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We consider a family {#H* }.~¢ of eZ"-periodic Schrédinger operators with
d’-interactions supported on a lattice of closed compact surfaces; within a
minimum period cell one has m € N surfaces. We show that in the limit
when € — 0 and the interactions strengths are appropriately scaled, H® has
at most m gaps within finite intervals, and moreover, the limiting behavior
of the first m gaps can be completely controlled through a suitable choice of
those surfaces and of the interactions strengths.
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1. Introduction

Spectral analysis of operators with periodic coefficients is a frequent topic
in mathematical physics. Recent advances in investigation of various sorts of
metamaterials motivate the study of operators. One of the central questions con-
cerns the structure of spectral gaps in view of their importance for conductivity
properties of such substances, in particular, the possibility of engineering the gap
structure by choosing an appropriate material. In the present paper, we investi-
gate this problem for a class of such operators; we are going to show that using
a suitable lattice of “traps” arranged periodically in combination with a scaling
transformation that makes these traps smaller and weaker one can approximate
any prescribed finite family of spectral gaps. Let us recall in this connection that
similar ideas can also appear in a different context, for instance, concerning the
gap creation by “decoration” of quantum graphs [2,5, Sec. 5.1].

The idea to employ ¢’ traps was first used in our recent paper [7] where we
demonstrated that it can provide an approximation to the first spectral gap in the
particular case of operators used to model nanowires regarding them as electron
waveguides. In the said paper, we focused our attention at guides with Neumann
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boundary characteristic for metallic nanowires, and we also supposed that the
scaling made the duct thin. Here we extend this result in two directions. First
of all, we suppose that the family of traps is periodic in more than one direction,
and secondly, we manage to get an approximation with any finite number of
prescribed gaps. What is equally important, however, not only the present result
is more general, but also the method we employ differs from that used in [7] where
the argument was based on eigenvalue convergence for the elements of the fiber
decomposition by constructing approximations for the eigenfunctions.

In contrast, in the current paper, we identify the limiting operators using
Simon’s results for a monotonic sequence of forms [13]. The convergence of the
eigenvalues is then proven using a (slightly modified) lemma from [8]. This allows
us not only to prove the said convergence of eigenvalues, but also to estimate its
rate. Location of spectral gaps can be then controlled by a suitable choice of
the interaction ‘strength’ and the trap shapes, that is, surfaces supporting these
interactions, following a result from [10]. In the next section, we describe the
problem properly and state the main result. Section 3 is then devoted to its
proof; in the Appendix we recall the lemma mentioned above.

2. Setting of the problem and main result

Let m € N and let {€2;}72, be a family of simply connected Lipschitz domains
in R", n € N\ {1}. We assume that

QNQy=0asj#j and UL,Q;CY:=(0,1)"

Also, we set

In what follows, £ > 0 will be a small parameter. For i € Z" and j € {1,...,m},
we set

TS, i= (09 + ).

Next we describe the family of operators H® which will be the main object of
our interest in this paper. We denote

re=J O I
ez j=1

and introduce the sesquilinear form h* in the Hilbert space L?(R") via

ba[u’U] :_/ V’U/V'I_)dx
Rr\I'¢
W T U s >0, ()

m
+e g [ i -

iez j=1 715 v Y Y e
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with the domain of form dom(h?) = HI(R™ \ ). Here f [*! (respectively,

re.
¥

f [irm ) stands for the trace of the function f taken from the exterior (respectively,

€.
%,

interior) side of I';;; ds is the ‘area’ measure on I';;.

Remark 2.1. From the viewpoint of physical motivation mentioned in the
introduction, the cases n = 2,3 are important. However, there is no problem
in stating and proving the result for any dimension; what matters is that the
codimension of the interaction support is one. In general, a trap lattice may have
different periods in different dimensions, but using suitable scaling transforma-
tions one can reduce such situations to the case considered here.

The definition of h[u,v] makes sense: the second sum in (2.1) is finite as one
can check applying the standard trace inequalities within each period cell. Fur-
thermore, it is straightforward to check that the form H[u,v] is densely defined,
closed, and positive. Then, by the first representation theorem [9, Chapter 6,
Theorem 2.1], there is a unique self-adjoint and positive operator associated with
the form h°, which we denote as H°,

(Hou,v) 2mny = b[u,v], Vu € dom(H?), Vv € dom(h®).

Let u € dom(H¢) N C2(R™ \ I'¥). Integrating by parts, one can easily show
that

(Hfu)(x) = —Au(z) at z € R"™\T¥,

while on T'j; one has the following interface matching conditions:

() [7'= (Onu) I = eq; (u [ —u [},

i i ij ij
where 0y, is the derivative along the outward-pointing unit normal to I';;. This
supports our interpretation of H® as the Hamiltonians describing a lattice of
periodically spaced obstacles, or “traps” in the form of given by 4§’ interaction
supported by I';;; the interaction becomes “weak” as ¢ — 0. For more details on
Schrodinger operators in R™ with ¢’ interactions supported by hypersurfaces we
refer to [3,4].

We denote by o(H®) the spectrum of H°. Due to the Floquet—Bloch theory,
o(H®) is a locally finite union of compact intervals called bands. In general,
the bands may touch each other or even overlap. The non-empty bounded open
interval (A, B) C R is called a gap in the spectrum of H¢ if

(A,B)No(H?) =0, A, Beo(H).
First we give a simple estimate from above to the number of gaps.

Proposition 2.2. The spectrum o(H?) has at most m gaps within the interval
[0, Ae=2] with some constant A > 0 depending on the set gy only.
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The proof of this proposition is simple, but we postpone it to Section 3, cf.
Corollary 3.2 since we need to do some preliminary work first. The constant A is
given by (3.7).

Our main goal is to detect gaps in the spectrum of H® within the interval
[0, Ac~?] and to describe their asymptotic behavior as ¢ — 0. To state the result,
we have to introduce some notations.

In what follows, we denote by C, C1, etc. generic constants independent of
and of functions appearing in the estimates and equalities where these constants
occur, however, they may depend on n, {2; and g;.

For j € {1,...,m}, we set

10921
A= q; ,
SRt
where the symbol | - | serves both for the volume of domain in R™ and for the

“area” of (n — 1)-dimensional surface in R"”. We assume that the domains 2; and
the numbers ¢; are chosen in such a way that

Aj<Aj+1, je{l,...,m—l}. (2.2)

Furthermore, we consider the rational function
m
A
F(A)=14> % (2.3)

It is easy to show that F'(\) has exactly m roots, those are real and interlace with
A; provided (2.2) holds. We denote them Bj, j € {1,...,m} assuming them to
be renumbered in the ascending order,

Aj <Bj<Aj, jed{l,....m—1}, A, <Bp <. (2.4)
Now we are in position to formulate the main results of this work.

Theorem 2.3. The spectrum of H® has the following form within the interval
[0, Ae™2]:

o(HE)N[0,Ac™ %] = [0,Ac 2]\ 6 (A5, B)
j=1

The endpoints of the intervals (Aj, BJE) satisfy
A5 € [Aj - Ce, Aj], Bj € [B; —Ce, By,
provided € is small enough.

Remark 2.4. In the above theorem, “provided ¢ is small enough” means € <
go for some g9 which depends in general on ¢; and €2;. It will be apparent from
the proof, cf. Lemma 3.4, that g can be given explicitly, but the formula looks
rather cumbersome, in particular, it depends on the constants appearing in the
Poincaré and trace inequalities for €2;.
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Using a lemma from [10], one can choose the domains §); and the numbers
¢; in such a way that the limiting intervals (Aj, Bj) coincide with predefined
segments. Indeed, let us define the map

£ :dom(L) C R2™ 5 R2™ (ay,...,am,b1,-...bm) v (A1, ..., Am, Bi,. .., Bm)
with the domain

donmﬁ)::{(ah.“,amth.”,bm)e]RW”;aj>>o,bj>>a

" a; a;
Z%<L]<3“}
= bj  bjn

py
acting as follows: A; = b—], Bj are the roots of the function
J

m A]b] m
1+Zm, where bo =1- ij,

j=1

renumbered according to (2.4). The indicated result [10, Lemma 2.1] then reads
as follows:

Lemma 2.5. £ maps dom(L) onto the set of (A1,..., Am, B1,...By) € R?™
satisfying (2.4). Moreover, L is a one-to-one map, and the inverse map L~ is
given by the formule

aj=A—L p= P (2.5)
L+ > pi L+ > pi
=1 =1
where
A i N A

Now it is clear how to choose the sought €2; and g, cf. the statement following
Remark 2.4. Specifically, assume that the intervals (A;, B;) satisfying (2.4) are
given. We define for them the numbers a;, b; by formule (2.5) and then we
choose the domains Q;, j € {1,...,m}, in such a way that |Q;| = b;. Obviously,
this can be always done since b; > 0 and Z;nzl b; < 1; recall that the closures of
2; must be pairwise disjoint by assumption and belong to the unit cube. Needless

to say, such a choice is not unique. Finally, with these {1; we define the numbers
_ A 191
9 by ¢ = Ajrag,-

3. Proof of the results

3.1. Preliminaries. We introduce the sets
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o I'; =09y, where j € {1,...,m},
o I'y; =00 +1i, where i € Z", j € {1,...,m},

o I'=Uiezn Ujeqr,...my L'ij-

The operator H® is by construction Z™-periodic with the period cell €Y. It is
convenient to perform a change of coordinates x = ey (from the old coordinates x
to the new coordinates y) that would allow us to work with an e-independent
period cell. More precisely, we introduce the sesquilinear form h* in the Hilbert
space L2(R") via

-~ 1

b [u,v] == — Vu-Vodr
€% JR\I'
m
. t_ int Xt __,, Mn .
PN [ T g
7 = 2

with the form domain dom(a‘f) = HY(R™\TI"). Finally, by ¢ we denote the unique
self-adjoint and positive operator associated with the form GE . It is easy to see
that R

o(H) = o(H").
Moreover, the operator He is periodic with respect to the e-independent period
cell Y.

The Floquet—Bloch theory — see, e.g., [6,11,12] — establishes a relationship
between O‘(ﬁg) and the spectra of certain operators on Y. Let ¢ = (¢1,...,¢y) €
[0,27)™, the dual cell to Y. We introduce the space Hé(Y \ UYLy T), which
consists of functions from H! (Y\UTL T';) satisfying the following conditions at the
opposite faces of Y, usually referred to as quasi-periodic boundary conditions,

Vk e {l,...,n} u(x+ ex) = exp(iop)u(z)
for x = (z1,22,...,0,...,2y), (3.1)
kth ;lace

where e = (0,0,...,1,...,0). R
In the space L2(Y), we introduce the sesquilinear form h; defined by

=~ 1
lu, V] :=2/ Vu - Vodz
& Jy\um, 1
£300 [ @ T s (32)
j=1 j

with the domain Hé(Y \ UL T). We denote by ﬁ; the associated self-adjoint
and positive operator. Its domain consists of the functions u € H2(Y"\ U TN
Hé(Y \ UL, T) satisfying also

0 , 0
VhE {1 n} g (ot o) = explin) 5 (7)
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for x = (x1,29,...,0,...,2,) (3.3)

+
kth place

and the following ¢’ interface matching conditions on T';:

(Onw) [70= (Onw) = &g (u 7 —u ),

where 0y, is the derivative along the outward-pointing unit normal to I';. The
operator Hg acts as

~ 1
( Zﬁu) er: _E(Au) fﬂp JE {Ovam}

The spectrum of 7—72 is purely discrete. We denote by {/\i ¢} kN the sequence of
its eigenvalues arranged in the ascending order and repeated according to their
multiplicity.

By the Floquet—Bloch theory, we have

U U sk (3.4)

k=1 ¢€[0,2m)"

and moreover, for any fixed k € N the set U¢€[0,2ﬂ)7l{ki, ¢} is a compact interval,
conventionally referred to as the kth spectral band.

Along with the operators ’;sz) we also introduce the operators ’ﬁ?v and ﬁ%,
which differ from ﬁ; only by the boundary conditions at dY: instead of the
quasi-periodic conditions one imposes here the Neumann and the Dirichlet ones,
respectively. More precisely, we introduce in L2(Y") the sesquilinear forms Eﬁv and
H% with the domains

dom(hy) = H{(Y \U,T;) and dom(h5) = {ue H{(Y \U™LT)) : u [y=0}

and the action specified by (3.2); then 7/-[\5\, and ﬁ% are the operators associated
with these forms. The spectra of these operators are purely discrete. We de-
note by { AL, N}k N (respectively, {)\i D} L eN) the sequence of eigenvalues of H5,

(respectively, of 7—7%) arranged in the ascending order and repeated according to
their multiplicity. Since

Vo € [0,2m)" 1 dom(h%) D dom(h3) > dom(h3),
using the min-max principle [12, Sec. XIII.1], we obtain
VkeN, Vo €[0,2m)" 1 AN, nv <Ay < A\ip- (3.5)

For a fixed ¢ € [0,27)", we denote by A () the Laplace operator on €
subject to the Neumann conditions on U7;0(2; and conditions (3.1), (3.3) on
Y.
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Lemma 3.1. For each ¢ € [0,2m)"™, one has

1
280 < Ani1e
where Ay is the smallest eigenvalue of the operator —An 4(€p).

Proof. We consider the decoupled operator

S dee = <_612AN,¢(QO)) o) (ea;-”l <—€12AN(QJ-)>> ,

where An(€2;) is the Neumann Laplacian on €25, j = 1,...,m. Since g; > 0, we
get

bz&,dec < 6257 (36)

where Hi,dec is the form associated with ﬁ;dec. Psing the min-max principle, we
conclude from (3.6) that the kth eigenvalue of M3 dec is smaller than or equal to
the kth eigenvalue of ﬁé for any k € N. It is clear that the first m eigenvalues of

ﬁ;dec are equal to zero, while the (m+1)th one equals e2A,, whence we obtain
the desired result. O

Now we set

A= ¢>€I[%,%¥)" Ag. (3.7)
It is easy to see that A < oco. Indeed, due to the min-max principle, A < Ap,
where Ap is the smallest eigenvalue of the Laplace operator in {2y subject to the
Neumann conditions at U7, d¢2; and the Dirichlet conditions at JY". Note that
A # Ap in general.
From the above lemma and (3.4), we immediately obtain the following corol-
lary justifying the claim of Proposition 2.2:

Corollary 3.2. o(H¢) (hence also o(HF)) has at most m gaps on the interval
[0, Ac?].

Now we are able to proceed to the proof of our main result. First we sketch
our strategy.

3.2. Sketch of the proof. We distinguish two points of the dual lattice
cell, usually referred to as Brillouin zone, denoting

oo =(0,0,...,0), o¢p=(m,m,...,7).

In view of (3.4)~(3.5), the left edge of the kth spectral band of H¢ is located
between A7 n and A 4,, while the right one is located between Aj, b and A\i p.
Clearly, AN =A% 6 =0 holds. Our goal is to prove that

lim._,q )\‘Z’N = lim._,q )\i@o =Bp 1, k=2,....m+1,

lim._,q )‘i,D = lim._,g )‘i,m = Ayg, k=1,...,m,
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and, moreover, that the rate of this convergence is of order Ce. These results
taken together give the claim of Theorem 2.3.

__ Let us start from the Neumann eigenvalues. The idea is to find a limit operator
Hy the eigenvalues of which will approach A y as e — 0. It is not difficult to
guess — using, e.g., Simon’s results [13] about monotonic sequences of forms —
how the “limit” operator should look like: it is associated with the form

dom(By) = {u € Mesodom(B) : sup Bielu,u] < oo} ,
e>0

b lu,v] = lim b5 [u, v]. (3.8)

e—0

Evidently, dom(HN) consists of the functions constant on each €;, and the
value of the form on functions is given by Z qj|Tjl|uj — uo|?, with the abuse of
]7
notation written as u = = (ug, - .., Uny) € C™TL. Moreover, it turns out that the
eigenvalues of Hy are 0, By, ..., By, with reference to the result obtained in [2].
The limit operator for 73 ' is again Hy since a function constant on €2 satisfies
¢o-periodic boundary conditions and hence (3.8) leads to the same operator.
The limit operator for H is associated with the form f) p defined by (3.8)

except that E{}:v is replaced by h $- Since the only constant satisfying the Dirichlet
boundary conditions is zero, we conclude that dom(hp) = C™ and the action of
m ~
this form on u = (u1,...,un) € C™is Y ¢;|T;||u;|?. The eigenvalues of Hp are
=1
thus Al, e ,Am.
Finally, the limit operator for Hg, is Hp since the functions constant on {2
can satisfy ¢,-periodic boundary conditions iff the functions are zero.
In the subsequent sections we will implement this strategy. Our asymptotic

analysis will be based on a (slightly modified) result from [8] which for the reader’s
convenience is presented in Appendix.

3.3. Asymptotic behavior of A\ y; and ], o In the following, we will

work with the space C™*! denoting its elements by bold letters, u, v, . ... Their
entries will be enumerated starting from zero,

uecC™! = u=(ug,...,uy) with u; € C.

Let Cg“ be the same space C"™*!, but equipped with the weighted scalar prod-
uct,

(u,v (Cm+1 Zu]v]m |. (3.9)

In this space we introduce the sesquilinear form HN

vl = g1 (u; — uo)(v; — vo)
j=1
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with dom(hy) = Coth. Let Hy be an operator in Ct! associated with this
form. It is obvious that Hy can be represented by the (n + 1) x (n 4 1) matrix,
symmetric with respect to the scalar product (3.9),

m
> |05l = D107 —q2IT2l[Q0] ™ - =@ [T Q0]
j=1
T R e S 0 0
N= ] —qoTo[Q] 0 @|Ta||Q2) 71 ... 0
L [ 0 0 o | Do ||
(3.10)

We denote by A\ v < A n < --- < Ajpg1, v the eigenvalues of ﬁN.
Lemma 3.3. For any k € {1,...,m + 1}, one has
)\Z’N < AgN-

Proof. By the min-max principle, we have

€

Ny = (3.11)

. [, ul
min = max oo,
Vegk] ueV\{0} ||U||L2(y)

where [k] is the family of all k-dimensional subspaces in dom(/b\ﬁv). We introduce
the operator P : Cott — L2(Y) by

m
Pu=Y"uyxa,,
=0

where xq; is the indicator function of {2;. Since the €2;’s are disjoint by assump-
tion, we have

[Pulliziyy = llaflgmer,  bx[Pu, Pu] = by[u,ul. (3.12)
Let up n,...,u, N be an orthonormal system of eigenvectors of ’;QN such that
Hnujn = Ajnujn. We denote Wy, := span(ug n, ..., Umn,N), then it is easy to
check that
u,u
Yu e Wy, M < )\k,Nv (3.13)
ulZ,.

the equality in (3.13) being attained for u = uy n.
Finally, we set Vi, := PW}. It is obvious that Vi € 2U[k], and using (3.11)—
(3.13), we obtain

€ H?V [u7 u] o HN [uv u]

XN oyv< m = = Ak,N
W u€V\{0} ||UH52(y) ueW\{0} ||uHég+1 7

which concludes the proof. ]
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Lemma 3.4. For any k € {1,...,m+ 1}, one has
)\k:,N < /\27N+CE, (3.14)
provided € is small enough.

Proof. For u € dom(fj\ﬁv), we introduce the norm

= 1/2
lulle s= (B3l ] + ulia)) -

Furthermore, we define the operator @ : dom(aﬁv) — dom(HN) by

(Pu); / 7j=0,....,m.
~ el

Our goal is to prove that the following estimates hold for each u € dom(ﬁﬁv):
etz (yy < 1Pullgmes + Cre[lulfi, (3.15)
b [u, Bu] < biy[u,u] + Caelulf . (3.16)
Then, by means of Lemma 3.9, from Appendix we will get

A n(L+ A V)01 + (14 Af y)Cae
1—(1+ )\27]\,)0162 ’

AN S AN+ (3.17)

and since Ay < A n holds by Lemma 3.3, the sought estimate (3.14) will follow
from (3.17).
Estimate (3.15) is an easy consequence of the Poincaré inequality

Vi €{0,...,m} lu—(Qu)jlli2q,) < ClVullzg,

Indeed, we have
m
lullfoiry = D lullfzgq,) = 1@ullg 1 +leu (@u);llz(q,)
j=0

m
< BulZp s +C1 Y [Vulagg) < 1Bulin + Cre?ul.
j=0

Let us next prove (3.16). One has
O [@u, ®ul <O [u,u] + D giR;lu,u

where .
Ry, u] 1= |(@u)o — (D), = w194 = [0 2o
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and these expressions can be estimated in the following way:

|Rj[u7u” <

(@u)o = (@) llary) — || T —u I

L2(Ty)

|-2(Fj)>

< _ ext
< (H(<1>u>o uge ) @)
s (I@Wolliaqey) + 1@l llaqey) + o 15 sy + 1 o, )

Using the trace and the Poincaré inequalities, we get

2 2
sy < OV @~ uliag + IVl

: ("(q)u)o — (@ujll2r,y + H“ o —u

. H(q’“)j —uly

Ty

L2(T;

jef{l,...,m}: H(q’“)j g it

Ty

< G Vullpo g,y < Crellullie,  (3.18)
and similarly,

H(‘I’U)o —u [

Lj

Loy S ClIVullizig,) < Cellullie. (3.19)
(T'y)

Using further the trace and the Cauchy—Schwarz inequalities, one finds
[(@u)olliz(r;) + [[(Ru)jllL2r,) + llu f?;t L2(r;) + [lu firrj IL2(r))
< Cllullw o, ry) < Cllullie. (3.20)
Combining now (3.18)—(3.20), we obtain the needed estimate
| Rj[u, u]| < Cellul1e,
which implies the validity of (3.16) concluding thus the proof. O

We notice that the matrix of the form (3.10) has already been studied in [2]
(using different notations). It is shown there that its eigenvalues are the roots of
the function AF'(\), where F'()) is defined by (2.3). Taking this into account, we
immediately obtain the following corollary from the last two lemmata.

Corollary 3.5. One has
My=0, Ay <Bgp1 for ke{2,...,m+1}.
Moreover, for small enough € there is also a lower bound
Bi1—Ce <A,y for ke{2,.... m+1}.

As we have already noticed above, the limit operator in the ¢g-periodic situa-
tion has the same eigenvalues as the Neumann one. We have the following claim
the proof of which repeats verbatim the arguments of Lemmata 3.3 and 3.4.

Lemma 3.6. One has
Too =0, ANogy < Br1 for ke{2,...,m+1}.
Moreover, for small enough €, there is also a lower bound

By 1—Ce <Ny, for ke{2,...,m+1}.
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3.4. Asymptotic behavior of )\; ;, and A} bn Keeping the boldface
symbols from the previous section, we denote by C{ the space of vectors u =
(0,u1,...,un) € C™F! equipped with the scalar product

m
(w,v)eg = > w9,
j=1

and introduce in this space the sesquilinear form HD,
m

bolu,v] = q¢|Tjlu;v;
j=1

with dom(HD) = C{. Let further #Hp be an operator in C{ associated with this
form. It is clear that Hp acts as

m
Hpu=Y_ q|T1||| "y
j=1
and its eigenvalues are Ay, As, ..., Am.
Lemma 3.7. One has
MNep S Ag for ke {l,...,m}.
Moreover, for small enough ¢, there is a lower bound
Ay —Ce <\, p for ke{l,...,m}.

The proof of this lemma is again similar to those of Lemmata 3.3 and 3.4.
The only essential difference here is that instead of the Poincaré inequality, in {2
we use the Friedrichs inequality

ullL2(00) < IVulliz(g)s

which is valid because the functions from dom(H‘ED) have zero trace on 0Y.
The analogous result is valid for eigenvalues in the ¢,-periodic situation.

Lemma 3.8. One has
Meor S Ak for ke {l,...,m}.
Moreover, for small enough €, there is again a lower bound
A —Ce <Ny, for ke{l,...,m}.

This brings us to the conclusion. Combining Corollary 3.5, Lemmata 3.6-3.8,
and equations (3.4), (3.5), we arrive at the claim of Theorem 2.3.
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Appendix

Here we recall a result from [8], which is a simple consequence of the min-max
principle and serves to compare eigenvalues of two operators acting in different
Hilbert spaces.

Let H and H’ be two separable Hilbert spaces with the norms |-|| and |-|".
Let H and H’ be non-negative self-adjoint operators in these spaces with purely
discrete spectra, and b and b’ be the corresponding forms. We denote by {\x }ren
and {\} }ren the corresponding sequences of eigenvalues, numbered in the ascend-
ing order and with account of their multiplicity. Finally, we set ||u||? := ||u||® +

1+ 2ull.

Lemma 3.9 ([8]). Suppose that ® : dom(h) — dom(h’) is a linear map such
that for all u € dom(H™*{m1:m2}/2) one has

lull* < @l + 81 [lull

ni?

b [@u, Du] < hlu, u] + b2 |ull3,
with some constants ni,ng > 0 and 61,09 > 0. Then for each k € N, we have

A(L4+ X101 + (14 Ap%)d2

Ne < Ak + m :
k= k 1— (1+A7)d

(3.21)

provided the denominator 1 — (14 \.*)d1 is positive.

Remark 3.10. The above result was established in [8] under the assumption
that dim H = dim H' = oo, however, it is easy to see from its proof that the
result remains valid for dim H < oo as well. In that case (3.21) holds for k €
{1,..., dim H}. This is the situation in the proof of Lemma 3.4, where we apply
Lemma 3.9 to H = Ci5t.
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JlakyHapHUiT KOHTPOJIb CiHTYJISPHUMHJ OIl€epaTOpaMu
Ipeninrepa B nepioauvHO CTPYKTYypPOBaHOMY MaTepiaJri
Pavel Exner and Andrii Khrabustovskyi

Mu posrusinaemo cim’o {HE }oso €Z™-uepioguunux oneparopis HIpein-
repa 3 §'-B3a€MOJIsSIMHU, sKi JIOKaJIi30BaHi Ha CiM'T 3aMKHEHHX KOMIIAKTHUX
IIOBEPXOHB; MiHIMaJbHA KOMipKa mepiogumarocti mictuth m € N Takux mo-
BepxoHb. [lokazamno, mo npu € — 0 1 Ipu MEeBHOMY TOPSIJIKY CHJIA B3a€MOJI1
‘H® mMae Ha KiHIEBUX iHTepBajax He OLIbINe m CIEeKTPAJbHUX JIAKYH. Kpim
TOr0, TPAHUYHA IIOBEIHKA IEPINUX M JIAKYH IOBHICTIO KOHTPOJIIOETHCH 334
JIOTIOMOT'OI0 HaJIE?KHOTO BHOOPY ITUX IMOBEPXOHB 1 CHJIN B3AEMO/Til.
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Kumrouosi cioBa: mnepiogmanunii oneparop Illpexninrepa, ¢'-Bzaemomis,
CIIEKTPa/IbHA JIAKYHA, ACUMIITOTHKA BJIACHUX 3HAYUEHbD.



	Introduction
	 Setting of the problem and main result
	Proof of the results
	Preliminaries.
	Sketch of the proof.
	Asymptotic behavior of k,N and k,0.
	Asymptotic behavior of k,D and k,.


