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In the present paper we consider the surfaces in the Euclidean 4-space E4

given with a Monge patch z = f(u, v), w = g(u, v) and study the curvature
properties of these surfaces. We also give some special examples of these
surfaces first defined by Yu. Aminov. Finally, we prove that every Aminov
surface is a non-trivial Chen surface.
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1. Introduction

In recent years there has been a tremendous increase in computer vision re-
search with using range images (or depth maps) as sensor input data [3]. The most
attractive feature of range images is the explicitness of the surface information.
Many industrial and navigational robotic tasks will be more easily accomplished
if such explicit depth information can be efficiently obtained and interpreted.
Classical differential geometry provides a complete local description of smooth
surfaces [4, 13]. The first and second fundamental forms of surfaces provide a
set of differential-geometric shape descriptors that capture domain-independent
surface information. Gaussian curvature is an intrinsic surface property which
refers to an isometric invariant of a surface [4]. Both Gaussian and mean curva-
tures have the attractive characteristics of translational and rotational invariance.
A depth surface is a range image observed from a single view which can be re-
presented by a digital graph (Monge patch) surface. That is, a depth or a range
value at a point (u, v) is given by a single valued function z(u, v).

One interesting class of the surfaces in E3 is that of the translation surfaces,
which can be parameterized locally as z(u, v) = f(u) + g(v), where f and g are
smooth functions. From the definition, it is clear that translation surfaces are
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double curved surfaces. Therefore, translation surfaces are made up of quadrilat-
eral, that is, four sided facets. Because of this property, translation surfaces are
used in architecture to design and construct free-form glass roofing structures, see
[9]. Scherk’s surface, obtained by H. Scherk in 1835, is the only non flat minimal
surface that can be represented as a translation surface [16]. Translation surfaces
have been studied from the various viewpoints by many differential geometers.
L. Verstraelen, J. Walrave and S. Yaprak studied minimal translation surfaces in
n-dimensional Euclidean spaces [17].

In [5], B.Y. Chen defined the allied vector field a(v) of a normal vector field v.
In particular, the allied mean curvature vector field is orthogonal to H. Further,
B.Y. Chen defined the A-surfaces to be the surfaces for which a(H) vanishes
identically. These surfaces are also called Chen surfaces [10]. The class of Chen
surfaces contains all minimal and pseudo-umbilical surfaces and also all surfaces
for which dimN1 ≤ 1, in particular, all hypersurfaces. These Chen surfaces are
said to be trivial A-surfaces [11]. In [15], B. Rouxel considered the ruled Chen
surfaces in En. For more details, see also [6] and [12].

The paper is organized as follows: Section 2 gives some basic concepts of
the surfaces in E4. Section 3 says about the surfaces given with a Monge patch
in E4. Further this section provides some basic properties of the surfaces in E4

and the structure of their curvatures. In the third section we consider Aminov
surfaces given with the Monge patch in E4. We also present some examples of
these surfaces. We obtain a few new interesting results. Namely, we obtain some
equations on r(u), when on M the equation K + KN = 0 takes place. Then we
obtain the condition for the case when M is a Wintgen ideal surface. We remark
that on the Wintgen ideal surfaces the equation K + KN = ‖H‖2 takes place. In
the final section we obtain an important equation on the coefficients of the second
quadratic form for Chen surfaces, when it is given at arbitrary parametrization.
We also proved that every Aminov surface in E4 is a non-trivial Chen surface.

2. Basic Concepts

Let M be a smooth surface in E4 given with the patch X(u, v) : (u, v) ∈ D ⊂
E2. The tangent space to M at an arbitrary point p = X(u, v) of M is spanned
by {Xu, Xv}. In the chart (u, v) the coefficients of the first fundamental form of
M are given by

E = 〈Xu, Xu〉 , F = 〈Xu, Xv〉 , G = 〈Xv, Xv〉 , (1)

where 〈, 〉 is the Euclidean inner product. We assume that W 2 = EG− F 2 6= 0,
i.e., the surface patch X(u, v) is regular. For each p ∈ M , consider the decompo-
sition TpE4 = TpM ⊕ T⊥p M where T⊥p M is the orthogonal component of TpM in

E4. Let
∼
∇ be the Riemannian connection of E4. Given is any local vector field

Xi, Xj tangent to M .
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Let χ(M) and χ⊥(M) be the space of the smooth vector fields tangent to M
and the space of the smooth vector fields normal to M , respectively. Consider
the second fundamental map: h : χ(M)× χ(M) → χ⊥(M);

h(Xi, Xj) = ∇̃XiXj −∇XiXj 1 ≤ i, j ≤ 2, (2)

where ∇ is the induced Levi–Civita connection. The map is well-defined, sym-
metric and bilinear.

For any arbitrary orthonormal normal frame field {N1, N2} of M , recall the
shape operator A : χ⊥(M)× χ(M) → χ(M);

ANiXi = −(∇̃XiNi)T , Xi ∈ χ(M). (3)

This operator is bilinear, self-adjoint and satisfies the following equation:

〈ANk
Xi, Xj〉 = 〈h(Xi, Xj), Nk〉 = ck

ij , 1 ≤ i, j, k ≤ 2. (4)

Equation (2) is called the Gaussian formula, and

h(Xi, Xj) =
2∑

k=1

ck
ijNk, 1 ≤ i, j ≤ 2, (5)

where ck
ij are the coefficients of the second fundamental form.

Further, the Gaussian curvature and the Gaussian torsion of a regular patch
X(u, v) are given by

K =
1

W 2

2∑

k=1

(ck
11c

k
22 − (ck

12)
2) (6)

and

KN =
1

W 2

(
E

(
c1
12c

2
22 − c2

12c
1
22

)− F
(
c1
11c

1
22 − c2

11c
1
22

)
+ G

(
c1
11c

2
12 − c2

11c
1
12

))
,

(7)
respectively.

Further, the mean curvature vector of a regular patch X(u, v) is defined by

H =
1

2W 2

2∑

k=1

(ck
11G + ck

22E − 2ck
12F )Nk. (8)

Recall that a surface M is said to be minimal if its mean curvature vector
vanishes identically [5].

The surface patch X(u, v) is called pseudo-umbilical if the shape operator
with respect to H is proportional to the identity (see [5]).
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3. Surfaces Given with a Monge Patch in E4

The 2-dimensional surfaces in E4 are an interesting object for study. Here we
have some difficult problems to be solved. For example, it is unknown whether
there exists an isometric regular immersion of the whole Lobachevsky plane
into E4. Hence the studying of various classes of surfaces in E4 from the point
of view of the influence of the principal invariants — Gauss curvature K, Gauss
torsion KN and the vector of the mean curvature H on the behavior of surfaces,
still remains actual.

In the paper, we use the representation of the surfaces in the explicit form

r(u, v) = (u, v, f(u, v), g(u, v)), (9)

where f and g are some smooth functions. The parametrization (9) is called the
Monge patch in E4.

First we obtain the following result.

Theorem 3.1. Let M be a smooth surface given with the Monge patch (9).
Then the mean curvature vector of M becomes

H =
1

2
√

AW 2
(Gfuu − 2Ffuv + Efvv)N1 +

1
2
√

AW 3
(G(−Bfuu + Aguu)

−2F (−Bfuv + Aguv) + E(−Bfvv + Agvv))N2, (10)

where

A = 1 + (fu)2 + (fv)2,
B = fugu + fvgv , (11)
C = 1 + (gu)2 + (gv)2

such that EG− F 2 = AC −B2.

P r o o f. The tangent space of M is spanned by the vector fields

∂X

∂u
= (1, 0, fu, gu),

∂X

∂v
= (0, 1, fv, gv).

Hence the coefficients of the first fundamental form of the surface are:

E = 〈Xu(u, v), Xu(u, v)〉 = 1 + (fu)2 + (gu)2,
F = 〈Xu(u, v), Xv(u, v)〉 = fufv + gugv, (12)
G = 〈Xv(u, v), Xv(u, v)〉 = 1 + (fv)2 + (gv)2,
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where 〈, 〉 is the standard scalar product in R4.
The second partial derivatives of X(u, v) are expressed as follows:

Xuu(u, v) = (0, 0, fuu, guu),
Xuv(u, v) = (0, 0, fuv, guv), (13)
Xvv(u, v) = (0, 0, fvv, gvv).

Further, the normal space of M is spanned by the vector fields

N1 =
1√
A

(−fu,−fv, 1, 0), (14)

N2 =
1

W
√

A
(Bfu −Agu, Bfv −Agv,−B, A).

Using (4), (13) and (14), we can calculate the coefficients of the second fun-
damental form h as follows:

c1
11 = 〈Xuu(u, v), N1〉 =

fuu√
A

,

c1
12 = 〈Xuv(u, v), N1〉 =

fuv√
A

,

c1
22 = 〈Xvv(u, v), N1〉 =

fvv√
A

, (15)

c2
11 = 〈Xuu(u, v), N2〉 =

−Bfuu + Aguu

W
√

A
,

c2
12 = 〈Xuv(u, v), N2〉 =

−Bfuv + Aguv

W
√

A
,

c2
22 = 〈Xvv(u, v), N2〉 =

−Bfvv + Agvv

W
√

A
.

Then, substituting (12) and (15) into (8), we get (10). This completes the
proof of the theorem.

In [2], Yu. Aminov proved the following result.

Theorem 3.2. [2] Let M be a smooth surface given with the Monge patch (9).
Then the Gaussian curvature K and the Gaussian torsion KN of M become

K =
C(fuufvv − f2

uv)−B(fuugvv + guufvv − 2fuvguv) + A(guugvv − g2
uv)

W 4
(16)

and

KN =
E(fuvgvv − guvfvv)− F (fuugvv − guufvv) + G(fuuguv − guufuv)

W 4
, (17)

respectively.
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Proposition 3.1. Let M be a smooth surface given with the Monge patch of
the form

f(u, v) = φu(u, v), (18)
g(u, v) = φv(u, v).

Then the Gaussian curvature K coincides with the Gaussian torsion KN of M.

P r o o f. Suppose M is a smooth surface given with the Monge patch (9).
Then, using (11) and (12), we get

E = A = 1 + (φuu)2 + (φuv)2,
F = B = φuuφuv + φuvφvv , (19)
G = C = 1 + (φuv)2 + (φvv)2.

Furthermore, substituting (18) into (16), (17) and using partial derivatives of the
functions given in (18), we obtain K = KN .

E x a m p l e 3.1. For the surface M given with the Monge patch

f(u, v) = φu(u, v) = eu cos v,

g(u, v) = φv(u, v) = −eu sin v,

the Gaussian curvature K coincides with the Gaussian torsion KN of M [1].

Definition 3.1. The surface given by the parametrization (9),

f(u, v) = f3(u) + g3(v), g (u, v) = f4(u) + g4(v), (20)

is called a translation surface in the Euclidean 4-space E4 [7].

In the case (20) we obtain simple expressions for K, KN and H. As a conse-
quence of Theorems 1 and 2, we get the following results.

Corollary 3.1. Let M be a translation surface given with the Monge patch
(20). Then the Gaussian curvature K and the Gaussian torsion KN of M become

K =
f ′′3 (u)g′′3(v)C − (f ′′3 (u)g′′4(v) + f ′′4 (u)g′′3(v))B + f ′′4 (u)g′′4(v)A

W 4

and

KN =
F (f ′′4 (u)g′′3(v)− f ′′3 (u)g′′4(v))

W 4
,
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respectively, where

E = 1 + (f ′3(u))2 + (f ′4(u))2,
F = f ′3(u)g′3(v) + f ′4(u)g′4(v),
G = 1 + (g′3(v))2 + (g′4(v))2

and

A = 1 + (f ′3(u))2 + (g′3(v))2,
B = f ′3(u)f ′4(u) + g′3(v)g′4(v),
C = 1 + (f ′4(u))2 + (g′4(v))2.

Corollary 3.2. Let M be a translation surface given with the Monge patch
(20). Then the mean curvature vector of M becomes

H =
f ′′3 (u)G + g′′3(v)E

2
√

AW 2
N1 +

G(f ′′4 (u)A− f ′′3 (u)B) + E(g′′4(v)A− g′′3(v)B)
2
√

AW 3
N2.

E x a m p l e 3.2. The translation surface given with the surface patch of

X(u, v) = (u, v, u2 + v2, u2 − v2)

has the vanishing Gaussian curvature and the Gaussian torsion [2].

Theorem 3.3. [7] Let M be a translation surface in E4. Then M is minimal
if and only if either M is a plane or

fk(u) =
ck

c2
3 + c2

4

(
log

∣∣cos(
√

au)
∣∣ + cu

)
+ eku,

gk(v) =
ck

c2
3 + c2

4

(
− log

∣∣∣cos(
√

bv)
∣∣∣ + dv

)
+ pkv, k = 3, 4,

where ck, ek, pk, a > 0, b > 0, c, d are real constants.

4. Aminov Surfaces in E4

In the present section we consider the surfaces M with

f(u, v) = r(u) cos v, g (u, v) = r(u) sin v, (21)

earlier considered in [1]. We call these surfaces Aminov surfaces in the Euclidean
4-space E4.

As a consequence of Theorem 2, we get the following result.
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Corollary 4.1. Let M be an Aminov surface given with the Monge patch (21).
Then the Gaussian curvature K and the Gaussian torsion KN of M become

K = −r(u)r′′(u)(1 + r2(u)) + (r′(u))2(1 + (r′(u))2)
(1 + r2(u))2(1 + (r′(u))2)2

(22)

and

KN =
r′(u)r′′(u)(1 + r2(u)) + r(u)r′(u)(1 + (r′(u))2)

(1 + r2(u))2(1 + (r′(u))2)2
, (23)

respectively.

Proposition 4.1. Let M be an Aminov surface given with the Monge patch
(21). If K + KN = 0, then the equality

(r(u)− (r′(u))
(
(r′(u)(1 + (r′(u))2)− r′′(u)(1 + r2(u))

)
= 0 (24)

holds.

P r o o f. Using (22) and (23), we get the result.

As a consequence of Proposition 8, we can give the following example.

E x a m p l e 4.1. The Aminov surface given with the surface patch of

X(u, v) = (u, v, λeu cos v, λeu sin v) (25)

satisfies the relation K + KN = 0.

As a consequence of Theorem 1, we get the following results.

Proposition 4.2. Let M be an Aminov surface given with the Monge patch
(21). Then the mean curvature vector of M becomes

H =
(Gr′′(u)− Er(u))

2W 2
√

A

{
cos vN1 +

(
A sin v −B cos v

W

)
N2

}
, (26)

where

A = 1 + (r′(u))2 cos2 v + r2(u) sin2 v,

B =
(
(r′(u))2 − r2(u)

)
cos v sin v,

C = 1 + (r′(u))2 sin2 v + r2(u) cos2 v

and

E = 1 + (r′(u))2,
F = 0,
G = 1 + r2(u)

such that EG− F 2 = AC −B2.
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Corollary 4.2. Let M be an Aminov surface given with the Monge patch (21).
Then the mean curvature of M becomes

H =
r′′(u)(1 + r2(u))− r(u)(1 + (r′(u))2)

2(1 + r2(u))(1 + (r′(u))2)3/2
. (27)

Corollary 4.3. Let M be an Aminov surface given with the Monge patch (21).
If M is minimal, then

r(u) =
1
2a

(
a2e±

2(u+b)
a + a2 − 1

)
e±

(u+b)
a , (28)

where a and b are real constants.

P r o o f. Suppose that M is minimal, then using equality (27), we get

r′′(u)(1 + r2(u))− r(u)(1 + (r′(u))2) = 0. (29)

By using Maple calculations, it is easy to show that (28) is a non-trivial solution
of (29).

Definition 4.1. A surface M is said to be the Wintgen ideal surface in E4 if
the equality

K + |KN | = ‖H‖2 (30)

holds [18].

We obtain the following result.

Theorem 4.1. Let M be an Aminov surface given with the Monge patch (21).
If M is the Wintgen ideal surface, then the equality

2r′′(1+ r2)(1+(r′)2)(2r′− r)+(1+(r′)2)2(4rr′−4(r′)2− r2)− (r′′)2(1+ r2)2 = 0
(31)

holds.

P r o o f. Substituting (22), (23) and (27) into (30), we get (31).

5. Chen Surfaces in E4

Let M be a smooth surface in E4 given with the patch X(u, v) : (u, v) ∈ D ⊂
E2. If we chose an orthonormal tangent frame field {X,Y }

X =
Xu√

E
, (32)

Y =
√

E

W

(
Xv − FXu

E

)
,
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then the coefficients of the second fundamental form are given by

hα
11 = 〈h(X, X), Nα〉 =

cα
11

E
, 1 ≤ α ≤ 2,

hα
12 = 〈h(X, Y ), Nα〉 =

1
W

(
cα
12 −

F

E
cα
11

)
, (33)

hα
22 = 〈h(Y, Y ), Nα〉 =

1
W 2

(
Ecα

22 − 2Fcα
12 +

F 2

E
cα
11

)
.

Further, the shape operator matrix of the surface M ⊂ E4 becomes

ANα =
(

hα
11 hα

12

hα
12 hα

22

)
.

Hence, the mean curvature vector of a regular patch X(u, v) is defined by

H =
1
2
(tr(AN1) + tr(AN2))

= H1N1 + H2N2, (34)

where the functions

H1 =
1
2
(h1

11 + h1
22), H2 =

1
2
(h2

11 + h2
22) (35)

are called the first and second harmonic curvatures of M , respectively.
Chose an orthonormal normal frame field N1, N2 of M such that the vector

field N1 is parallel to the mean curvature vector H. In [5], B.-Y. Chen defined
the allied vector field a(H) of the mean curvature vector field H by the formula

a(H) =
‖H‖

2

{
tr(AN1

AN2
)
}

N2. (36)

In particular, the allied mean curvature vector field of the mean curvature vector
H is a well-defined normal vector field orthogonal to H. If the allied mean
vector a(H) vanishes identically, then the surface M is called the A-surface of E4.
Furthermore, A-surfaces are also called Chen surfaces [10]. The class of Chen
surfaces contains all minimal and pseudo-umbilical surfaces and also all surfaces
for which dimN1 ≤ 1, in particular, all hypersurfaces. These Chen surfaces are
said to be trivial A-surfaces [11].

Theorem 5.1. Let M be a smooth surface in E4 given with the patch X(u, v):
(u, v) ∈ D ⊂ E2. Then M is a non-trivial Chen surfaces if and only if

(
(h1

11)
2 − (h2

11)
2 + (h1

22)
2 − (h2

22)
2 + 2(h1

12)
2 − 2(h2

12)
2
)
H1H2

+
(
h1

11h
2
11 + h1

22h
2
22 + 2h1

12h
2
12

)
(H2

2 −H2
1 ) = 0 (37)

holds, where H1 and H2 are the first and second harmonic curvatures of M as
defined before.

444 Journal of Mathematical Physics, Analysis, Geometry, 2013, vol. 9, No. 4



Surfaces Given with the Monge Patch in E4

P r o o f. Suppose M is a non-minimal surface in E4. Then we can construct
another orthonormal normal frame field

Ñ1 =
H1N1 + H2N2√

H2
1 + H2

2

, Ñ2 =
H2N1 −H1N2√

H2
1 + H2

2

(38)

such that Ñ1 is parallel to H.
Furthermore, with respect to this frame we can obtain

h̃1
11 =

〈
h(X,X), Ñ1

〉
=

H1h
1
11 + H2h

2
11√

H2
1 + H2

2

,

h̃1
12 =

〈
h(X,Y ), Ñ1

〉
=

H1h
1
12 + H2h

2
12√

H2
1 + H2

2

,

h̃1
22 =

〈
h(Y, Y ), Ñ1

〉
=

H1h
1
22 + H2h

2
22√

H2
1 + H2

2

, (39)

h̃2
11 =

〈
h(X,X), Ñ2

〉
=

H2h
1
11 −H1h

2
11√

H2
1 + H2

2

,

h̃2
12 =

〈
h(X,Y ), Ñ2

〉
=

H2h
1
12 −H1h

2
12√

H2
1 + H2

2

,

h̃2
22 =

〈
h(Y, Y ), Ñ2

〉
=

H2h
1
22 −H1h

2
22√

H2
1 + H2

2

.

So, the shape operator matrices of M with respect to Ñ1 and Ñ2 become

A
Ñ1

=




H1h1
11+H2h2

11√
H2

1+H2
2

H1h1
12+H2h2

12√
H2

1+H2
2

H1h1
12+H2h2

12√
H2

1+H2
2

H1h1
22+H2h2

22√
H2

1+H2
2


 , A

Ñ2
=




H2h1
11−H1h2

11√
H2

1+H2
2

H2h1
12−H1h2

12√
H2

1+H2
2

H2h1
12−H1h2

12√
H2

1+H2
2

H2h1
22−H1h2

22√
H2

1+H2
2


 ,

(40)
respectively.

Suppose M is a non-trivial Chen surface. Then, by the definition, tr
(
A

Ñ1
A

Ñ2

)
=

0. Using (40), we get the result, that is, equality (37).
Conversely, if equality (37) holds, then tr

(
A

Ñ1
A

Ñ2

)
= 0. So, M is a non-

trivial Chen surface.

We obtain the following result.

Theorem 5.2. Let M be an Aminov surface in E4 given with the Monge patch
(21). Then M is a non-trivial Chen surface.
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P r o o f. Suppose M is an Aminov surface in E4 given with the parametriza-
tion (21). By the use of (15) with (33) a simple calculation gives

h1
11 =

r′′(u) cos v

ϕψ2
, h1

12 =
−r′(u) sin v

ϕψω
,

h1
22 =

−r(u) cos v

ϕω2
, h2

11 =
ωr′′(u) sin v

ϕψ3
, (41)

h2
12 =

r′(u) cos v

ϕω2
, h2

22 =
−r(u) sin v

ϕψω
,

where ϕ, ψ and ω are differentiable functions defined by

ϕ =
√

1 + (r′(u))2 cos2 v + (r(u))2 sin2 v,

ψ =
√

1 + (r′(u))2, (42)
ω =

√
1 + (r(u))2.

Substituting (41) into (37), we get the result.
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[12] E. Iyigün, K. Arslan, and G. Öztürk, A Characterization of Chen Surfaces in E4.
— Bull. Malays. Math. Sci. Soc. 31(2) (2008), 209–215.

[13] M.M. Lipschutz, Theory and Problems of Differential Geometry. New York,
McGraw-Hill, 1969.

[14] H. Liu, Translation Surfaces with Constant Mean Curvature in 3-Dimensinal Spaces.
— J. Geom. 64 (1999), 141–149.

[15] B. Rouxel, Ruled A-Submanifolds in Euclidean Space E4. — Soochow J. Math. 6
(1980), 117–121.

[16] H.F. Scherk, Bemerkungen ber die kleinste Flche innerhalb gegebener Grenzen. —
J. R. Angew. Math. 13 (1835), 185208.

[17] L. Verstraelen, J. Walrave, and S. Yaprak, The Minimal Translation Surface in
Euclidean Space. — Soochow J. Math. 20 (1994), 77–82.
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