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On the Solution of the Monge—Ampere Equation
ZyZoyy — Z3, = f(x,y) with Quadratic Right Side
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For the Monge-Ampere equation Zy, Zy, — Z2, = baox* 4112y +bozy” +
boo we consider the question on the existence of a solution Z(x,y) in the

class of polynomials such that Z = Z(x,y) is a graph of a convex surface. If

© Yu. Aminov, K. Arslan, B. (Kilic) Bayram, B. Bulca, C. Murathan, and G. Oztiirk, 2011



Yu. Aminov, K. Arslan, B. (Kili¢) Bayram, B. Bulca, C. Murathan, and G. Oztiirk

Z is a polynomial of odd degree, then the solution does not exist. If Z is a
polynomial of 4-th degree and 4bsgbgs — b3, > 0, then the solution also does
not exist. If 4bygbge — b%l = 0, then we have solutions.
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1. Introduction

Numerous works are devoted to the study of the Monge—Ampere equation.
The well-known Jorgens theorem [1] affirms that the equation

ZyaLyy — Zgy =1 (1)

has a unique solution
Z = agx’ + anwy + aney® + a1z + aoy + aoo

with the condition 4asgage — a%l = 1if Z(z,y) is convex and a complete surface
is determined on the whole plane z,y.

In the work by Yu. Volkov and S. Vladimirova [2] the Jorgens theorem was
applied to the proof of the following remarkable result: every isometric immersion
of the Euclidean plane into Lobachevsky space L3 is either a horosphere or a
surface of rotation of some equidistant of a geodesic around this geodesic.

The Jorgens theorem has been generalized to the n-dimensional case for the
equation

det |Zij| =1,

where
Z = Z(a;l,... ,l‘n),

by Calabi for the case n = 3,4 [3] and by Pogorelov for n > 5 [4].

Now the methods of construction of solutions for nonlinear differential equa-
tions in the form of solitons are well elaborated with the help of inverse scattering
problem, but taking into attention the possibility to approximate every continue
function by polynomials at x, ¥, it is natural to apply the straight method to find
the solution in the form of polynomials for the equation

szZyy - Zg%y - f(xv y)7 (2)

where f(z,y) is a polynomial, in particular, of the second degree.
We will prove the following theorems.
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Theorem 1. The equation
ZwwZyy — Z2 = boox® + b bo2y” + b
zxLyy zy = 02077 + 0117y + 002y~ + Ooo (3)
with the conditions
b > 0,boa > 0,4bagboa — b1 > 0,bgg > 0 (4)
does not have a solution in the form of a polynomial of odd degree.
Theorem 2. The equation
2 _ 2 2
ZmzZyy — ny = bogz” + b112y + bo2y” + boo (5)
with the conditions
bag > 0,bg2 > 0, 4bsgbgo — b%l > 0,bgg >0 (6)
has a solution in the class of polynomials of the 4-th degree if and only if
4baobga — b2, = 0.

Hence, if 4bggbgz — b2, > 0, then equation (5) with condition (6) does not have
a solution in the class of polynomial of 4-th degree.

We remark that (4) is the consequence of convexity of the surface Z = Z(z,y).

Let us represent Z(x,y) in the form

4
Z = Z Z aijxiyl. (7)
r=2 itj=r

We prove that in the case 4bsogbgo — b%l = 0 the solution has the form

4
Z =t (Mx +e boﬂ/) + agor? + ar1ry + agey? (8)
if
24t? (azobzo — e/ bagbp2air + aozboz) =1, 9)
and
daspage — a3y = boo, (10)

where t # 0 is an independent parameter, and € = £1.
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2. Proof of Theorem 1
If Z is a polynomial of odd order 2r + 1,
Z = agr+17oaj2r+1 + agr,lx%y + ..., (11)
then, without loss of generality, we can suppose that
agr+1,0 > 0,

because this condition can be obtained by rotation in the plane z,y.
So we have the second derivative on the axis y = 0,

Zpw = (2r + 1)(2r)a2r+1,0x2T_1 +.... (12)

If x — oo, then Z,, > 0, and similarly, if + — —oo, then Z,, < 0. Thus we
can deduce that Z,, = 0 at some point. Consequently, at this point

ZuwZyy — 722

CEy:

2
~Z2%,<0. (13)

But this contradicts our condition that Z,,Z,, — Zgy = —Zgy > 0. So our
theorem is proved.

3. Proof of Theorem 2

Verify at first that (8) is a solution if b;; = 2e+/bgabog with e = £1.
Let us denote

v boox + €4/ booy = u. (14)
We have
Zy = 4t*uP /by + 2a207 + any,
Zy = 4€t2u3\/ bo2 + a11x + 2a02y,
Zpw = 12t%u2byy + 2as0, (15)
Loy = 12.Et2u2\/ baobo2 + a11,
Zyy = 12t2u2b02 + 2agps.
Hence,

Ly Ly — Ziy = 24t%u®(ag0boz — £v/bo2baoarr + agabao) + 4aggagy — a3y
= (boox® 4 brizy + bozy?) + boo. (16)

Thus, the function in (8) is a solution of (5).
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Write the right-hand side of (7) in a more detailed form

Z = agprt+ a31$3y + CL22$2y2 + alsify?’ =+ (1043/4 + agoz® (17)

+ a21x2y + a12$3/2 + aoay3 + Cbzol“2 + aixy + a02y2.

We divide the system of equations in the coefficients a;; into 5 systems (0),
(I), (II), (III), (IV) in accordance with the degree of members, which we obtain
in the expression Z;, 2y, — Z:%y after calculation of derivatives of Z. For readers’
comfort we write the expression of the second derivatives as follows:

Zm; = 120,40:52 + 6a313:y + 2a22y2 + 6a30x + 2a21y + 2&20,
Zyy = 12a04y2 + 6a13ry + 2a22x2 + 6ag3y + 2a127 + 2ap2,
Lyy = 3ag12® + dagory + 3a13y* + 2a1® + 2a12y + a1

We use the theorem on the equality coefficients of two polynomials and obtain
the following Lemma.

Lemma 3. If Z(x,y) in the form (17) is a solution of (5), then the following
5 systems have place:
dagoage — a3y = boo, (0)

3aspap2 + a12a20 — az1a11 = 0, (1)
3agpzazg + aziap2 — aizai; = 0,

dagaasgy — 6asiary + 24aspage + 4(3asparz — a3;) = bap,
12a13a90 — 8ageary + 12as1a02 + 4(9aspaps — a12a21) = b1, (II)
24apsaz0 — 6aizar; + dassape + 4(3apzazr — ais) = boe,

ageaz0 — aziaz21 + 2a40a12 + 0 = 0,
3aizasp — agzaz1 + 0 + 6agpaps = 0,
(111
6agsasp + 0 — ageaiz + 3aziaps = 0,
0 + 2ap4a21 — a13a12 + azzap3 = 0,

8@40(122 - 3(1%1 == 0,
6aspaiz — aziaze = 0,
24a0a0s + 3azrarz — 2a3, = 0, (IV)
6aziags — azza13 = 0,
8@04&22 - 3&%3 =0.

We call a;; with i 4+ j = m the coefficient of the degree m.
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Lemma 4. If agoaps # 0, then all coefficients of the 4-th degree have expres-
sions in terms of a4g, aoa:

2

az; = 16a40+/as0004,

aze = 6+/as0ao04, (18)
2

ays = 16aps/as0004,

that is the consequence of (IV).

If the coefficient ags = 0, from the system (IV) we obtain that a3y = a9 =
a3 = 0. If a9 = 0 also, then Z is the polynomial of degree of 3-rd order.
Subsequently we can suppose that aq9 # 0. Then, from (III) we obtain a2 =
ap3 = 0. From the third equation of (II) we obtain bgz = 0 that contradicts (6).
So we can put aqpags 7 0. Then agy # 0,a31 # 0,a13 # 0. From (I) we obtain

(3&30&12 - a%l)aog = (3@03&21 — a%)azo. (19)
Consequently, there exists some number A such that

30,30@12—@%1 = AGQO, (20)

3a03a21 — G%Q = /\aog.
Consider the system (I) as the system for determining of aga, ago

3aspap2 + aj2a0 = a2 aii, (21)

aziapz + 3apzazy = a12a11-
From the system (21) by eliminating agg, we obtain
(9aspaos — a12a21)ao2 = a11(3a12a03 — afy) = Aaiiaps. (22)
Since age # 0, we get
9azpaps — aj2a21 = Aai.

We have the system of equations

2
3azoa12 — a3, = Aag,
9azpaps — ajza21 = Aaii, (23)
2
3agzaz —ajy = Aage.

We show that A = 0.
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From the system (III) we obtain the expressions of agy and ags3

a31a21 — 2040012
asy = , (24)
a22
_a13012 — 2004021
aps = )
a22

and by substituting (24) into (23), we obtain

2 2
—6aoais + 3az1a12a21 — azay; = Aaza,
2 2 2
18(—aapai3ais + 8apsas0a12a21 — apaasz1a3;) = Aazeaii, (25)
2 2
—ag2a7y + 3aizainaz — 6apsas; = Aazoaps.

In the above we can replace asi, a3, ase with the expressions from Lemma, 4.
Let a3z > 0, then also ajg > 0. Denote

ST

T = (a40) 712 — (ao4) T asy. (26)

Then we obtain
—6y/anT? = Aasas,
—12(a40a04)iT2 = JAagoaii, (27)
—6y/apsT? = Aagzaps.

If A # 0, then
a11 G40\ 1
= —— 47 28
a20 5 (6104) (28)
a11 G041
a2 = — ()4
2 “aygg
It gives us

2
dagpaps — ayp = 0,

that is impossible, because 4asgags — a%l = bgp > 0. Similarly is considered the
case agy < 0. Therefore, A = 0. In this case the system (II) is as follows:

dagpagg — 6aziarr + 24as0a02 = b,
12a13a20 — 8agza11 + 12a31a02 = b1y, (29)
24apsa20 — 6ai3a11 + 4ageags = boa.

Consider (29) as the system for determining of agg, a11, ase. All the coefficients

1
of the system have expressions in terms of a4, ags. Denote v = (apgaq9)?, then
the determinant of the matrix of coefficients is

daos —6asz; 24ayg \/@ \/@ v @40
12@13 —8(122 12a31 =-32-36- 12’}/\/m 2"}/ 2’y 2”}/ =0
24a04s —6a13  4ago \/@ \/@ v @04
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if ag; > 0. When a3y < 0, we obtain the same statement.

Hence, it is not difficult to verify that the determinant of the coefficient matrix
is equal to zero as well as all minors of the second order. In fact, it means that
every two vectors from the system

(4azz, —6as1, 24a4p),
(12@13, —8(122, 12@31)7
(24ags, —6a13,4a22)

are linearly dependent. Therefore, if the system (29) has a solution, then it must
be

da _ bn
3agi by’
da _ bu (30)
3ais boz

Taking into attention Lemma 4, we obtain

b3,  16a3,

= =4.
booboo  9asiais

So, Theorem 2 is proved.

Now we suppose that 4bagbgz —b3; = 0. Let us find the view of polynomial (8).

From (30) we obtain
vasap _ as1 bao (31)
Vaor a3 boa

Introduce some positive number ¢ such that

Vg = tbao, \/aps = thoa. (32)

Lemma 5. All coefficients of the 3-rd degree are equal to zero, i.e., agg =

az1 = a12 = ap3 = 0.

Suppose that ais # 0, then ag; # 0. From (23) we have

2

a1
3&30 = (33)
ai2
2
a
3@03 = 712.
a1

Further, by substituting (33) into the first equation of (I), we get
2

aia
a21a02 + —=ag0 — aijaiz = 0.
a1
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We have the equation
2 2 —0
20y — a12a21011 + ajsazy = 0.

This equation does not have a solution, except zero, because a%l —4aggage < 0.
So, aj2 = ag; = 0. Further, from (II) we obtain asg = ap3 = 0. From Lemmas 4
and 5 there follows the view (8).

We remark that equation (2) with polynomial f(x,y) > 0 sometimes has a
solution in the polynomial form. Besides (12), we can give the following example.
For the polynomial

flz,y) = (3u2 + 1)2 + 3u2(u2 +u+ x2y2)

of degree eight, where
1
U= 5(132 + y2)7

the solution of (2) is the polynomial of degree six, Z = u(u? + 1). The surface
Z is complete and convex. Obviously —Z is also the solution. Will these two
functions be unique solutions on the whole plane z,y 7

Our question in consideration is a part of the more general problem: to con-
struct the solutions of (2) as a polynomial, when f is also a polynomial, but
without condition f > 0.
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