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Introduction

The problem on description of all totally geodesic submanifolds in tangent
and unit tangent bundle of space forms was formulated by A. Borisenko in [2,
Probl. 1]. In general setting the problem is unsolved up to now. More progress is
achieved for a special class of submanifolds in the unit tangent bundle formed by
unit vector fields on the base manifold. We begin with a definition.

Let (M™, g) be a Riemannian manifold and (T3 M", g5) its unit tangent bundle
with Sasaki metric. Consider a unit vector field £ as a mapping

¢ M™ — Ty M™.

Definition 1. A unit vector field & on the Riemannian manifold M™ is called
totally geodesic if the image of the (local) imbedding & : M™ — Ty M™ is a totally
geodesic submanifold in the unit tangent bundle Ty M™ with the Sasaki metric.
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In the two-dimensional case the problem is solved [13]. In the case of higher di-
mensions only partial results are known. A. Borisenko conjectured that the Hopf
unit vector field on each odd-dimensional sphere is totally geodesic. The conjec-
ture was approved in a more general case. If M?™t1 is a Sasakian manifold and &
is a characteristic vector field of the Sasakian structure, then & (M?™+1) is totally
geodesic in Ty M>™+1 [12].

Note that the Hopf vector field belongs to the class of left-invariant unit vector
fields on S3 as a Lie group with the left-invariant Riemannian metric. In this
paper, we give a full description of three-dimensional Lie groups with the left-
invariant metric which admit a totally geodesic left-invariant unit vector field and
the fields themselves. As a consequence, we show that, in nontrivial cases, for
each totally geodesic left-invariant unit vector field & the structure (qﬁ = —V¢, &,
n=g(&, )) is an almost contact structure on the corresponding Lie group and &
is a characteristic vector field of this structure. If ¢ is a Killing unit vector field,
then the structure is Sasakian.

It is worthwhile to note that in a similar way one can define a locally minimal
unit vector field as a field of zero mean curvature. A number of examples of locally
minimal unit vector fields were found recently [5, 6]. In particular, K. Tsukada
and L. Vanhecke [9] described all minimal left-invariant unit vector fields on three-
dimensional Lie groups with the left-invariant metric. While the totally geodesic
unit vector fields form a subclass in a class of minimal unit vector fields, no method
to distinguish minimal and totally geodesic fields was proposed in [9].

The paper is organized as follows. In Section 1, we give some preliminaries
and formulate the results. In Section 2, we consider the unimodular Lie groups.
We prove that if a totally geodesic unit vector field exists on a given group, then
it is an eigenvector of the Ricci tensor which corresponds to the Ricci principal
curvature p = 2. Moreover, we give a complete list of totally geodesic unit vector
fields on a corresponding Lie group as well as the conditions on the structure
constants of the group. In a series of Props. 2.2-2.6, we give a description of
totally geodesic unit vector fields in unimodular case from the contact geometry
viewpoint. In Section 3 we consider the nonunimodular case. We give an explicit
expression for the totally geodesic unit vector field as well as the conditions on the
structure constants of the corresponding group. Finally, Prop. 3.1 gives a geo-
metrical characterization of the totally geodesic unit vector field and clarifies
a structure of the corresponding nonunimodular Lie group.

1. Preliminaries and Results
Let (M, g) be an n-dimensional Riemannian manifold with metric g and TM

be its tangent bundle. Denote by « : TM — M the bundle projection. Denote
by @ a point on TM. Then Q = (q,&), where ¢ € M and ¢ € T,M. Let
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X,V e ToTM. A natural (Sasaki) Riemannian metric g on the tangent bundle
is defined by the following scalar product

§(X, V)|, = (X, mY)| +3(KX,KY)| |
where m, and K are the differentials of the bundle projection and the connection
map [3] respectively. A unit tangent bundle 771 M is a subbundle in TM and
a hypersurface in (T'M, g) with a pull-back metric.

Suppose that u := (u!,...,u") arelocal coordinates on M. Denote by (u, £) :=
(ul,...,u™; & ... €M) the natural local coordinates in the tangent bundle T'M.
If £(u) is a unit vector field on M, then it defines a mapping & : M — Ty M, given
by £(u) = (u,&(u)). The image (M) is a submanifold in T4 M with a pull-back
metric.

Denote by V the Levi—Civita connection on M. Introduce a pointwise linear
operator A¢ : T,M"™ — fj by

AeX = —Vxt.

From the definition of the connection map it follows that the pull-back metric on
&(M) is defined by

96X, f*Y>)‘(u’§(u)) = g(X,Y)‘q + g(Ae X, Aﬁy)‘q-

From intrinsic viewpoint, this metric can be considered as a metric on M addi-
tively deformed by the field &.

When ¢+ is an integrable distribution, the unit vector field ¢ is called holo-
nomic, otherwise it is called nonholonomic. In holonomic case the operator Ag
is symmetric (w.r. to metric g) and is known as Weingarten or the shape opera-
tor for each hypersurface of the foliation. In general (nonholonomic) case, A¢ is
not symmetric but formally satisfies the Codazzi equation. Namely, a covariant
derivative of A¢ is defined by

(VxAg)Y =—-VxVy&+ vayf.
Then for the curvature operator of M we have
R(X,Y)¢ = (VyAe) X — (VxAp)Y,

which gives a Codazzi-type equation. From this viewpoint, it is natural to call
the operator A¢ a nonholonomic shape operator.
Introduce a symmetric tensor field

Hesse(X,Y) = 3 [(Vy A X + (VxAg)Y], &

N —
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which is a symmetric part of the covariant derivative of Ag. The trace
— >0 Hesse(ei, e;) := A&, where eq,..., e, is an orthonormal frame, known as
the rough Laplacian [1] of the field . Therefore, one can treat the tensor field (1)
as a rough Hessian of the field.

A unit vector field is called harmonic, if it is a critical point of the energy
functional of mapping & : M"™ — Ty M™. This definition presumes the variation
within the class of unit vector fields. A unit vector field is harmonic if and only
if A& = —|VE2¢ (see [10]). There exist harmonic unit vector fields that fail to
be critical within a wider class of all mappings f : M™ — Ty M™ [4]. Introduce
a tensor field

Hme(X,Y) = % [R(&, AeX)Y + R(¢, A Y)X].

A harmonic unit vector field £ defines a harmonic mapping € : M" — T M"
if and only if ;" | Hmg(ej,e;) = 0 (see [4]). The following lemma [14] gives
the condition on £ to be totally geodesic in terms of Hess¢ and Hme.

Lemma 1.1. A unit vector field & on a given Riemannian manifold M™ is
totally geodesic if and only if

Hess¢(X,Y)+ AcHme(X,Y) — g(Ac X, AY)E=0
for all vector fields X, Y on M™.
For the sake of brevity, denote
TGe(X,Y) := Hess¢(X,Y) + AcHme(X,Y) — g(Ae X, AcY) €. (2)

The treatment of three-dimensional Lie groups with the left-invariant met-
rics is based on J. Milnor’s description of three-dimensional Lie groups via the
structure constants [8] and splits into two natural cases.

The unimodular case. In this case, there is an orthonormal frame ey, eo, €3
of its Lie algebra such that the bracket operations are defined by

lea,e3] = Aer, [e3,e1] = Agea,  [eg,e2] = Ages. (3)

The constants A1, Ag, A3 completely determine a topological structure of the cor-
responding Lie group as in the following table:

Signs of A1, A9, Az Associated Lie group
+,+,+ SU(2) or SO(3)
+,+, - SL(2,R) or O(1,2)
+,+,0 E(2)
+,—,0 E(1,1)
+,0,0 Nil? (Heisenberg group)
0,0,0 ReRDR

The main result for this case is the following.
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Theorem 1.1. Let G be a three-dimensional unimodular Lie group with the
left-invariant metric and let {e;, i = 1,2,3} be an orthonormal basis for the Lie
algebra satisfying (3). Moreover, assume that \y > o > X3. Then the left-
wnwvariant totally geodesic unit vector fields on G are given as follows:

G Conditions on A1, Ao, A3 ¢
SU(2) A =X =A3 =2 arbitrary

left-invariant

AM=A=A>XA3=2 +eg

M=X=A>2>XA3=A—VA2—-4 coster +sint ey

AM=2>X=X3=A>0 +eq

M=AFVAZ 4> A= =)3>2 costes +sintes

AL > A2 > A3 >0, )\%l - (>\z - )\k)Q =4 | xen (i,k,m:1,2,3)

SL(Q,R) )\% — ()\1 — )\2)2 =4 :|:€3
)\% - ()\2 - )\3)2 =4 :|:61

E(2) A =X>0, A\3=0 +es, coste;+sint ey
)\%—A%:4,)\1>>\2>0, A3 =0 +eq

E(1,1) M A2 =4 A >0,0<0, \3=0 | +ez
)\%—A%:4,>\1>0,>\2<0, A3 =0 te;

Heisenberg AM=2, AM=0,A3=0 +eq

group

R®PR®R AM=A=X3=0 arbitrary

left-invariant

The case of nonunimodular groups. Let e; be a unit vector orthogonal
to the unimodular kernel U and choose an orthonormal basis {es,e3} of U which
diagonalizes the symmetric part of ade, Then the bracket operation can be
expressed as

v

[e1,e2] = aea +PBes, [er,e3] = —Bex+des, [ez,e3] =0. (4)

If necessary, by changing e; to —e;, we can assume a + ¢ > 0 and by possibly
alternating es and es, we may also suppose a > ¢ [9].
The main result in this case is the following one.
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Theorem 1.2. Let G be a nonunimodular Lie group with the basis satisfying
(4) of its Lie algebra. In assumption @ +3 > 0 and o > §, the left-invariant
totally geodesic unit vector fields on G are given as follows:

Conditions on «, 3,0 | Left-invariant totally geodesic | Geometrical

unit vector field structure of G
B=56=0 +es L*(—a) x E!
1 «a
B==1, ad=-1|= <,6 ez + 63> Sasakian
V1+a? V1+a? manifold

2. Unimodular Case

Choose the orthonormal frame as in (3). Define connection numbers by

1
Wi = 5()\1 + X9 +>\3) -\

Then the Levi-Civita covariant derivatives can be expressed via the cross-products
as follows Ve, = p;e; X eg. For any left-invariant unit vector field £ = z1e; +
Toes + x3e3 we have
Vei£ = pie; x €.
Denote N; = ¢; x £. Then
Vei£ = pie; X &= p; N;.

As a consequence, the matrix of the Weingarten operator takes the form

0 —HoT3  U3T2
Ag == H1T3 0 — K31 . (5)
—p1Zy 2l 0

The following technical lemma can be checked by direct computation.

Lemma 2.1. Let G be a three-dimensional unimodular Lie group with the
left-invariant metric g and let {e;, i = 1,2,3} be an orthonormal basis for the Lie
algebra satisfying (3). Then for any left-invariant unit vector field & = xie; +
Toey + x3e3 we have

Agej = —pie; X & = —pi Ni,

(Ve Ag)ei = pf (€ — mie;),

(Ve Ag)er = ikmphittmNm — pipikzier, 1 # k,
R(ei, ex)é = —€ikmOikNm,

where o3, = Ok; = fifbm + Pk fbm — Piftk 0nd Eikm = g(€; X g, em) .
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Remark that the chosen frame diagonalizes the Ricci tensor [8]. Moreover,
2itl = pm, Where pp, is the principal Ricci curvature and 7 # k # m. It also
worthwhile to mention that o;, = %(pk + pi — pm) is a sectional curvature of the
left-invariant metric in the direction of e; A ey.

The following Lemma is also a result of direct computations.

Lemma 2.2. Let G be a three-dimensional unimodular Lie group with the
left-invariant metric g and let {e;, 1 = 1,2,3} be an orthonormal basis for the Lie
algebra satisfying (3). Then the left-invariant unit vector field £ = x1e1 + x9eg +
x3es is totally geodesic if and only if for any ¢ # k #m

TG(ei e;)) = xiui{xm(aikuk — 113)Nig — T (Timpormn — Mz‘)Nm} =0,

2TG(ej er) = 8ikm{ — TiTm i (Oik i — k) Ni + Tp@mpir (Tig i, — i) N
+(N’Z,UJm(]- - Uk:m) - Nk,UJm(l - Uim) + Ni(o-kmp’m - Mk)]:g
— e (Timm b — Nz)$z>Nm} =0,

where o, = Oki = Wilkm + Pktim — Piftk ond Eigm = g(e; X gy em) .
Now we can prove the main Lemma.

Lemma 2.3. Let G be a three-dimensional unimodular Lie group with the
left-invariant metric and let {e;, i = 1,2,3} be an orthonormal basis for the Lie
algebra satisfying (3). Denote by p1,p2, ps the principal Ricci curvatures of the
given group. Then the set of left-invariant totally geodesic unit vector fields can
be described as follows:

pr | P2 | P3 231 H2 3 3
0o 01 0 0 0 0 || arbitrary left-invariant
01 0| 0] #0 0 0| =eq, costes +sintes
0| 01| 0 0| #0 0| =+es, coste; +sintes
0| 01| 0 0 0] #0 +e3, coster +sintes
2 +e
2 +es
2 +es
21 2 coste; +sintes
2 2 costep +sintes
2 2 costes +sintes
21 21| 2 arbitrary left-invariant

Journal of Mathematical Physics, Analysis, Geometry, 2007, vol. 3, No. 2 259



A. Yampolsky

Proof. Rewrite the result of Lem. 2.2 for various combinations of indices
to get

(1, 1) $1M1{$3(012M2 — Ml)N2 - 1‘2(013”3 - MI)N3} =0,
(2,2) 962#2{5163(021,&1 p2) N1 — 1 (02343 — p2) N: }

(3,3) 963#3{5162(031,&1 p3) N1 — z1 (o322 — 3 N2}

(1,2)  —zizzpr(orzpr — p2) N1 + zexspa(oigpe — p1)Na + (M1N3 1 — 093)
o5) Ny =

— popz(1 — o13) + p1 (o233 — )i — pa(o1aps — 1)
(2,3)  — zoxipa(ospe — 13)No + w321 p3(o23ps — p12) N3 +
12)

pope1 (1 — o31)
— pspn (1 = 091) + po(osipen — ps)xs — pa(oo1pn — po)z >N1 =0,
(3,1)  — x3zop3(oi3ps — 1) N3 + z1wop (o13p1 — p3) N1 + (M3M2 (1 —o012)
— pipa(l — o39) + ps(o12p2 — pa)ws — pa(os2p2 — MS)QJ%) Ny = 0.
The vectors Ny, Ny and N3 are linearly dependent:
1N1 + 29Ny + x3N3 =0,

but linearly independent in the pairs for general (not specific) fields &.

The case z1 # 0,29 # 0,23 # 0.

The subcase 1: p; = 0,u9 = 0,u3 = 0. All equations are fulfilled evidently.
Therefore, the arbitrary left-invariant vector field is totally geodesic in this case,
and we get the first row in the table.

The subcase 2: p; =0, pg # 0 or p3z # 0. Then from (2,2) and (3,3) we see,
that puo = 0,43 = 0, which gives a contradiction. In a similar way we exclude
the cases when u; = 0, but ,uz + u2, # 0 for arbitrary triple of different indices
(i,k,m).

The subcase 3: puy # 0,u2 # 0,u3 # 0. Since Ni, No and N3 are linearly
independent in pairs, from (1,1), (2,2) and (3,3) we conclude:

{ orop2 — p1 =0, { ozp3z — p1 =0, { ooz — p3 =0, (6)
o121 — p2 =0, o131 — p3 =0, oozp3 — p2 = 0.

As a consequence, we get

(012 = 1)(p1 +p2) =0, (013 — L)(p1 +p3) =0, (023 — 1)(p2 + p3) = 0.
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Taking into account (6), the rest of the equations yields

pips(l —oo3) — pops(l —o3) =0,
ppz(l —o13) — pips(l — o12) =0,
pop3(1 — o12) — pripa(l — o23) = 0.

Since p; # 0,1 = 1,2,3, we conclude o;, = 1, i,k = 1,2,3, and therefore p; = 2,
1 =1,2,3. This is the case of the last row in the table.

The case z1 # 0, 9 # 0, 3 = 0. In this case £1N; + 22Ny = 0, but Ny, N3
and No, N3 are linearly independent in pairs. Rewrite the system for this case
as follows:

(1L,1)  paosps —p) =0, (2,2) po(osps —p2) =0, (3,3) =0,

(1,2) pps(l —o23) — pops(l — o13) + pi(o23ps — p2)?
—po(o13ps — p1)z5 =0,

(2,3)  atpa(oosps — p3) + pipe(l — 031 — pips(l — o21)
(o131 — p3)zs =0,

(3,1) —z3pi (o131 — pa + papa(l — o12) — ppz(l — o32)
—p1(o23p2 — p3)at = 0.

Set w1 = pe = 0. Then the system is fulfilled for the arbitrary ps. The case
i3 = 0 has already been considered. The case u3 # 0 gives the coste; + sint e
in the 4-th row of the table.
Set 1 = 0,2 # 0. Then o192 = pops, 013 = pops, 023 = —pzp3. The equation
(2,2) yields —p2(u2 + 1) = 0, which gives a contradiction.
Set 1 # 0,2 = 0. Then o192 = pip3, 013 = —p143,023 = p1p3. The equation
(1,1) yields —p2(u2 + 1) = 0, which gives a contradiction.
Set p1 # 0,2 # 0. Then py = o133, 2 = oo3p3 and the substitution into (1,2)
yields pj(pu2 — p1) = 0. The case uz = 0 contradicts py # 0, u2 # 0, as one can
see from (1,1) and (2,2). Thus, set u1 = us = p # 0. Then 013 = 093 = p? and
from (1,1) and (2,2) we conclude

pps — 1= 0. (7)
In this case we have
o1 =2—p? o3 =pd o=t (8)

If we plug (7) and (8) into the system, then we get an identity. Since uus = 1
means that p; = po = 2, we get the 8th row of the table.

The case 1 # 0,22 = 0,z3 # 0 after similar computations results coste; +
sintes in the 3-rd and in the 9-th rows of the table.
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The case z1 = 0,22 # 0,23 # 0 results costes + sinteg in the 2-nd and in
the 10-th rows of the table.

The case z1 = 1, 9 = 0,23 = 0. In this case N; = 0 and the equations
(1,1), (2,2), (3,3) and (2,3) are fulfilled regardless the geometry of the group.
The equations (1,2) and (1,3) take the forms

(1,2)  pips(l —o23) — pops(l — o13) + pi(oasps — po) =
(1,3)  pops(l —o12) — pipa(l — o23) — pa(o2spe — pz) = 0.

)

After simplifications, we get

(L,2) ou(peps —1) =0,  (1,3) o1a(pgus —1) =0.

The case paps3 = 1 means p; = 2, and we have the 5-th row of the table. Consider
the case 019 = 0,013 = 0 which is equivalent to pous = 0 and uq(u2 — pg) = 0.
We have four possible solutions:

(4) p1 = 0,2 = 0,3 = 05 (i1) puy = 0, 2 = 0, 3 # O;

(#47) p1 =0, p2 # 0,3 = 0;  (iv) p1 # 0, pu2 = 0, u3 = 0.
The case (i) is already included into the 1-st row of the table; the case (ii) is
already included into coste; + sint ey case in the 4-st one of the table; the case
(iii) is already included into coste; + sinteg case in the 3-rd row of the table.

The case (iv) is a new one and yields e; in the 2-nd row of the table.
The case 1 = 0,29 = 1,23 = 0 yields ey in the 3-rd and the 6-th rows of
the table. The case z1 = 0,22 = 0,23 = 1 yields e3 in the 4-th and the 7-th
rows of the table. ]

If we specify the result of Lem. 2.3 to each unimodular group, then we get the
result of Th. 1.1.

2.1. Geometrical Characterization of Totally Geodesic Unit Vector
Fields on Unimodular Groups

Let M be an odd-dimensional smooth manifold. Denote by ¢, &, n a (1,1)-
tensor field, a vector field and a 1-form on M respectively. A triple (¢,&,n) is
called an almost contact structure on M if

P*X =X +n(X)¢, ¢€=0, n()=1, (9)

for any vector field X on M. The manifold M with an almost contact structure is
called an almost contact manifold. If M is endowed with the Riemannian metric
g(+,-) such that

9(¢X,¢Y) =g(X,Y) —n(X)n(Y), n(X)=g(& X) (10)
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for all vector fields X and Y on M, then a quadruple (¢, &, 7, g) is called an almost
contact metric structure and the manifold is called an almost contact metric
manifold. The first of the conditions above is called a compatibility condition for
¢ and g. If the 2-form dn, given by dn(X,Y) = 3(Xn(Y) — Yn(X) — n([X,Y])),
satisfies

dn(X,Y) = g(X,¢Y),

then the structure (¢, &, 7, g) is called a contact metric structure and the man-
ifold with a contact metric structure is called a contact metric manifold. A
contact metric manifold is called K-contact if £ is a Killing vector field. The Ni-
jenhuis torsion of tensor field T' of type (1, 1) is given by

[T,T)(X,Y) = T?[X,Y] + [TX,TY] - T[TX,Y] — T[X,TY]

and defines a (1,2)-tensor field on M. An almost contact structure (¢,&,n) is
called normal if

[¢, p](X,Y) +2dn(X,Y) { = 0. (11)

Finally, a contact metric structure (¢,&,n,¢g) is called Sasakian, if it is normal.
A manifold with the Sasakian structure is called a Sasakian manifold. In the
Sasakian manifold necessarily ¢ = A¢ and n = g(&,-). The unit vector field ¢ is
called a characteristic vector field of the Sasakian structure and is a Killing one.
This vector field is always totally geodesic [12].

In the three-dimensional case we have a stronger result.

Theorem 2.1. [12]. Let & be a unit Killing vector field on a three-dimensional
Riemannian manifold M3. If £(M?) is totally geodesic in Ty M3, then either

is a Sasakian structure on M3, or M3 = M? x E' metrically and & is a unit
vector field of the Euclidean factor.

Now we can give a geometrical description of totally geodesic unit vector fields.

Proposition 2.1. Let £ be a left-invariant totally geodesic unit vector field on
SU(2) with the left-invariant metric g and let {e;, i = 1,2,3} be an orthonormal
basis for the Lie algebra satisfying (3). Assume in addition that Ay > Ao > As3.
Then

is an almost contact structure on SU(2). Moreover,

° if)\lz)\gz)\g,:?07’)\1:)\2>)\3:207’)\1:2>)\2:)\3, then the
structure is Sasakian;
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° if>\1:>\2:)\>2>)\3:>\—\/>\2—407’)\1:)\+V)\2—4>)\:)\2:

A3 > 2, then the structure is neither normal nor metric;

e if \; > Ao > A3, then the structure is normal only for

1 1
5261, M=+ —, A3=

—, A 1.
)\2 )\23 2 >

Proof. Consider the cases from Th. 1.1.
e In the case of A\ = Ao = A3 =2 we have p1 = s = 3 = 1 and hence

0 —I3 T9
A¢ = T3 0 -m
— X9 e 0

Therefore, the field ¢ is the Killing one. By Theorem 2.1, the structure (12) is
Sasakian.

For Ay =Xa =A> X3 =2wehave uyy = 1,9 = 1, u3 = A — 1 and & = +e;s.
For £ = + e3 we find

0 —1 0
Ae=[1 0 0
0 0 0

and so ¢ is again a Killing unit vector field and the structure (12) is Sasakian.
For \f =2 > X =X3=X>0, we have pyy = =1+ A\, uo = 1, u3 = 1 and
¢ =+e;. For £ = +e; we find
00 O
Ac=10 0 -1
01 0

and see that again ¢ is the Killing unit vector field. Therefore, the structure (12)
is Sasakian.

e Consider the case \{f =Xy =X >2> X 3 =A—V A2 —4dand £ = z1e1 +x2e9.
We have

1 1 1
=50 VR =), ==V ), =S+ VA2 - 4).

For brevity, put 6 = (A — VA2 —4) and § = 3(A + VA2 — 4). Then
p =0, p2=29, /1'3:§a 95:1, g#laé#la

and for this case we have

0 0 éZTQ
¢=A¢ = 0 0 -0
—9%2 9:51 0
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Since 6 # 0, the field ¢ is never a Killing one but it is geodesic, since A& = 0.
The structure (12) is an almost contact one on SU(2). Indeed,

—x% 19 O
¢’ =A;=| mzy -z} 0 and ¢’Z =—-Z+ g€, 2)¢E.
0 0 -1

This structure is not metric. For the compatibility condition (10), we have

g(¢27 ¢W) = 02 (Zl’U)l + 22“)2) + §2x3w3 - 9(57 Z) 9(57 W)
#9(Z,W) —g(&,Z2) g, W) .

This structure is not normal. To prove this, check the normality condition (9).
We have

[, Bl(e1, e2) = 0(0% — 1)es # 2dn(er, e2)E.
In a similar way we can analyze the case \{ = A+ VA2 —4 > X = Xy = A3 > 2

with the same result.
e Consider the case Ay > Ay > A3, £ = £e;. We have

1 1 1
Ml:i(_A1+A2+A3)’ [1«2:5()\1_)\2_’_)\3)7 /-1‘325()‘1_’_)\2_)\3)

Set ¢ = ey. The condition A\? — (A2 — A3)? = 4 means that pouz = 1. The matrix
Ag takes the form

0 0 0
Ag = 0 0 — K3 = ¢
0 175 0

Since ug # ps, the field € is not a Killing one, but it is geodesic. The structure
(12) is almost contact. Indeed,

0 0 0 0 O 0
*=1 0 —pops O =10 -1 0
0 — i3 pi2 0 0 -1

and hence
$*7 =7 +9(¢ 7)€
The structure is normal if and only if
)\—A—Fl A—l A2 >1 (13)
1= A2 )\27 3 = )\27 2 .
Indeed, note that ¢ge; = 0, ¢es = pses, pes = —uses. Now put Z = e, W = es.
Then we have

(6, Blle1, e2] = (= A3 + p3As) €3, dn(e1,ez) = 0.
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Therefore, the first necessary condition of normality is A3 = u3Ae. Since pouz = 1,
we can rewrite this condition as

A3 = Agpia. (14)

Put Z = e, W = e3. Then we have

(6, dller, es] = (o —pshs) €2, dn(er, e3) = 0.
The second necessary condition of normality is Ay = p2)\3, which is equivalent
to (14).
Finally, put Z = es, W = e3. Then we have

1

[¢a ¢][62a63] = >‘1 €1, dn(62763) = _561

and (11) is fulfilled. The equation (14) can be simplified to
(A3 — A2)(A1 — (A2 + A3)) = 0.

Since Ay # A3, we get Ay = Ao + A3. Then py = 0, po = A3, pu3 = Ay and, from
the condition poug = 1, we find AgA3 = 1. Since A\ > Ao > A3, we get (13).
The structure s not metric, since

9(PZ, ¢W) = p3zsws + pszows # g(Z,W) — g(&, Z) g(§, W) = zws + z3ws.

Making similar computations for £ = ey, we get the normality condition of the
form A9 = A1 + A3 which contradicts the condition A\; > Ay > A3. The structure
is not metric. Finally, for £ = e3, we get the normality condition of the form
A3 = A1 + A9 which contradicts again the condition Ay > A2 > A3 and the
structure is not metric again. ]

In a similar way we prove the following propositions.

Proposition 2.2. Let £ be a left-invariant totally geodesic unit vector field on
SL(2, R) with the left-invariant metric g and let {e;, i = 1,2,3} be an orthonormal
basis for the Lie algebra satisfying (3). Assume in addition that Ay > Ao > 0,
A3 < 0. Then

(¢:A§a ga 77:9(5,))

is the almost contact structure on SL(2,R), where g(-, -) is the scalar product
with respect to g. Moreover, if

e A\ =)o, A3 = —2, then the structure is Sasakian;

e A3 =—\/4+ (A1 —X2)2 < =20r X =4+ (Ao — A3)?, then the structure

1s neither normal nor metric.
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Proposition 2.3. Let £ be a left-invariant totally geodesic unit vector field on
E(2) with the left-invariant metric g and let {e;, i = 1,2,3} be an orthonormal
basis for the Lie algebra satisfying (3). Assume in addition that Ay > Xy > 0,
A3 =0.

If \y = Xa = X > 0, then the group is flat. Moreover,

o if £ =e3, then & is a parallel vector field on E(2);
o if £ = x1€1 + 2209, then & moves along es with the constant angle speed A.

If \y > X2 > 0, then (¢ =A¢ & n=yg(&, )) is an almost contact structure on
E(2). This structure is neither metric nor normal.

Proposition 2.4. Let £ be a left-invariant totally geodesic unit vector field on
E(1,1) with the left-invariant metric and let {e;, i = 1,2,3} be an orthonormal
basis for the Lie algebra satisfying (3). Assume in addition that Ay > 0, Ay <0,
A3 =0. Then

is an almost contact structure on E(1,1). This structure is neither metric nor
normal.

Proposition 2.5. Let £ be a left-invariant totally geodesic unit vector field
on the Heisenberg group with the left-invariant metric and let {e;, i = 1,2,3} be
an orthonormal basis for the Lie algebra satisfying (3). Moreover, assume that
A1 > 0,2 =0,\3 =0. Then

18 a Sasakian structure.
3. Nonunimodular Case

Choose the orthonormal frame eq, e, e3 as in (4). Then the Levi-Civita con-
nection is given by the following table:

Vv €1 €2 €3
el 0 Bes | —Be2
er | —aey | aep 0
€3 —0 €3 0 ) €1
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For any left-invariant unit vector field £ = z1e1 + z2e2 + z3e3 we have

Ve d=pBe1x§ Ved=—ae3xl, Vel=0e X
Denote
Ni=e x§=—x3e€9 + 1263,
Ny =e3 X =—z2€1 + 71 €3, (15)
N3 = €9 X€:$3€1—$1€3.
Then the matrix of A, takes the form
0 —axy —0x3
Ag = ,3.’1:3 a T 0 . (16)
—,3 9 0 5%1
A direct computation gives the following result.

Lemma 3.1. The derivatives (V.;A¢)er of the Weingarten operator A¢ for
the left-invariant unit vector field are as in the following table:

el €2 €3
er || —B%zrer — &) B N3+ Bazies BaNy—fBdzies
es | a?No+Bazze; | BaNy —a?(rzes — &) o d 36y
€3 —52N3—B(5I261 61(533263 ,65N1—52($262—§)

By a straightforward application of the Codazzi equation and Lem. 3.1, we
can easily prove the following.

Lemma 3.2. The curvature operator of the nonunimodular group with respect
to the chosen frame takes the form

R(el, 62)6 = oz2N2 + ,6 (Ol - 5)N3,
R(el, 63)6 = —52N3 - ,6 (O[ - 5)N2,
R(eg, 63)6 = Cl((SNL

The following Lemma gives the components of (2).

Lemma 3.3. Let G be a nonunimodular Lie group with the basis satisfying
(4). Then the left-invariant unit vector field & = x1e1 + xoes + x3e3 is totally
geodesic if and only if it satisfies the following equations:

(1,1) Bxl{[ﬁ [1+a(e —6)z + adzs] Ny

—[BI1=6(c —6)]as —63x2]N3} —0,
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(2,2) a{[Bl+a(1—])] - [ + 8@ - 0)]wsms] | My

+ o [1 + 52]x1x3N3} =0,

(3,3) §{[B1+52(1 =2} +[5 — B2(a — 8)]wsms] | Wy

) [1 + CM2]$1$QN2} =0,

(1,2) Bai[lo +B%(@ = 8oz + Baas| Ny
+« [a[l—i—aQ(l —22)] - Bl +a(a —5)]962363]N2

+ [a(s (86 (1—22) — 6 2myms+ B (a —0)(1—22)] +5a(x§—x%)+55]Ng —0,

(1,3) Bar[[6 = B(a =)oy — B0%ws| Ny
- [a(i[a,ﬁ(l—ﬁ)-i—a%:gxg—ﬁ(a —8)(1—123)] +Ba +B(5(I%—I%)j|N2

+6 [ﬁ[—1+6(a —5)]x2x3—5[1+52(1—x§)]}zv3 —0,

(2,3) [Blad(a +8)mms — Bla —8)(a(l—a3) +6(1—23))]
+C¥(5($%—I§)j|N1+O(5 |:].+O(2}$1$3N2—O((5 |:1+(52}I1$2N3 =0.

The proof consists of rather long computations of the corresponding compo-
nents T'G¢(e;, ex) for various combinations of (i, k) similar to those in the uni-
modular case.

P roof of the Theorem 1.2. Set £ = z1e1 + x2e3 + x3e3 and suppose
xz1 # 0. From (15) it follows that Ny # 0, N3 # 0 and they are always linearly
independent. Moreover, the vectors N1 and N3 are linearly dependent if and only
if z3 = 0. If z3 # 0, then the equation (2,2) implies z3 = 0 and we come to
a contradiction.

Put z3 = 0. If z9 # 0, then Ny and Ny are linearly independent and (3,3)
implies § = 0. In this case we can rewrite (1,1) as 82z172(1 + a?)Ny = 0 and
we have B = 0. In this case the equation (1,2) takes the form a?(1 4+ a?)Ny =0
and we have a contradiction.

Put 3 = xo = 0. In this case £ = e;, N = 0, No = e2 and N3 = —e3.
The equation (1,2) takes the form «?(1+a?2)Ny = 0. This gives a contradiction.

Suppose & = zses + x3e3. Since 1 = 0, we have Ny # 0 and NV; is linearly
independent with either Ny or Nj.

Suppose 8 = 0. Then (2,2) implies —a ?z923 = 0 and we have the following
cases:
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e Case 3 = 0. Then Ny = +e3, Ny = Fey, N3 = 0 and the equation (1,2)
takes the form a?(1 4+ @ ?)Ny = 0, which is a contradiction.

e Case z3 = 0. Then Ny = Fey, No = 0, N3 = +e;. The equation (1,3)
then takes the form —&2(1 +8?2)N3 = 0 and we should set § = 0. It is easy
to check that if 8 = d = 0, then all equations are fulfilled. Moreover, the
field £ = ez becomes a parallel vector field, since A¢ = 0.

Suppose 8 # 0, 6 = 0. Then (1,3) implies S a N2 = 0 and we have zo = 0.
In this case 23 = 1 and (2,2) yields a8 Ny = 0. This gives a contradiction.

Suppose 8 # 0,6 # 0. In this case we apply a different method based on the
explicit expression for the second fundamental form of £(M™) C Ty M™ [11].

Lemma 3.4. Let ¢ be a unit vector field on a Riemannian manifold M™t!.
The components of second fundamental form of £&(M) C TyM™*! are given by

Qo = $hois{ = (Ve Ae)ej + (Ve, Ag)eis fo)

A0 [N Bleo, e £ + Ml Rle, e)6, £:)] .
where Agij = [(1+22)(1 + A2)(1 + A?)]_l/Q, Ao = 0,A1,..., N\, are the singular
values of the matriz A¢ and eg,e1,...,en; f1,..., fn are the orthonormal frames

of singular vectors (i,j =0,1,...,n; o =1,...,n).

Since z1 = 0, the matrix (16) takes the form

0 —ary —013
Ae = B x3 0 0
—B s 0 0

Denote by €y, €1, €9; fl, fg the orthonormal singular frames of A¢. The matrix
AéAg takes the form
B2 0 0
AéAg = 0 a3 adzems |- (17)

2,.2
0 oadzors 0°z3

The eigenvalues are [0, 32, a?z3 + 6 2z3]. Denote m = /@223 + § 223, Then the

singular values are

Ao =0, At =|B], A2 =m.

270 Journal of Mathematical Physics, Analysis, Geometry, 2007, vol. 3, No. 2



Invariant Totally Geodesic Unit Vector Fields on Three-Dimensional Lie Groups

The singular frame &gy, €1, €y consists of the eigenvectors of the matrix (17),
namely,

1
éo=—(—0dzses+ames), € =e, é=—(azres+dz3€3).
m m

To find fl and fg, compute
Acer =p (xg €s — To 63), A¢éa = —mey.
Denote ¢ = sign(/). Then
fl = 6(33362 — T2 63), f2 = —e1.

Now we have )

Qo0 = ————
S e vl

If £ is totally geodesic, then & satisfies

((V a0 Ae) €0, fr) -

0= (VéoAg) €y = VéO(Ag éo) — AgVéo ey = AgAéO €p-
Since (16) is applicable to any left-invariant unit vector field, we easily calculate

. 1 .
Ag, €0 = —ma5(5x§ +azld) é.

Therefore, .
A¢Agy &0 = —efad (623 + axd) fi.
Since 8 # 0,a # 0 and § # 0, we have
ar3+dx3 =0,
{ T3+ 23 =1
Solving the system, we get

—0 @
a—03’ a—03
Remind that @« +d > 0, « > § by the choice of the frame. Therefore, the
solution exists if § < 0 and, as a consequence, & > 0. Thus,

[ —0 [ «
£—Z|: a_aegﬂ: 01—563.

Denote # = + 1. Without loss of generality, we can put
—0 o
=04/ 1/ .
¢ a—o 2 + a—o 3
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As a consequence, we get m =/ —ad. Moreover,

L =0——/ s
me_ /—_a5 a—5_ 3
5

) [« —/(—=0)? a 02
— T = = = —
m > vV—ad Va—9 vV—ad a—90 2

and we have

Go= L(—bmses+amey) =06, & =e =—fo,
ey = %(amez—l—5m3€3) =0(r3e2 — w2e3) = e fl-

With respect to this frame the matrix A, takes the form

0 0 0
Ag = 0 0 —m
0 6p 0
A simple calculation yields
V] e | é | e |
é() 0 —9m ég Hm él
- - - 18
e1 | —B e 0 B éo (18)

€9 Omél —Hméo—(a +5)ég (CM +(5)él

With respect to a new frame, the derivatives (V5 A¢) €5 form the following table:

€o €1 €9
€0 0 —m(0m — ) é; m(0m — () é;
é1 | —mp é 962 éo 0
éa | —mB & | —(a +8)(m—0B)¢é | Om?éy+ (a +8)(m—0B) é

Finally, the necessary components of the curvature operator can be found from
the latter table and take the form

R(éy, &1)¢ =m(0m —2B) &1, R(&, é2)¢ = —0m” é,

R(é1,¢e)6=—(a +d)(m—008) é. (19)
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Now, we can compute all the entries of the matrices Q,. As a result, we have

1efm(m —208)(mpB —0)

’ 2 A +82)(1+m?)
0 = 0 0 0 :
Lebm(m —208)(mp —0) |, Bl +8)(Om — §)(mp —0)
2 1+ +m?) V(I +B2)(1 +m?)
m?*(mfB —6)
0 2¢/(1+ B2)(1 +m?2) 0
Gy — m*(mp —0) 0 (@ +0)(08 —m)
2/(1+ B2)(1 +m2) 2/ (1+82)
0 (@ +0)(08 —m) 0
2y/(1+82)

Thus, for a totally geodesic field &, we have a unique possible solution f = 0m,
mfB = 6. Tt follows that —ad =m? =1, B = (= £1). As a consequence,

1 «a
S S
Vita? o Vitaz®

is the corresponding totally geodesic unit vector field.
Now we give a geometrical description of totally geodesic unit vector field and
the group.

=7

Proposition 3.1. Let G be a nonunimodular three-dimensional Lie group with
the left-invariant metric. Suppose that G admits a left-invariant totally geodesic
unit vector field £&. Then either

o G = L?(—a?) x E', where L?(—a?) is the Lobachevski plane of curvature

—a?, and & is a parallel unit vector field on G tangent to the Euclidean

factor, or

e G admits a Sasakian structure; moreover, G admits two hyperfoliations

L1, Lo such that:

(1) the foliations L1 and Lo are intrinsically flat, mutually orthogonal and
have constant extrinsic curvature;
(ii) one of them, say Lo, is minimal;

(iii) the integral trajectories of the field & are L1 N Lo.
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Proof Suppose € is as in the hypothesis. Consider the case § = 3§ =0
and £ = ez of Th. 1.2. The bracket operations take the form

le1,e2] = aeg, [er,e3] =0, [ez,e3] =0,

and we conclude that the group admits three integrable distributions, namely,
e1 ANeg, e1 Aeg and e Aeg. The table of the Levi—Civita connection takes the form

\Y% el e €3
e1 0 0 0
er | —aey | —ae; | O
es 0 0 0

The only nonzero component of the curvature tensor of the group is of the form
R(e1,ez)es = —a?ey. Thus, G = L?(—a) x R! and the field ¢ = e3 is a parallel
unit vector field on G tangent to the Euclidean factor.

Consider the second case of Th. 1.2. If 8 =60, m = vV/—«ad = 1, then with

0 0 O
respect to the singular frame, the matrix A¢ takes the form Ac =1 0 0 -1
01 0

and hence, ¢ = 0¢y is a Killing unit vector field. Therefore, by Th. 2.1, the
structure (qb =A¢ & n=g(& )) is Sasakian.

We can also say more about this Sasakian structure. The table (18) in the
case under consideration takes the form

(V] & | & | & ]
€o 0 —0és 0ép
20
ér | —0é 0 feg | (20)
éQ 951 —960—(& +(5)52 (Oé +5)él
and hence, for the brackets we have
[€0, €1] =0, [, 2] =0, [e1,&] =208 + (x+47) és. (21)

From (21) we see that the distributions éyA é2 and €y A é; are integrable. Denote
by £1 and Ly the corresponding foliations generated by these distributions. Then
the integral trajectories of the field ¢ are exactly £1 N Lo.
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Denote by QM) and Q@ the second fundamental forms of £; and Ly res-
pectively. Since €; and €5 are unit normal vector fields for the corresponding
foliations, from (20) we can easily find

1 _ 0 1 2 _ 0 —6
& _<1 a+5>’ @ _(9 0

and see that L9 is a minimal foliation.
Putting £ = 0 &y, we find from (19) the corresponding curvature components:

R( éU? éZ) é'0 = _éQ, R( éo, él) éO = —e.

Denote by KZ(’:L)t and K é?t the intrinsic and extrinsic curvatures of the correspond-

ing foliations (i = 1,2). Then K, = (R(&, &) é, &) = 1. The Gauss equation
implies

K9 = K9, + det 0 = 0.
Therefore, both foliations are inérinsically flat and have a constant extrinsic cur-
vature K é;)t =1 [
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