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Small Transversal Vibrations of Elastic Rod with Point
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A spectral problem describing small transversal vibrations of an elastic
rod with a concentrated mass (bead) at the right end subject to viscous
friction is considered. The left end is hinge-jointed. The location of the
spectrum of this problem is described and the asymptotic formula of the
eigenvalues is obtained.
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1. Introduction

Small transversal vibrations of a homogeneous rod of density p = 1, stretched
by a distributed longitudinal force proportional to g(x) > 0, g € C[0,1] subject
to homogeneous viscous friction of the coefficient k£ > 0, can be described by the

equation
0t 0%u ou 0 ou
— + = +k=— — — ] =0. 1

oct "oz e T oa (g(z)ax) 1)
Here z is the longitudinal coordinate measured from the left end of the rod, ¢ is
the time, u(x,t) is the transversal displacement of a point lying at the distance x
from the left end of the rod at the time ¢. The left end of the rod is hinge-jointed
without damping while at the right end there is a massive ring with mass m > 0
that is able to move in the direction orthogonal to the equilibrium position of the
rod. The hinge connection of the left end is described by the boundary conditions

u(0,t) =0, (2)
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The boundary conditions at the right end are
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where [ > 0 is the length of the rod, # > 0 is the coeflicient of viscous friction
(damping) of the ring. Condition (4) shows that the rod is hinge-connected to
the ring while condition (5) means that the ring can move with damping in the
direction orthogonal to the equilibrium position of the rod. Various boundary
conditions for undamped rods were considered in [1]. Condition (5) is physically
motivated for the case of damping (see, e.g., [1-4]. It should be mentioned that
the results similar to the ones obtained in this paper can be found in [5] for
another type of boundary conditions. Excluding the time by usual transformation
u(z,t) = eMy(\ x), we arrive at the following spectral problem:

y — N2y — (gy') + ikAy = 0, (6)

y(>‘7 0) =Y, (7)

y(g)()‘v 0) =Y, (8)

y@ (A =0 9)

—y (1) —mA2y(l) + g(1)y' (1) +irBy(1) = 0. (10)

2. Operator Theory Approach

To consider the operator-theoretical approach to problem (6)-(10) let
us introduce the operators acting in the Hilbert space L2(0,1) & C according to

B () \ y(:c)EW4(07l),
D(A)‘{<yc ) c=y(l), y(0) = y@(0) =0, y<2><1>=o}’

A(y(cx)>:<—5<§)(z> > G<Z>:<9_<l(5qyy<)” )
(o) o= (05)
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and introduce the quadratic operator pencil
L\) = (A— XM + G +i\K)

with the domain D(L) = D(A) independent of the spectral parameter A by defi-
nition. The spectrum of L(A) can be identified with the spectrum of problem
(6)—(10) because the components of the vectorial equation L(A)Y = 0 are nothing
but (6) and (10) while conditions (7)—(8) can be found in the description of D(A).
The coefficients in the equations of problem (6)—(10) are entire functions of A.
Therefore (see [6, p. 27]), the spectrum of problem (6)—(10), i.e., the spectrum of
the pencil L, consists of normal eigenvalues accumulating at infinity. We use the
following definitions.

Definition 1. The set of values of A such that the inverse operator L(\)™*
exists as a bounded closed operator is said to be the resolvent set of L(\) and the
compliment is said to be the spectrum of L(\).

Definition 2. A number \g € C is said to be an eigenvalue ([7]) of the
operator pencil L(\) if there exists a vector yo € D(A) called eigenvector such
that yo # 0 and L(Xo)yo = 0. The vectors yi,...,yp—1 are said to be the chain of
associated vectors for yo if

K 1 ds LA
> (\)

sl d\s ’,\z,\o

s=0

yk,s:O, kzlap_l

The number p is said to be the length of the chain composed by the eigen-
and associated vectors. The geometric multiplicity of an eigenvalue is defined to
be the number of the corresponding linearly independent eigenvectors. The al-
gebraic multiplicity of an eigenvalue is defined to be the greatest value of the
sum of the lengths of chains corresponding to linearly independent eigenvectors.
An eigenvalue is said to be isolated if it has some deleted neighborhood contained
in the resolvent set. An isolated eigenvalue g of finite algebraic multiplicity is
said to be normal if the image ImL(\g) is closed.

Lemma 1. The operator A is selfadjoint and nonnegative.
y() ) ( z(x) )
Proof LetY = € D(A) and Z = , where z(x) €
(4 ) e o 2(1) )
W3 (0,1), then taking into account y(0) = 0, y®(0) = 0, we integrate by parts
twice and obtain

l
(AY, Z) = / Y (2)2(2) dz — y® ()=(0) (11)
0
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l

= —yP(0)2(0) + ¥ (=2 (1) — ¥/ (0)22(0) — y()z1 (1) + y(0)2(0) + / yzW da.
0

It is clear that if we set
2(0) = 2@(0) = 2@ (1) = 0, (12)

then we arrive at (AY,Z) = (Y, AZ) and D(A*) = D(A). Let us show that A
is nonnegative. To do it we consider the inner product (AY,Y). Setting Z =Y
into (11) and taking into account (12), we obtain

[
AY.Y) = @12dz > 0. n
(AY)Y) ly
0

Lemma 2. The operator G is symmetric and nonnegative.
Proof. LetY € D(A) = D(G), Z € D(A) = D(G). Consider the inner
product

l
(GY, 2) x)dz + g(1)z(D)y' (1)
!

l l
/gy’z' dzx = g(l / Yydx = (Y,GZ). (13)
0 0

Thus G is symmetric. Let us show that it is nonnegative on the domain D(G) =
D(A). To do it we consider the inner product (GY,Y). With account of definition
of G equation (13) implies

l

(GY)Y) = /g(a:)]y’|2dx > 0. [
0

Lemma 3. The spectrum of L()\) is located in the closed upper half-plane.

This result is known (see [8]) for bounded operator pencils, however it remains
true for pencils of unbounded operators (see, e.g., [9]).

To obtain more detailed information about the spectrum of the pencil L(\)
it is convenient to transform the spectral parameter

T—)\—E (14)
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Then equation (6) takes the form

/{32
y =y + Ty + () =0, (15)
while boundary condition (10) is
k mk? .
mry() + @) + (5 = " )y(0) —ir(8 — k(1) — g0/ @) =0, (16)

Since problem (7)—(9), (15), (16) is deduced from problem (6)-(10) by spectral
parameter transformation (14), the spectrum of problem (7)—(9), (15), (16) also
consists of normal eigenvalues accumulating at infinity. We introduce new ope-
rators:
A el 0 D(A
A—A+G+< 0 (_Tzk2+62k))7 (A)

D(A)’

. . 5 0 0
M=M, M>0, K:(O (ﬁ_mk))

and consider the following quadratic operator pencil with the domain D(L(7)) =
D(L(N)) = D(A):

L(r)=71*M —irK — A.

It is obvious that R
I)if mk<p, then K >0;

II)if mk=p, then K =0.

Theorem. I. Let mk < (3, then:
1) eigenvalues of the pencil L lie in the closed upper half-plane and on the
interval of the imaginary axis [—ik/2,0);

2) the interval [—ik/2,0) contains only finite number of eigenvalues which are
semisimple, i.e., the corresponding eigenvectors do not possess associated
vectors;

3) the geometric multiplicity of each eigenvalue of the pencil L does
not exceed 2;

4) the set of eigenvalues {1} can be arranged as the union of two subsequences

{m} =" u{r?)

such that
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4a) the set {7‘,5.2)} lies on the imaginary and on the real axes symmetrically with
2 ___®

respect to these axes, i.e., under proper enumeration T ) = —T."’;

4b) if 0 € {T,iQ)}, then 0 is a double element of the set {7’19)} while all other

7']52) are simple;

4c) the elements of the set {T,El)} lie in the open upper half-plane and on the
interval [—ik/2,0] of the imaginary axis; the elements in the open upper
half-plane are located symmetrically with respect to the imaginary axis, i.e.,

(1) _ (1)

T —7: for each not pure imaginary T, ', and symmetrically located

etgenvalues possess equal multiplicities. Denote the elements of {7']51)},
which are located in the open lower half-plane (if any) by —ify, —iba, ...,
—i0,,., where

91 >92--->9%,

then
4d) i0; ¢ (i), (G =1.2,...,5);

4e) the number of elements of the set {7']51)} with account of multiplicities in
each of the intervals (i0;41,10;), j =1,2...5c— 1 is odd;

4f) the number of elements Of{T]gl)} in the interval (0,10,,) is even, if 0 ¢ {7']51)}
and is odd, if 0 € {T,gl)}.

II. If mk = (3, then the spectrum of the pencil L lies on the real azis and on
the interval [—%, %] The spectrum of L is symmetric with respect to the real
axis and to the imaginary axis. The number of pure imaginary eigenvalues is
finite. If 0 belongs to the spectrum, then its algebraic multiplicity is 2 or 4 and
its geometric multiplicity is 1 or 2, respectively. The algebraic multiplicity of any

nonzero eigenvalue coincides with its geometric multiplicity and does not exceed 2.

Proof.
I. As it was mentioned above, for mk < 3 the inequality K > 0 is valid.
Therefore, it is possible to apply the results of [9] to the pencil L and to obtain

1) the eigenvalues of L lie in the closed upper half-plane and on the imaginary
axis (Lemma 2.2 in [9]). Using Lemma 1, we conclude that the eigenvalues
in the open lower half-plane are located only on the interval [—ik/2,0];

2) applying Lemma 2.3 (Part 1) from [9] to the pencil L we obtain that
the eigenvalues located on the intervals [—ik/2,0), (c0,0) and (0,00) are
semisimple. The operator A > 0 implies that A is bounded from below and
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then it follows by Theorem 2.3 from [9] that the number of eigenvalues on
the interval [—ik/2,0) is finite;

the canonical fundamental system of solutions yi (A, x), (kK = 1,2,3,4) of
equation (6) ([6, p. 25]) is defined by the boundary conditions: y,(gn_l)()\, 0) =
Okn, k,mn=1,2,3,4, where 6, is the Kronecker symbol. Two of these solu-
tions, yo (A, x) and y4(\, =), satisfy conditions (7) and (8). Consequently, the
geometric multiplicity of each eigenvalue of the pencil L does not exceed 2;

it is evident that M+ K is a strictly positive operator for mk < 3, therefore
the operators involved in L satisfy the conditions of Corollary 3.1 and of
Theorem 3.1 in [9]. Thus statements 4a) and 4f) follow from Corollary 3.1,
while statements 4b)—4e) from Theorem 3.1. [

Remark.
In the case of mk > 3 the problem can be reduced to the case of mk < 8 by
transformation 7 — —7.

Let us consider again the pencil L(\).

Corollary.

L.

1)

4a)

4b)

If mk < (3, then:

the eigenvalues of the pencil L, i.e., the eigenvalues of problem (6)—(10) lie
in the closed half-plane Im A > k/2 and on the interval [0, ik/2);

the interval [0,ik/2) contains only finite number of eigenvalues which are
semisimple;

the geometric multiplicity of each eigenvalue of L does not exceed 2;

the set of eigenvalues {\;} can be arranged as a union of two subsets

) = A u Py,
such that:

the set {A,(f)} lies on the imaginary axis and on the line Im\ = k/2 and
is located symmetrically with respect to the imaginary axis and to the line

Im\ = k/2;

if ik/2 e {)\g)}, then ik/2 is a double element of the set {)\l(f)}; all other

)\,(f) are simple;
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4c) the elements of the set {)\,(Cl)} lie in the open half-plane I'mA > k/2 and on
the interval [0, ik/2]; the elements which lie in the half-plane Im\ > k/2 are

. . . . N 1 —
located symmetrically with respect to the imaginary axis, i.e., )\(_ ,1 = —/\k( )
for each not pure imaginary )\,(:) and symmetrically located eigenvalues are

of the same multiplicity. Denote by 71,472, ..., i, the elements of the set
{)\,(Cl)}, which lie on the interval [0,ik/2), indexed such that
> V2 > Vs

then
ad) i(k— ) & A} =120

4e) the number of elements of the set {/\S)} located on each of the intervals
(i(k—;),i(k—j+1)), 7 =1,2...5c—1, counted with multiplicities is odd,;

4f) the interval (ik/2,i(k — 1)) contains even number of elements of {)\,(41)}, if
ik/2 ¢ {\M}, and odd number if ik/2 € {A"}.

II. If mk = (3, then the spectrum of L lies on the line ImA = k/2 and on
the interval [0,¢k]|. In this case the spectrum of L is symmetric with respect to
the line Im\ = k/2 and to the imaginary axis. The number of pure imaginary
eigenvalues is finite. If 0 belongs to the spectrum, then its algebraic multiplicity
is even and does not exceed 4.

III. If mk > 3, then

1) The eigenvalues of the pencil L, i.e., the eigenvalues of problem (6)—(10)
lie in the strip 0 < I'mA < k/2 and on the interval on the imaginary axis

[ik/2,ik];

2) the interval (ik/2,ik] contains only finite number of eigenvalues which are
semisimple;

3) the geometric multiplicity of each of the eigenvalues of the pencil L does
not exceed 2;

4) the spectrum {\;} can be given as a union of two subsequences
Dt = N Uy
such that

4a) the set {)\g)} is located on the imaginary axis and on the horizontal line
Im\ = k/2 symmetrically with respect to the imaginary axis and to the
line ImA = k/2;
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4b) if ik/2 € {)\,(f)}, then ik/2 is a double element of the set {)\,(62)}; all other

)\,(3) are simple elements of the set;

4c) all elements of {A,gl)} lie in the strip 0 < ImA < k/2 and on the in-
terval [ik/2,ik]; the elements of this subsequence which lie in the strip
0 < Im\ < k/2 are located symmetrically with respect to the imaginary
axis, i.e., )\(_1,3; = —)Tk(l) for each not pure imaginary )\,(Cl) and the multiplici-
ties of symmetrically located elements coincide. Let us denote the elements
of {A,gl)} which are located in the interval (ik/2,:k| by iC1, iCa,. .., (s,
where

>G> G

then
ad) ik —¢) ¢ ) (G =1,2...50);

4e) the number of elements of {)\,(gl)} with account of multiplicities is odd in
each of the intervals (i(k — ¢;),i(k — (j+1)), (j =1,2...5c — 1);

4f) the number of elements of {)\,(cl)} in the interval (i(k — (,.),1k/2) is even if
ik/2 ¢ (AN} and is odd if ik/2 € {A"}. n
3. Eigenvalue Asymptotics

In this section we assume g = const > 0. Direct calculation gives:

22sh(z17) 22sh(zom)
Az)=——2 ; 17
N P s T ) "
sh(z1x) sh(zox)
Ax) = — 18
WA= B D e

where

B \/g—i— VG — 4(—X2 4 ikN)
1= )
2

\/g — /g% — 4(=22 +ik))
29 =

2
The solution of (6), which satisfies conditions (7)—(9), is

y =200 e z) — PN D) g\, ). (19)
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Substituting (19) into boundary condition (10), we obtain

yD 00 - (= A1) = mA2y(0 1) + gyt (N 1) + iABya(A, 1)
200 (=P D) = mA2g (D) + gu O D)+ iXBu(M 1) =0,

what with account of (17) and (18) gives
—2322sh(z11)ch(zpl) — 23 (mA% — i\B) - sh(z11)sh(zal)
+g(1) 23 z9sh(z11)ch(zal) + 23 223sh(zol)ch(z11)
+22(mA? — iAB)sh(z11)sh(zal) — g(1)z123sh(zal)ch(211) = 0. (20)
To find asymptotics of the roots of equation (20) we substitute

A B C 1

Then the coefficients before the powers of 1/n must vanish, what implies

I 772n2+z'k:+g 1 1 1 n lg
"o 2 2 2 Im 2mnm?  4Ar2m2n2  2m2mn?
1242 12k2 l (B — mk 1
S + (8 = mk) +0(—= ).
8m2n2  8m2n?  6m2m3n? m2m2n? n3

This shows how to find the parameters [, k, g, m, 8 using the spectrum of problem

(6)—(10), i.e to solve the inverse problem for the case of g = const.

The author is grateful to V. Pivovarchik for setting the problem.
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