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Let M be an n-dimensional differentiable manifold with a symmetric
connection V and T*M be its cotangent bundle. In this paper, we study
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by means of a symmetric (0, 2)-tensor field ¢ on M. We get the conditions
under which T* M endowed with the horizontal lift .J of an almost complex
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1. Introduction

Let M be an n-dimensional differentiable manifold and 7*M be its cotan-
gent bundle. There is a well-known natural construction which yields, for any
affine connection V on M, a pseudo-Riemannian metric gy on T*M. The met-
ric gy is called the Riemannian extension of V. Riemannian extensions were
originally defined by Patterson and Walker [15] and further studied by Afifi [2],
thus relating pseudo-Riemannian properties of T*M with the affine structure
of the base manifold (M,V). Moreover, Riemannian extensions were also con-
sidered by Garcia-Rio et al. in [8] in relation to Osserman manifolds (see also
Derdzinski [5]). Since Riemannian extensions provide a link between affine and
pseudo-Riemannian geometries, some properties of the affine connection V can be
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investigated by means of the corresponding properties of the Riemannian exten-
sion gy. For instance, V is projectively flat if and only if gy is locally conformally
flat [2]. For Riemannian extensions, also see [1, 7, 9, 11, 12, 17, 19, 21, 22]. In
[3, 4], the authors introduced a modification of the usual Riemannian extensions
which is called the modified Riemannian extension.

Let Moy, be a 2k-dimensional differentiable manifold endowed with an almost
complex structure J and a pseudo-Riemannian metric g of signature (k, k) such
that g(JX,Y) = g(X,JY) for arbitrary vector fields X and Y on My;. Then
the metric ¢ is called the Norden metric. Norden metrics are referred to as
anti-Hermitian metrics or B-metrics. The study of such manifolds is interesting
because there exists a difference between the geometry of a 2k-dimensional almost
complex manifold with Hermitian metric and the geometry of a 2k-dimensional
almost complex manifold with Norden metric. A notable difference between Nor-
den metrics and Hermitian metrics is that G(X,Y) = ¢g(X, JY') is another Norden
metric, rather than a differential 2-form. Some authors considered almost com-
plex Norden structures on the cotangent bundle [6, 13, 14].

In this paper, we will use a deformation of the Riemannian extension on
the cotangent bundle 7" M over (M, V) by means of a symmetric tensor field ¢
on M, where V is a symmetric affine connection on M. The metric is the so-
called modified Riemannian extenson. In Section 3, in the particular case where
V is the Levi-Civita connection on a Riemannian manifold (M, g), we get the
conditions under which the triple (7*M,%J, gv.c) is a Kéhler-Norden manifold,
where HJ is the horizontal lift of an almost complex structure J and gv.c is the
modified Riemannian extension. Section 4 deals with curvature properties of the
Levi-Civita connection of the modified Riemannian extension gy ..

Throughout this paper, all manifolds, tensor fields and connections are always
assumed to be differentiable of class C*°. Also, we denote by S5(M) the set of all
tensor fields of type (p,q) on M, and by 3%(T*M) the corresponding set on the
cotangent bundle 7T*M. The Einstein summation convention is used, the range
of the indices i, 7, s being always {1,2,...,n}.

2. Preliminaries

2.1. The cotangent bundle

Let M be an n-dimensional smooth manifold and denote by 7 : T*M — M
its cotangent bundle whose fibres are cotangent spaces to M. Then T*M is a
2n-dimensional smooth manifold and some local charts induced naturally from
local charts on M can be used. Namely, a system of local coordinates (U ) :c’) , 1=

1,...,nin M induces on T* M a system of local coordinates (71'_1 o), «t, 2l = pl-),

i=n+i=mn+1,...,2n, where 2l = p; are the components of covectors p in
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each cotangent space T M, x € U with respect to the natural coframe {dxz}
Let X = X! 8?& and w = w;dz’ be the local expressions in U of a vector field

X and a covector (1-form) field w on M, respectively. Then the vertical lift Vw

of w, the horizontal lift 7 X and the complete lift © X of X are given, with respect

to the induced coordinates, by

Vo = w;é, (2.1)
Hy _ yin. h yi
and .
X = X'0; — pn0; X",
where 0; = %, 05 = a?ﬁ and FZ}-"]- are the coefficients of a symmetric (torsion-free)

affine connection V in M.
The Lie bracket operation of vertical and horizontal vector fields on T*M is
given by the formulas

X Y] =T[X Y]+ (po R(X,Y))
XV o] =V (Vxw) (2.3)
VoV =0

for any X, Y € S§(M) and 0, w € SY(M), where R is the curvature tensor of the
symmetric connection V defined by R(X,Y) = [Vx,Vy| — V|xy (for details,
see [24]).

2.2. Expressions in the adapted frame

We insert the adapted frame which allows the tensor calculus to be efficiently
done in T*M. With the symmetric affine connection V in M, we can introduce
the adapted frames on each induced coordinate neighborhood 7=(U) of T*M.

In each local chart U C M, we write X(;) = aaj’ 0\) = dad, j=1,...,n. Then
x

from (2.1) and (2.2), we can see that these vector fields have, respectively, the
local expressions
HX(J) = @- ~|—paFZj65,

Vi) _ A
9(])_aj

with respect to the natural frame {8j, 83}. These 2n-vector fields are linearly
independent and they generate the horizontal distribution of V and the vertical
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distribution of T*M, respectively. The set {H X(j),v H(j)} is called the frame
adapted to the connection V in 7~1(U) C T*M. By putting

E; = "X, (2.4)

L Vgl)
E: = V9O,

we can write the adapted frame as {E,} = {Ej,E]f}. The indices o, 3,7, ... =

1,...,2n indicate the indices with respect to the adapted frame.
Using (2.1), (2.2) and (2.4), we have

()

Hyx — < ‘OXj > (2.6)

with respect to the adapted frame {E,} (for details, see [24]). By the straight-
forward calculations, we have the lemma below.

and

Lemma 1. The Lie brackets of the adapted frame of T*M satisfy the follow-
ing identities:

[ElvE]] = psRijlsEia
B B| = -TiE;
BB = o,

where Riﬂs denote the components of the curvature tensor of the symmetric con-

nection V. on M.

3. Kahler—Norden Structures on the Cotangent Bundle

We first give the definition of pure tensor fields with respect to a (1, 1)-tensor
field J.

Definition 1. For a (1,1)-tensor field J, the (0, s)-tensor field t is called pure
with respect to J if

t(JX1, Xo, .o, Xs) =t( X1, I Xo, ..., Xs) = ... = t(X1, Xo, ..., JX5)
for any X1, Xo,...,Xs € %é(M) For more information about the pure tensor,
see [16, 20, 23].
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An almost complex Norden manifold (M, J, g) is a real 2k-dimensional differ-
entiable manifold M with an almost complex structure J and a pseudo-Riemannian
metric g of neutral signature (k, k) such that

9(JX,Y)=g(X,JY)

for all X,Y € 33(M), i.e., g is pure with respect to J. A Kihler-Norden (anti-
Kéhler) manifold can be defined as a triple (M, J, g) which consists of a smooth
manifold M endowed with an almost complex structure J and a Norden metric g
such that VJ = 0, where V is the Levi-Civita connection of g. It is well known
that the condition VJ = 0 is equivalent to the C-holomorphicity (analyticity)
of the Norden metric g [10], i.e., ;9 = 0, where ®; is the Tachibana operator
116, 20, 23]: (@,9)(X, Y, Z) = (JX)(g(Y, 2)) — X(9(JY, 2)) + g((LyJ)X, Z) +
g(Y,(Lz J)X) for all X,Y,Z € S$(M). Also note that G(Y, Z) = g(JY, Z) is
the twin Norden metric. Since in dimension 2 a Kédhler-Norden manifold is flat,
we assume in the sequel that n = dim M > 4.

Next, for a given symmetric connection V on an n-dimensional manifold M,
the cotangent bundle T*M can be equipped with a pseudo-Riemannian metric
gv of signature (n,n): the Riemannian extension of V [15], given by

Gv(“X.°Y) = —y(VxY + VyX),

where “X,“Y denote the complete lifts to T*M of vector fields X,Y on M.
Moreover, for any Z € (M), Z = Z'9;, vZ is the function on T*M defined by
vZ = p;Z'. The Riemannian extension is expressed by

—( —2ppTYy O

with respect to the natural frame.

Now we give a deformation of the Riemannian extension above by means
of a symmetric (0,2)-tensor field ¢ on M whose metric is called the modified
Riemannian extension. The modified Riemannian extension is expressed by

_Qphl—‘% + Cij5 5; )

k ; (3.1)

gve=g9gv+mic= (

with respect to the natural frame. It follows that the signature of gy . is (n,n).

Denote by V the Levi—Civita connection of a semi-Riemannian metric g. In
this section, we will consider T* M equipped with the modified Riemannian exten-
sion gy . over a pseudo-Riemannian manifold (M, g). Since the vector fields Hx
and Vw span the module of vector fields on T*M, any tensor field is determined
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on T*M by their actions on X and Vw. The modified Riemannian extension
gv,c has the following properties:

wv.IXH1Y) = ¢(X,Y), (3.2)
gucxVw) = guVwX)=wX),
gv,c(vwave) = 0

for all X,Y € S3(M) and w, 8 € SY(M), which characterize gy .
The horizontal lift of a (1, 1)-tensor field J to T*M is defined by
Hifx) = H(X), (3.3)
11wy = Y(wel)
for any X € 3} (M) and w € SY(M). Moreover, it is well known that if J is

an almost complex structure on (M, g), then its horizontal lift #.J is an almost
complex structure on T*M [24]. Now we prove the following theorem.

Theorem 1. Let (M, J,g) be a Kahler-Norden manifold. Then T*M is a
Kahler-Norden manifold equipped with the modified Riemannian extension gv .
and the almost complex structure ™.J if and only if the symmetric (0,2)-tensor
field ¢ on M is a holomorphic tensor field with respect to the almost complex
structure J.

Proof. Let (M, J, g) be a Kihler-Norden manifold. Put
A(FF) = e, (IR F) o (£17)
for any X,Y € 3¢ (T*M). For all vector fields X and Y, which are of the form
Vw, Vo or X, Y from (3.2) and (3.3), we have
AXTY) = goo (TI(TX)TY) = goe ("X I(TY)
= g9 ("UX)MY) = go. ("X (JY))
c(JX,Y) - e(X, JY),
AXY0) = Goe("I(X),V0) —gu. ("XTI(V0))
= g9 ("(IX),"0) —gve (X7 (00.0))
— B(JX) — (B0 J)(X),
A(VwY) = goo(TI(Vw),"Y) —gve (Yw, T I(TY))
= (woJ)(Y)—-w(JY),
A(Yw"0) = gue("I("w),"0) =gy (Yw, " I(70))
= gve(TI(w),V 0) —gv.e (Vw7 I(V0))
= gve(V(wed),"0) =gy (Vw," (80.))
= 0.
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From the last equations, if the symmetric (0, 2)—tensor field ¢ is pure with respect
to J, we say that A (f(, }7) = 0, i.e., the modified Riemannian extension gy . is

pure with respect to .J.
Now we are interested in the holomorphy property of the modified Riemannian
extension gy . with respect to H 7 We calculate

(P ygv.)(X, Y, 2) = ("IX)(Gve(Y,2)) = X(Gv.("TY,2))
+ gV,c((LY HJ)Xa Z) +§V,C(i}7 (LZ HJ)X)

forall X,Y,Z € 33(T*M). Then we obtain the following equations:

(@ngv.e)(Vw, V0,57 7) 0,
(®ny9v.e)(Yw,V0,Vo) = 0,
(‘I)HJEV,c)(V%HY»VU) = 0,
(@rygv.e) w0, 7Y, 7Z) = (woVyJ)(Z) + (woVzJ)(Y),
(Puygv.e)(TX,Vw, 7 2Z) = (259)(X,,2) — g(Va))X, Z),
(®rgv.0) (X, Yw, o) 0,
(®n9v.) (XY, Z) = (@40)(X,Y,2))
+(po R(Y,JX)—poR(Y,X)J)(2)
+(poR(Z,JX)—poR(Z,X)J)(Y),

(@159, ) ("X Y Vo) = (@,9)(X,Y6) — g(Y, (V5 ) X),
where @ = g1 ow = g¥w; is the associated vector field of w. On the other hand,
the Riemannian curvature R of K&hler-Norden manifolds is pure [10], that is,

R(JX,Y)=R(X,JY)=R(X,Y)J = JR(X,Y).

Hence, from the equations above, it follows that ®u;gv,. = 0 if and only if
® ;¢ = 0, which completes the proof. [

4. Curvature Properties of the Levi—Civita Connection of the
Modified Riemannian Extension gy .

In this section, we give the conditions under which the cotangent bundle T M
equipped with the modified Riemannian extension gy . is respectively locally flat,
locally symmetric, conformally flat, projectively flat, semi-symmetric and Ricci
semi-symmetric.

Let us consider T*M equipped with the modified Riemannian extension gy .
for a given symmetric connection V on M. By virtue of (2.5) and (2.6), the mod-
ified Riemannian extension (§v,)g, and its inverse (gy .)”? have the following
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components with respect to the adapted frame {E, }:

_ . 5?
(o) = ( ¢y 0 ) , (1)

o=y 7). (12)

i G
Theorem 2. Let V be a symmetric connection on M and T*M be the cotan-
gent bundle with the modified Riemannian extension gy . over (M,V). Then

i) (T*M, gv.c) is locally flat if and only if (M, V) is locally flat and the com-
ponents c;; of ¢ satisfy the condition

Vi(Vicjn — Viejp) — Vi(Vicin — Vicir) = 0; (4.3)

it) (T*M, gv ) is locally symmetric if and only if (M, V) is locally symmetric
and the components c;; of c satisfy the condition

vlvi(vkcjh - vhcjk) - lej(VkCih — thik)
—R;;." (Viemn) — Rijp™ (Vickm) = 0. (4.4)

Proof The Levi-Civita connection V of gv.c is characterized by the

Koszul formula

Wy (VY. Z) = X(GveY,2) +Y(GvelZ,X)) — Z(§v.c(X,Y))

_gv,c(Xv [}77 Z]) + §v,c(5~/, [Zvv)?]) + §V,0(27 [557}7])

for all X,Y and Z € 3¢ (T*M). Using (4.1), (4.2) and Lemma 1, the following
formulas can be checked by a straightforward computation:

VeE; = 0, VgE;=0,

Ve s = —TY, Fy,

~ 1
Ve Ej = THE,+{psRy;° + 5 (Viejn + Viein = Vaeij) 1 By, (45)

where R, i % are the components of the curvature tensor field R of the symmetric
connection V on M. N

The Riemannian curvature tensor R of T*M with the modified Riemannian
extension gy . is obtained from the well-known formula

R(X.Y)Z=VgVyZ-VyViZ Vg5 Z
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for all X,Y,Z € S$(T*M). Then from Lemma 1 and (4.5), after standard
computations, the Riemannian curvature tensor R is obtained as follows:

R(E;,Ej))Ey = R,"Ey (4.6)
Ho (ViR — ViR

1
+§{vi(vk0jh — Viejr) — Vi(Vicin — Vicir),

_Rijkmcmh - Rijhmckm}}Eﬁa

R(EzaEJ)EE = Rjithﬁa

R(E;, B;)Ey = —R,,’ By,
R(EZaEJ)Ek = thj o

R(E;, Ej)B; = 0, R(E;, E;)E;= 0,
R(E;, B;)Ey = 0, R(E;, E;)E; =0

with respect to the adapted frame {E,}.

i) We now assume that R = 0 and equation (4.3) holds, then from the equa-
tions in (4.6) it follows that R=0. Conversely, under the assumptlon that R =0,
we evaluate the first equation in (4.6) at an arbitrary point (z¢,p;) = (2%,0) in
the zero section of T*M and we have

~ 1
0 = [R(El, Ej)Ekz](xQO) = RijkhEh + {i{VZ(VkC]h - Vthk) - Vj(chih - thik)
=R emn — Rijp™ ckm } } By
from which we get R =0 and V;(Vicjn — Vicjr) — Vi(Vicin — Vieir) = 0.

1) We consider the components of VR. Using (4.5) and (4.6), by a direct
computation, we obtain the following relations:

%léijkh = leijkha
-~ T 1
leij]gh = ps(vlvith]‘s - Vlijhkis) + i{Vlvz'(Vijh - Vthk)
—ViV(Viein = Vaeir) = (ViR ™ )emn — Riji™ (Viemn)
(lez]h )ckm - Rijhm(vlckm)}a
ViR " = ViR,,F,

ijk
%lﬁijk = _lehki’
ViR = ViR — ViR,
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all the others being zero with respect to the adapted frame {E,}. With the same
method as 7), the proof follows from the above equations. [

We turn our attention to the Ricci tensor of the modified Riemannian exten-
sion gv .. Let éaﬁ = 1300 of 7 denote the Ricci tensor of the modified Riemannian
extension gy .. From (4.6), the components of the Ricci tensor R,z are charac-
terized by

Rj, = Rj,+ Ry

Rz = 0,
Rz = 0, (4.7)

with respect to the adapted frame {E,}.

Theorem 3. Let V be a symmetric connection on M and T*M be the cotan-
gent bundle with the modified Riemannian extension gv . over (M,V). Then
(T*M, gv,) is Ricci flat if and only if the Ricci tensor of V is skew symmetric
(for the Riemannian extension, see [15]).

Proof. The proof follows from (4.7). [

Theorem 4. Let V be a symmetric connection on M and T*M be the cotan-
gent bundle with the modified Riemannian extension gv . over (M,V), then
(T*M,gv.c) is a space of constant scalar curvature 0.

Proof. Thescalar curvature of the modified Riemannian extension gy . is
defined by 7 = (§v .)** Rap. Using (4.2) and (4.7), we get

P = (gv.)Y Rij + (’gvv,c)gjﬁgj + @v,c)ﬁﬁg + (ﬁv,c)fjﬁrj =0. m

Remark 1. Let V be a symmetric connection on M and T*M be the
cotangent bundle with the modified Riemannian extension gy . over (M, V). The
cotangent bundle T*M with the modified Riemannian extension gy . is locally
conformally flat if and only if its Weyl tensor w vanishes, where the Weyl tensor
is given by

Irr = T
Wa o - afyo g cla g c)Bo — g clao g c
1 - ~ - ~ - ~ - ~
_m((gV,c)BaRory_(gV,c)aaRﬂv+(9V,C)o¢7Rﬁa_(gV,c)ﬁ'yRaa)
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and Rxmg = éaﬁy)\@V,C)/\a' In [2], it is proved that (T*M, gv ) is locally con-
formally flat if and only if (M, V) is projectively flat and the components ¢;; of

c satisfy the condition

Vi(chjn — vncjk) — Vj(chm — Vncik) — Rijlilchn — Rijr]zlckh =0. (4.8)

Theorem 5. Let V be a symmetric connection on M and T*M be the cotan-
gent bundle with the modified Riemannian extension gy over (M,V). Then
(T*M, gv.c) is projectively flat if and only if (M, V) is flat and the components
cij of ¢ satisfy the condition

Vi(Vijn — Vank) — Vj(vkcm — vnc'ik) =0. (4.9)

Proof. A manifold is said to be projectively flat if the projective curvature
tensor vanishes. The projective curvature tensor is defined by

1 ~

)((gv,c)aoéﬁw - (gv,c)ﬁoRav)a

Pa,ﬁ’wa = Raﬁ’ya - (2n7_1

where Eaﬁw = Eagﬂf @v,c)Am

The non-zero components of projective curvature tensor of the modified Rie-
mannian extension gy . are given by

Pijin = Ryl'chn + ps(ViRyt — ViR i)

nki

1
+§{Vi<Vijn — Vi) = Vi(Vicin — Vincir) — Rij]ilchn - Rijffckh}

1
—m(cm(Rjk + Rkj) — Cjn(Rik -+ Rki)),
D n 1 n n
Pijin = Ry, — m( &' (Rjk + Rij) — 67 (Rik + Rii),
5 k
PijEn - ij )
~ . 1 ,
P, =R, 74+ ——— § (R + Rps),
ijkn kni +(2n_1) n( Kt k)
3 i 1 i
P = Rogj — @n—1) Oy (Rji + Ryj).
The proof follows from the above equations. ]
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A semi-Riemannian manifold (M, g), n = dim(M) > 3, is said to be semi-
symmetric [18] if its curvature tensor R satisfies the condition
(R(X,Y)R)(Z,W)U =0, (4.10)
and Ricci semi-symmetric if its Ricci tensor satisfies the condition
(R(X,Y)Ric)(Z,W)=0 (4.11)
for all X, Y, Z, W,U € S$(M), where R(X,Y) acts as a derivation on R and Ric.
In local coordinate, conditions (4.10) and (4.11) are respectively written in the
following form:
(R(X,Y)R)(Z,W)U)

Uklmn = ViViRy," — ViViRy,,"
pR - Rzyl Rk’pm - R, Rklp

ijk ijm

and

((R(X,Y)Ric)(Z,W))ijut = ViVjRy — V;ViRy = R, PRy + R, " Ry

ijk ijl

Note that a locally symmetric manifold is obviously semi-symmetric, but in gen-
eral the converse is not true.

Theorem 6. Let (M,g) be a semi-Riemannian manifold and T*M be the
cotangent bundle wzth the modified Riemannian extension gy . over (M,g). We

assume that Rl 50 =0, from which it follows that V; iRy — ViR, =0 and
Vi(Vicjn — th]k) Vi(Vicin — Vicip) — R emh — Ry o = 0, where R
and R are the curvature tensors of the Levi—Civita connections V and v of g and
gv,c, respectively. Then (T*M,gv ) is semi-symmetric if and only if (M, g) is
semi-symmetric.

Proof  We consider the condition (R(X Y)R)(Z W)U = 0 for all
X, Y, ZW,UeS N(T*M). The tensor (R(X,Y)R)(Z, W)U has the components

((R(X i;)‘é)(g W)U)aﬂ’yeae
= RaﬁTR Raﬁ’yR 7Ro¢ﬁgR’yTU RaﬁaR

with respect to the adapted frame {E,}.
For the case of « = 4,8 = j,y = k,0 = l,0 = m, ¢

(4.12)

VQU 797

n in (4.12), it follows

that
(R(X,Y)R)(Z, W)U ) 1 ™
= éijp Ryt + Ry anzmp - éz]k R Rzyk Rﬁ
_Rijlkapﬁ - éijl pékpm Rum Rklp me Rklp
= —Ry,"Ry.” — R, "Ry " — Ry PRy, — Ry PRy, ™
= —(R(XY)R)(ZW)U) i n™ (4.13)
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For the case of « = i,3 = 74,7 =k,0 =1,0 = m,c =7 in (4.12), we get

ijklm
= Ry R, P+ R;"R P — EUEPRplmﬁ - Eijf Rt
_Rijl pREpmﬁ ~ Ry Ry, "~ Ry, MRy T~ Ry TR szp
= =Ry, "R, — Ry Ry — Ry "Ry — Ry VR,
= —((RX,Y)R)(ZW)U)ijim"- (4.14)

For the case of « = i,3 = 74,7 =k,0 =1,0 =m,e =n in (4.12), we have

(RX,Y)RN(Z,W)0), ™ = 0. (4.15)

For the case of « =i, =j,7y=k,0 =1,0 = m,e =70 in (4.12), we obtain

(B(XT)VR)Z.T) D) ™

ijklm
= Rijanklm +R anlmp —R”kpR _szk R
_Rijlkapm _Rijlkaﬁmn Rz]mRklp Rz]mRklp . (4.16)

For the case of « = 4,3 =j,7 = k,0 =1,0 = m,e =7 in (4.12), we obtain

(R(X,Y)R)(Z,W)U)-.,, ™

ijklm
— n p D
= Ry "Ry’ + R Ryl = B PRy = B PRy,
~R_ " Ripmy’ = B PRyl — Ry, PRy, ™ — R PRy ™

= R Rk‘lm - Rpkjianl +R ank Rpmlelkn

npj
= (R(X,Y)R)(Z,W)U) - ((R(X, Y)R)(Z,W)U) (4.17)

k
nmlkj kl nmyj -

The other coefficients of (R(X,Y)R)(Z, W)ﬁ reduce to one of (4.16), (4.14) or
(4.15) by the property of the curvature tensor. The proof follows from (4.13)—
(4.17). n

Theorem 6 immediately gives the following result.

Corollary 1. Let (M,g) be a semi-Riemannian manifold and T*M be the
cotangent bundle with the modified Riemannian extension gy . over (M,g). If
(M, g) is locally symmetric and the components c;j of ¢ satisfy the condition

Vi(chjh — thjk) — Vj(vkc,-h — thik) — Rijkmcmh — Rijhmckm =0, (4.18)

then (T*M, gv ) is semi-symmetric.
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Theorem 7. Let (M,g) be a semi-Riemannian manifold and T*M be the
cotangent bundle with the modified Riemannian extension gv . over (M,g). Then
(T*M, gv,c) is Ricci semi-symmetric if and only if (M, g) is Ricci semi-symmetric.

(R(X.Y)Ric)(Z,W))apyo = Rops e + Rogf Roe. (4.19)
By putting a =i,8 = j,v = k,0 = [ in (4.19), it follows that
((ﬁi()?, ?)}%)(Z W))ijkl = ﬁijkpépl + Ez’jl pfﬁkp

= 2R, PRy +2R,;" Riy

= 2((R(X,Y)Ric)(Z,W))ijki,
all the others being zero. This finishes the proof. [

Remark 2. 1i)If ¢; =0, then conditions (4.3), (4.4), (4.8), (4.9) and (4.18)
are identically fulfilled.

ii) If ¢;; is parallel with respect to V, then conditions (4.3), (4.4), (4.8), (4.9)
and (4.18) are identically fulfilled.

iii) If ¢;; satisfies the relation V;cjr, — Vi = Vywi;, where the components
wjj define a 2-form on M and if (M, V) is flat, then conditions (4.3), (4.4), (4.8),
(4.9) and (4.18) are identically verified.

Acknowledgement. The authors would like to thank the anonymous re-
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the paper.

References

[1] S. Aslanci, S. Kazimova, and A.A. Salimov, Some Remarks Concerning Riemannian
Extensions. — Ukrainian Math. J. 62 (2010), No. 5, 661-675.

[2] Z. Afifi, Riemann Extensions of Affine Connected Spaces. — Quart. J. Math.,
Ozford Ser. 5 (1954), 312-320.

[3] E. Calvino-Louzao, E. Garcia-Rio, P. Gilkey, and A. Vazquez-Lorenzo, The Ge-
ometry of Modified Riemannian Extensions. — Proc. R. Soc. Lond. Ser. A Math.
Phys. Eng. Sci. 465 (2009), No. 2107, 2023-2040.

[4] E. Calvino-Louzao, E. Garcia-Rio, and R. Vdzquez-Lorenzo, Riemann Extensions
of Torsion-Free Connections with Degenerate Ricci Tensor. — Can. J. Math. 62
(2010), No. 5, 1037-1057.

[6] A. Derdzinski, Connections with Skew-Symmetric Ricci Tensor on Surfaces. —
Results Math. 52 (2008), Nos. 3-4, 223-245.

172 Journal of Mathematical Physics, Analysis, Geometry, 2015, vol. 11, No. 2



Properties of Modified Riemannian Extensions

L.S. Druta, Classes of General Natural Almost Anti-Hermitian Structures on the
Cotangent Bundles. — Mediterr. J. Math. 8 (2011), No. 2, 161-179.

V. Dryuma, The Riemann Extensions in Theory of Differential Equations and their
Applications. — Mat. Fiz., Anal., Geom. 10 (2003), No. 3, 307-325.

E. Garcia-Rio, D.N. Kupeli, M.E. Vazquez-Abal, and R. Vazquez-Lorenzo, Affine

Osserman Connections and their Riemann Extensions. — Diff. Geom. Appl. 11
(1999), No. 2, 145-153.

T. Ikawa and K. Honda, On Riemann Extension. — Tensor (N.S.) 60 (1998), No. 2,
208-212.

M. Iscan and A.A. Salimov, On Kahler—-Norden Manifolds. — Proc. Indian Acad.
Sei. Math. Sei. 119 (2009), No. 1, 71-80.

0. Kowalski and M. Sekizawa, On Natural Riemann Extensions. — Publ. Math.
Debrecen 78 (2011), Nos. 3-4, 709-721.

K.P. Mok, Metrics and Connections on the Cotangent Bundle. — Kodai Math.
Sem. Rep. 28 (1976/77), Nos. 2-3, 226-238.

V. Oproiu and N. Papaghiuc, On the Cotangent Bundle of a Differentiable Manifold.
— Publ. Math. Debrecen 50 (1997), Nos. 3-4, 317-338.

V. Oproiu and N. Papaghiuc, Some Examples of Aalmost Complex Manifolds with
Norden Metric. — Publ. Math. Debrecen 41 (1992), Nos. 3-4, 199-211.

E.M. Patterson and A.G. Walker, Riemann Extensions. — Quart. J. Math. Oxford
Ser. 3 (1952), 19-28.

A. Salimov, On Operators Associated with Tensor Fields. — J. Geom. 99 (2010),
Nos. 1-2, 107-145.

M. Sekizawa, Natural Transformations of Affine Connections on Manifolds to Met-
rics on Cotangent Bundles. — Proceedings of the 14th winter school on abstract
analysis (Srni, 1986), Rend. Circ. Mat. Palermo (2) Suppl. No. 14 (1987), 129-142.

Z.1. Szabo, Structure Theorems on Riemannian Spaces Satisfying R(X,Y)R =0. L.
— The Local Version, J. Differential Geom. 17 (1982), 531-582.

M. Toomanian, Riemann Extensions and Complete Lifts of s-spaces. Ph. D. Thesis,
The university, Southampton, 1975.

S. Tachibana, Analytic Tensor and its Generalization. — Tohoku Math. J. 12
(1960), No. 2, 208-221.

L. Vanhecke and T.J. Willmore, Riemann Extensions of D’Atri Spaces. — Tensor
(N.S.) 38 (1982), 154-158.

T.J. Willmore, Riemann Extensions and Affine Differential Geometry. — Results

Math. 13 (1988), Nos. 34, 403-408.

K. Yano and M. Ako, On Certain Operators Associated with Tensor Field. — Kodai
Math. Sem. Rep. 20 (1968), 414-436.

K. Yano and S. Ishihara, Tangent and Cotangent Bundles. Marcel Dekker, Inc.,
New York, 1973.

Journal of Mathematical Physics, Analysis, Geometry, 2015, vol. 11, No. 2 173



