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We prove a theorem which characterizes the Haar distribution on a com-
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random variables. The coefficients of the forms are continuous endomor-
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1. Introduction

In the last years much attention has been paid to the generalization of the
classical characterization theorems of mathematical statistic to various algebraic
structures. The case when random variables take values in locally compact
Abelian groups was studied in details (see, e.g., [1-8], [12-10]).

Let X be a second countable compact Abelian group, &, ¢ = 1,2,...,n,
be independent random variables with values in X and distributions p;. Let
i, i, = 1,2,...,n be continuous endomorphisms of the group X. Consider the
linear forms L; = > | o4&, j =1,2,...,n.

The problem of the characterization of the Haar distribution on a compact
Abelian group first was considered by J.H. Stapleton in [15]. He proved that if
X is a compact connected Abelian group, «;; are integers and p; satisfy some
conditions, then the independence of the linear forms L; implies that all u; are
the Haar distributions on X.

In [8], G.M. Feldman studied the problem of the chracterization of convolu-
tions of Gaussian and Haar distributions on an arbitrary locally compact Abelian
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group. He proved, in particular, that if X is a compact Abelian group, n = 2,
«;; are topological automorphisms of X satisfying some conditions, and j; has a
continuous density, then the independence of the linear forms L; implies that p;
are the Haar distributions on X.

The present paper is devoted to the characterization of the Haar distribution
on compact Abelian groups. The above mentioned results proved in [15] and [8]
follow from our main theorem.

Let X be a locally compact Abelian group. Let Y = X* be the character
group of X. If x € X and y € Y, then denote by (x,y) the value of the character
y at the element x. Let K be a subgroup of X. Denote by A(Y,K) ={y €Y :
(z,y) =1 for all z € K} its annihilator. Denote by End(X) the set of continuous
endomorphisms of X, and by Aut(X) the group of the topological automorphisms
of X. For each o € End(X) denote by a the adjoint continues endomorphism of
the group Y defined by the formula (z,ay) = (ax,y) for all z € X, y € Y. The
identity automorphism of the group denote by I.

Denote by M!(X) the convolution semigroup of probability distributions on
X. Let u € M}(X). Denote by o(j) the support of p. The characteristic function
of the distribution p is defined by the formula

Aly) = / (2. 9)duy), y € Y-
X

For yu € M'(X) define the distribution i € M!(X) by the formula ji(B) = u(—B)
for all Borel sets of X. Then fi(y) = fi(y). Put F, = {y € Y : fi(y) = 1}. Then
F,, is a closed subgroup of Y, o(u) C A(X, F),), the function i(y) is invariant
with respect to F,, i.e., i(y +h) =p(y), y € Y, h € F,.

Denote by mx a Haar measure on X. If X is a compact group, we assume
that mx € M(X). In this case the characteristic function of mx is of the form

. )L y=0
mX(y)_{o, y 0. (1)

2. The Main Theorem

To prove the main theorem we need some lemmas.

Lemma 2.1. ([10]) Let X be a second countable locally compact Abelian
group, Y be its character group. Let &,1 = 1,2,...,n,n > 2, be indepen-
dent random wvariables with values in X and distributions ;. The linear forms
L =30 ;&7 = 1,2,...,n, where a;j € End(X), are independent if and
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only if the characteristic functions j1;(y) satisfy the equation

n

n n n
[ (> asw | = 11 A@w), ey (2)
j=1

i=1 i=1j=1
Let 1 € M}(X). Expand y into the sum

1= @ftac + bjis + cfid, (3)

where a > 0, b > 0, ¢ > 0, a+ b+ c = 1, pge is an absolutely continuous
distribution with respect to mx, us is a singular distribution, and p4 is a discrete
distribution. We say that p has a non-trivial absolutely continuous component
with respect to mx if a > 0.

Lemma 2.2. Let X be a compact Abelian group, Y be its character group,
uw € M(X). Assume that p has a non-trivial absolutely continuous component
with respect to the mx and its support is not contained in a coset of a proper
subgroup of X. Then

sup  |u(y)] < 1. (4)
yeyY, y#0

Proof. If X is finite, then the statement of Lemma 2.2 is obvious. Suppose
that X is not finite. Then Y is an infinite discrete Abelian group. First note that
limsup |7i(ye)| <1 (5)

k—o0
for any sequence {y} which tends to infinity as k — co. Indeed, it follows from
(3) that
1i(y) = afiac(y) + bis(y) + cfia(y), y €Y. (6)
By the condition a > 0, and taking into account that limg_,~ fiac(yx) = 0, we get
from (6) that
limsup |f(yx)| < b+c¢ < 1.

k—o0
Assume that there is a point yg € Y such that |f(yo)| = 1. Put v = pu* .
Then 7(yo) = |i(yo)|?> = 1, and hence F, # {0}. Put G = A(X,F,) and note
that G # X. We have o(v) C G. This implies that o(u) is contained in a coset
of G, which is contrary to the condition of the lemma. Thus,

i) <1, yeY, y#0. (7)

Assume that sup, [fi(y)] = 1. This means that there exists a sequence
{yr}72, C Y such that |f(yx)] — 1 as & — oo. Note that Y is a discrete
group because X is a compact. Taking this into the account, it follows from (7)
that the sequence {y}72; tends to infinity as k — oo, but this contradicts to (5).
The lemma is proved. ]
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Consider the matrix o = {a;;}7,_;, where a;; € End(X). The matrix o
defines a continuous endomorphism X™ — X" by a natural way. We also denote
this endomorphism by «. The main result of the paper is the following theorem.

Theorem 2.3. Let X be a second countable compact Abelian group, &, i =

1,2,...,n, be independent random variables with values in X and distributions
;. Assume that p; satisfy the conditions:
(1) o(ui) is not contained in a coset of a proper subgroup of X, i =1,2,...,n;

(13) w; has a non-trivial absolutely continuous component with respect to the
mx,1=1,2,...,n.

Assume that the matriz o = {ij}};_q, where a;j € End(X), satisfies the
conditions:

(1it) every column of the matriz o contains at least two endomorphisms, which
are epimorphisms;

(iv) a is a topological automorphism of X™.

Then the independence of the linear forms L; = > " ik, 7 = 1,2,...,n,
implies that u; =mx,1=1,2,...,n.

Proof. Notethat without loss of generality we can suppose that f;(y) > 0.
Indeed, put v; = u; * ;. Obviously, the distributions v;, ¢ = 1,2,...,n, satisfy
conditions (i) and (i7). Moreover, 7;(y) = |fi(y)|?> > 0, y € Y. If we prove that
v; = myx, this implies that u; = mx, 1 =1,2,...,n.

By Lemma 2.1 the characteristic functions fi;(y) satisfy Eq. (2). Taking into
account that fi;(y) > 0, we can reformulate condition (7) in the equivalent form

F,={0}, i=1,2,...,n. (8)

Note that «;; are epimorphisms if and only if Ker o;; = 0. Hence, we can
reformulate condition (7i7) in the following equivalent form:

(731)’ for any jo there are at least two indexes 41,42 such that the equalities
Ker(a;, j,) = {0}, Ker(a,,j,) = {0} hold.

Note also that o € Aut(X™) if and only if & € Aut(Y™). It is obvious that &
acts by the formula

n
a(ug, ug, ..., up) = E ajuy, E QiU . . ., g anju; |, uj €Y. (9)
— o

Assume that not all fi;(y) are equal to mx (y). Then there exist y € Y, y # 0,
and [y such that

Lo () # 0. (10)

Put (Uy,Us ..., U,) = a *(3,0,...,0). It is obvious that there exists at least
one element u; such that u; # 0. It is easy to see that the case when uj;, # 0, u; =
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0, j # jo, for some jo is impossible. Indeed, in this case, a(0,0, ..., uj,,...,0) =
(Q1joWjo» A2jo Wiy s - - - 5 OmjoUjo) = (7,0, ...,0) contrary to condition (i77)’. Hence,
uj, # 0, uj, # 0 for some j; and jp. Substituting u; = u; in (2), we obtain

o () = H 1T asaiguy). (11)

Taking into account the inequality
0<fis(y) <1, i=1,2,...,n, (12)
and condition (7ii)’, we can infer from equality (11) that the inequality
Fitg (U) < Thiy (i iy Wiy )iy (Qti oy Uy ) iy (Qlig s Uy ) iy (i o Uy ) (13)
holds for some i1,43. From (13) and i1 (y) # 0 it follows that
pi(@ijy wjy) 7 0, i Qijytjy) 7 0, 6 = 11,1 = da, (14)

where ﬂjl 75 0, an 7& 0. Since ﬂjl 75 0, an 7& 0 and Ker(&ijl) = {O}, Ker(&ijQ) =
{0}, we have that a;juj, # 0, qj,uj, # 0. Thus, we proved the following
statement.

If (10) holds, then

ﬁlo (37) < ﬁll (gh)ﬁb (@2)ﬁls (Zjls)ﬁlzx (@4)7 (15)

where y;, # 0, k =1,2,3,4. It follows from (15) that 1, (y;,) # 0, k = 1,2,3,4.
Hence, in (15) we can replace ji, (y) with 1y, (vi,.), k = 1,2,3,4. As a result, we
get

16
o @) < [ A, @) (16)
k=1

for some 3 # 0, k = 1,2,...,16. By repeating this reasoning, we obtain the

inequality
4m+1

i@ < [T A (), (17)
k=1

where y;, # 0, k=1,2,...,4™1
Put

C; = sup fi;(y). (18)
y#0

By Lemma 2.2, we have that C; < 1. Put

C = max C;. (19)

1<i<n
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Then C < 1. From (17),(18) and (19) it follows that

i <ot

Since C*""" — 0 as m — oo, we can infer that t, (y) = 0, which contradicts the
assumption. Therefore 1;(y) =0 forally € Y, y # 0, i.e., i(y) = mx(y),y € Y.
Hence p; =mx,t1=1,2,...,n. [ |

3. Remarks

We are to prove that Theorem 2.3 fails if we omit one of conditions (i)—(iv).

We need some new notations. Denote by T the circle group, by Z the group of
integers. The group Z is the character group of T. Denote by Z(m) the group of
the roots of the power m of the unity. Denote by Q the additive group of rational
numbers with the discrete topology. For an arbitrary a = (ag, a1, a,...), a; > 1,
consider the group

Hg = {m: m € Z, n:O,l,Q...}
apgay......0an
which is a subgroup of the group Q. The character group of H, is called the
a-adic solenoid and is denoted by X,. The group ¥, is compact and connected.
Note that the character group of the group Q is X4, where a = (2,3,4,...)
We remind that a distribution v € M!(X) is called Gaussian (see [13, Ch.
IV]) if its characteristic function can be represented in the form

(y) = (z,y)exp{—p(y)}, veY,

where z € X, and ¢(y) is a continuous nonnegative function on Y satisfying the
equation
p(u+v) +o(u—v) =2p(u) + ()], wveY. (20)

Denote by I'(X) the set of Gaussian distributions on X. Denote by I(X) the set
of idempotent distributions on X, i.e., the set of shifts of the Haar distributions
mpy of compact subgroups K of X. Let z € X. Denote by E, the degenerate
distribution concentrated at the point z € X.

Now we will show that if one of condition (i) — (7v) is not satisfied, then
Theorem 2.3 fails.

1. Put X = X, x Z(3), a = (2,2,2,...). Consider independent identically
distributed random variables £; and £ with values in X and distribution p = mg,
where K = ¥,. Consider the linear forms L1 = & + &, Lo = & — &. We have
Y 2 H, x Z(3), a = (2,2,2,...). To avoid introducing new notations, suppose
that Y = Hg x Z(3). For an arbitrary group G, denote by f2 the homomorphism
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fo : G — G defined by the formula: fog = 29, g € G. It is obvious that
fo € Aut(Y'), and hence fy € Aut(X).

On the one hand, it is obvious that condition (i) does not hold, but conditions
(73)—(iv) hold.

On the other hand, taking into account that fa(K) = K as noted in [4,
Proposition 7.4], the linear forms L;, and Ly are independent, herewith p # mx.

2. Put X =%, a=1(2,3,4,...). Asin item 1, we assume that Y = Q. Let
p € T(X) and fi(y) = exp{—y?}. It is obvious that {y € Y : |fi(y)| = 1} = {0}.
Hence (i) holds.

Since X is a connected and not locally connected group, the distribution p is
singular ([4, Proposition 3.14]). Hence (i) is not fulfilled.

Consider independent identically distributed random variables &; and & with
values in the group X and distribution p. Consider the linear forms Ly = &1 4+ &»
and Lo = & — &. It is obvious that conditions (zi¢) and (iv) hold.

It follows from Lemma 2.1 that the linear forms L; and Ly are independent,
herewith 1 # mx.

3. Let X be a finite Abelian group such that X is not isomorphic to the group
of the form Z(p), where p is a prime number. It was proved (see [10, Proposition
3.2]) that there exist independent identically distributed random variables &; and
& with values in X and distribution g and nonzero endomorphisms 3,6 of the
group X such that the following conditions hold:

(a) the linear forms L; = &1 + 0&2 and Lo = & + (&2 are independent;

(e) B ¢ Aut(X).

Condition () follows from (¢). Condition (i) is fulfilled because we consider
the group X in the discrete topology. It follows from (e) that condition (iii) does
not hold. Finally, (d) implies (iv).

4. Put X = ¥4, a =(3,3,3,...). Consider the function
p(x) =1+ Re(x,yo),

where z € X, yo € Y, yo # 0. It is obvious that p(x) > 0, z € X, and
Jx p(@)dmx(x) = 1. Let p be a distribution on X with the density p(x) with
respect to myx. Then o(u) = X. Let &, i = 1,2,3, be independent identically
distributed random variables with values in X and with distribution . Consider
the linear forms Ly = {1 +&a2+&3, Lo = &1 +382+E&3, Lz = £1+&2+3€3. Obviously,
1 1 1
conditions (i)—(7i7) hold. Moreover, it is easy to see that « = [1 3 1| ¢
1 1 3
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Aut(X3) because (0,1,0) ¢ a(Y?3), i.e., (iv) does not hold. On the other hand,
as proved in [11], the linear forms Ly = & + & + &3, Lo = & + 3% + &3, Ly =
&1 + &9 + 33 are independent.
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