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Let us consider a bundle Ly in the space La (0; +00) generated by a differential

equation

l<x,§r,)\>y= (dd;+/\2>2y+r($)y’+(/\p(fﬂ)+Q($))y=0 (1)

with the boundary conditions
y(0,2) =y (0,)) =0, (2)
where the complex-valued functions p (z), ¢ (x), r (z) satisfy the conditions
e p (@) < e1, e [r (), 1 (2)] S e, € g (2)] S 3,6 >0,

and A is a spectral parameter.
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In papers [1, 2] equation (1) is studied and the transformation operators

2
transforming the solutions of the equation (% + )\2> y = 0 to the solutions of

equation (1) are constructed. In particular, it is obtained in [2] that equation
(1) has a fundamental system of solutions F ji (x,\),j = 0,1, satisfying the
conditions

lim [F¥ (2,\) - xjeim] =0, £Im\ > 0, (3)

r—00

and there exist the kernels KjE (x,t) such that
oo
+ _ g Ei + +iXt
F(x,\) =2e +/Kj (x,t) e™*dt. (4)
x

These kernels satisfy the equations

o .0 I B
[ <x, &v’ilﬁt> K (z,t) =0,

and there holds

i 2
:o,awgg,/‘f(jﬁ(x,t)‘ dt <oo.  (5)

T

QP KE (2, t)
lim ——2 "~
z+t—00 0zaoth

Furthermore, for the kernels K]i (z,t) the following conditions are fulfilled on the
characteristics ¢t = x :

d 17 1T
SKE @t =2 (@] [r©d
B2KE  9KE | | 17
( 8t2j — 83:; ) . = izpj (z) — i) (z) + B /Qj (&) d¢
£ [lip© - r @ KF (€€ ae, (6)

T

where p; (u) = ulp (u), 7 (u) = wir (u) , g (u) = v [q (u) — 1" (u)].

In the given paper for a bundle Ly we derive a system of four equations
of Marchenko type allowing to restore the bundle by the scattering matrix.
The uniqueness of the solution of the inverse problem is proved when the bundle
has a pure continuous spectrum.
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The eigenfunctions @i (z, ), i = 1,2, of the continuous spectrum —oo < A < 00
of the bundle Ly are determined in the following way:

ot (@) = Fif (@, 0) 55 () + B (0,0 S5 () — F5, (2.0, i= T2 (7)

Here Sij,z (N), i,k = 1,2, are found from the conditions cpii (0,\) = gpli (0,\) =0,
i = 1,2, and for them as |\| — oo there hold

1
550 =1-267 0.0 +0 (5

Sy (A) = —2i\ + 2 (Ko+ (0,0) — Ky (0, 0)) +0 (i) ,

siw=0(3) st =1+0(5),
5500 = =m0 0 (5) s =0(5) ®)
S12(N) = 5 —Kii(o,()) 1 f{;(—o((()))m 0 (i) ’
SYRIE S LU U

Thus, assuming

1 2K{ (0,0) = afy, ~2iA+2 (K (0,0) — K7 (0,0)) = afy, a3 =0, gy =1

(9)
and denoting S;; (A) = a;; + O (%), we find that the functions
1 Z.
FE ()= 5 / {55 (0 —af, () }eMar (10)

belong to the space Lo (—o0; +00).
Using paper [3, Th. 4], we can write a spectral expansion of the bundle Lj.
There holds the following theorem:

Theorem 1. Let the bundle have neither eigenvalues nor spectral properties
and let a smooth up to sizth order function f(x) finite in the vicinity of zero
and infinity be given. Then it holds a uniformly converging for all x € [0;00)
spectral expansion

e}

[ B )01 @ 0) + 2 () 92 ()]0, (11)

— 00

1
21

fla)=o—
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where By(\) = [ @f (€N (€)dg, Ba(A) = m (EN)f (€)d€ and ¢} (2, ),
0

5 (x,A) are the solutions of the adjoint equatwn l*( ,d‘i,)\) z = 0 satisfying

the conditions ¢f (0,A) = @7’ (0,\) =0,i=1,2.

From (7) we take the function ¢ (z,) and multiply it by %e“‘t, then we
integrate it with respect to A on (—o0;00) under assumption that ¢ > z. Thus,
in the sense of convergence in a class of distributions we get

/eme“tSﬂ (\)dA + / S () /KO+ (z,€) eéde | eMdr
I / xei/\xei)\tsf-l (A)dX + / S (A /Kfr (x,g)euédg AN
_/e—“wei“d}\—/ /We—ixsdg M\ = 0,
—0o0 —oco \zw
/ AT zAtS+ d)\—i- / S /Kar (33,5) ei)‘gdf eMtdA
+/xei>\a§€i)\t5§r2 ()\)d)\+/5;2 (\) /Kfr (m,g)eikﬁdg AN
- / o—iAa Xt gy / / Ky (z,€)e ™dg | eMdx = 0., (12)

Analogously, by multiplying the function ¢; (z,\) by %e‘i)‘t, we get the similar
relations from (7). In sequel, we consider the asymptotic formulas (8) and arrive
at the following theorem.

Theorem 2. If the bundle Ly has neither eigenvalues nor spectral properties,
then for each x > 0 the kernels K (x,t), (x <t < 00), of the transformation
operator satisfy the following system of the main equations of Marchenko type [4]:

F* (x+t)+/KgE (2, ) F5 (t + &) dé + 2 F5 (x + 1)
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+/K1i (2, &) F5 (t 4 €) d€ — K (x,t) =0,
Ff (x+t)+/K0i (2, &)F55 (t + &) dé + 2 FF (x4 1)

+/Kli (2, &) F5 (t + €) dé — KT (2,t) = 0. (13)

Let us study the properties of the transition function F, ,;5 (). In the main
equations (13) we assume ¢ = z and ¢ = 2z, and find

FE(22) + o FZ (22) + / KT (2, &)FE (x4 €) d¢
+ [ K @R 0+ e = K (0,0,
FE (32) + 2 F5 (3x) + / KT (2,6)F5 (20 + €) d¢

b [ I ) 2+ s = K 2]
Hence

0
Fi () + 2F (n +/K 7€) Fh (3 +¢€) de

o0

+ [ (3. (5 € as =15 (5.3).

(SIS

R )+ IFS( +/Koi )i (5 +e) ac
:I: 2n n 2n
/K ( +§>d§ KE <3,3>.
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From formula (52) of paper [2] for the estimation of the kernels of transformation

operators
1 T+t
K- :l: ‘ < = - 7()
‘ (2,2)] < 4 ( 2 >€ ’

where
o0

o (53] = [ @@+ s [ @)+ la )] ds g = 01

x+t
2

/ (P @)+ Ir )]+ (1 (9] + la () s,

and for their derivatives, for example, for the first derivatives, where the estima-
tions

+
OKF (z,1)

ot

i

8K;E (z,t)
ox

}s [ @1+ 1 @] + 1oy @1 de

T+t
2

1 T 1
+5 [ @1+ @ de+ oy (2 ) ooy,

hold, it follows that

o 00 2

e o+ De o <o (2 D)o [l (9 o (3 )

n
2

[l (o) ae flms (2ee)fae) <cwmnsso

n

2

and also 0
P55 (n) + 255 ()| < ce7,

where C1,C and ¢ are constant numbers, J < 5.
In the similar way we show

n _
B35 (n) + 255 ()| < Coe™, > 0 (15)
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Using these estimations, from (13) we find that F, ki] (z) has the same number of
the derivatives as K li (z,t). Furthermore, the derivatives of the function expo-
nentially decrease.

For each fixed x = zg € [0; 00) the main system of equations (13) gives four
equations for determining K (x,t) and K& (2,t), and it follows from (14), (15)
that the kernels of these equations generate the Hilbert-Schmidt type operators.
Thus, the equations

FE (20 + 1) + 20F5 (zo + 1) +/th (w0, &) F55 (€ +t)deE

o

+ [ K (00, €) P (6 ) = K (a0, 1) =0,

Zo

Fif (w0 +£) + 205 (w0 + 1) + / K2 (20,€) Ff (€ + t)de (16)

Zo

+ / K (20, €) F (€ 4+ 1)dé — K (a0,1) = 0

are of the Fredholm type.

It is directly verified that if the coefficients of equation (1) are real, then
Kii (zo,t) = K (x0,t),i=0,1.
2
' a scattering

Definition. We call the matriz function ST (\) = {Slf ()\)}

)

matriz of the bundle Ly, and its elements 5’5 (A)  we call the scattering data of
the bundle L.

Notice that the scattering data are completely determined by the asymptotics
of eigenfunctions ¢;~ (x, \) of a continuous spectrum as z — oo.

Now we put a problem on the restoration of the bundle Ly by a scattering
matrix.

Theorem 3. For each fized x = xg € [0;00) the main system of integral
equations (13) in the class of twice differentiable functions from Lo (xg,00) has
a unique solution K (x9,t) Ki (xo,t).
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Proof By the Fredholm property of the system (16) it suffices to show
that the system of homogeneous equations

[e.e]

[ [fo(© FE €+ + A1 (&) F5 (E+1)]dE — fo () =0,
% L (17)
J[fo@©F5 €+t + A ©F5(E+1)]dE— fi(t) =0

zo

has only a zero solution from Lg (xq, 00).
Consider the contrary: the system (17) has nonzero solutions fy (¢) and f (¢),
possessing twice differentiable derivative from Lg (29;00). Assume

B0 =5 [ e, (18)
5O = [ BEWe™ e TE - [ Fmea (19)

Multiply (17) by the derivatives of the twice differential functions go (¢), g1 (%)
from Lo (zg; 00) and integrate it with respect to ¢t € [zg; 00). Then

[e.o]

/ (S5 (N Fo (A) + St (A) Fy (V)] Go (A)dA

- 7 [af (A) Fo (M) + afy (A) Fr ()] Go (V)dA — 7F()(>\)Go (A)dx =0,
7 (S5 (A) Fo (A) + Sy (A) Fy (W] G (A)dA

- 7 lag; (N) Fo (A) + agy (A) Fy (V)] G1 (V)dA — 70171()\)6*1 (A dx =0,

where G (\) = [ g; (t)eiMdt, and a;-; determines the asymptotics of Si'; (N).
@0

Obviously,

o0

/ GEF, (NG5 (V) dA = 0.

—0o0
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Therefore
/ (55 () Fo () + 55 () F1 () — By (V)] Gy () = 0,
/ [S,jl () Fo (A) + S5y (\) Pt (\) — Iy (A)} G (\)dA = 0.

It follows from the relations

[ @ e s = i@y e

A / fi (x) e dx = iNF; ())

that F; (A\) = O(3). Then there exist the functions 4o (§) and v (§) from
Lo (x0; 00) such that

o0

SH ) Fo (V) + 855 () L (3) = Fo () = / 70 (€) €X6d = Hy (M),

—x0

o0

SH ) Fo (V) + S5 (N F (V) = F (V) = / 7 (€) Mde = H (V).

In a matrix notation

where

STOVF) —F OV =H(, (20)
SO SO A0 HW
SW:(SE(A) Sﬁ(A))’F(”:(Ffw)’H“)‘<H?<A>)'

The definition of ST (\) yields ST (\) St (\) = E. Therefore, from (20) we get

that is equivalent to

FOA)—STWNEWN) =S\ H(\. (21)

By (19) and (20), ST (A H (\) = —H (\).
Consider the case of g = 0. It is directly verified that H (A\) and H (\)
are holomorphic functions in the upper and lower half-planes, respectively, and
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that they decrease. The functions F;™ (0,)), F; (0,A\) and Fy (0,\) H (\) =
—F7(0,)\) H (\) are also holomorphic. Thus, the function

[ F(0,N)H ), Im) >0,
M(A)—{ Fo(00) H(A) TmA < 0,

is an entire function of A\ on a real axis M (A) — 0 as |A\| — oo. From the well-
known Privalov’s theorem we conclude that M (\) = 0. Then H (\) = 0, and
therefore ST (\) F (A) — F () = 0. From hence, after simple transformations we
get F'(\) =0. Then fy(t) = f1(t) =0, but this is a contradiction. The theorem
is proved for the case of g = 0.

Before proving the solvability of the main equations for zg > 0 we should
notice that the dependence of the transient functions F,:; (z,t) for z,t > ¢ on
the values of coefficients of the functions r(x), p(z) and ¢ (z) for z > x¢ is
revealed from the main integral equations. Therefore, in Lo(xg;00) we consider
a new boundary value problem

e ?
<dQ+)\2> y+r @)y 4+ Ap(x)+q(x)y =0,

y (z0) =y (w9) = 0.
This problem has its own scattering matrix S (zo,A), and in the main equation
the transition function is determined as follows:
00
Fij (x,t) = % / {Sk] (0, A) — ag; (xo) e_Qi)‘xO}ei)‘(x“)d)\, x,t > xg.
—0
Thus, in the main equations for to study their solvability we can use this formula

for Fj (x,t). Then the reasonings cited for zo = 0 should be completely repeated.
The theorem is proved.

We introduce the denotations:

J}(xo—i-t)—%xOFu (xo+1) K (zo,1)
| B (mo+t) + 20Fy, (20 + 1) K| (x0,t)
F(x0+t) - F?l (l‘0+t)+ZL‘0F22 ($0—|—t) ’ K(fﬁo,t) - K(l)+ (l‘o,t) )
Fy (x0 +t) + 20 Fyy (w0 + 1) K (z0,t)
F1+1(§+t) Flig(ﬁ—kt) 0 0
| B+t FL(E+1) 0 0
HEHD=1 50 7 %0 presn FuEen
0 0 Fyr(§+1) Fp(E+t)

Journal of Mathematical Physics, Analysis, Geometry, 2010, vol. 6, No. 1 93



E.G. Orudzhev

Then the system of equations (16) can be written in the form
K (an,t) = F (a0 + )+ [ K (00,8 H (€ + )

or K = F+HK, where H is alinear integral operator in the space Ly ([z; 00) ; E4);
[e.9]
E* is a complex four-dimensional space, Hf = [ H (£ +t)f(t)dt. Here f is any

xr
func@ fI'OIl’li.LQ ([an OO) ;E4)7 f = (f07 f17 f27 f3)) fz(k) (Jf) € L2 ([.’EO, OO) 5 E4)7
k=1,2,7=0,3. A scalar product in this space is determined as

3 o
(f.9)=> / fi (2)g; (@)da.
-

J x0

From the introduced norm of the space Lo ( [x0; 00) ;E4) it is easy to
get |[H|| < 1, and therefore the system of the integral equations is solved by
a successive approximation method.

Considering that conditions (6) allow to determine uniquely all the coefficients
of equation (1) with respect to KJi (z,t), 7 =0,1, we arrive at the main theorem.

Theorem 4. If the bundle Ly has neither eigenvalues nor spectral properties,
then by the scattering matriz ST (\) equation (1) is determined in a unique way.

R emark. The above stated inverse problem is overdetermined. There are
definite ties between the scattering data. We can find relations between them if
for —0o < A < 0o we can write the representations ¢; (z,\) = 4; (\) ¢} (z,\) +
Bi (\) ¢ (z, ), and then, taking into account a linear independence of the system
xlet? = 0,1, from the last equalities as © — oo we find the following relations:

Sy =—A1(N\), S = B1(N\), S;1S{; — S1394; =1, S1;55 — 513555 = 0,

Sy1 = —Az (X)), Sy = B2 (N), S5,575 — S55945 = 1, 55,5, — 95595, = 0.
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