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1. Introduction

. . . . 3 .
In this paper we consider the following equation on R :

(3 + U, )2p=A¢, = (z1,79,23) ER = {z: x3 > 0}; (1)
0¢ A

a—.’L'?, 220 - 07 (2)

#(0) = ¢o, ¢t(0) = 1. (3)

The equations of this type arise, for example, in aerodynamics of potential gas
flows. We consider the following motivating model. Gas occupies the half-space
Ri and moves along z1-axis with the velocity U > 0, U # 1. Then the potential
of the velocity of a perturbed gas flow ¢ satisfies (1)—(3).

The problem of the trace regularity of solutions to hyperbolic equations fre-
quently arises in hybrid systems theory. In particular, for the purposes of [1, 2]
we need to study the regularity of the function (9; + U0, )¢(x1,z2,0), where ¢
is a solution to (1)—(3). In the present paper we will prove several new results on
the smoothness concerned with the equation (1)—(3).
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The regularity of solutions to general hyperbolic equations and of their traces
on the boundary were studied by I. Lasiecka and R. Triggiani (see [3, 4] and
references therein). Their results [3, 4] give the following trace regularity for the
problem (1)—(3).

Theorem 1. Let ¢(t) be a solution to (1)-(3) with the initial conditions
(¢o, #1), S = R2 x [0, T] and v[-] be the Sobolev trace of a function defined on R3.
onto the plane {x : 3 = 0}. Then the mapping (¢o, P1) — Y[P] is a continuous
operator from H'(RY) x L2(R3) to H3*(Sr) and from L*(RY) x (H'(R3))' to
H=Y*(S7) for every 0 < T < 4o00.

Set U = 0 and denote ¢ = ¢,. Formally differentiating (1), we obtain that ¢
satisfies (1)~(2) with the initial conditions ¢(0) = ¢1, ¢:(0) = Ado. If (¢, d1) €
H'(R3) x L*(R3), then (¢1,A¢p) € L*(R3 ) x (H'(R3))". Thus, Th. 1 can give
us only dyy[¢] € H~Y4(%).

Our main result improves Th. 1 in two directions. First, we prove that dyy[¢] €
L2(0,T; H~'/*(R?)) provided initial conditions (¢, ¢1) € H'(R3 ) x L?(R%). Sec-
ond, we can in some sense improve this result, finding an appropriate decompo-
sition of Oyy[¢p] as a sum Oyy[¢p] = fi + fo. This new idea allows us to prove
that f; € L°(0,T; H /4 ¢(R?)) and fo € L?(0,T; L?(R?)), provided initial con-
ditions (¢o,¢1) € H'(R3) x L?(R%). We also study, how the trace regularity
can be improved when more smooth initial conditions are considered, and what
happens if ¢ lies in a homogeneous Sobolev space.

In the proof of Th. 3 we rely on some ideas borrowed from [3], and first study
a trace regularity of nonomogeneous problem with zero initial conditions. These
results are collected in Th. 4, which, we believe, is an interest on itself.

The structure of the paper is as follows. In Section 2 we introduce the defi-
nitions and notations we need and state our main results. In Section 3 we study
the properties of solutions to wave equation (1)-(3) with smooth initial condi-
tions and prove some results on the interpolation of functional spaces we use. In
Section 4 we prove Th. 4. In Section 5 we use Th. 4 to prove Th. 3. In Section 6
we prove a "local" version of Th. 3.

2. Notations and Main Results

To describe the behaviour of a solution ¢ to (1)-(3) we use a homogeneous
Sobolev space H'(R%). We define the space H'(R?) (see, e.g., [5]) as the closure
of C§°(R?) with respect to the norm ||ul|31 (rsy = ||Vul|gs. For #!(R%) defined as
the space of restrictions of functions from H'(R*) onto R3 we use the equivalent
norm ||V g3

If we consider the system (1)-(3) as a model for a perturbed gas flow, the
norm for ¢ introduced above is natural. Indeed, in this case ¢(t) represents the
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potential of velocity of a perturbed gas flow, and has no physical meaning itself,
while V¢(t) is the field of velocity of the perturbed flow and gives the complete
information about the flow. For (¢p,¢1) € H'(R3) x L*(R3) we define a local
energy by

Erldo, d1) = / (IVgo(2)? + | (2)) d,
e

where B}, = {z = (21, z2,23) : |z| < R, z3 > 0}.

Now we find the appropriate spaces for initial data which are "more smooth"
than H'(R3) x L?(R%) and introduce a suitable notion of local energy for these
spaces. First, we consider the wave equation in the whole space R? with smooth
initial conditions

xRp=0p, zeR, (4)
$(0) = do, ¢:(0) = ¢1. (5)
Formally differentiating (4), we see that ¢(t) = ¢¢(t) satisfies (4) with the initial

conditions ¢(0) = ¢1, ¢:(0) = A¢p. Thus energy conservation law for ¢(t) gives
us the following energy relation for ¢:

IV )16,k + 1A s = V1l s + 1AolI5 s

The classical conservation law for (4)-(5), together with the previous relation
give us

VA5 s HIASB[G s+ (BT s = IV olg s+ A0l [ s+ 11 [[7 s (6)

Hence, if we define WH1(IR?) as the closure of C§°(R?) with respect to the norm
IE ||$,V1,1(R3) = [|A - ||3’R3 + ||V - ||3’R3, we can easily verify that for initial data
(o, P1) € WHL(IR?) x H(R?) the problem (4)—(5) possesses precisely one solution
(¢(t), P (t)) € C0, T; WHLHR3) x HY(R?)) for any T > 0 for which the energy
relation (6) holds.

We consider initial data from the spaces that are "intermediate" between
HY(R3) and WHL(R?). These spaces can be defined via Fourier transform (see
Prop. 2). The space W*(R?), s > 0 consists of all distributions f € S’(R?) such
that its Fourier transform f is a regular distribution and the integral

1 By = [ (0 + €D IEPIFOP

R?)

is finite. It is easy to see that there is another description of W1 (IR3):
WH(R?) = {f e H!(R®) : Vf € (H*(R))°} (7)

with the equivalent norm || f|[yy1.smsy = ||V fl]s ks
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Now we return to the wave equation in the half-space. Define the space
WHS(R3), s € [0,1], as the space of restrictions of functions from W'"*(R?)
onto R% . Due to description (7) we see that ||V f||,gs is an equivalent norm in

"3

W$(R%). Similarly as in the case of H'(R%) x L?(R?), we can define a local
energy in the space W$(R3 ) x H*(R3 ):

Ex(po, d1) = |IVol? g + llen | pr s €[0,1].
"R "R

In order to obtain smooth solutions to (1)-(3) we need not only the smooth ini-
tial data but also consistency conditions imposed on these initial data. Therefore
we need the spaces

af

oL, s
W (Ri):{fewl’ (R): o

=0p,, s>1/2,
xr3=0

with the same norm as in Wh*(R3).
The following interpolation lemma is valid.

1,1

Lemma 1. W (R}), H'(R})];1_g = G, where

Gl = Wl’a(Ri), 0<6<1/2,
G2 = {f e H\(RY) : Vf e (L*(Ry; H2(R?)))? x Hy)”(Ro; LX(B2))},  (8)
¢ =W®R), 1/2<0<1,

where Hyl*(Ry; L2(R2)) = {f € HY2(R,; L2(R?)) : o5 '/*f € LQ(Ri)} with the

125 —-1/2

2
norm ||f||Hé/2(R LZ R2 ||f||H1/2 R+ LZ(R2 +| f||L2 R3

Now we can state the following existence theorem for the wave equation in
the half-space.

Theorem 2. Assume that initial data (¢o, ¢1) € G? x HY(RY). Then:

(i) For every T > 0 there exists precisely one solution to (1)-(3) (¢, d:)(t) €
C(0,T;G% x HY(R3)).

(ii) The norm of the solution does not increase. For 6 € [0,1], 6 # 1/2 the
following inequality is valid:

||V<15(75)||3,R3+ + ||¢t(t)||§:Ri < ||V¢0||3,R1 + ||¢1||37Ri' 9)

(iii) For every R >0 and 0 € [0,1] the local energy E4(H(t), pi(t)) — 0, when
t — +oo.
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We will use weight spaces of X-valued functions. The space L?(; X, du)
consists of all functions mapping €2 into X such that

1712 gy = / 17Oyt < oo
Q

Here X is a normed space and dp is a measure on (2. In the case X = R we omit
X in the notation.
Further we state our main results.

Theorem 3. Assume that ¢(t) is a solution to (1)-(3) with the initial condi-
tions ¢o € G/(R3), ¢ € HY(R3), 0 € [0,1], 6 # 1/2. Then:

(i) (0 + Udy,)v[¢] € L*(0,T; ngcl/4+0(R2)). The following estimate takes
place

1: + U W 2oi7,-11440(yy < CT,U,B) (IINollo s, + il ) -

for any bounded set B C R?.
(i1) (Op + Uy, )Y[B] = f1 + f2, where f1 € L=(0,T; lecl/“g_e(RQ)) for any
€>0, f, € L*(0,T; H’ (R?)), and

loc

L f1ll o 0,rsm-1/440-<(p)y < C(T, U, €, B) <||V¢0 Ry + ||¢1||0,Ri) :

1 allz2 s sy < CCT,U,B) (1IN ooy, + 1nlozs )

for any bounded set B C R?.

Remark 1. Since the inclusion G C L*(R3) does not take place, estimates
for (Oy + Udy, )Y[#] have only local character. However, if ¢o € G* N LA(R%) C
HYY(R%) we have the estimate

10: + U0 W 20:7,0-1 11402y < CCT,0) (ol o,z + N llozes )
in point (i) of Th. 3 and the estimates
11l e o731 ra0-e(g2yy < CT, U ) (ol oy + 1 llozs ) »
1l sy < CT,0) (Idollirozs +1éllozs )
in point (i1) of Th. 3.

The theorem implies the following local energy estimate.
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Corollary 1. Assume that ¢(t) is a solution to (1)-(3) with the initial condi-
tions ¢o € GO(R3), ¢1 € HO(R3), 0 € [0,1], 0 # 1/2. Let Q be a bounded smooth
domain in R%, and rq be the operator of restriction of a function defined on R?
to Q. Then:

(i) ro(0y + Udy, )Y[¢] € L2(0,T; H Y**9(Q)). The following estimate takes
place

||TQ(8t + Uaxl )7[¢]||i2(07T;H—1/4+0(Q)) < 05%(¢0, ¢1)

The constants C, R depend only on T, 2, and U.
(ii) 700y + Uy, )7[¢] = f1 + f2, where fi € L0, T; H~/440=¢(Q)) for any
€e>0, fo € L2(0,T; H*(Q)), and

111G o (0,144 0—(2y) < CER(bo, b1),
||f2||i2(0,T;H9(Q)) < CEI%(¢07¢1)

The constants C, R depend on T, 2, and U, the constant C' in the first inequality
depends also on €.

Remark 2. Theorem 8 and Corollary 1 allow us to justify the stabilization
results of [1, 2] for the initial data ($(0),¢:(0)) € G% x H'(R%), 6 € (0,1],
0 #1/2.

The theorem below deals with the trace regularity of the nonhomogeneous
wave equation. Following [3]|, we choose a certain function f in (10) and obtain
Th. 3 as a consequence of the following theorem.

Theorem 4. Consider the problem

0y + U0y, )2 = A+ f(t,z), z€R], (10)
¢ _ _ _
92s e 0, ¢(0) = ¢:(0) =0. (11)

(i) Let f € L?(0,T; H(R3)). Then (8, + Udy,)v[¢] € L*(0,T; H/4+0(R?))
and the following estimate takes place

(8% + U8, Y[l 120 71— 1/8+0 (m2)y < C(T, U)|I L2007 m0 R ))-
(ii) Let f € L®(Ry;HY(RY)). Then (0 + Uy, )yl = fi + fo, where
f1 € L®0,T; H-V/*0-¢(R?)), ¢ > 0, fy € L?(0,T; H*(R?)), and the follow-

ing estimates are valid

||f1||Loo(0,T;H—1/4+9—6(R2)) <C(T,U, €)||f||L°°(R+;H9(Ri))a

| f2llp2 (0,10 (r2)) < C(T, Ul poo ey 10 (R3))-
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3. Smooth Solutions to the Wave Equation
and Interpolation Spaces

For the proof of Th. 3 we need to generalize spaces W'*. Define space
Wa’ﬁ(l@”) as the space of distributions f € S'(R") such that their Fourier trans-
forms f are regular distributions and

1 By = [ 162200+ D17 Pl < .
Rn

The Sobolev trace theorem can be easily generalized for these spaces.

Lemma 2. The Sobolev trace operator is continuous from W*P(R") to
We2B(Rr 1) if o > 1/2.

The following embedding takes place.

Lemma 3. If 6 < n/2 then WO (R?) is continuously embedded in LP(R"),
p=2n/(n—20).

Proof. feW’OR")if and only if g = F~1¢|°Ff € L?(R"). Equivalently,
f=FY¢%Fg € LP(R") if and only if F~'|¢|7F is a continuous operator from
L?(R™) to LP(R™). Thus, the assertion of the lemma follows from Th. 1.11 [6].

This means that for § < n/2 functions form W0 (R?) are locally L2-integrable.

First, we prove interpolation Lem. 1 which will be used in the proofs of Th. 2
on smooth solutions to the wave equation and in the main Th. 3.

Proof of Lemma 1. Let the following propositions be proved.

Proposition 1.

WHRL) = {f e H'(RY) : Vf € (I2(Ry; H(R)))? x H'(Ry; I2(R))
if0<6<1, and

WHR) = {f e H' (B Vf e (LAR; H(R)? x H)(Ry; L2(RY)) },
if1/2 <0 <1.

Proposition 2.

WHHR), H (R®)]—g = W (R?), 0 € 0,1].
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Proposition 3. Let f be a continuous function on Ri. Then we can define
an operator of even extension as

= {f($17x27x3)7 €3 207

f(@r @2, 3) = f(z1, o, —x3), x3<O0.

The operator of even extension ~ can be extended to a continuous operator

gl S WHYRE), #elo,1],
where G? is defined by (8).
Proposition 4. There exists an operator R such that
Re L' (R),H'(R))), Re LW (R), W (RY)),

Ri=u, YueH'(RB), YueW" (RL),

where *~ is the operator of even extension defined in Prop. 3.

In this proof we assume that G? is defined by the equalities (8).

First we prove that [Wl’l(Ri’_),Hl(Ri)][l_g] C G?. Due to Prop. 1 we have

that
Vi HN(RL) = (L2(Ry; LA(R?)))? x L (Ry; L*(RY)),
Vi WO RY) - (D (R H' (R))? x Hy Ry s L*(R))
is a continuous operator. Thus Ths. 11.6, 11.7 [7, Ch. 1] imply that

ViV (RE), HUR )] gy — (BA(Ry; HO(R?)))? x HY (R ; L2(R?)),

0<6<1/2,
VW RS ), 1R )]/ — (L2(Ry; HY2(B2)))? x Hod (Ry; LA(R?)),
0=1/2,
VeV R K (B)g — (L2(Re; HY(R)))? x HY(Ry; L2(R?)),
1/2<60<1,

is also a continuous operator. Since u € [Wl’l(Ri),Hl(Ri)][l_g} implies
u € H'(R%), using Prop. 1 we obtain the desired embedding.

Now we prove the embedding G? [Wl’l(Ri’_), H'(R3)]1—g). Consider u € G.
Using Props. 2 and 3, we have 4@ € WY/(R3) = [WELR?), H(R?)]f1—g)- Using
Prop. 4 and interpolation, we obtain Ru =wu € [Wl’l(Ri),Hl(Ri)][l_g}. The
proof of the lemma will be complete when we prove Props. 1-4.
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Proof of Proposition 1. Using the definition of WH?(R3) via
Fourier transform, we can easily verify that

WH(RY) = L2 (R W (R?)) ()W (R; L* (R?)).
Thus, we obtain the first representation

WH(RY) = L2 (R WH(R) (YW (R L2 (R?)), 0<0 <1,
WH(RL) = L2(Ry s WH(R2) (YW Ry L(R2)),  1/2 <0 <1,

Using representation (7), we finish the proof.

Proof of Proposition 2 Following [7], in the space H'(R?) we
construct the operator A = F~'(14]¢[2)'/?F with D(A) = WHH(R?). Tt is easy to
verify that we can define the operator A? = F~1(14|¢|?)?/2F, where F is a Fourier
transform, with D(A%) = WY (R?). Obviously, A? is really A to power 6. Since
A is a closed maximal accretive operator, D(A?) = [WELRS), HE (R )] —g) [8]-

Proof of Proposition3. Sincngo(@i) is dense in H'(R%) and
Co(R}) N C>®(R3 )N C>®(R? ) is dense in H!(R?), it is easy to prove that the even
extension is a continuous operator from H'(R3 ) in #'(R?). Prop. 1 implies that
the even extension of a function f is continuous if and only if the odd extension of
Oz, f is continuous. Evidently, the odd extension of 0,, f is a continuous operator:

H(Ry; L*(R?)) — H'(R; L* (R?)), 0<0<1/2,
H{y(Ry; L2 (R?)) — HY (R L2 (R?)), 0 =1/2,
HY(Ry; L*(R?)) — HY (R, L (R?)), 1/2<0<1,

since the extension by zero is a continuous operator between the above mentioned
spaces (see [7, Ch. 1], Th. 11.4). The proof is complete.

Proof of Propositiond4. Set (Ru)(z)=1/2(f(z)+ f(—x)). It is
easy to verify that this operator satisfies all assertions of the proposition.
Now we can prove Th. 2.

Proof of Theorem2. The existence and uniqueness of solution to (1)—
(3) with the initial data (¢, ¢1) € H'(R%) x L?(R3 ) is a well-known fact, as well
as the energy conservation law and the decay of local energy E%(4(t), ¢ (t)) for
this case. Using formal differentiation with respect to ¢, we can easily prove points
(1), (ii), and (iii) of the theorem for the initial data (g, 1) € W (R ) x H' (3 ).
Using interpolation Lem. 1, we complete the proof of points (i) and (ii). To prove
(iii) for all § € [0,1] we need the following criterium of the pointwise convergence
of an operator sequence.
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Proposition 5. Let Hy be a Banach space and Hy be a pseudonormed space
with a pseudonorm p(-). Assume that {A,}>2, is a sequence of the linear operators
A, : Hy — Hy such that p(Ayh) < C||h||g, Yh € Hi, and there exists a dense
set D C Hy such that YVh € D p(A,h) — 0, when n — +o00. Then Vg € H;
p(Ang) — 0, when n — +oo.

When H; and Hy are both Banach spaces, the result is well known. The proof
of Prop. 5 is similar to the proof of this result.

Now we fix R and the set Hy = G x H(R3), H, = H'*Y(B}) x H’(B})
with the pseudonorm p(pg, 1) = (||V<,00||3’B14{_ + ||<,01||3,B$)1/2, An(do, 1) =
TBE(¢(tn),¢t(tn))7 where (¢(tn), Pe(tn)) is the solution to (1)—(3) with the ini-
tial conditions (¢g,¢1) at the moment ¢, such that ¢, — +o0o when n — +oc.
The operator of restriction on B, gt is continuous from GY to H*0(B}) (see
[5] and interpolation Lem. 1). We chose D = Wl’l(Ri’_) x H'(R3 ). Using the in-
terpolation inequality ||ul[(x y, < ||u||§{9||u||§'f (see, e.g., [7, Ch. 1]), we obtain
that for (¢, 1) € D

p(An (o, d1)) = ES(B(tn), i (tn)) = ||V¢(tn)||§732 + ||¢t(tn)||§7B$
< IV 1V )G 5 + eI 91 ol = O

when n — +oo. It is easy to see that all assumptions of Prop. 5 are satisfied.
Thus we prove (iii) for all @ € [0,1]. The proof of Th. 2 is complete.

4. Proof of Theorem 4

In this section we need some facts on the Laplace and Fourier transforms.

Denote by D'(R, X) the space of distributions on R with the values in a Hilbert
space X and by S'(R, X) the space of X-valued temperate distributions. We also
set D/ (X) = {f € D'(R, X) : suppf C {x: = > 0}} and D/ (a,X) = {f €
D'\ (X): e ®f(t) € S'(R,X)}. For the functions from S(R, X) (test functions
for S'(R, X)) we define the Fourier transform as

Flf(1)](r) = / dte " £ (1) (12)

R

and for functions from S’ (R, X) by (F[f], ) = (f, F[¢]), respectively. Further we
define the Laplace transform for functions from D/, (a, X') by

F(s) = LIFB)](s) = Fle ™ fFIB), s=a+if, a>a. (13)

The Laplace transform of a function from D', (a, X) is an analytic in the complex
half-plane C, = {s € C: Res > a} X-valued function.
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Next we define a space H,(X). This space consists of the analytic
in C, X-valued functions F(s) that satisfy the following growth condition: for
every € > 0 and og > a there exist constants C¢(op) > 0, m = m(op) > 0 such
that

|IF(s)||x < Celop)eTe (1 + [s|™), Res > oy. (14)

The following fundamental theorem takes place (see, e.g., [9]).

Theorem 5. A function f(t) € D/, (a, X) if and only if its Laplace transform
F(s) € Hy(X).

Due to definition (13) L[f(¢)](a+if) € S'(R, X) as a function of the variable £,
provided « to be fixed, so the next representation takes place

LT F(a+ip)](t) = e Fy ' [F(a+iB)](1). (15)

Lemma 4. Let B be a linear mapping that maps a function from H,(X)
to a function from Hy(Y'), where X and Y are Hilbert spaces, and let there exist
a constant y > a such that the operator B, : F(y+if) +— (BF)(y+if) is a linear
bounded operator from L?(R; X) to L?>(R;Y ). Then the operator A= L 'oBoL
is a linear bounded operator from L?(Ry; X,e 2'dt) to L?(Ry;Y, e 27dt).

Proof. Since BF € Ho(Y), we can use representation (15) for the inverse
Laplace transform, thus

[Af1(t) = " F [ByFile " f(D)(B)](2).

Using Plansherel’s theorem (the Fourier transform is an isometry on L?(R; X)),
one can easily verify the assertion of the lemma.

Corollary 2. If A is a linear bounded operator from L%(Ry;X,e~27dt) to
L*(Ry;Y,e 2'dt) then v A is a linear bounded operator from L?(Ry; X) to
L?(0,T;Y) and form L>®(Ry;X) to L*(0,T;Y), where T(0,T) 18 the operator of
restriction of functions from L?(Ry;Y,e 27'dt) to (0,T). The operator norm
|lr0,m)All < C(T, 7).

Proof of Theorem4.

Remark 3. We can apply the following change of variables to (1)-(38) (and
also to (10)-(11)):

s=t; x1=y1+Ut, x2=199, x3=1ys.

Then equation (1) changes to 82¢ = Ay¢, the operator (8 + Uy, )y[$] changes
to Osy[#], and initial conditions (3) remain unchanged. Thus, without loss of
generality, we give the proofs of all the theorems above only for the case U = 0.
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To prove part (i) of the theorem we consider the nonhomogeneous problem
(10)-(11) with f € L?(Ry; H*(R%)) and U = 0. Similarly as in [3], we use the
Fourier transform in z;, z2 and the Laplace transform in ¢. We denote” = L F}; ,,.
Applying the Fourier-Laplace transform to (10)—(11), we obtain

— s = 5 —yPHER
BiFosns00ld]) = (0,620 = 0) =~y / e W f (5. ¢ ) dy.
(16)
Thus
(5 (s,E,23 = 0)]
1/2
5] (1+Je2) "

< : 14 1€ [ dylf(s. €.
T ey 0/ (5.6

Now our aim is to find an appropriate Sobolev space H? (R?) such that dyy[¢] €
L2(Ry; HO (R?),e=24dt), provided f € L?(Ry; H?(R%),e=2"'dt). That is, we
should find ¢ and such that

__bPaEp
52 + € Rey/52 + &7

for some fixed a > 0. Here we denote s = a + if5.
Similarly as in [3], we divide the first quarter of the half-plane (3, |£|) into four
domains:

K(s,¢) (17)

Ro=A{B+ ¢ <1},
R1={B/2 <|¢| <28, B2+ ¢)* > 1},
Ro = {[¢] > 28, B2 + ¢ > 1},
Rs = {[¢] < B/2, B>+ ¢ > 1}

and estimate K (s,£) in each domain separately. We use the following inequalities
for complex numbers:

V2|2|'? > V2Rey/z = \/Rez + |2| > |2|'/?,  Rez > 0; (18)

2
V2|2|'? > V2Rev/z = \/|z| — |Rez| = %, Rez < 0.  (19)
zZ| — ez

Further we denote z = s2 + |£]? = a? — 2 + |¢|2 + 2iaB and D = |z|Rey/z.
Domain Ry. It is easy to see that for every o > 0 (17) takes place without
any restriction on o.
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Domain Ry. Here Rez > o? + 38? > 0, therefore due to (18)

1/4

Rey/z > Cl2|'? = C ((0® - B + 1¢*)* + 40°8%) " > Cul¢l. (20)
Thus
|s]*(1 + 1¢1)7~° (@ + 1/21°) (1 + [¢17)7°
K8 <O =€ BE =G

for o <1/2490.
Domain R;. In this domain we have |z| > |5|. If Rez > 0, then

Rev/z > Col2|'? = CalB]' (21)
and D > C,|z|?/? > Co|B]%/?. If Rez < 0, then (19) implies

V2ap 18]
> > C,
T V2| = Rez (/|7

and D > C,|B|*/%. Thus, in R,

Rev/z > ColB|'? (22)

(& + 841 +1BP/97° _ c,

K(Saf) S COé |B|3/2 —=

foro < —1/4+6.
Domain R3. In this domain Rez = o? — B2 + |£|> < o — 3/4B%. If Rez > 0,
then
Rey/z > C|2|'/? > Calp| (23)

and D > C|z|*/%2 > C|B[>. If Rez < 0, (19) implies
4&2,32 S
—Rez + \/(Rez)? +4a232 ~

2|Rey/z)? > Cl. (24)

Since in R3 D > C,|B|? we have K(s,£) < C,.

Combining the inequalities for Ro—R4, we get K (s,£) < C, for 0 = —1/446.

The proof of part (i) of Th. 4 is complete.

To prove (ii) we use a rather different technique. Here and further in this
section we assume f € L®(Ry; H?(R%)). Denote Fy,,, =~ Formally applying
the inverse Laplace transform to (16), we get

Op(t, & x5 = 0)

S S R Lot | [ emu/HER f
- (taf) * E € Y f(sagay)dy (taf) (25)
VTP 0/
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Define ~
Bf)(s,€) = / e WP (s, £ y)dy. (26)
0

If [Bf](s,f) € H,(Y), as soon as fe H,(X) for certain spaces X, Y, the equality
(25) is meaningful due to Th. 5. In fact, we can prove even a stronger assertion
on operator B.

Lemma 5. The operator B has the following properties: X

(i) The function [Bf](s,&) € Ho(L*(R?, (1+|¢])??d€)) provided f € Ho(L?*(R3.,
(1 +e)?dedy)). A

(11) Denote [Bf](B,&) = [Bf](y +1iB,§). There exists v > 0 such that B, :
L2(R; L2 (R3 , (1 + |€))®dédy)) — L2(R; L2 (R2, (1 + |£])?0d¢)) is a bounded linear
operator.

P roof First we prove that [Bf](s,£) is a holomorphic function of the
variable s in the complex half-plane {s: Res > 0}. Due to the Dunford theorem
it is enough to prove that [Bf](s,¢) is weakly holomorphic. Let g(¢) € L2(IR2,
(1 + |€])~2d¢). Then

(Bf.g) = / deg(é) / dy - VIR (s € y).
0

RZ

Consider the following expression

R
d 2 2 4
o [ et [ay e VT fe)
lél<@ 0

R
- / dfg(f)/dy-yey\/52+52 f(s,6,9)
0

1€l<@
R

[ degte) [y VIR L fsg) = M5, QuR) + Ax(s, Q). (2D
lél<@ 0

S
Vs? +IEP
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Estimate the first term. Using the Schwartz inequality, we get

|A1(37Q7R)|
R 1/2
8 (1+ &)~ 20 ; 2
P 1/2
<c| [ iy [afeenr
l¢1<Q 0
1/2
2 —20
ez ISP D
’ KZQ O [ ke (ReyT Y
If we prove that
_ El§
Kl(saf) - |32 + |§|2|(Re\/m)3 = 0(8)7 Res > a, (28)

this will imply

|A1(s,Q, R)| < C(S)||g||L2(R2,(1+\§\)*29d§)||f(3)||L2(R§_,(1+\§\)29d§dy)v Res > a.
(29)
We use the method of the proof of part (i) of the theorem: denote s = o + i3,
z = 82+ [£]%, D = |s® + [£]?|(Rey/s% + |£]2)3, divide the first quarter of the
half-plane (5, |¢]) into four domains, and use inequalities (18), (19) .

For the domain Ry (28) is evident with @ = 0. In the domain Ry D >
C(a)|z’/? > C(a)|€], therefore K (s,£) < C(a), & > 0. In the domain R3 (23),
(24) imply D > C(a)|z|?> > C(a)|B|*, hence, Ki(s,&) < C(a), @ > 0. In the
domain Ry D > C(a)|z|?/? > C()|B|*/? if Rez > 0 and, provided Rez < 0, (22)
yields D > C(a)|B|°/?, too. Thus, Ki(s,£) < C(a), a > 0 for all 5,|¢| : Res =
a > 0 and (28) together with (29) are proved.

Now we estimate the second term in (27). Using the Schwartz inequality, we
obtain

R 1/2
d - 2
(s QRI <0 | [ ac+1e) [dn| L i g
<@ 0
1/2
)
S HZQ gl - \/W
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Estimates (20)—(22) imply

1
Ks(s,{) = ———= < C(a), a= Res>0, 30
2(5,8) = e < Cl0) (30)
and, consequently,
d

As(5, Qs R)| < C(9)lgllo 0 11200 \

d—f (s) (31)
§ L2(R3(1+]€])20 dedy)

Now, letting @, R to tend to +oo in (27) and using (29), (31), we prove week
(and, consequently, strong) analyticity of [Bf](s, ).

It is easy to see that the constants C'(s) in (29), (31) grow as |s|™, |s| = +o0
for some m, and therefore the growth condition (14) is fulfilled. Thus, part (i) of
the lemma, is proved.

The estimate (30) guarantees that part (ii) of the lemma is also true.

Corollary 3. The operator A= L7 o Bo L is bounded from L®(Ry; L*(R3 ,
(1+ [€)*°dedy)) to L*(0,T; L*(R?, (1 + [¢])*7d€)).

The assertion of the lemma follows directly from Lems. 4, 5 and Cor. 2.
Returning to (25), we note (see, e.g., [10]) that

£ (‘W) — 0(1)[e| T (€]8) - 3(8) 1o 0).

Thus 8t$(t,§,0) can be represented as a sum [Alf] (t, &) + [Agf](t,f), where
[ALf](t,€) = ( (DIELT (1) * [£71 0 Bo £1(,€)

[A2]](1,€) = (=6(8)Jo(0)) * [£7" 0 Bo L])(t,€) = =J(0)[£™" 0 Bo L]](1,€).
It is easy to verify that

1Py © A2 © Foay fll 12010 R2)) < Cllfllzee®e;momsy, 0 €[0,1]. (32)

As for [A; f](t,€), denoting g(t,&) = [£™' o B o Lf](t,£) and using the Schwartz
inequality one can get

AL 2 2 e o)

- ) gfi-o
—/dfﬁw| /|5|J1|§|t )g(r,€) /51+|§| e

RQ

></ /Ilfl 7)€t = D)L+ [ENPlg(7,€) P,
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for all ¢ < T. The asymptotical properties of the Bessel functions imply that
z%Ji(x) is bounded on Ry provided 0 < o < 1/2. The integral f(f(t —1)72%dr
converges for a < 1/2, and for 0 —6 = (1—a)/2 the function |¢['=% /(14 |¢|)2@—?)
is bounded for all £ € R%. Thus, using Cor. 2, we obtain

1AL F 11100 0,712 (2, (1 41 ++e+20ag)) < C(T, )9l 20,702 (82, (11 e 20 )
< O )|l oo vy r2®e (1 je) 2 deayy)> @ < 1/2-
Hence, we have
||F:171:152 odyo Fxlxzf||Loo(0,T;H—1/4+9—6(R2)) < O(T, €)||f||Loo(R+;H9(R1))- (33)

Combining (32) and (33), we obtain part (ii) of the theorem.

5. Proof of Theorem 3

Let us consider the problem (1)-(3). Due to Remark 3 we can prove this
theorem only for the case U = 0, i. e., we consider the problem

8tt¢ = A¢a T e Ria (34)

991 0, $0)= o, H(0) = 1. (35)

8:53

xr3=0

We introduce the following operators concerning this problem.
An operator A on L?(R3 ) is defined as

A=—-A, D(A) = {f € H*(RY) : g—f
T3

e 0}. (36)

The operator —A generates a s.c. cosine operator C(t) on L*(R%) with the

¢
sine operator S(t) = [ drC(r) [11]. For the problem (34)—(35) we can write them
0

down explicitly:

Clt)in(a) = sy [ €7 cos (e Frdol(€)e. (37)
R3

S(to(a) = G [ €L P, (39
R3

where ¢ is an even extension of ¢ from ]Ri onto R3.
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The solution to (34)—(35) can be represented as ¢(t) = C'(t)po + S(t)p1. It is

well known that
dC(t)x

dt
The following lemma is also true.

= —AS(t)z, x € D(AY?). (39)

Lemma 6. Denote G/(R3) = [Wl’l(Ri),Hl(Ri)][l_g]. Then
C(t): H'(RY) — C(0,T; H'(R%)), (40)
AS(t): G'(RY) — C(0,T; H'(RY)) (41)

are continuous operators.

P r 0 o f. The continuity of cosine operator is evident. For the sine operator
and ¢y smooth enough we have the following:

AS(t)do = S(t)Ado = Fy " (sin (|&[) |€][Fado] (£)),

where ¢ is an even extension of ¢y from R? onto R*. Assume that ¢g € H'(R3).
Proposition 3 implies |[¢o]|y1 (rs) < C||¢0||H1(Ri) and therefore ||AS(t)¢0||L2(Ri)
< C||¢0||H1(Ri) forall > 0. If ¢ € Wl’l(Ri), then in the same way we obtain
that || AS(t)do i1 a3 < Clldollgpi as
t can be proved in the standard way. Finally, we use the interpolation Lem. 1 and
prove the second assertion of the present lemma.

We will need the Neumann map N connected with the operator A. Since
Ker(A) = {0} (due to (36) it can be easily verified), N is defined as follows:

ou _ h}.
xr3=0

O
The following fact also holds true [12]: N*A*y = «[y|, where y[y] denotes the
Sobolev trace of function y from R onto R? and A* is the L?(R? )-adjoint of A.
Now we are ready to prove Th. 3. The idea of the proof was also borrowed

from [3]. It was already mentioned that a solution to (34)—(35) can be represented
as ¢(t) = C(t)po + S(t)¢1. Then due to (39)

for all ¢ > 0. Continuity with respect to

u=Nh & {—Au:OinRi’_;

O[9](t) = N*A"AS(t)do + N*A*C(t) 1. (42)
To analyze each term in (42), we consider the problem
O = A+ f(x,t), = eR, (43)
0
21 <0, g1 =) =0 (44)
T3 x3=0

with a certain function f.
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Step 1. Term N*A*C(t)¢p1. Let in (43)—(44) f(t,z) = C(t)¢1. Due to
Lemma 6 f € L°(R;; HY(R3)) provided ¢, € H?(R3 ). Then for this problem

T
drldl(t) = N* A" / C(r — H)C(7)hr.

Using the formula C(t1) - C(t2) = 1/2(C (t1 + t2) + C (t1 — t2)), we obtain that

1 1
0rv[9](t) = GN"A"C)1 (T — t) + 7 N"AY(S(2T — 1) — S(1)) 1. (45)
Theorem 4 (i) and (40) imply
NOABI | 2 (0,1 1-1/4+0 (r2)) < CTIIC(E)brllpoe®ysmro w2 )) < Crlldrllmo s )

(46)
Lemma 2 yields to the following estimate of the second term in (45):

INTA*(S2T — 1) = S())bulloo,rwirzewe)y < Clldrllnows), (47)
where C' does not depend on T. Estimates (46) and (47) together with Lem. 3
give us that N*A*C(t)¢y € L2(0,T — 1; H, “/*~?(R?)) and

loc
IN"A*C @)1l 20,0 1,m-1/4-0(y) < C(T, B)llgll go g ) (48)

for any bounded set B C R?. Form the other hand, using Th. 4 (ii) and (47), we
get

N*A*C(t)p1 = A + Ao, (49)

where Ay € L®(0,T; H,,/*T'™(R?)), A, € L2(0,T; HY. (R?)), and
||A1||L°° 0,T;H-1/4+0—¢(B)) = < C(T, B, €)||o1]| e (R%) (50)
1 42]|20,7;m0 () < C(T, B)ll¢nll o w2 ) (51)

for any bounded set B C R2.
Step 2. Term N*A*AS(t)¢o. Let in (43)-(44) f(t,x) = AS(t)¢o. Due to
Lemma 6 f € L(R;; HY(R3)) provided ¢y € G/(R3 ). Then for this problem

T
dfI(t) = N* A" / C(7 — 1) AS(7)o.

Using the formula S(¢1) - C(t2) = 1/2(S (t1 + t2) — S (t1 — t2)), we obtain

011(1) = SN A AS()o(T — 1) + LN A°(C(2T — 1) — C(t) o
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Theorem 4 yields

OB 2 (0,1, 1-1/440 (2y) < CTI|AS(E) ol oo m ;10 3 )) < CrllPollgogs )-
(52)
Similarly as in Step 1,

IN"AT(C QT = 1) = C(8))gollcormwirzowey) < Clldollgems), — (53)
where C' does not depend on T, and, finally, (52), (53), and Lem. 3 imply
N*A*AS(t)do € L2(0,T — 1; H,,/***(R2)) and

||IN*A*AS(t) ol |L2(0,T—1;H—1/4+9(B)) < C(T, B)|[¢o] |g9(Ri) (54)

for any bounded set B C R?. From the other hand, Th. 4 and (53) give us

N*A*AS(t)¢o = B1 + By, (55)

where By € L*°(0,T; H,,/**~*(R?)), B, € L*(0,T; Hf, (R?)), and
1B1ll oo 0, mr-1/4+6-<(my) < C(T', B, €)l[dollgewa ), (56)
1Ballz20,7;m0 () < C(T, B)llgollgerz ) (57)

for any bounded set B C R?.
Since T was chosen arbitrary, (48) and (54) give us assertion (i) of the theorem,
and (49)-(51), (55)—(57) give us assertion (ii) of the same theorem.

Remark 4. The norm in G'/? is not equivalent to ||V - ||1/27Ri (see [T, Ch.
1], Th. 11.7), therefore the case 6 = 1/2 is excluded from Th. 8 and Cor. 1.

6. Proof of Corollary 1

The representation of a solution to (34)—(35) given by Th. 3.3 [13] implies,
that the solution (¢, ¢;)(t9) in a half-ball of radius R depends only on the initial
data values in the ball of radius Ry (R,ty). Moreover, V¢(ty) depends only on
V¢ in this ball. Chose new initial data. For ¢y the Poincaré inequality holds

2
ol gy <C IV +| [ do(o)is
Bgl
We set ¢g = ¢o — C1, where Oy = 1/mes(BEl) fng ¢o(z)dz. Thus, for ¢y we
1

have [|goll? 4 < CIIW%IISB; and, consequently, ||ol|> < C||Vl|
7T Ry

2
LB}, 14+0,B), 0B’
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0 € [0,1]. There exists an operator of finitary extension Ly from H Q(BEI) to

HY(R3), 0 € [0,2] such that suppLu C B;Rl. Since for 6 > 3/2 we need boundary
conditions (2) to be satisfied by the initial datum ¢y, we apply the operator R
defined in Prop. 4, to qug[]. We keep the same notation for the obtained operator.
Hence, we have

I9Ld0lly 55, < ClLGollos 2. < Clidollosr o

< ClIVollg s = ClIVeolly i -
1 1
for 6 € [0,1]. We define new initial data as follows:

$(0) = Liodo, :(0) = Lo¢n, 0 €[0,1], 0#1/2.

Denote by ( ,¢¢)(t) the solution to (34)—(35) with this new initial data. Obvi-
ously, (¢, ¢1)(to) = (¢, ¢1)(to) in Bf. Thus, Th. 3 implies Cor. 1.
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