Journal of Mathematical Physics, Analysis, Geometry
2012, vol. 8, No. 3, pp. 221-239

Spectral Mapping Theorem for the
Davies—Helffer-Sjostrand Functional Calculus

Narinder S. Claire

Global Equities € Commodity Derivatives Quantitative Research
BNP Paribas London
10 Harewood Avenue, London NW1 6AA

E-mail: narinder.claireQuk.bnpparibas.com

Received December 21, 2010, revised February 20, 2012

We give a direct non-abstract proof of the spectral mapping theorem
for the Davies—Helffer—Sjostrand functional calculus for linear operators on
Banach spaces with real spectra and consequently give a new non-abstract
direct proof for the spectral mapping theorem for self-adjoint operators on
Hilbert spaces. Our exposition is closer in spirit to the proof by explicit
construction of the existence of the Functional Calculus given by Davies.
We apply an extension theorem of Seeley to derive a functional calculus for
semi-bounded operators.
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1. Introduction

The Helffer—Sjostrand formula was established in [1] in the following propo-
sition:

Proposition 1.1. ([1] Proposition 7.2) Let H be a self-adjoint operator (not
necessarily bounded) on a Hilbert space H. Suppose f is in CP(R) and f in

C§°(C) is an extension of f such that % =0 on R. Then we have

F(H) = —% // 82;2') (» — H)™" dedy, (1.1)
C

where z = = + 1y.
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The existence of the functional calculus was assumed by the authors. Davies
[2] showed that the formula (Equation 1.1) yielded a new approach to constructing
the functional calculus for linear operators on Banach spaces under the following
hypothesis:

Hypothesis 1.2. H is a closed densely defined operator on a Banach space
B with spectrum o(H) C R. The resolvent operators (z — H)™! are defined and
bounded for all z ¢ R and

Iz — )" < cftm 2| ( (2) ) (1.2)

|Tm 2|
for some a >0 and all z ¢ R, where (z) := (1 + |z|2)%

His functional calculus for operators on Banach spaces was defined for an
algebra of slowly decreasing smooth functions. Davies [2] pointed out that a
functional calculus based upon almost analytic extensions was also constructed
by Dyn’kin [3]. However, the two approaches were quite different and that Davies’
approach was more appropriate for differential operators.

A spectral mapping theorem for the Davies—Helffer—Sjostrand functional cal-
culus was proved by Batkai and Fasanga [4]. They applied methods from abstract
functional analysis and their primary tool was an existing abstract spectral map-
ping theorem from the theory of Banach algebras:

Theorem 1.3. ([4] Theorem 4.1) Let By be a commutative, semisimple, reg-
ular Banach algebra, By be a Banach algebra with a unit, © : By — B be a
continuous algebra homomorphism and a € B1. Then

o8, (0 (a)) =a(Sp(0)) , where Sp(O) := Myekero Kerb

and” denotes the Gelfand transform.

Our exposition of the spectral mapping theorem, part of the Ph.D thesis re-
ferred to in the introduction of [4], takes a very non-abstract and direct approach
to the proof. In particular, an existing spectral mapping is not assumed. Our
sole ingredients, supplementing the tools provided by Davies in [2], are the very
elementary observations:

e ([5] Problem 8.1.11) If H is a closed operator and A lies in the topological
boundary of the spectrum of H, then for every € > 0 there is a vector v
with norm 1 such that |[Hv — M| < e.

e Stokes’ Formula has similarities to the Cauchy Integral Formula.
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In the last part of our exposition we derive a functional calculus for operators
with spectra bounded on one side. Our main tool here is an extension operator
of Seeley,

E:C*0,00) — C*(R).

1.1. Functional Calculus

We summarize some of the main aspects of the Davies—Helffer—Sjostrand func-
tional calculus presented in [6] and some properties of the algebra of functions.
Let 1, . be a smooth function such that

wdw:f e

0 fex<a-—e

Then given an interval [a,b], we define the approximate characteristic function
v

[a,b],e

Vi (2) =, (2) = Oy, (2)

which has a support [a — €, b+ €] and is equal to 1 in [a,b] and is smooth.

Definition 1.4. For 8 € R let S be the set of all complez-valued smooth
functions defined on R, where for every n € NU {0} there is a positive constant
¢, such that

d"f (z)

< p—n
L) < o)
We then define the algebra A := |J SP.
£<0

Lemma 1.5. (Davies [2, 6]) A is an algebra under point-wise multiplication.
For any f in A the expression

=3 [ 1 (13)
r=0_"

dx”

defines a norm on A for each n. Moreover, C3° (R) is dense in A with this norm.

Lemma 1.6. The function (x)? is in A for each 3 < 0.

P roof  The statement follows from the observations that if 5 < 0 and
m > n, then

and

Journal of Mathematical Physics, Analysis, Geometry, 2012, vol. 8, No. 3 223



Narinder S. Claire

Lemma 1.7. Let s € R. If f is in A, then the function
f@) =) £ s
QS(x) - {f/(x)s =S
s also in A.

Proof. When |z — s|is large, then
1 -1

<
|z —s| — (@)

for some ¢g > 0. Moreover,

T

g(@) =Y e f" (@) (@— )"t ef (s) (x—5)

m=0
and
li m) — (m+1)
lim ¢, (x) erlf (s)-
[ |
Lemma 1.8. If f € S® for <0 and g € S°, then fg € A.
Proof.
[(f9)" (@)] < e Z g7 ™ (@)1 ()] < e gla)
[ |

The following concept of almost analytic extensions is due to Héormander [7,
p. 63].

Definition 1.9. Let 7 (z,y) be a smooth function such that

1 gl
(,y>__{0 i1l > 2(a).

Then given f € A we define an almost analytic extension f as
— d"f (x) (iy)"
= E 14
) (TZO dxr T! T (x7 y) ( )
for some n € N. Moreover, we define

of . <3f+ af) (1.5)

0z ox dy

The specific choices of T and n are not critical.

224 Journal of Mathematical Physics, Analysis, Geometry, 2012, vol. 8, No. 3



Spectral Mapping Theorem for the Davies—Helffer—Sjéstrand Functional Calculus

The following lemma establishes the construction of the new functional cal-
culus:

Lemma 1.10. (Davies [2]) Let f € A, then define

F(H) = —% // O @) (1) dudy, (1.6)
C

0z
where f is an almost-analytic version of f as defined in definition 1.9 and z =
x +1y. Then

i. If n > a, then subject to hypothesis 1.2 the integral (1.6) is norm convergent
for all f in A and
If (H) || < el fllnta-

ii. The operator f (H) is independent of n and the cut-off function T, subject
ton > a.

wi. If f is a smooth function of compact support disjoint from the spectrum of
H, then f(H) = 0.

w. If f and g are in A, then (fg) (H) = f (H) g (H).

v. If z ¢ R and g, (z) := (z — )" for all z € R, then g. € A and g, (H) =
(z—H)™".

1.2. Preliminaries
Definition 1.11. Given z, w in C, we define the curve I' in the complex plane
(2w, a) = (1 — a)|z] + afw|) eI A=) Hadrglo),

where a € [0, 1].

The important property of I' is that it is able to connect two non-zero points
in the complex plane without intersection with the origin.

Theorem 1.12. Let A € C. If f is a smooth complex valued function in the
interval [a,b], where f(a) # X\ and f(b) # X, then there is a smooth function h
in C* ([a,b]) such that

{z € [a,b] : h(z) = A} is empty ,

and f — h and all derivatives of f — h vanish at a and b.
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Proof. Let

g(x) ::F(f(a)—A,f(b)—A,%) A (1.7)

Since f is continuous, we know there is an 0 < € < b_T“ such that
{zelabl/(ateb—e): f(zx)=A}=0.
Then we can define

h = (1 N \P[a+e,b76],€) f + \P[G‘Hvb*é]’eg'

Lemma 1.13. Given f € A, let X be a non-zero point in C and let Ay = {x :

f (@) = A}
If AxNo (H) is empty, then there is a function h € A such that h (x) # X for all
z € R and

Proof. If Ay is empty, then we put h = f.
If Ay is not empty, then A) is a compact subset of p (H). Moreover, Ay can be
covered by a finite set of closed disjoint intervals [a;, b;] which are also subsets of
p (H). By applying Theorem 1.12 to each interval, we can find a function h in A
such that
h(z) = f(z) for all z € o (H)

and h(z) # A for all z € R. Moreover, since (f — h) has a compact support in
p (H), then it follows from Lemma 1.10 (iii) that h (H) = f (H). ]

2. Bounded Operators
We let B be a bounded operator satisfying hypothesis (1.2). Moreover, let
u:=supo (B) and [:=info(B).
Lemma 2.1. For any f € A and ¢ >0
fU, ., (B)=f(B).

where I' <1 and v’ > u.
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Proof. Suppose f has a compact support, then f — fW has a

[ ul],e
compact support disjoint from the spectrum of B, hence, by Lemma 1.10 (iii),

the statement of the lemma is true for functions in C§°(R). The statement for
all f € A follows from the density of C§°(R) in A. ]

Lemma 2.2. Let f € A. If e > 0 and
D i={z:]z—H| <l +e} and 0D, ={z:]z—“F| =211},
then

of 1
=5 /f (z—B) 'dz— = 5( — B)™ " dxdy.
"

€

Proof By Lemma 2.1, we can assume that f has a compact support in
[ —eu+el.

If R > *5 Lt eand Ap is the annulus {z : %L + ¢ < |2 — “;l] < R}, then
of f -1 of -1
/ L (=~ B)  dedy _/ (- B) d:z:dy—l—/az(z B)" dady.

Applying Stokes’ theorem

of -1 1 ; -1 1 ; ~1
— ~B - ~B
Le-ptdty=g [ Fe-m oy [Fe-Be
Ag JTES T oD,
and letting R be large enough for f to vanish on {z : |z — “T+l| = R} completes
the proof. [

Lemma 2.3. Let € > 0. IfI' <l and v’ > u, then
\I/[l,’u,]’€ (B)=1.

Proof. Let 0<d <1, and define 2 as the open rectangle

{zeC: |Rez—“+l|< _l/, |Im z| < §},

as illustrated in Fig. 1. Using a similar argument to that given in the proof of
Lemma 2.2, we see that

1 i~y — 8\Il[l’ u'],e —1
\I'[l,’u,]’é (B) = — /\I'[l,’u,]’é(z,z) (z—B)~ Yz — —/ (z — B) " dxdy.

271 T 0z
o0 Q
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When I < z < 4/, then \Il[l, u,]s(ac) = 1. Moreover, when I’ < z < 4/, then

¥ () =0 for all n > 0. Recalling definition (1.4), we can see that

[V ul),e
{Ivj[z/ /] 5(275) =1 forall z €,
hence 1
- -l
Yy (B) = g [ (=B s
oN

and we conclude with an application of Cauchy’s integral formula.

’ .
’ A
’ A
. A}
¢ 2 mmmaa [ R S [y
1 1 A}
: : 149 — : \
1 1 1 )
I ] 1 1
N 1 Q l 1 1
1 1
u+l . . u+l
> R i U : 5 . +R
1) 1 1 1
1) 1 1 1
[} 1 ; -— 1 ]
' L A ' U
A ’
. .

Fig. 1. Integral domain for Lemma 2.3.
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3. Enlargement of A

We extend the algebra A of slow decaying functions in a trivial but necessary
way. The purpose of the extension is to provide a multiplicative identity, the
constant 1 function.

Definition 3.1. Let
A:={(2,f): 2 €C, f € A},
where for each x € R we define
(2. f) (@) ==z + f(a).

Moreover, we define the point-wise addition and multiplication:

(w, f)o(2,9) = (wz,wg+ 2f + fg),
(W, f)+(2,9) = (w+2f+g).

It is clear that (1,0), the multiplicative identity, and (0,0), the additive identity,
are in ft, and the algebra is closed under these operations.

For any z € C we will denote (z,0) € A simply by z.

Given ¢ = (2, f) € A, let

T =Jf and 7 , =2
and let

[Pl = 7o ol + 174 [l

Definition 3.2. We have the extended functional calculus. For ¢ € /l, let
O(H) =, ,(H) + 7,1

along with the tmplied norm

o (H) || = ’Wc,¢’ + Hﬂ—A,qb (H) ||
< ’Wc,¢’ + kHWA,anN—i-l
< kllollntr

for some k > 1.

Definition 3.3. For ¢ € A, let

() == . -

Tow T Tas  Teoo
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Lemma 3.4. If ¢ € A and —Te 18 not in Ran(m, ), then p(¢) is in A, and

p1 = (%@,uw)) -

Proof. By rewriting

) S S —E T E—

Tow T Tas  Tow oy (Top+Ta,)

then it is routine exercise in differentiation to show that
-1

Te,g (Wc,¢ + 7TA,4>)

is in S°. Then, since 7 4 15 in A, Lemma 1.8 implies the statement. [

Corollary 3.5. Given ¢ = (2, f) € A and \ € C such that — (z — \) is not
in the closure of the range of f, then we have

(p—N"'eA

4. Spectral Mapping Theorem
Lemma 4.1. If ¢ is in A, then
o (p(H)) C Ran (¢).

Proof. Given A € C which is not in Ran (¢), we have by Corollary 3.5

(b—N""eA
hence (¢ (H) — X) ™" exists and is bounded and therefore A & o (¢ (H)). m
Lemma 4.2. If ¢ is in A, then
o(¢(H)) C ¢(o(H))U{m,}
Proof. Let A€ C besuch that A # 7, and let
Ay ={z: ¢(z) = A}

If AxNo(H) =0, then by Lemma 1.13, we have that there is function h in A
such that
h(z) =7, ,(x) forallx € o (H),
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and
h(z) # A —m, forallz € R,

moreover,

h(H)=m,,(H).

Since 0 := (7TQ r h) € fl, it follows from the definition of the enlargement of the
algebra that

¢(H)=0(H).

Since A ¢ Ran (6), the statement of the lemma follows from Lemma 4.1. |

Lemma 4.3. Let ¢ € A. If H is bounded and
{z: ¢(x) = 7Tc,¢>} No(H) is empty ,
then . , ¢ o (¢ (H)).

Proof. Letu:=supo(H) and!:=info (H).
Let 0 < e < 1 such that 7, , is not zero on [l — ¢,1] and on [u,u + €.
Then let v/ :=u+eand l' :=1—e.
The set
{z € [l’,u’] : 7TA,¢((L') =0}
can be covered by a finite number of disjoint intervals [a;, b;] which are all disjoint

from o (H) and are all in [I’,u/]. Applying Lemma 1.12 to each [a;,b;], we can
find a function f € A such that

{feell W] fx)=0}=0

and f =7, , forall xin R/ [I',u'].
Let g be any function in A such that g (z) = % for all z € [I,4/].
By Lemma 1.10 (iii), we have

Tao (H)g(H) = f(H)g(H)
and by Lemma 2.1, we have
f (H)g (H) = (fg\P[l/,u/],E)(H) = \P[l’,u’],e (H)7
hence by Lemma 2.3, we have
Tae(H)g(H) =1

and, consequently,
(—me, +o(H)) g(H) = 1.
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Theorem 4.4. If ¢ in A, then o (¢ (H)) C ¢ (o(H)).

Proof. If His unbounded, then ¢ (o0(H)) = ¢ (o(H)) U{m,} and the
theorem follows from Lemma 4.2. If H is bounded and there is an = € o (H)

such that ¢ (z) =7, then ¢ (¢(H)) = ¢ (¢(H)) U{m.,} and again the theorem
follows from 4.2. If H is bounded and

¢ (r) # Te,e
for all z € o (H), then ¢ (0(H)) = ¢ (c(H)) by Lemmas 4.2 and 4.3. |

Lemma 4.5. Given s € R and a function f € A, let ks (z) := ( ,—s—+i> c A
and let the function gs be defined as in Lemma 1.7, then
(f (H) = f(s)) (H +4)"" = g; (H) ks (H).

P roof This statement follows directly from the functional calculus and
the observation

(591 @) (0.0 7") = (0, KL (1,220,

r— S T+

Theorem 4.6. Let f be a function in A, then
flo(H)) Co(f(H)).
Proof. We observe the identity
H—x=(H+1i)— (z+1i) = <1—(3:+i)(H—|—i)_1> (H + 1) = ky (H) (H + 1)
(4.1)
for some x € R. Let s € R. Suppose there is a sequence of unit norm vectors
{vm} € Dom (H) such that lim (H — s)v,, = 0. Using identity (4.1 ), we have
lim g5 (H)ks(H)(H+1i)v, = 0. By applying Lemma 4.5, we can conclude
that lim (f(H)— f(s))vm = 0. The accumulation points of f (o (H)) are in
o (f (H)) since the latter is closed. ]

Remark 4.7. Inthe proof of Theorem 4.6, o (H) is equal to the approximate
point spectrum of H and it is proved that if s is in the approximate point spectrum
of H, then f (s) is in the approximate point spectrum of f (H).

Corollary 4.8. Let ¢ be a function ft, then
¢ (o (H)) Co(p(H)).
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5. Self-Adjoint Operators

We now assume that H is self-adjoint and B is a Hilbert space. The following
theorem of Davies extends the Davies—Helffer—Sjostrand functional calculus to
Co (R) for self-adjoint operators.

Theorem 5.1. (Davies [2] Theorem 9) The functional calculus may be ex-
tended to a map from f € Cy(R) to f(H) € L (B) with the following properties:

i. f— f(H) is an algebra homomorphism.
i. f(H)=f(H)"
it ||f (H) | < [ floo-
w. Ifz¢ R and g. (z) := (z — )" for all z € R, then g, (H) = (z — H)™".
Moreover, the functional calculus is unique subject to these conditions.

Lemma 5.2. If f € Cy (R), then
flo(H)) Co(f(H)).

P roof  This is a consequence of the density of A in Cy(R). By the
Stone—Weierstrass theorem, the linear subspace

D 2 NeC wi¢R}
=1

is dense in Cp (R). If f. € A is close to f and if v € B is of norm 1, then

1f (H)v = f(s)vll < |If (H) = fe (H) | + [lfe (H) v = fe (s) 0l + || fe = flloo-

The statement then follows from Lemma 5.1 (iii). ]

Lemma 5.3. If f € Cy (R), then

o(f(H))C f(o(H)).
Proof. Let f, beasequence converging to f in Cp (R) such that

n

fn(x) = Z mig:”, wn,i ¢ R.

i=1

The existence of such a sequence follows from the Stone—Weierstrass theorem as
explained in the proof of Lemma 5.2.
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Suppose A € C is not in the closure of f (o (H)). Then there is § > 0 such
that

inf — Al =0.
nf1F(5) =X

Also for all large enough n, we have ||f, — f|loo < 3. Then from

1£ () = fa(s)+ fu(s) = A >6

we can deduce that

[fn(8) = Al > 6 = [lfn = flloo,

hence

inf |f,(s) =\ > 2
Sel;l(H)lf (8) = Al >3

and A ¢ o (f, (H)).
From the identity

1CF (H) =) (fa (H) = N7 =1 = | (f (H) = fa () (fa (H) = N) " |
we can deduce that A ¢ o (f (H)). ]

6. Functional Calculus for Semi-Bounded Operators

We modify our main hypothesis (1.2) by assuming that the spectrum of H is
bounded below and, without loss of generality, o (H) C [0,00). We introduce a
new ring of functions A™.

Definition 6.1. Sﬁ is the set of smooth functions on RT U{0} with the same
decaying property as SP, that is, for every m there is positive constant ¢, such
that o f (@)

] < ealw)™
Then A™T is defined appropriately and similarly we define the Banach space A
with norm

L =Y [ 1 e (6.1)

We present a theorem due to Seeley [8] which gives a linear extension operator
for smooth functions from the half line to the whole line.
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Theorem 6.2. (Seeley’s Extension Theorem) There is a linear extension op-

erator
E:C*0,00) — C*(R)

such that for all x >0
(€f) (@)= f(z).

The extension operator is continuous for many topologies including uniform
convergence of each derivative. The proof of the theorem relies on the following
lemma.

Lemma 6.3. ([8]) There are sequences {ay}, {br} such that

7. by < —1.

o0
ii. Y |ag||bk|™ < oo for all non-negative integers n.
k=0

(o]
iii. Y. ag (bg)" =1 for all non-negative integers n.
k=0

w. by — —o0.

The proof to Seeley’s extension theorem is by construction and it is informa-
tive to give explicitly the extension. First, we need to define two linear operators.

Definition 6.4. Given f € AT, ¢ € A and real a, we define
(Tuf) (z) = f (ax)
(Sof) (x) =& (2) f (2).

P roof. (Proof of Seeley’s Extension Theorem.) Let ¢ € C2° (R) such that

L, [0, 1],
¢(x) =140, z>2
0, z<-1
Then define £ such that
EF) (@) = | 2% TuSsD) (@), 2 <0,
f (=), 2> 0.
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Lemma 6.5. If a > 1, then ||To| 4+ 4+ < a".

P roof. The proof follows from

n

T 2
||TafH_A$ = Z/| -Zifx)|<x>r—1dl,§ (IT/| jx§$)|<x>r—ldx
0

r=0 0 r=0

Lemma 6.6. If ¢ € A, then Sy is a bounded operator with respect to each
norm || HA?J

Proof. A simple application of Leibniz’s rule gives

d" (¢ () f(x)) _ ET: o, I (9 () A (f (@)

dzr — dxr—m dzm
then
|dr (qb Eizl;?rf (gj)) | S cr Z dr—m,(ﬁ <£L'>’B_(T_m) dmd(iﬂgx))
m=0
T dm
< ey Y (T
m=0

we integrate to give

/ ’dT’ (¢ (dl;;)Tf (JE)) ‘<$>T_1dx < g Z / ‘dméingx)) ’<x>m_1d.’£
0 m=07p

= Crgllfllgt

and hence we have our estimate

nT A (6(2) (@), s
1Ssfll = (SO T D)yt gy
¢ IAL 7:00/ drx

IN

n
Cng O IIFI|4r
r=0

Cnpllf1|ag-

IN
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Theorem 6.7. For each normed vector space Al Seeley’s Extension Operator

is a bounded operator from A} to A,.

Proof.
1€ f]l.,, ) ldw

& d’"f ), iy b T f bz .
=Yoo

= [fll 4+ ZakT—bksqﬁfHAjg

k=0
< s + D larl 1Sl T, l11£] gt
k=0

o0
< Ay + <Z!ak! !M”) Cngll f1|ax
k=0

and hence the extension operator is continuous.

If f and g are elements of A such that fljg.] = glj0,0c] and the spectrum
of H is [0,00), then it is not necessary that supp (f —g) No (H) is empty since

supp (f — g) No (H) = {0} is possible.

Lemma 6.8. If f is a smooth function on R of a compact support such that

supp (f) = [—a,0]
and H is an operator satisfying our modified hypothesis with o (H)
f(H)=0.
Proof. Leteec (0,1). Define

fe(z) = f(z+e)

so that supp (fe) = [ (a+¢€), —¢€].
We observe that for all n there are constants p,, > 0 such that
197 e
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By Lemma 1.10 (iii), we have that f. (H) = 0, moreover, a further application of
Lemma 1.10 implies that for large enough n we have

IfE) I = [If(H )— e (H) ||
:E drfﬁ(x) r—1

<
< cnz / dmr (@) da

a+1

0

< ecnzpr / T Yda

—(a+1)
= ¢kp

hence our result. ]

Corollary 6.9. If f and g are in A such that flj ) = gl,0c] and o (H) C
[0, 00], then f (H) — g (H) = 0.

Theorem 6.10. If H satisfies our modified hypothesis with spectrum o (H) C
[0,00), then there is a functional calculus vy @ AT — L (B) such that for all

feATNA
:——// ~!dxdy.

Proof. Let f© e A", then by Seeley’s Extension Theorem there exists an
extension f € A. We define vy (f*) := f (H). This definition is independent of
the particular extension by Corollary 6.9. The functional analytic properties are
inherited from the extension. ]

Theorem 6.11. (Refinement of Theorem 10 of [2]). Let n > 1 be an integer
and t > 0. If we denote the operator yg (e‘snt) by e 1"t then

e—H"(tl-i-tz) — e—H”tle—H"tg

foralln>1and 0 <t <1.
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