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In the paper, the control system wy; = % (kwg) » + yw, wy(0,t) = u(t),
x> 0,te€ (0,T), is considered in special modified spaces of Sobolev type.
Here p, k, and ~ are given functions on [0, +00); u € L*(0,00) is a control;
T > 0 is a constant. The growth of distributions from these spaces depends
on the growth of p and k. With the aid of some transformation operators,
it is proved that the control system replicates the controllability properties
of the auxiliary system zy = z¢e — ¢z, 2¢(0,t) = v(t), £ >0, ¢t € (0,T), and
vise versa. Here ¢ > 0 is a constant and v € L*(0, c0) is a control. For the
main system, necessary and sufficient conditions of the L°°-controllability
and the approximate L°°-controllability are obtained from those known for
the auxiliary system.
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mation operator, modified space of Sobolev type.
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1. Introduction

Controllability problems for hyperbolic equations with constant and variable
coefficients were studied in a number of recent papers, e.g., [2-4, 8-18, 22, 23,
27-29, 31, 33-38, 40] and many others. However, controllability problems for a
distributed parameter system on domains unbounded with respect to the space
variables have not been investigated fully. Nevertheless, these problems were
studied for the wave equation in R? in [3], on a half-plane in [9, 16, 17], and on
a half-axis in [10-15, 27-29, 36].
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In the present paper, we study the wave equation with variable coefficients
Wy = ;(kwx)xnhyw, x>0, te(0,7), (1.1)
controlled by the Neumann boundary condition
wg(0,-) =w  on (0,7, (1.2)
under the initial conditions
w(-,0) =wd, w(-,0) =wd on (0, +00), (1.3)
where T > 0 is a constant; p, k, v, wi), and w9 are given functions; u € L>(0,T)

is a control. In addition, we assume p,k € C[0,+0c0) are positive on [0, +00),
(ok) € C2(0, +o0), (pk)'(0) = 0, and

o(x) = / V() /k(p) dp — +oo as * — +00. (1.4)
0

MOl"eOVGI", we assuime
P(k,p) —v € L™(0,+00) [ | C'[0, +00) (1.5)

and
dq = const > 0 U\/g (P(l@ p) — 7 — q2) € Ll((), +00), (1.6)

e

P P p P
tem is considered in modified Sobolev spaces (see Sec. 2).

Note that (1.1) can be reduced to a wave equation with constant coefficients
and a constant potential by using transformation operators. Various transforma-
tion operators were used for studying different PDE’s in [14-17, 24-30, 32] and
others. Note that the application of transformation operators is a key point of
the paper.

Let us recall the results obtained in [10-14, 27-29, 36] for (1.1)—(1.3) with
p =k = const, i. e., for the wave equation

S

/ / / / / 2
where P(k,p) = 1/~ ( 2 (% + p—)) + (i k (% + p—)) . This control sys-

Yt = Yo\ — (q2 + T)y7 )\ > 07 te (O,T), (17)
controlled by the Dirichlet boundary condition

y(0,)=wv on (0,7) (1.8)
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or the Neumann boundary condition
yA(0,-) = v on (0,7). (1.9)

Here ¢ > 0 is a given constant, » € C'[0,400) is a given function such that
xr € L'(0,+00), and v € L*(0,T) is a control. This system is considered in
Sobolev spaces (see Sec. 2).

For control problem (1.7), (1.8), the approximate L*°-controllability and the
L*-controllability were studied at a given time and at a free time for r = ¢ =0
in [36], and for » = 0 in [12]. In this case (r = 0), the solutions to (1.7),
(1.8) were found in explicit form, and necessary and sufficient conditions for
the (approximate) L°-controllability were obtained. In [12], it was proved that
controllability properties of (1.7), (1.8) with » = 0 are similar at a given time
for the cases ¢ = 0 and ¢ > 0. Therein, it was also proved that the case ¢ = 0
essentially differs from the case ¢ > 0 at a free time. In particular, if ¢ > 0,
then each initial state of control system (1.7), (1.8) with » = 0 is approximately
L*-controllable at a free time. But, if ¢ = 0, then the initial state of this system
is approximately L*°-controllable at a free time iff y.(-,0) = yx(-,0). The results
of [12] were used in [14].

In [14], control system (1.7), (1.8) was studied under the addition restriction
lr(\)| < ae™, XA > 0, by using the well-known transformation operator (see, e.g.,
[32, Chap. 3]) of the Sturm-Liouville problem saving the asymptotics of solu-
tions at infinity. This operator and its inverse were extended from L*(0, +00)
to the Sobolev spaces H{*, m = —2,2, in [14]. Here H(" is the subspace of all
odd distributions in HJ", m = —2,2 (see Sec. 2). This extended transformation
operator was studied and its properties were obtained in [14]. In particular, this
operator is an automorphism of H{*, m = —2,2. Using the extended transforma-
tion operator, it was shown that control system (1.7), (1.8) with exponentially
perturbed potential ¢ replicated the controllability properties of its original con-
trol system of the same type with the constant potential ¢? (r = 0) and vise versa
(see [14]). In particular, necessary and sufficient conditions for the approximate
L*>-controllability and the L*°-controllability of (1.7), (1.8) with the exponential
perturbed potential ¢? were obtained at a given time and at a free time. A bit
later, in [29], sufficient conditions of the (approximate) L°°-controllability were
proved at a given time and at a free time for (1.7), (1.8) in the case ¢ = 0 and
a general r. Therein, it was announced that the main properties obtained in
[14] for the transformation operator and its inverse are true for r without the
exponential restriction. Thus, all results of [14] are still valid, but without this
exponential restriction.

For control system (1.7), (1.9), the approximate L°-controllability and the
L*°-controllability were studied at a given time (for ¢ > 0 and r = 0 in [10], for
g =0and r # 0 in [27]) and at a free time (for ¢ = r = 0 in [11], for ¢ > 0 and
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r = 01in [13], for ¢ = 0 and r # 0 in [28]). In [28], the transformation operator
of the Sturm-Liouville problem saving the asymptotics of solutions at infinity
and its inverse were extended from L?(0,+o00) to the Sobolev spaces f[g”, m =
—1,1. Here .FAI()” is the subspace of all even distributions in HJ*, m = —1,1 (see
Sec. 2). This extended transformation operator was studied and its properties
were obtained in [28]. In particular, this operator is an automorphism of .FAIE)”,
m = —1,1. Using the properties of the extended transformation operator, only
sufficient conditions of the (approximate) L®-controllability were proved at a
given time and at a free time for (1.7), (1.9) for the case ¢ = 0 and r # 0 in [28].

Note that if suppr is bounded, the transformation operator of the Sturm-—
Liouville problem saving the initial data of solutions was used to study the (ap-
proximate) L°-controllability of (1.7) with ¢ = 0 only at a given time in [27].

In [15], the approximate L°°-controllability and the L°°-controllability for
equation (1.1) controlled by the Dirichlet boundary condition were studied. Note
that the Sobolev spaces Hj, m € R, are the natural “environment” for the
solutions to hyperbolic equations with constant coefficients, in particular, to Eq.
(1.7) (see, e.g., [21]). Evidently, the growth of solutions to equations with variable
coefficients depends on the properties of these coefficients at infinity. To study
equation (1.1) with the Dirichlet boundary control, new transformation operators
were introduced and investigated in [15]. They transform the solutions to (1.7),
(1.8) with » = 0 and some ¢ into the solutions to (1.1) with the Dirichlet boundary
control. Together with one of these operators, special modified spaces of Sobolev
type were introduced where Eq. (1.7) was considered. Using these operators,
it was proved that Eq. (1.1) controlled by the Dirichlet boundary condition
replicated the controllability properties of control system (1.7), (1.8) with » =0
and some ¢. In particular, necessary and sufficient conditions for the approximate
L°-controllability and the L°°-controllability were obtained at a given time and
at a free time for (1.1) with the Dirichlet boundary control.

A similar approach is used in the present paper. To study control system
(1.1), (1.3), we apply the composition ST, of two operators transforming the
solutions to (1.7), (1.9) with » = 0 and ¢ defined by (1.6) to the solutions to
(1.1), (1.2). The first of them is the operator S transforming the solutions to
(1.7), (1.9) with ¢ and r defined by (1.6) and (3.3) to the solutions to (1.1), (1.2).
This operator was introduced and studied in [15]. Together with the operator
S, there were introduced and studied special modified spaces H™, m = —2,2,
of Sobolev type where the space L%(R) is replaced by the space Lg(R) with

the weight \/ﬁ, and the differential operator d/dz is replaced by the “linearly
deformed” one, \/k/ ﬁ(d/ dz+ (p'/p+ [ //l%) / 4), k and p are the even extensions

of k and p, respectively (see Sec. 2). The operator S is isometric from H"
into H™, in particular, S(HJ") = H™, m = —2,2. The operator S saves the
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value of functions at the origin, but it does not save their asymptotics at infinity.
The growth of distribution from H™ is associated with the data p and k of
equation (1.1), m = —2,2. The second of these two operators is the operator T,
transforming the solutions to (1.7), (1.9) with » = 0 and ¢ defined by (1.6) to the
solutions to (1.7), (1.9) with the same ¢ and r defined by (3.3). This operator
was studied in [28]. The operator T, and its inverse are bounded from H[" to

0" and Tr(ﬁ{)") = H)', m = —1,1. It saves the asymptotics of functions at
infinity, but it does not save their values at the origin. The operators S, T, and
the spaces H™, m = —1, 1, associated with the operator S, are the maim tools

of this paper. Using the operator ST,, we conclude that control system (1.1),
(1.2) replicates the controllability properties of control system (1.7), (1.9) with
r = 0 and ¢ determined by (1.6) (Corollaries 5.1, 5.6). In particular, we obtain
necessary and sufficient conditions of the approximate L°-controllability and the
L*>-controllability at a given time and at a free time for (1.1), (1.2). If ¢ > 0, then
each initial state of control system (1.1), (1.2) is approximately L>-controllable
at a free time (Theorem 5.8). But, if ¢ = 0, then an initial state of this system
is approximately L°°-controllable at a free time iff its coordinates (i. e., w(zx,0)
and wy(x,0)) are related (Theorem 5.7). The similar relation is necessary for the
L*-controllability and the approximate L°°-controllability at a given time for
both cases: ¢ = 0 and ¢ > 0 (Theorem 5.5), i. e., for each time 7' > 0 we have
the set of admissible initial states described by (5.4) and (5.5).

Note that the main results of [28] are particular cases of the results of the
present paper. Moreover, according to Corollary 5.7, sufficient conditions from
[28, Theorems 3.6 and 3.7] are also necessary for the approximate L>°-controlla-
bility of (1.7), (1.9) with ¢ = 0 at a free time.

Thus the application of the transformation operators S and T and the modi-
fied Sobolev spaces H™, m = —1,1, is the focal point in the study of the L>-
controllability problems for equation (1.1) with variable coefficients.

In Secs. 2 and 3, the definitions of the spaces and the operators used in the
paper are given and their properties are studied. In addition, problem (1.1)—(1.3)
is reduced to (2.3), (2.4).

In Sec. 1, some transformation between the solutions to control systems (2.3),
(2.4) and (2.6), (2.7) are performed.

In Sec. 2, necessary and sufficient conditions for the approximate L°°-control-
lability and the L°°-controllability are obtained at a given time and at a free time.

In Sec. 6, some examples illustrating the results of Secs. 3-5 are considered.

In Sec. 7, some auxiliary assertion is proved.
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2. Notation

Let us give the definitions of the spaces used in the paper. Let D be the
space of infinitely differentiable functions with compact supports, where ¢,, — 0
as n — oo iff there exists a > 0 such that for each n = 1, 00 we have supp ¢, €

[—a, a], and for each m = 1, oo we have ‘ @%m)HL aa — 0asn — oco. Let D' be
*®|—a,a

the dual space. Let also 8 be the Schwartz space of rapidly decreasing functions
on R, and 8’ be the dual space of tempered distributions.
By H} (s,l € R), denote the Sobolev spaces:

i ={pes'| 1+ID?)" (1+kP) v e L2 ®)},

00 1/2
2
ol = | [ [+ 1D (14 1) P o) an )
—o0
where D = —id/0z, |-| is the Euclidean norm. In particular, we have H) = L*(R),
HH8 = ||l .2g)- For a positive integer p, we have HY ={p € L} .(R) | Ym =

1/2
_ 0\ 2 - .
0,p p(m) c Hg}, llollb = ( 21:0 (HSO(m)Ho) > , and Hop = (Hg)/. It is well

known [21, Chap. 1] that
lell; <llelly,  s<s, 1<V, peHf. 2.1)

Therefore, HY D H, f,/ is a continuous embedding, s < s', 1 < I’

A distribution f € D’ is said to be odd if (f,p(§)) = —(f,o(=£)), ¢ € D,
and it is said to be even if (f,0(§)) = (f, ¢(=¢)), ¢ € D. Here (f, ) is the value
of the distribution f € D’ on the test function ¢ € D. By H} and H}, denote
the subspaces of odd and even, respectively, distributions in H}. Denote also
H' = ﬁ& X ﬁg with the norm |||-|||°.

By p, k, and 7, denote the even extension of p, k, and v, respectively. Denote

~\1/4 ~ \1/4 r— N
n=(kp) " 0= (k/p) ", and Doy = 02 (d/dw + ' n) = \/k/p(d/dw + (7 [+
%’/74:\)/4) We see that € C?(R) and 6 € C1(R).

Further throughout the section, we will assume p = 0, 1.
Introduce the space

1 = {p € Bu(®) [vm =07 (7 (Dhe)) € B}

with the norm
1/2

el = (i}o <HZ (22%@”2)2) . pem,
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and the dual space H? = (HP) with the norm [f[]7" = sup{|{(f, )|/ []" |

le[? # 0}, where ((f,®)) is the value of the distribution f € H™P on the test

function ¢ € HP. In particular, we have H® = (HO)/ and ((f, o) = (3f, ) =

ffooo V ﬁ(m)f(a:)go(x) dzx, f?SO € HO. Put, <<D779f7 90>> = - <<f7 Dﬁ990>>7 f € H™P,

@ € HPTL p # 2. The spaces HP and H™? are studied in Section 3.. In particular,

it is proved that D C HP C H P C D’ are continuous embeddings [15].
Introduce also the spaces

HO = {p € Lho(0,+00) | () € L2(0,+00)}

3! = {gp e 3O | (gDngng) c J{O}

o 1/2
bl 6 Hp’
L2 (O,—i—oo)) > v

and the dual space HP = (HP)' with the norm of the conjoint space |[f][? =
sup{|(f, eD| /llell? | lellF # 0}, where ([f,¢]) is the value of the distribution
f € HP on the test function ¢ € HP. In particular, we have H® = (THO)/ and

2
(o) = J5° (B9 f@)ele) do = [5°\/p@)f (2)p(e) da, f,p € K.

We can see that the restriction of an even function from HP to [0, +00) belongs
to HP and vise versa: the even extension of a function from H? belongs to HP.
Therefore the restriction of an even distribution from H™P to H? belongs to H P
and vise versa: the even extension of a distribution from H™P belongs to H™P.

By ﬁm, denote the subspace of even distributions in H™, m = —1,1, and
denote HI! = H! x H with the norm [J-°.

We treat (1.2) as the value of the distribution w at the point x = 0 in D’ (see
[1, Chap.1] or [14]). We say that a distribution f € H™P has the value fy € R
at the point z = 0 (f(0) = fo) iff for any ¢ € D, suppp € [0,+00), we have
a9 — (o) as @ — +0. Here fa(x) = f(az), e, (fard) = (fs Lo1/a),
P1/a(2) = p(z/a), z € R.

We consider control system (1.1)—(1.3) in the spaces H™™, m = 0,1, i.e.,
(4" w : [0,7] — H™ m = 0,1,2, w) € H', and w) € H°. Evidently,
Eq. (1.1) can be rewritten in the form

with the norm

Il = (Z (12 @3]

m=0

wy = Df]ew + (v — v)w, x>0, te(0,7), (2.2)

where v = D, (61 /7).
Let w € H? be a solution to control system (2.2), (1.2), (1.3). By W, W{, and

Wlo , denote the even extension of w, w8 , and w(lj with respect to x, respectively.
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Taking into account Lemma 7.1, we see that

Wy =D2W + (3 — )W —2°(0)ud,  z€R, t€(0,T), (2.3)
W(,O) - W((])a Wt(ao) - WP on R:

where (%)m W:[0,7] — H™ m=0,1,2, WY e MY, WP e HO, § is the Dirac

distribution with respect to x. Let W be a solution to (2.3), (2.4) and W be its
restriction to [0, +00) x [0,T]. According to Corollary 4.3 (see below Section 4.),
we have

D W*(0,)=u  on (0,7T). (2.5)
Therefore, W is a solution to (2.2), (1.2), (1.3).
Together with control system (2.3), (2.4) with a general wave operator, con-
sider the auxiliary control system with the simplest wave operator
Zn = Zee — ¢*Z — 200, EcR, te(0,7), (2.6)
Z(,0)=20, Zi(-,00=2] onR,
where (%)mZ 20, 7] — Ho_m'H, m=0,1,2, Z) € ITI&, ARS ﬁg, d is the Dirac
distribution with respect to £, v € L*(0,T) is a control, ¢ is the constant from

condition (1.6). Let Z be a solution to (2.6), (2.7) and Z* be its restriction to
[0,4+00) x [0,T]. It is proved (see Theorem 4.1 below) that

(Z1)2(0,-)=v  on (0,T). (2.8)

To formulate controllability properties of control system (2.6), (2.7), recall
some definitions and assertions from [12]. Let § > 0, ®3: 8’ — 8, D (®3) =

{g €8 |gisodd and suppg C [0, 3|},
_ —9
Ppg =75, (\/m (Fg) <v02+q2)> , g€ D(®p),

where J is the Fourier transform operator. It is evident if ¢ = 0, then ®5 = Id
(where Id is the identity operator). In particular,

(e 9]

(®59)(©) = - [ Jo (/7 =€) glr)ar, € € R, g€ D(®5) N H}.
&l

Here J, is the Bessel function, v = 0,00. The operator ®g is invertible, and
<I>§1 :8 =8, D (@gl) =R(®3) ={g €8 |gisevenand suppg C [0, 5]},

' f=75"1, (—w (Fg) (wﬂ - qz)) . geD(@;h).

24 Journal of Mathematical Physics, Analysis, Geometry, 2016, vol. 12, No. 1



Transformation Operators and Modified Sobolev Spaces

In particular,

(%lf) () =f'(r) +ar / . (q ;i;;z) F(€)de

I7]

- - % 710 (eve=72) F'(©)de, e R, feD(@5") N H.

7]

Here I, is the modified Bessel function, I, (7) = i7%J,(it), v = 0,00. The
operators P53 and <I>§1 are bounded from H;® to H;®, s > 0. Moreover,
P (ﬁlgs nD (qaﬁ)) = H7*N D (®p), s > 0. If f = g, then f' € L=(—B, B) iff
g € L=(=5,0).

Wy A
SetW0:< 0) andZ0:< 9
wy zy
Throughout the paper the domain and the range of an operator A are denoted
by D(A) and R(A), respectively.

>. Evidently, W9 € HI! and Z° € H!.

3. Spaces and Operators

In this section the spaces H™, m = —1, 1, are investigated and some transfor-
mation operators are introduced and studied.

Further throughout the section, we will assume p = 0, 1.

According to (1.4), we have o(x) = 5%7 x € R. Moreover, o is an odd
increasing invertible function, and o(z) — +o00 as * — +oc.

Consider the operator S introduced and studied in [15]. Let S, : H} — HP

with the domain D(S,) = Hf, and

Spw:w:]a’ wED(Sp)a

where 1) o o is the composition of ¢ and o, i.e., (¢ o 0)(x) = Y(o(z)), = € R.
Evidently, S, is the restriction of Sg to Hf, p # 0.
By the construction, S, is invertible, Sl . HP — HY with the domain

P
D(S, ') = R(S,), and

S,'o=mp)oo!,  peD(S,")
In [15], the following theorem is proved.

Theorem 3.1. The following assertions hold:
(1) D% (Spd}) = SP (d)(m))’ QJZ) € H(z]); m = Ovp;
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(i) [Spel” = I¥1§, ¢ € HF, m=0,p;
(i) R(S,) = HP;
(iv) Sp and S, are bounded.

Let us continue Sy to H,?. Introduce the operator S_, : Hy” — H™? with
the domain D(S_,) = H,” such that

(S—pg.¥) = (9,8, '¢), g€ D(S_,), v € D(S, ).

This extension S_,, of Sy is also invertible, S:Zl, : H? — H,? with the domain
D(S7}), and

(STpf ) = (f.Sp¥)),  feD(ST,), v e D(Sy).

Finally, by S, denote the operator S_; with the domain D(S) = D(S_;) =
Ho_l. Evidently, S is invertible, and S~™! = Sj H! — HO_1 with the domain
D(S™!) = R(S) = H! (see Theorem 3.1). Taking into account the construction
of S and Theorem 3.1, we obtain

Theorem 3.2. For m = —1,1, the following assertions hold:
i) Dy (Sg)=S(g'), g € HY", m # —1;

(

(i) [Sgl™ = llgllg’ 9 € HF";

(iii) SH* =H™;

(iv) SH(’]” = Hm™;

(v) (fo) =(ST'f, ST ), fEH™, p e H™
To study control system (2.3), (2.4), we need

Theorem 3.3. S (6) = n(0)D,,p0.

Proof  Let ¢ € H'. According to Theorem 3.2, we get ((S6,¢)) =
(6,871p) =1(0) (¢) (0) = {(N(0)6, ), which was to be proved. ]

Due to [15], the following theorem holds.

Theorem 3.4. We have:
(i) H™ C H" is a continuous embedding, —1 <n <m < 1;

(i) D Cc H™ C D' are continuous embeddings, —1 < m < 1;

(iii) D is dense in H™, H™ is dense in H", H" is dense in D', —1 <n <m < 1.
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In [15], it is also shown that the relation between the Schwartz space 8§ and
the space H™ depends on n and 6, i.e., on k and p, m = —2,2.
To study control system (2.3), (2.4), we need the operator transforming each
L?(0, 4+00)-solution to
—2" = 2z, A >0, (3.1)

into an L?(0, +oc)-solution to
—y" 4+ ry = p?y, A >0, (3.2)

under the boundary condition 28;/3 — 1las A\ — +oo, u € C, Ru > 0. Here 2”

and y” are the derivatives of z and y with respect to A, u is a parameter,

r = (Dyo (0°7'/0) =7 —¢*) oo™

/ 2
1 |k k(K p’) 1 |k <k’ p’) 9 _1
= /= (/o (=+5)) + /o (=+E)) —v— oot
4\ p < p (k P ) (4 p\k p
(3.3)
Taking into account (1.5) and (1.6), we get
r e L>(0, +00) ﬂ C'0,400) and Ar e LY(0,400). (3.4)

It was proved [32, Chap. 3] that this operator is invertible, i.e., there exists
an operator transforming each L?(0, +o0o)-solution to (3.2) into an L2(0, +00)-
solution to (3.1) under the boundary condition saving the asymptotics of the
solutions at infinity.

In [28], this transformation operator and its inverse were extended to H L
Let us recall the definition for these extensions. We assume (3.4) holds. Let
Q= {y=(y1,92) €R? | y2 > 31 > 0}. Let K be a solution to the system

Kyyy — Kyoyo = 1(11) K, y=(y1,92) €,
o0
1
K(y1,y1) = 2/7’(5) dg, y1 > 0, (3.5)
Y1
lim K, (y)= lim K, (y)=0 Q.
| i B @) = lim  Ki(y) =0, ye

Due to [32, Chap. 3], system (3.5) has the unique solution K, and K € C?(1Q).

Definition 3.1. Denote T : H) — H with the domain D (Ty) = f[g,

(Tog) (V) = g(A) + A / K(N,€)g(€)de, A€ R, g€ D(Ty).
Al
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From [32, Chap. 3], it follows that the operator Ty is invertible, and T L.
HY - HY. D (T;) - .

(T311) (6) = 1(6) +¢ / LEL. NF(O)dN, EER, feD(TyY),
€]

where L € C?(f2) is determined by

Y2

L(y) + K(y) + / Ly, €K (€. ya) dE = 0, yeQ  (36)
Y1
L(y) + K(y) + / K (91, ©)L(€, yo) d = 0, yeQ (37

For the adjoint operators T( and (Tal)* — (T5)~" we have T : H) — HY,
D(T5) = Hy = R((T5)™"),

1y

(Tow) (§) = » (&) +5/K(>\, [EDe(N)dA, €R, peD(Ty),
0

and (Tj) ™' : H) — HY, D ((T;)~') = H) = R(T}),

Al

((T9) 7 0) () = w3) +sgnx [ L6 W) de, A€ R, we D((T5) ™).

0

Due to [28], the following theorem is valid.

Theorem 3.5. We have:
(i) T is bounded from HE to HY;

(i) (T§) ™" is bounded from HE to HP;
(iii) TG(Hy) = H and (T5)™' (Hf) = Hp.

Definition 3.2. Denote by T, the operator <T6’H3> . We have T, : HO_1 —
Hy', D(T,) = H', (Trg,0) = (9, Tiw), g € D(T,) = Hy'', p € HE.
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Then T; ! = ((T5)™" |H01)* and T;1: Hy' — Hy', D (T;Y) = Hy !,

(T fo0) = (9. (Ty) ), feD(TY) =Hy', ¢ e H.

The following four theorems were proved in [28].

Theorem 3.6. We have
(i) T, is bounded from H," to Hy?;

(ii) T, is bounded from Hy ¥ to Hy";
(i) DT, = R(T,) = Ay’ = D (T,Y) = R(T,);
() T, (Hg") = Hy? and T, (Hg") = Hy?.

Theorem 3.7. We have:

((d/dN)? = r(]A) (Tpg) =T ((d/d€)%g) + 25() / Ky, (0,€)g(8) de
0

/r ) d€g(+40), geflé.
0

Moreover, if g € ﬁ& and ¢'(+0) exists, then

((d/d\)? = r(IAD) (Trg) = T, ((d/d€)*g) + 26(A) ((Trg)'(+0) — ¢ (+0)) -
Theorem 3.8. We have

(d/d€)? (T3 f) =T (((d/dN)? — r(AD) f) + 26(¢ /Ly1 d)
0

o0

/r YdAf'(+0) f € HY.

0
Moreover, if f € ﬁ& and f'(40) exists, then
(@/d€)? (T ) = T (((a/dN)? = r(AD) £) + 26(€) (T )r(+0) — £1(+0))
Theorem 3.9. T, (0) = 0.

The kernels K and L of the integral operators T, and T ! were found ex-
plicitly in [14, Example 5.1] for r(\) = Be™*, A > 0, where 3 > 0 is a constant.
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4. Transformations between Solutions to the Main and the
Auxiliary Control Systems

In this section, it is shown that, using the transformation operator ST, and
its inverse, we can transform each solution to auxiliary control system (2.6), (2.7)
into a solution to main control system (2.3), (2.4) and vise versa (Theorems 4.2
and 4.4). Note that Theorems 4.2, 4.4 and Corollary 4.3 are analogs of some
assertions from [28] for the case ¢ = 0.

Theorem 4.1. Let Z be a solution to (2.6), (2.7) for some v € L>(0,T) and
Z% € HY. Then (2.8) holds.

Proof Putd=1J (q\/tQ g?) (E+0) —H(E-1), EER, ¢ >0,
According to [10], we have

t
+2/J§t—7' T)dr, EeR, t>0, (4.1)
0

where * is the convolution with respect to £. Therefore,

Ze(€,t) =34(€, 1) * 20/ (€) + I (&, 1) * 27" (€)

t
—|—2/J§§,t—7' T)dT + v(t), EeER, t>0. (4.2)
0

Hence (2.8) holds. ]

Theorem 4.2. Let Z be a solution to (2.6), (2.7) for some v € L>(0,T') and
7% € H'. Let W(-,t) = ST, Z(-,t), t € [0,T]. Then W is a solution to (2.3),
(2.4) with W° = ST, Z° and

nO)60)u(t) = o(t) - RZ*0.0) + [ K (0,026 08, te0.T), (43
0
and (2.5) is valid. Here R = ifooo r(€)d¢, and ()" means the restriction to
[0,4+00) x [0, T]. Moreover,
()
Z(-,t)

I Gt ) = =

[ull oo 0,y < B (HUHLoo(O,T) +(1+7) \HZOHD ; (4.5)

, te[0,T], (4.4)

where By > 0 and By > 0 are some constants independent of T
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Proof  Applying Theorem 3.7, we see that W is a solution to (2.3),
(2.4) with W° = STRZ° and U determined by (4.3). Let us prove (2.5). Due to
Lemma 4.1, (2.8) holds. Taking into account (4.3), we get

W (0.0) = (STR2); (0.0) = - L[ z+0,1

(0)62(0)
+/Ky1(0,§)Z(§,t) dé — RZ7(0,t) | = u(t), t € [0,7],
0

i.e., (2.5) holds. According to Theorem 3.6, there exists a constant By > 0 such
that (4.4) holds. To prove (4.5), we rewrite (4.3). Taking into account (4.1) and

t

setting G(&,t) = (RJo(q 2 — &%) — [ Ky, (& ) Jo(qv/1? — p?) d#) (H(E+1t)—
13

H(¢{—1t)), £ €R, t >0, we obtain

t

w0 O)ut) =v(0) - 5 [ Gle.nZ8(e) de
0

t

G(e,1)20(€) dé — /G(O, L= Yo(r) dr

o .

0
:U(t)—ZS(t)—/O G(€,4)Z5(€) dg

G(&,1)20(€) de — /G(O,t—’i‘)’u(’r) dr, t€[0,T]. (4.6)
0

o _

Since Z) € H}, we have

|28t ‘\/1 + 02 (F29) (a))2 do <7z,  (47)

where JF is the Fourier transform operator. Then, using the estimates given in
[32, Chap. 3] for the kernel K and its derivatives, we get

GEDI < Ao and  [Gy(6,0)] < Ait,  t>¢>0, (4.8)

where Ag > 0 and A; > 0 are constants. Summarizing (4.6)—(4.8), we conclude
that (4.5) is true. The theorem is proved. |
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Corollary 4.3. If W is a solution to (2.3), (2.4) for some u € L*°(0,T) and
WO e M, then (2.5) holds.

Proof Put Z(-t) =T 'S™'W(,t), t € [0,T]. Applying Theorem 3.8,
we see that Z is a solution to (2.6), (2.7) with Z° = T,1S7'W?Y and

v(t) =n(0)6*(0)u(t) + Rn(0)W™(0,1)

+/Ly1 ST (-, 1)) (A) dA, te[0,T]. (4.9)
0

Here R = % [°r(¢) d¢, and (-)T means the restriction to [0,+00) x [0,T]. Sub-
stituting T, Z(-,t) for W (-,¢) and taking into account (4.1), we get

t

o) =P Ou(r) + 5 [ Gle28(e) de

0

+ [ Gz d§+/G(0,t—r)v(r) dr, tel0,T.  (4.10)

o

Theorem 4.2 and (4.6) imply W;(0,t) = u(t), t € [0,T], for

t

nOFO)) =o(t) - 5 [ GlE0Z(6)de
0

—/G(g,t)Z?(g) dg—/G(o,t—T)v(T) dr, te€][0,T).
0 0

Therefore, u(t) = v and that was to be proved. n

By analogy with Theorem 4.2, we obtain

Theorem 4.4. Let W be a solution to (2.3), (2.4) for some u € L>(0,T)
and WO € HI'. Let Z(-,t) = T, 1S™W(-,t), t € [0,T]. Then Z is a solution to
(2.6), (2.7) with Z° = T, 'S~ 1VVO and

v(t) =n(0)¢*(0)u(t) + Rn(0)W*(0,1)

+/Ly1 S™'W(x,t)dx, t € [0, 7). (4.11)
0
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Here R = %fooo r(€) d¢, and ()T means the restriction to [0, 400) x [0,T]. More-

m<% )H‘ CbHH(£&1%>HH? t€0,7], (4.12)

10l oo 0,7y < Cre’ (||U||Loo(0,T) +(1+T) UHWOMD ; (4.13)
where Cy > 0, C1 > 0, and Cy > 0 are constants independent of T'.

Proof By analogy with (4.3) and (4.4), using Theorem 3.8 instead
of Theorem 3.6, we obtain (4.11) and (4.12). Let us prove (4.13). Taking into
account (4.10), we get

o(t) = Fu(t) + / Byt —o(r)dr,  teo,T], (4.14)
0

where

t

Fi(t) = n(0)6? / (€070 d5+/G£tzl<s>§
0

= 1(0)02(0)u(t) + Z0(t) + / G, 1) Z0(€) de

0
t
+/G§tZl yde,  telo,T),
0
Fy(t) = G(0,¢), € [0, 7).
According to (4.7) and (4.8), we obtain

[ F1ll oo 0,y < Ch (HU”Loo(o,T) +(1+T) H}ZOH‘) ; (4.15)
HFQHLOO(O,T) < Cs. (4.16)

Taking into account (4.16) and the generalized Gronwall theorem, we can come
to the conclusion that the integral equation

v(t) = /Fz(t — 7)v(T)dr, t € 10,7, (4.17)
0
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has only the trivial solution in L?(0,7). Due to the Fredholm alternative,
Eq. (4.14) has the unique solution in L?(0,T). Using again the generalized Gron-
wall theorem, we obtain

()] < | Fill ooy €120t e (0,7,

Taking into account (4.16), (4.15), and (4.12), we obtain (4.13). The theorem is
proved. [

Remark 4.1. Due to [10, Theorem 3.2], system (2.6), (2.7) has the unique
solution. Therefore Theorems 4.2, 4.4 yield the uniqueness of the solution to
system (2.3), (2.4).

Thus main control system (2.3), (2.4) is the transformation of auxiliary control
system (2.6), (2.7) by ST, and vise versa: control system (2.6), (2.7) is the
transformation of control system (2.3), (2.4) by T, 1S—1.

5. Conditions for Controllability

For given T > 0 and WO € HI' (2° € H'), denote by R%(W?) (R5(29),
respectively) the set of the states W7 e HI! (27 € HY, respectively) for which
there exists a control u € L*>°(0,T) (v € L*>(0,T), respectively) such that prob-
lem (2.3)—(2.4) ((2.6)—(2.7), respectively) has the unique solution W (Z, respec-

tively) and (32 i’%) — W (( gt ((:;))) — 7T respectively>.

Definition 5.1. A state WY € HI' (Z° € ﬁl) is called L*-controllable with
respect to control system (2.3), (2.4) ((2.6), (2.7), respectively) at a given time
T > 0 if 0 belongs to RE(WO) (R5.(Z°), respectively) and approzimately L>-
controllable with respect to control system (2.3), (2.4) ((2.6), (2.7), respectively)
at a given time T > 0 if 0 belongs to the closure of R%(W?) in HI' (R5(Z°) in
ﬁl, respectively).

For a given W0 € THI? (Z° € H), denote RY(W?) = Upso RE(WY) (R¥(2°) =
Urpso R5(2°), respectively).

Definition 5.2. A state W° € HI' (Z° ¢ ﬁl) 1s called approximately L™ -
controllable with respect to control system (2.3), (2.4) ((2.6), (2.7), respectively)

at a free time if 0 belongs to the closure of RI(W?) in HI' (R*(Z°) in HI,
respectively).

Theorems 4.2 and 4.4 imply

Corollary 5.1. Let W° € HI', Z° = STrW?°, and a time T > 0 be given.
Then
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(i) WO is approximately L*°-controllable with respect to system (2.3), (2.4) at
the time T iff Z° is approximately L>°-controllable with respect to system
(2.6), (2.7) at the same time;

(ii) WO is L°-controllable with respect to system (2.3), (2.4) at the time T iff
70 is L -controllable with respect to system (2.6), (2.7) at the same time.

Due to [11, 12, 14], we have the following three theorems.

Theorem 5.2. Let Z° € H' and a time T > 0 be given. Then
(i) ZY is approzimately L>°-controllable with respect to control system (2.6), (2.7)
at the time T iff

supp Zg C [T, T, (5.1)

20— @ (seng (27'29)) = 0; (5.2)

(ii) Z° is L°-controllable with respect to control system (2.6), (2.7) at the time
T iff Z9 € L*(0,T) and (5.1), (5.2) hold.

Theorem 5.3. Let ¢ = 0. A state Z° € H! is approzimately L*°-controllable
with respect to control system (2.6), (2.7) at a free time iff

7Y —sgné Zy = 0. (5.3)

Theorem 5.4. Let ¢ > 0. Fach state Z° € H! s approzimately L>°-
controllable with respect to control system (2.6), (2.7) at a free time.

Note that if ¢ = 0, then (5.2) is equivalent to (5.3).
Corollary 5.1 and Theorem 5.2 imply

Theorem 5.5. Let W9 € HI! and a time T > 0 be given. Then
(i) WY is approzimately L>°-controllable with respect to system (2.3), (2.4) at
the time T iff

supp Wg C [—o HT), e 1(T)], (5.4)

W0 — (ST, ®7) <sgn:c ((STT@T)_I W(?)/> —0; (5.5)

(ii) WO is L®-controllable with respect to system (2.3), (2.4) at the time T iff
WP € L>(0,T) and (5.4), (5.5) hold.
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Proof. (i) Put Z° =T 'S7'WO. According to Corollary 5.1 and Theorem
5.2, WY is approximately L°-controllable with respect to system (2.3), (2.4) at
the time 7" iff conditions (5.1), (5.2) are valid. Evidently, (5.2) is equivalent to
(5.5). Taking into account the construction of ST, and (ST,)!, we see that
(5.1) is equivalent to (5.4).

(ii) Taking into account Corollary 5.1, Theorem 5.2, and (i), it is sufficient to
show that

Wy e L°°0,T) iff ZY e L>(0,T) (5.6)

for proving (ii). Using the estimate given in [32, Chap. 3] for the kernel K, we
get

0 0 1 Ji 2
HW1HL°°(O,T) = HZIHLoo(o,T) Aglﬁ’}] o 1—|—0/|K(>\,§)| dg

< 27| oy -

ie., if Z € L°(0,T), then W € L*(0,T). The converse assertion can be
obtained analogously by using the estimate given in for the kernel L instead of
that given for the kernel K [32, Chap. 3]. Hence (5.6) holds, which was to be
proved. [

Note that if ¢ = 0, then (5.5) is equivalent to
WO — ST, (sgn§ (T,TlS”W(?)') ~0. (5.7)

Theorems 4.2 and 4.4 imply

Corollary 5.6. Let W9 € HI' and Z° = TrWO°. Then W0 is approzimately
L>®-controllable with respect to control system (2.3), (2.4) at a free time iff Z°
is approximately L°°-controllable with respect to control system (2.6), (2.7) at a
free time.

Theorems 5.3, 5.4 and Corollary 5.6 yield the following two theorems

Theorem 5.7. Let ¢ = 0. A state W° € HI' is approzimately L -controllable
with respect to control system (2.3), (2.4) at a free time iff (5.7) holds.

Theorem 5.8. Let ¢ > 0. FEach state W° € THI' is approzimately L>-
controllable with respect to control system (2.3), (2.4) at a free time.

Taking into account [12], we give the following remark.

Remark 52 Let WY € HI! and supp W° C [, 3], where 8 > 0. Thus,
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(i) If ¢ = 0, then the state W9 is approximately L°>°-controllable with respect to
control system (2.3), (2.4) at a free time iff condition (5.5) holds, and under
this condition the state W9 is approximately L>-controllable with respect
to control system (2.3), (2.4) at a given time 7' > £;

(ii) If ¢ > 0, then the state W9 is always approximately L>°-controllable with
respect to control system (2.3), (2.4) at a free time, but the state W9 is
approximately L°°-controllable with respect to control system (2.3), (2.4) at
a given time T > (3 iff condition (5.5) holds.

Thus, transformed control system (2.3), (2.4) replicates controllability pro-
perties of its original control system (2.6), (2.7) and vise versa.

6. Examples

In this section, we give the examples illustrating the results of Secs. 2-5.

Example 61 Let a > 0, k(z) = (1 + z]) (1 — tanh® ), p(z) =

W, /")/\(.’L') = (1 + ’.’EDQ (2tanh2x — 1) — (1 + ]x\)tanh]x\ — m,

W) = H(a—>h/I <\/ﬁ1 T /1] |x|> du
ja

In(1+ ) VIFpu+/1+z]) 1+
H (a? — 22 1 — /1
Wlo(x):Mcostho Vita-yitl] , z eR.
In(1 + «) VIt a+ 1+ |z
Evidently, n(xz) = 1/coshz, 8 = \/1+|z|, o(x) = sgnz In(1 + |z|), v € R,
“10y) IA[_ 0 - @ 0.
o (A) sgn A (e 1), A € R. Therefore, ¢ € H" iff el € Hy;
o € H' iff \/1+ |z (CO;‘;I)/ € HY. Hence, W) € H!. We have
Y "\’
v(z) = (6? (92>) x) + (02> x
@=(¢(#1) )@+ (1) @
1
= (1 +|2))* (2tanh?®z — 1) — (1 + |z|) tanh |z| = F(z) + 1012 z eR.

Hence conditions (1.5) and (1.6) hold for ¢ = 0, 7(\) = e /4, XA € R (see (3.4)).

Let us transform control system (2.3), (2.4) with the given E, p, v, WY and
some T > 0 into control system (2.6), (2.7). Put Z° = T, 'S7'W°, Z(.,t) =
T, 1S7'WVY(.,t), t € [0,T]. For this r, the kernels K and L of the operators T,
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and T, ! were calculated in [14, Example 5.1]:

K(y)=Ky(y) and L(y) = —Ly, (), yo>y1 >0, (6.1

Setting A = In(1 4+ «), we obtain

(S7WH O = 1 (42 =) [ R(Nwdu  AeR

Therefore, for £ € R, we have

Z5(€) = (T,'s7'wy) (¢

)

- (/AKﬁudqu/A |5|A/KAu>dudA
) q
- [ |&

€] \

R(€] ) + / (LR ) d | di. (6.4)

€] €]
Let us evaluate
"
B =Rl + [ LENRO WY, pz€x0
3
Since K and L are the kernels of T, and T, !, respectively, we get
7
K€+ L+ [ LENKAmdA=0,  p=€>0

3

From here, taking into account (6.1), we obtain B, (&, 1) = 0, p > & > 0. Since

B(&,¢) = I~((§,§) =1,£>0, we have B(&, ) =1, p > £ > 0. Then, according
0 (6.4), we obtain

A
Zg(g):iH(A%A?)/dM:A;lﬂH(A?—A?), £eR.
l€]
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We also have

1 -
(S™'Wg) (\) = T H (A2 = N) K(]A[,A), XeR,
e 1 1
Z(€) = (T8 7WE) (&) = 4 H (A° — W) B(lel, A) = L H (4~ V), ceR
Since condition (5.3) holds for Z°, applying Theorem 5.2, we conclude that
7Y is L*>°-controllable with respect to system (2.6), (2.7) at any time 7 > A. Let
T > A. Put v(t) = £ H (A% = \?), t € [0, 7], then

Z(&,t) = WH ((A—1)2 =)\, £eR, tel0,T],

is the unique solution to (2.6), (2.7). Hence, Z(¢,T) = Z(&,T) = 0. Therefore
the control v solves the L°-controllability problem with respect to system (2.6),
(2.7) at the time T for Z°.

Now we can find a control solving the L°-controllability problem with respect
to system (2.3), (2.4) at the time T and the solution to this system for W°. For
t € [0,T], put

[e.9]

u(t) = o(t) — fZJr 0,t) /r d§+/Ky1(0,§)Z(f,t)d§
0

o

1 > 1 _¢
=—H(A*-)\) |1 e 2-1)|d
A ( ) + — (26 2 > 3
2y/1—e"2
1 t t
— CH (A2 -\ |1 SR [ Y :
2l )| %o T+a T+a
where I =2 f P 117 dp. According to Theorem 4.2, the control u solves the

L‘X’—controllablhty problem with respect to system (2.3), (2.4) at the time T
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for W9, Moreover, we can find the solution to this system explicitly. We have

(T,2(.8)) () = Z(A 1) + / SN ©)Z(€, 1) de

it
1 it
= LH((A— 17 - ) / AR (A, €) de
Therefore,
H ((eA—t
Wi, t) = (ST, Z(-, 1)) (z) = / R(n(1 + |2]), &) de
n(1+|z|)
¢ 2 cosh x
—H (((1 +a)et—1)" - 2) (1t a)

, z€eR, tel0,T],
\/1+ + 1—Hx|>1+u

is the unique solution to system (2.3), (2.4).

Example 6.2. Letk()—ﬁ():ﬁ,ﬁ(x): (121;)2,14/0(3:) 0, and
Wo(z) = e *ly/1+ 22, 2 € R. Evidently, n(z) = /p(z), 6(z) = 1, o(z) = z,
z €R, 071(\) =\, A € R. Then we have ”D;;; =1 +x ) 1/2 (dm)m, =1,2.

Therefore, ¢ € H™ iff p € H™, m = —1,0, 1. Hence, W € H!. We have

o= (o (2 o (1)

B T ! T 2 B 222 — 1 NP R

_<1+x2> +<1+x2> S Qyap TI@ wek
Thus conditions (1.5) and (1.6) hold for ¢ = 1, 7 = 0 (see (3.4)). Due to Theo-
rem 5.5, the state WY is not approximately L>-controllable with respect to sys-
tem (2.3), (2.4) at any given time 7' > 0 because condition (5.4) is not valid for
this state. Nevertheless, according to Theorem 5.8, the state W is approximately
L*>-controllable with respect to system (2.3), (2.4) at a free time.

Let us find controls solving the approximate L°°-controllability problem with
respect to system (2.3), (2.4) at a free time. Put Z° = T 1S7'W0 = niW0 =
(14 22)~Y2. We have ZJ(¢) = 0 and Z9(¢) = e &, ¢ € R. Put T,, = n'®,
n =1,00. In [13, Example 6.1], it was proved that the controls

8nd t t t t
vp(t) = T sin — o 51112—?265111 (sin% - 2nG> , tel0,T,], n=1,00,
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solve the approximate L*°-controllability problem with respect to system (2.6),
(2.7) at a free time. From Theorem 4.2, it follows that the controls u, () = v, (),
t € [0,T,], n = 1,00, solve the approximate L*-controllability problem with
respect to system (2.3), (2.4) at a free time.

Note that for each ¢ € R, we have U,(t) — U(t) = t as n — oo, where
Un(t) = un(t)H (T? — t?), n = 1, 00. Therefore the sequence {U,}52; converges
neither in L?(R), nor in L*>(R).

Example 6.3. Let k(z) = (1+|z]) cosh® 2, pz) = <L, F(x) = (1+]2])*+

24|z
(1+]ol) tanh o]~ b W) = e 5k ) WOe) = W),

x € R. Evidently, n(z) = coshz, 6 = \/1+ |z|, o(z) = sgnz In(1 + |z|), x € R,
o 1(\) =sgn A (ep“ — 1), A € R. Therefore, ¢ € HY iff bz, ¢ HY: o € H iff

V 1+|z]
1+ [z (pcoshx) € HY. Hence, W € H'. We have
UAY 7\?

viz) = (6% (92>> T +(92> T
@=( (1) )@+ (#1) @

1 1

= (1+]z)? - tanh || = F(z) + -+ —— z€R.
(1-+[al)? = (1 fal) tanh o] = 30) + § + 3770 2 €

Thus conditions (1.5) and (1.6) hold for ¢ = 1/2, r(\) = e /4, X € R (see
(3.4)). Due to Theorem 5.5, the state W is not approximately L>-controllable
with respect to system (2.3), (2.4) at any given time 7" > 0 because condition
(5.4) is not valid for this state. Nevertheless, according to Theorem 5.8, the state
W0 is approximately L>°-controllable with respect to system (2.3), (2.4) at a free
time.

Let us find controls solving the approximate L°°-controllability problem with
respect to system (2.3), (2.4) at a free time. Put Z° = T,7'S71W?0. For this r, the
kernels K and L of the operators T, and T, ! were calculated in [14, Example 5.1].
In our paper they are given by (6.1)—(6.3). We obtain (S™'W{) (X) = 81, (ef%),

€]

A € R. Setting a = e 2
(T, 'S™1W5) (€)

and b = 67%, we get
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Setting n = k — m, we get

o

a

(_1)n ni2m+n+2
1 Z Z nl(n + 1)!m!(m + 2)!122m+2n+3 (@ —b)"b db

m=0m 0
4 —1)na?m T3 (2m + n + 2)!
- amz:()nz% n+1) 'm' (m + 2)1(2m + 2n + 3)122m+2n+3

oo o0

(—1)F M2 (k4 m + 2)!
(k —m+ 1)Im!(m + 2)!(2k + 3)122k+1

=0 k=
oo k 2k+4 |
= Z —1)’a — Z <k+ 1)(_1)m(k+m+2)‘
2 k+1 )I(2k + 3)122k+ m (m + 2)!
B i q2k+4
B £ (k+ 1)k + 31220+
because
Z’“: k+1 (_1)m(k+m+2)!
=\ m (m+2)!
k+2 k1 k(2 +3)! K (2k +3)!
= 1- S D i /A G N S il
(20— + D AN =]
Taking into account (6.5), we obtain
2k+4
la—1 0 . €] - a B ‘gl
(T, 'Ss™'wy) (¢) = 8[2( 2) kz_o(k:—l—l)!(k—i—Z%)!Z%H ad=e
Therefore, ZJ(¢) = e &l and Z0(¢) = —?e"ﬂ, & € R. Hence, Z(&,t) =
e~ Ftelel , £ € R, t €[0,T,], is the unique solution to (2.6), (2.7) with v = v,

v
and T = T,,. Here v,(t) = ¢ T3t, t €10,T5), {Tn}>2, C (0,00) is an increasing
sequence, and T, — oo as n — co. When we have

s
Zt

Applying Theorem 4.2, we conclude that W (-,t) = ST, Z(-,t), t € [0,T}], is the
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unique solution to (2.3), (2.4) with v = u,, and T' = T,, where

un(t) = e~ 5 _§+ / K, (0,6)e€de |, telo, T, (6.6)

JGea) ] -0 wne

Thus the controls u,, n = 1, 0o, solve the approximate L°°-controllability problem
with respect to system (2.6), (2.7) at a free time.

Finally, let us evaluate u,, n = 1,00. Taking into account (6.1)—(6.3), we get
1 I I I
Lo-g (L) | L) D)
8 i 2 2

K, (0,6) = W=t
p=V1l-e 2

£

Then, setting a = e~ 2, we obtain

71@1 0.6)e-d - _/1 (Bl 20, Iifé‘))
0 0

1
OO4m+1m+2+1/

m m + 2 122m+5

—_

W

pn=v1—a

m=0 0
00 1
Z 4(m J(m+2)+1 /1
—a
m+2 m+3 122m+4
m:O 0

~2(Iy(1) + B(1) + 5.

According to (6.6), we have

un(t) = —2(I3(1) + L(1) e~ 2, te[0,T], n=T,00.

7. Appendix
Lemma 7.1. Let f € HY, o € K. If there exists f(0), then

(Puof: ¢l) = = (f, Do) = (£(0), £(0))- (7.1)

Proof. Put F(x)= f(z)if x > 0 and F(z) = 0 otherwise on R. Then
F € HO. For each [ =1, 00, set Fj(x) = f(z) if 0 <z <[ and Fj(x) = 0 otherwise
on R. Therefore, F; € H’ N H, | = 1,00, and

F — Flﬂg —0 as | — oo. (7.2)
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Let v € D, ¢(x) > 0 for z € R, suppp C [-1,0], ffooow(x) dr = 1. Put
FF = F) % oy, where v (z) = ki(kx), * € R, | = 1,00, * is the convolution sign.
Hence, F}F € HO (N C*(R), supp FF € [~1/k,l], I,k = T, 00, and for each | = 1,00
we have

4110
HFZ—FlHOHO as k — oo.
Therefore, for each [ = 1, 0o, we get
L0
HFZ—FIHO—>O as k — oo. (7.3)

Summarizing (7.2) and (7.3), we conclude that there exist increasing sequences
{lp}p2y and {ky}52, such that

~ o
HF—FPHOHO as p — o0, (7.4)

where F\p = Fl];”, p =1,00. According to (7.4), we obtain

[ (r=5)] "< (s (- B)) |

0

~ 0 ~ o
gHS—l (F—Fp>H0: [F-B] 0 asp—oc.

By fp, denote the restriction of ﬁp to [0, 4+00), p = 1,00. Then f, € H° (N C>°(R),
supp fp € [0,1p], p =1, 00, and

(Dt 0]y = (Djpfoe])  asp— o0, g€ H™, m=0,1. (7.5)

Taking into account the definition of the value of a distribution at the point x = 0,
we have

)

lp
£,(0) = B (0) = / £ @)kt (ki) dix
0

<f (,%) ,¢_> S (f0) 9 ) = f(0) asp—oo,  (T6)

where ¢_(z) = ¢(—x), x € R.

44 Journal of Mathematical Physics, Analysis, Geometry, 2016, vol. 12, No. 1



Transformation Operators and Modified Sobolev Spaces

Let ¢ € H'. Integrating by parts, we obtain

o0

(oo for ) = / (57 4) @), (57¢) (@) da

= ((87'£) (@), (57'¢) (@)]g — / ((57' ) (@), (57'%) (@) da

= —(£(0),%(0)) = (f, Dose)) -

Taking into account (7.5) and (7.6), we get (7.1), which was to be proved. [
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