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This note deals with super quasi-Einstein warped product spaces. Here
we establish that if M is a super quasi-Einstein warped product space with
nonpositive scalar curvature and compact base, then M is simply a Rie-
mannian product space. Next we give an example of super quasi-Einstein
space-time. In the last section a warped product is defined on it.
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1. Introduction

An n-dimensional (n > 2) Riemannian manifold is Einstein if its Ricci tensor
S of type (0,2) is of the form S = ag, where « is a smooth function, which turns
into S = ©g, r being the scalar curvature of the manifold. The above equation is
also called the Einstein metric condition [1]. Let (M", g), n > 2, be a Riemannian
manifold and Us = {x € M : S # ©g at =}, then the manifold (M", g) is said to
be quasi-Einstein manifold [5,7] if on Us C M we have

S—ag=PBARA, (1.1)
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where A is a 1-form on Ug, and « and § are some functions on Ug. It is clear that
the 1-form A, as well as the function [, is nonzero at every point on Ug. From
the above definition, it follows that every Einstein manifold is quasi-Einstein.
In particular, every Ricci-flat manifold (e.g., Schwarzchild space-time) is quasi-
Einstein. The scalars a, 8 are known as the associated scalars of the manifold.
Also, the 1-form A is called the associated 1-form of the manifold defined by
9(X,p) = A(X) for any vector field X, p being a unit vector field, called the
generator of the manifold. Such an n-dimensional quasi-Einstein manifold is
denoted by (QFE),.

M.C. Chaki introduced the super quasi-Einstein manifold in [4], denoted by
S(QFE)y, where the Ricci tensor S of type (0,2), which is not identically zero,
satisfies the condition

S(X,Y) = ag(X,Y) + BA(X)A(Y)
FA[AX)B(Y) + A(Y)B(X)] + 6D(X,Y),  (1.2)

where «, (3,7, d are scalar functions such that 3,, d are nonzero and A, B are two
nonzero 1-forms such that g(X,U) = A(X) and ¢g(X,V) = B(X), U, V being
unit vectors which are orthogonal, i.e., g(U,V) = 0 and D is a symmetric (0, 2)
tensor with zero trace which satisfies the condition D(X,U) =0, VX € x(M).

Here «, 3,7, d are called the associated scalars, and A, B are called the asso-
ciated main and auxiliary 1-forms, respectively, U, V' are the main and auxiliary
generators, and D is called the associated tensor of the manifold.

The notion of a warped product generalizes that of a surface of revolution. It
was introduced in [3] for studying manifolds of negative curvature. Let (B, gp)
and (F,gr) be two Riemannian manifolds with dim B =m >0, dimF =%k > 0
and f: B — (0,00), f € C*°(B). Consider the product manifold B x F' with its
projections m: B x F' — B and 0 : B X F' — F. The warped product B x; F'is
the manifold B x F with the Riemannian structure such that || X||? = ||7*(X)]||?+
(7 (p))||lo*(X)]||? for any vector field X on M. Thus we have gy = g + f2gr
holds on M. Here B is called the base of M and F the fiber. The function
f is called the warping function of the warped product [10]. We will denote
by Ricas, Ricg, Ricp, and H7 the Ricci curvature of M, the lifts to M of the
Ricci curvatures of B and F', and the Hessian of f, respectively. A Riemannian
manifold is said to be super quasi-Einstein if its Ricci tensor is proportional to
the metric, that is,

Ricyr = agy(X,Y) + BA(X)A(Y)
+AAX)B(Y) + A(Y)B(X)] +6D(X,Y).  (1.3)

By 77, 7B and 7, we will understand the scalar curvatures of M, B and F, that
is, a7 = Tr(Ricys), 78 = Tr(Ricg) and 77 = Tr(Ricp). Therefore we have the
followings [10]:
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Proposition 1.1. The Ricci curvature Ric of the warped product M =
B xy F with k = dim F' satisfies

(1) Ric(X,Y) = Ricp(X,Y) - $H/(X,Y),

(2) Ric(X,V) =0,

(3) Rie(V, W) = Ricp(V,W) = g(V, W) [#, f# = =3 + Bl v f]?

for any horizontal vectors X,Y (that is X,Y € 7(T'B)) and any vertical vectors
V,W (that is V,W € 7(TF)), where Hf and Af denote the Hessian of f and the
Laplacian of f given by Af = —tr(HT), respectively.

Proposition 1.2. Let M = B X7 F' be a warped product manifold. Then the
scalar curvature of M 1is given by

2
TM:TB+7]£+2/¢A];]E—/€(/€—1)’VJ£| .

From the above Proposition 1.1 we get the following theorem.

Theorem 1.1. Let M = B x; I be a warped product manifold which is also
a super quasi-Einstein manifold. Then the following conditions hold.

i) When U,V are orthogonal and tangent to the base B, then the Ricci tensors
of B and F satisfy the following conditions:

a) Ricp(X,Y) = agp(X,Y)+ Bgp(X,U)gp(Y,U)
+7lgs(X,U)gp(Y,V) + g5(Y,U)gp(X, V)]

+0DR(X,Y) + fer (X,Y),

b) Rick(X,Y) = gr(X,Y) [af? = FAf + (k= DIV 2] + 6Dp(X,Y);

ii) When U,V are orthogonal and tangent to the fibre F, then the Ricci tensors
of B and F satisfy the following conditions:

a) Ricp(X,Y) = agp(X,Y) + ?Hf(X, Y)+6Dp(X,Y),

b) Ricp(X,Y) = gr(X,Y) [af? = fFAf + (k= 1)V f]?]
+ Bf gr(X, U)gr(Y,U) + v lgr(X, U)gr(Y,V)
+ gF(Y7 U)QF(X7 V)] + 6DF(X7 Y)

Corollary 1.1. Taking the traces of Theorem 1.1, we get the scalar curvature
of M, B and F of two different cases.
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i) 7vp = a(m+k)+3, 75 = am—k%—l—ﬂ, TP =k [ozf2 — fAf+ (k- 1)|Vf|2].

i) 7y =a(m+k)+ 5, 8 :am—k%, =k [ozf2 — fAf+ (k- 1)]Vf\2] +
Brt.

The proves of Theorem 1.1 and Corollary 1.1 follow similarly to Theorem 2.1
from the paper [12]. We also have the following propositions from [2,10], where
the expression of Ricci curvature of a warped product space was obtained.

Many authors, like M.C. Chaki [4], C. Ozgiir [11], etc., have studied su-
per quasi-Einstein manifolds. In [6], D. Dumitru gave a characterization of the
warped product on quasi-Einstein manifold and B. Pal, A. Bhattacharyya studied
a characterization of the warped product on mixed super quasi-Einstein manifold
in [12]. In [9], D. Kim discussed about a compact Einstein warped space with
nonpositive scalar curvature. Motivated by the above papers, in this work we
study super quasi-Einstein warped product spaces with nonpositive scalar cur-
vature. Also, we establish the four-dimensional example of super quasi-Einstein
space-time, and in the last section we give the example of a warped product on
it.

2. Super Quasi-Einstein Warped Product Spaces with
Nonpositive Scalar Curvature

From Proposition 1.1, we get the following result where equation (1.2) be-
comes

Result 2.1. When U, V are orthogonal and tangent to the base B, the warped
product M = B X7 F' is a super quasi-Einstein manifold with

Ricar(X, Y) =agu (X, Y)+BACX)A(Y)+7[A(X) B(Y)+ A(Y)B(X)|+3D(X, Y ),
where D(X,Y) = g(IX,Y), l is a symmetric endomorphism if and only if

(2.&) RiCB (Xv Y) = agB(Xa Y) + /BQB (Xv U)gB(Yv U)
+70gB(X,U)gs(Y,V) + g5(Y,U)gp(X, V)]
k

+6Dp(X,Y) + ?Hf(X, Y),

(2.b) Ricp(X,Y) = ugr(X,Y)+6Dp(X,Y),
(2.c) p=[af? = fAf+ (k=D)|V]].

Now, we state a lemma whose detailed proof is given in [9].
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Lemma 2.1. Let f be a smooth function on a Riemannian manifold B, then
for any vector X, the divergence of the Hessian tensor H' satisfies

div (Hf) (X) = Ric(Vf, X) — A(df)(X), (2.1)

where A = dd 4+ dd denotes the Laplacian on B acting on differential forms.
Now we prove the following proposition.

Proposition 2.1. Let (B™, gg) be a compact Riemannian manifold of dimen-
sion m > 2. Suppose that f is a nonconstant smooth function on B satisfying
(2.a) for a constant o € R and a natural number k € N, and if the condition

Bap(X,U)gp(Vf,U) +~gp(X,U)gp(Vf,V)
+gB(vf7 U)gB(Xv V)] +gB(lXa Vf) =0

holds, then f satisfies (2.c) for a constant yn € R. Hence, for a compact Rie-
mannian manifold F' with Ricp(X,Y) = pgr(X,Y) + 6Dp(X,Y), we can make
a compact super quasi-Einstein warped product space M = B X F' with

Ricyr(X,Y) = agu(X,Y) + BAX)A(Y)
+A[AX)B(Y) + A(Y)B(X)] + 6D(X,Y),

where D(X,Y) = g(IX,Y), | is a symmetric endomorphism when U, V are
orthogonal and tangent to the base B.

Proof. By taking the trace of both sides of (2.a), we have

S—am—kAff—i—B, (2.2)

where S denotes the scalar curvature of B given by tr(Ric). Note that the second
Bianchi identity implies (see [10])

dS = 2div(Ric). (2.3)
From equations (2.2) and (2.3), we obtain

k

{Afdf — fd(Af)(X)}. (2.4)

On the other hand, by the definition, we have

div <}Hf> (X)=)_ <DEi <}Hf>> (E;, X)

%
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_ _;QHf(Vf, X) + }div B (X)

for any vector field X and an orthonormal frame FEi, Fs,..., E, of B. Since
HI(Vf, X) = (Dxdf)(Vf)=1d(]Vf]?) (X), the last equation becomes

v l f :_i 2 l iv Hf
d (fH>(X) 2f2d(]Vf|)(X)+fd HY(X)

for a vector field X on B. Hence, from (2.a) and (2.1), it follows that
1 1
dlv(?Hf)(X) =3p {(k=1)d (V) —2f d(Af) +2af df }
1

+ 2B98(X,U)gp(Vf,U)

+ 29s(X,U)gs(Vf, V) +95(Vf,U)gp(X, V)]

e S

+ ?5DB(X, V). (2.5)
But, (2.a) gives div Ricp = div(?Hf) +div Dp. Therefore, (2.4) and (2.5) imply
that d(—fAer (k—1)|Vf? +af2) =0, that is, —fAf+ (k—1)|Vf?+af? =
p for some constant p. Thus the first part of the proposition is proved. For a
compact Riemannian manifold (F,gr) of dimension k& with Ricyp = pgrp + 0Dp,

we can construct a compact super quasi-Einstein warped product M = B x; I
by the sufficiencies of Result 2.1. 0

In a similar way, we get the following result and proposition when U, V are
orthogonal and tangent to the fiber F.

Result 2.2. When U, V are orthogonal and tangent to the fiber F', the warped
product M = B x¢ F is a super quasi-Einstein manifold with Ricpy (X,Y) =
agu(X,Y) + BAX)AY) + v[A(X)B(Y) + A(Y)B(X)] + 6D(X,Y), where
D(X,Y)=g(IX,Y), l is a symmetric endomorphism. if and only if

(2.d) Ricp(X,Y) = agp(X,Y) + ;Hf (X,Y) +6Dp(X,Y),

(2.¢) Ricp(X,Y) = gp(X,Y) [af? = FAf + (k= D|Vf[]
+B8fgr(X,U)gr(X,U)
+ 7/ gr(X, U)gr(Y, V) + gp(Y,U)gr(X, V)] + 6Dp(X,Y),
(2.8) p=[af? = fAF+ (k= 1)|VP].
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Proposition 2.2. Let (B™, gg) be a compact Riemannian manifold of dimen-
ston m > 2. Suppose that f is a nonconstant smooth function on B satisfying
(2.d) for a constant « € R and a natural number k € N, and if the condition
dgp(IX,Vf) =0 holds, then f satisfies (2.f) for a constant p € R. Hence, for a

compact super quasi-Finstein manifold F with
Ricr(X,Y) = gr(X,Y)[af? = fFAf + (k= D[V + Bf gr(X, U)gr(Y,U)
+f gr (X, U)gr(Y, V) + gr (Y, U)gr (X, V)] + 6Dp(X,Y),
we can make a compact super quasi-Einstein warped product space M = B Xy F'
with
Ricar(X,Y) = agar(X,Y) + BAX)A(Y)
+v[A(X)B(Y)+ AY)B(X)] +0D(X,Y),
where D(X,Y) = ¢g(IX,Y), | is a symmetric endomorphism when U, V are
orthogonal and tangent to the fiber F.
Proof. By taking the trace of both sides of (2.d), we have

S =am— kﬁ, (2.6)

f

where S denotes the scalar curvature of B given by tr(Ric). From equations (2.6)
and (2.3), we obtain

div Ric(X) = 2];2{A Fdf — FAAF)(X)). (2.7)

Hence, from (2.d) and (2.1), it follows that
. (1 1
div <fo> (X) = 272{(14: —1)d(IVfP)

—2f d(AF) + 22 df} + }6DB(X, V).  (28)

But, (2.d) gives div Ricg = div (?Hf> +div Dp. Therefore, (2.7) and (2.8) imply

that d(—fAf + (k— 1)|Vf2+ Af?) =0, that is, —fAf + (k- D|Vf? + af? =
u for some constant u. Thus the first part of Proposition 2.2 is proved. For a
compact Riemannian manifold (F, gr) of dimension k with

Ricp(X,Y) = gp(X,Y) [af? = fAf + (k= 1)|Vf*] + Bf'9r(X,U)gr(X,U)
+ v 9 (X, U)gp(Y, V) + gr(Y,U)gr(X, V)] + 6Dp(X,Y),

we can construct a compact super quasi-Einstein warped product M = B x; F
by the sufficiencies of Result 2.2. O
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Now we prove the following theorem.

Theorem 2.1. Let M = B x ¢ F' be a compact super quasi-Einstein warped
space. If M has nonpositive scalar curvature, then the warped product becomes a
Riemannian product.

Proof. Equations (2.c) and (2.f) become
div(fAf) + (k= 2)|Vf? + af? = pu (2.9)
By integrating (2.9) over B, we get

n= g [V

where V' (B) denotes the volume of B.

(2.10)

1. Suppose k > 3. Let p be a maximum point of f on B. Then we have f(p) >
0,Vf(p) =0 and Af(p) > 0. Hence, from (2.c), (2.f) and (2.10), we obtain the
following:

0< f(p)Af(p) = 0sz‘"2

/ VI + 5 / (P - ) <0 (211)

If @ < 0, then f is constant.

2. Suppose k = 1,2. Let p be a minimum point of f on B. Then we have
f(q) > 0,Vf(q) = 0 and Af(p) < 0. Hence, from (2.c), (2.f) and (2.10), we
obtain the following:

0> f(g)Af(q) = ozf2

/ VI + 5 /B (Pl@)- ) >0 (212

If k=1 and a < 0, then from (2.12), f is constant. If £ = 2 and a = 0, (2.9)
and (2.10) imply that f is harmonic on B, then f is constant. This completes
the proof of the theorem.

O]

3. Example of 4-Dimensional Super Quasi-Einstein Space-Time

Here we construct a nontrivial concrete example of a super quasi-Einstein
space-time. Let us consider a Lorentzian metric g on M* by

ds? = gijdr'de! = k(dt) (dr) r2(df)? + (rsin 0)?(d¢)?,
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where 7,7 = 1,2,3,4 and k, c are constant. Then the only nonvanishing compo-
nents of Christofell symbols, the curvature tensors, and the Ricci tensors are:

1
2r’

C
F%?, =4r — ¢, F%Q = - F%Q = QT(C — 4’/")’

)

I3, =4r —c, Tj3=cotf, T3, = (4r—c)(sinh)? T3, =—

k(c—3r) k(c—4r) k(c — 4r)(sin 0)?
Rigg = 3 (e —4r)’ Rigsn = =5 Run = 52 ,
B c _ c(sin 6)? B .9
Raszo = 2dr— o) Rayao = 24— )’ R3443 = r(c — 57)(sin 0)”,
Ry = —£7 Roy = —L, R33 = —3, Ryy = —3(sinf)?. (3.2)
73 r(c—4r)

From the above, it can be said that M* is a Lorentzian manifold of the nonva-
nishing scalar curvature and the scalar curvature r = —%. We shall now show
that this manifold is S(QE)a.

Let us consider the associated scalars «, 8, and § and the associated tensor
D as follows:

3 1 1 1
« 7”2 bl /8 r ? fY r Y T'2 I ( )
and
1 1 2
Dy =0, Day = —, D33 = —, Dyy = ——,
T r r
2Vk 2Vk 2Vk 2Vk
Dy = ——, Dy = —, D3 = —, D3y = —,
r r r T
vk VE vk VE
Dy = —, Dy = —, Doz = —, D3y = —,
T r r r
1 1 1 1
24= 5 2=5 34= 5 43= 5 (3.4)
and the 1-forms are given by
% for i=1 3 )
1 ) —5. for i=4
Ai(z) =4 ; for i=2,3 and Bi(x) = )
1 0 otherwise.
—= for 1=4

Then we have
i) Ri1 = agn + BA1AL +y[A1 By + A1 B1] + 0Dy,
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ii) Rop = agog + fA2A2 + y[AaBy + A3 Bo] + d Do,
iii) R33 = agss + BA3A3 +v[A3B3 + A3B3] + 0 D,
iV) Ryy = agyq + BALAL + ’Y[A4B4 + A4B4] +0Dyy.
Since all the cases other than (i)—(iv) are trivial, we can say that
Rij = agij + BAiA; +V[AiBj + AjBi] + 0Dij, 4,5 =1,2,3,4.

Ezample 3.1. Let (M*,g) be a Lorentzian manifold endowed with the metric
given by

1
€4

r

R + —1(dr)? + r2(d0)? + (rsin 0)(do)?,

ds® = gijdmidl‘j = ——

r
where 4,7 = 1,2,3,4 and k, c are constant. Then (M*, g) is an S(QE)4 space-time
with nonvanishing and nonconstant scalar curvature.

4. Example of Warped Product on Super Quasi-Einstein
Space-Time

Here we consider the example (3.1), a 4-dimensional example of super quasi-
Einstein space-time endowed with the Lorentzian metric given by

1
|

r

(dr)? 4+ r%(d6)* + (rsin0)?(do)?,

ds? = g;jda‘dr’! = —é(dt)2 +
where 7,7 = 1,2,3,4 and k, c are constant. Now we have already proved that it
is a super quasi-Einstein space-time with nonzero and constant scalar curvature.

Therefore the above space-time of the form R x (¢, 00) x S2, where S? is the
2-dimensional Euclidean sphere, the warping function f : R — (0, 00) is given by
= —L—, r < £. Here R is the base B, and F = (£,00) x S? is the fiber.

f(t) - \/gv 4

Therefore the metric ds?w = dsQB + deSQF, that is,

A
ds* = gizdatde’ = —(dt)?
s° = gijdx'de 7‘()+974

r

[(dr)? + (cr — 47%)((d)? + sin® 8(d¢)?)]

is the example of a warped product on S(QF)4 space-time.
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