 13+ 13 < R?

t1+xo

sup |Gl (2 20) — G (25 20) |dz — 0,
yo—t2<y<yo+t2
—t1+wo

when n — oo. From this it follows that the functions Hg(z; 20; up) converge to
the function Hg(z; 20;uo) in D'(B(zp, R)). Now using the mean value property,
Harnak inequality, and obvious inequality

HR(Z; ZO;UTL) < W(B(ZO,R)) <00, n= 0a132"'a

we obtain uniform convergence of Hg(z;2p;uy) to the function Hpg(z;z2p;u0) in
the rectangle [—t1 + zg,t1 + zo] X [—t2 + yo,t2 + yo]. Covering the rectangle
[, B] X [a, b] by a finite number of such rectangles, we prove the lemma.

Proofof Theorem 1. Inclusion StAP(S) C WAP(S) is obvious.
We prove the opposite inclusion. We consider arbitrary substrip Sjq g, @, 8 €
ImS and a sequence {h;j} C R. Since u(z) is a subharmonic almost periodic
distribution, there exists a subsequence {h;, } such that for some subharmonic
(clearly also almost periodic) function v(z) and for any ¢ € D(S|4,3), uniformly
int eR,

ler& (u(z + hj, +t) —v(z +t))p(2)dzdy = 0. (5)
S

Now we will show that the functions u(z 4 hy) converge to v(z) in the topology
defined by seminorms dj, g, @, 3 € ImS. Assuming the contrary, there exist
g0 > 0, a, B € ImS such that for an infinite sequence k'

djo,g(u(z + hjy, ), v(2)) > €0,
and therefore there exists a subsequence {t;'} € R such that

1

sup /|u(z + hj, + k) —v(z + b)) |dz > gp. (6)

y€[ep] 0
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Passing to a subsequence (if necessary), we can assume that
u(z + hj, +tr) = w(z), v(z + ) = wi(z) in D'(S[aﬁ]).

Lemma 2 implies

1

sup /|u(z + hj,, + tw) —w(z)|dz =0, k' — oo,

y€la,f] )

and

1
sup / |v(z + tp) — wy (2)|dz — 0, k' — oo,
ye€l.B]
and thus inequality (6) implies

1

sup /|w(z) —wy(2z)|dz > ep. (7)
yelaspl )

On the other hand, using (5), for any test function ¢(z),

/ (w(z) — w1 (2))p(z)dzdy = lim (u(z + by, +t},) — v(z + twr))p(2)dzdy

= lim (u(z + hj,,) —v(2))p(z — tp)dzdy = 0,

and thus w(z) = w(z) almost everywhere. Since w(z) and wy(2) are subharmonic
functions, then w(z) = wy(z), which contradicts (7). The theorem is proved.

To prove Theorem 2 we need the following lemmas.

Lemma 3. Let p(t) be a function continuous in [—c,c]. Then for any e > 0
there ezists §, depending on ¢ and €, such that for any two integrable on compact
set K functions f,g: K — [—c¢,c] the inequality

(/uu»—mmum<6
K

implies the inequality

/wum»—wmmmmn<a (8)

K
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P roof. Choose 7 > 0 such that |t; —t3] < 7 implies |@(t1) —@(t2)| <
and denote

(R’
Ar={z e K:|f(z) —g(z)] <7},

Ay ={zr e K:|f(z) —g(z)| > 7}
Notice that m(Az) < 1 [, |f(x) — g(«)|dm, and therefore

/ o(f () — olg(x))|dm. < / o(f () — plg(z))|dm + / 0(f () — wlg(z))|dm
K A As

< ey 2L 1) — g,
K

Choosing suitable d, (8) follows. The lemma is proved.

Lemma 4. Let u,(z) be a sequence of uniformly bounded from above lo-
garithmic subharmonic functions in a domain G C C, converging to a function
uo(z) #Z 0 in the sense of distributions. Then the functions logu,(z) converge to
the function logug(z) in the sense of distributions.

P r o o f. The functions u,(z) are logarithmic subharmonic, and in particular
subharmonic. Using Proposition 1, u,(z) converge to ug(z) in L},.(G).

Next, these functions are uniformly bounded from above by some constant
V > 0, bounded from below by 0, and the function [.(¢) = log max{e,t} is con-
tinuous in the interval [0,V]. Lemma 3 implies that for fixed e the functions
lc(un)(2) converge to the function l.(ug)(2) in L,.(G), and thus in the sense of
distributions. From Proposition 2 it follows that the functions I (ug)(z) are sub-
harmonic for all €, and their monotone limit when £ — 0, i.e. the function log uy,
is also subharmonic.

Now we consider a disk B(zy,r) CC G. From the convergence in L'(B(zg,r))
of the sequence uy,(z) it follows that the subsequence {u,(z)} converges uniformly
on every fixed compact set K1 C B(zp,r) with positive Lebesgue measure. Since

the function log ug(2) is subharmonic and not identically —oo on K7,

sup (logug(z)) > Cy,
zeKy

or

Thus for all n' > ng
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and

sup (log up (2)) > Co— 1, Vn=0,1....

ze K1
Since the functions wu,(z) are uniformly bounded from above on compact subsets
of G, it follows that the family {logu, (z)} is compact in D'(G). Therefore there
exists a subsequence log u,(z) which converges in D'(G) (and also in L}, .(G)) to
some subharmonic function v(z) in G.

Note that for any compact set K C G and for any € > 0 we have the following

inequality:

/|mam{log U (2),log e} — max{v(z),loge}|drdy < / |log uy (2) — v(z)|dzdy.
K K

Hence, the functions maz{logu, (z),loge} converge to the function
maz{v(z),loge} in L},.(G) for any & > 0.

On the other hand, as was shown above, [.(u,)(z) converge to I.(ug)(z) in
L} (G). Thus almost everywhere (and, since the functions are subharmonic,

everywhere)

max{v(z),log e} = max{loguy(z),loge}. (9)

Since a set on which a subharmonic function equals to —oo has
Lebesgue measure zero, then e — 0 implies that mes({z € G : v(z) < loge}) — 0,
mes({z € G : logup(z) <loge}) = 0, and v(z) = log ug(z) almost everywhere, and
hence everywhere. Thus the sequence of the functions logu,(z) converges to the
function logug(z) in D'(G) and in L},.(G).

If for some subsequence of the functions log unj(z), go > 0 and compact set
Kye @

/ | logun, (2) — log uo(2)|dady > <o, (10)
Ko

then, using the above construction of the sequence wuy,;(z), we have that some
subsequence of the sequence {logun,} converges to logug(z) in L, (G), which
contradicts (10). The lemma is proved.

Proofof Theorem2. From Proposition 3 in [2] it follows that the
inclusion logu € W AP(S) implies that inclusion v € WAP(S). We are going to
show the opposite inclusion. Let u(z) € WAP(S) and {h,} C R be an arbitrary
sequence. Passing to a subsequence if necessary, we can assume that for some
subharmonic function ug, uniformly in ¢ € R,

lim [ (u(z + hy) — uo(2))e(z — t)dzdy = 0. (11)

n—00
S
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To prove the theorem it is sufficient to verify that uniformly in t € R

lim [ logu(z+ hy + t)p(z)dzdy = /log uo(z + t)p(z)dzdy. (12)

n—00
S S

Assuming that this fails, for some £ > 0 and some sequence ¢, — 00,

/log u(z + hy + tn)@(2)dzdy — /log uo(z + tp)p(2)dzdy| > €. (13)
S S

Here ug(2) is a logarithmic subharmonic function with ug(z) € W AP(S). Passing
to a subsequence and using almost periodicity of the function ug(z), we can assume
that

n—00
S S

lm [ ug(z + tn)(2)dzdy = /v(z)go(z)dxdy (14)

for some subharmonic in the strip S function v(z). Since the limit in (11) is
uniform in ¢ € R, (14) implies

lim [ w(z+ hy +tp)p(2)dedy = /v(z)w(z)dwdy.

n—0o0

S S

Now Lemma 4 implies that both integrals in (13) have the same limit
[logv(z)p(z)dzdy, when n — oo, which is impossible. Thus (12) holds and
Theorem 2 is proved.

Proofof Theorem3. Without loss of generality, we can assume that
S is a strip with finite width. Let Sy be an arbitrary substrip, Sop CC S. Since
the function u(z) is almost periodic, its Riesz measure p := %Au is also almost
periodic in the sense of distributions.

Denote

1 .
K(w) = 3 logle ™" 1],

where
0<y<

.
max —
thdms(@ﬂ Y2)

Note that the kernel K(w) is a subharmonic function which is bounded from
above in S and its restriction to Sy satisfies the equation

AK(w) = 2m6(w), (15)
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where 0(w) is a standard Dirac measure. Denote

V() = [ Kw = 2p(muda(w) (16)
S

where ¢ > 0 is a test function on ImS such that ¢(y) = 1 for y € ImSj.
Denote P, = {(n —1/2,n + 3/4) x ImS} C S. We are going to show that
V(z) is a subharmonic function in every P,. Fixing ng € Z, we have

/ K (w — 2)p(Tmew) dp(w) = / K (w — 2)p(Tmw)dp(w)
S [no—1,mp+1)xImS

n Z / K(w — z)p(Imw)dp(w). (17)
n€Z\{no=1,n0}1, 11 1)xIms

Every term in the right hand side of (17) is obviously a subharmonic function.
For Rew € [n,n+ 1), Imw € supp p, z € P,,, n # ng, n # ng — 1 we have

— e—’y(Rew—Rez)2+7(Imw—lmz)2 < e7r—fy(\n—ng\—3/4)2.

‘e—v(w—ZV

Thus

> [ K- 2etmwduw)

n€Z\{no—1lno} [n,n+1)xImS

< Z sup sup 1

2 ].Og |]- - 6_7(Z—’LU)2| /’l’([n’ n + ]_) X Supp (P)
nEZ\ {no—1,no} €m0 WE[Mn+1)xsuppp

Since the measure p is almost periodic, u([n,n + 1) X supp ) is bounded from
above uniformly in n (see [2]), and therefore the series (17) converges uniformly
in z € P,, and the function V(z) is subharmonic in P,,, and also in S.

Now we are going to show that the function V(z) is subharmonic almost
periodic in S. We consider a test function 1 (z) on S and verify that the function

10 = [ V@i~ tidsdy

S

is uniformly almost periodic on the real axis. We have

£(t) = / / K (w — 2)ip(2)dzdy | o(Tmw)dp(w + 1).
S S
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Note that the function

U(w) := /K(w — 2)(2)dzdy
S

is continuous in S, because the difference K(w) — log|w| is continuous in some
neighborhood of zero. Moreover, ¥(w) = O(e~"1*I”) when |Rew| — .
Since the values p([n,n + 1] x ImSp) are uniformly bounded in n, then

/ o(Imw + Imz)dp(w + z)
1+ |w|?

<(Ci <o (18)

uniformly in z € Sp.
We fix € > 0 and choose a test function v(t), 0 < v(¢t) < 1 on R, and such
that v(Rew) =1 on the set

lo MO Gy )

For all t € R we have

ft) = /\I/(w)u(Rew)tp(Imw)du(w +t)
S

+ / U(w)(1l — v(Rew))(Imw)du(w + t).
S

Property (18) implies that the second integral in the equality is not greater than e
for all ¢t € R. Since p is an almost periodic measure, the first integral is an almost
periodic function, and if 7 is an e-almost period, then it is a 2e-almost period
for f. Thus, the function V(z) is a subharmonic almost periodic, and in addition
(15) implies that AV (z) = 2mp(y)p(2) in the sense of distributions. Consider the
function

H(z) :=V(z) —u(z).

This function is harmonic and almost periodic in the sense of distributions in Sj.
Let ¢ > 0 be a test function in the disk B(e,0), which depends only on |z| and
such that [ ¢(z)dzdy = 1. Since the convolution [ H(z)¢(z 4+ ¢)dzdy is equal to
H(() in some strip S1 CC Sy, then the remark after Definition 2 implies uniform
almost periodicity of the function H(z) in Sy. So its Fourier-Bohr coefficients are
continuous in ImS; and, since € is arbitrary, in ImSy. Thus it is enough show
that the Fourier-Bohr coefficients of V(2),

T
arx(Vyy) = M(Ve ™% y) = Th_r};oﬁ / V(z + iy)e Mdg,
=T
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are continuous.
We fix € > 0. We have

K(w) = max{K (w), —2log N} + min{ K (w) + 2log N, 0} = K;(w) + Ks(w),

where N < oo will be chosen later. Denote

Vi(e) = [ Kl = w)p(lm)duto),
S

Va(z) := /Kg(z —w)p(Imw)du(w).
S

Since for |[yw?| < 1/2 we have

Y2
K(w) =1/2log |1 — 1+ yw? — 51 +...| =log|w| + 6(w),

where f(w) is a continuous function, then Ks(w) = 0 for |w| > dp > 0 and N
sufficiently large. Moreover, if |#(w)| < log N, then for all w € C and y € ImS,

T T
/KQ(Z —w)dx = /min{log |z —u+i(y —v)|+6(z —w) +2log N,0}dz
-r -r

’

> / min{log [Nz — Nul,0}dx = —% (19)
—00

with some constant C, 0 < C < oco. Now using the property that

p([n,n + 1] x supp ) are bounded and the fact that Ko(z—w) = 0 for |z—w]| > dy,
we have that for all T

T

T
1 iy 1
— i < — [ 1Ko(s —
2T/Vg(z)e dz| < / 2T/| 9(z — w)|dxdp(w)
-T |[Rew|<T+do =T
C Cy
- < =<
<2 plimu)du(w) < 52 <, (20)
‘Re’w‘ST«}*JO

if N is sufficiently large.
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Further, since K (w) = O(e~71"") for [Rew| — 0o, then one can choose a test
function 0 < n(¢) <1 on R such that n(Rew) =1 on the set

{o: > s

where C is the constant from (18). We have

Vi(z) = /K1 (w)n(Rew)p(Imw + Imz)du(w + z)
S

+ / Ki(w)(1 — n(Rew))e(Imw + Imz)du(w + z) = V3(z) + Vi(2).
S
From the choice of the function 7 it follows that

[Va(z)] <e, for z€ Sp. (21)

Since the kernel Kj(w) is continuous and the family of shifts of a test function in
ImSy is a compact set, then (see the remark to Definition 2) the function V3(2)
is uniformly almost periodic in Sy and it has continuous in ImSy Fourier-Bohr
coefficients (see [1, p. 145]). Thus, if y1,y2 € ImSy and |y; — y2| < d(¢), then (20)
and (21) imply

lax(Viy1) — ax(Vyy2)| < lax(Va,y1) — ax(Va, y2)| + lax(Va, y1)| + [ax(Va, y2)|
+ax(Va,y1)| + lax(Va, y2)| < 5e.

Thus ay(V,y) are continuous. The theorem is proved.

Proof of Theorem4. For P,(z) we choose Bohner—Fejer sums of
the function u(z)

T
Pr(z) = Tlgr;o % /u(z + )™ (1) dt = Z k&M)ak(u’Imz)eMRez.
T

Here ®(™)(t) is a sequence of Bohner-Fejer kernels (see. [3, p. 69]), and the set
{k/(\m) : kg\m) # 0} is finite for every m. Note that, according to Theorem 3, the
functions a(u,y) are continuous in y € ImS.

We are going to show that P, (z) are subharmonic.

Note that the kernels ®(™)(t) are nonnegative, bounded, and

T
lim — [ &™) =1
7500 2T / (t)dt

-r
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Also note that the subharmonic almost periodic function u(z) is bounded from
above in any subset S’ CC S. Thus, using Fatou’s lemma, for any m = 1,2,...,
z € S, and sufficiently small p,

2w

— | P, ¥)d W% 4 1)3™) (1) dpdt
5 | Paletoe)ip 2 T%&T/ / u(z + pe? + )2 (1)dp
0

> Tlféo%/ (z 4 t)®™ (t)dt = P (2).
-T

As it is shown in [6], for any test function ¢(z) in S and for some (depending
only on the spectrum of the function u(z)) sequence of Bohner—Fejer sums, for
m — 00, uniformly in t € R

/Pm(z)go(z + t)dzdy — /u(z)go(z + t)dzdy. (22)
S

Now we are going to verify that it implies the convergence in the topology
defined by seminorms dj, g, @, 8 € ImS. Indeed, if it is not true, then for some
sequence Z,, — oo and some «, 8 € ImS, g > 0,

sup /|u Tm + 1y + 1) — Pz, + iy + t)|dt > &.

Since u € StAP(S), then, passing to a subsequence if necessary, one can assume
that functions u(z + ) converge to some function v € StAP(S) with respect to
metric dj, g, and therefore

sup /|P (Tm + iy + 1) —v(t +iy)|dt > e9/2. (23)

Moreover, according to Theorem 2,

/u(z + ) p(2)dzdy — / z)dzdy.

S
Therefore, by setting ¢t = —z,, in (22), we have for any test function ¢(z)

m—00
S S

According to Lemma 2, this contradicts to (23). The theorem is proved.

lim [ Pp(z + zm)e(z)dedy = /v(z)go(z)dxdy.

Journal of Mathematical Physics, Analysis, Geometry , 2005, v. 1, No. 2 223



A.V. Rakhnin and S.Yu. Favorov

1]
2]

3]
[4]

[5]
[6]

7]

8]

224

References

C. Corduneanu, Almost periodic functions. J. Wiley and Sons, New York, 1968.

S.Yu. Favorov, A.Yu. Rashkovskii, and A.I. Ronkin, Almost periodic divizors in
a strip. — J. Anal. Math. 74 (1998), 325-345.

B.M. Levitan, Almost periodic functions. Gostehizdat, Moscow, 1953. (Russian)

A. Rakhnin, On one property of the subharmonic almost periodic functions. —
Visnyk Harkivskogo universytetu 53 (2003), No. 602, 24-30. (Russian)

L.I. Ronkin, Jessen’s theorem for holomorphic almost periodic functions in tube
domains. — Sibirsk. Mat. Zhurn. 28 (1987), 199-204. (Russian)

L.I. Ronkin, Almost periodic distributions and divisors in tube domains. — Zap.
Nauchn. Sem. POMI 247 (1997), 210-236. (Russian)

L. Hérmander, The analysis of linear partial differential operators. 1: Distribution
theory and Fourier analysis. Springer—Verlag, Berlin—Heidelberg—New York-Tokio,
1983.

O.I. Udodova, Holomorphic almost periodic functions in various metrics. — Visnyk
Harkivs’kogo universytetu 52 (2003), No. 542, 96-107. (Russian)

Journal of Mathematical Physics, Analysis, Geometry , 2005, v. 1, No. 2



