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We study the Cauchy problem for the inhomogeneous two-dimensional
wave equation with variable coefficients and zero initial data. The right-
hand side is assumed to be localized in space and time. The equation is
considered in a domain with a boundary (shore). The velocity is assumed
to vanish on the shore as a square root of the distance to the shore, that is,
the wave equation has a singularity on the curve. This curve determines the
boundary of the domain where the problem is studied. The main result of
the paper is efficient asymptotic formulas for the solution of this problem,
including the neighborhood of the shore.
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1. Introduction

In a finite domain Q C R? with smooth boundary 9, consider the Cauchy
problem for the wave equation degenerating on 0f2:

me — (V,(@)V)yn = F(x,t), Nli=0 =0,  Ntlt=0 = 0, (1.1)

F(x,t) = A2 (At)(eV) (x — 3:0) , telo,T], (1.2)

where c?(x) € C*°(Q) is a given function such that
Ar) >0, 2€Q, and (z) =0, Vci(z) #0, z € 09, (1.3)
p and \~! are positive small parameters such that

Ap > const > 0, (1.4)
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V(y) and g(7) are smooth functions decaying as |y| — oo and 7 — oo, ¢g(0) = 0,
and e(z) is a smooth cutoff function; e(z) = 1 for |z| < zp and e(z) = 0 for |z| >
z1 > 29 > 0. Actually, the choice of the cutoff function e is not important, and
we introduce it only for mathematical rigor. We assume also that

/OOO g(r)dr =1,

this gives A2¢g/(\t) — 6(t — (+0)) as A — oo. Then it is easy to show that in
the limit case A — oo, the solution to (1.1), (1.2) becomes the solution to the
homogenous equation (1.1)

Utt-<V,cQ(x)V>7]:0, reQ, tel0,T], (1.5)
Nli=o = (eV) <$ ;560) s Mtle=o0 = 0. (1.6)

Later on, we will choose the functions V' and g more specifically. Typical forms
of the graphs of these functions are shown in Fig. 1.1.

This problem describes in the linear approximation the propagation of long
waves (tsunami waves) created by a localized source and their run-up on the
shore [18,23,26,27]. In this case, in dimensional variables one has c?(z) = gD(z),
where D(z) is the basin depth, g is the free fall acceleration, and the right-hand

side of the wave equation can be represented in the form f (”C_lxo, ti
0

the characteristic size of the source and tg is the characteristic time of the source
action. Let L be the characteristic size of the basin, and let Dy = D(z() be the
characteristic depth in a neighborhood of the point 3. We can pass from the
dimensional variables z, ¢,z to the dimensionless variables z’,t',z{, by setting

), where [ is

x = La',t = Tt',x9p = Lz, where T = \/gLTO' Then the dimensionless velocity
takes the form ¢ = DQO, and the right-hand side becomes f (%, )\t), 0=
%, A= % Consider the case where L ~ 2000km, [ ~ 100km, Dy ~ 4km, and

to ~ 10min = 600sec; then p ~ 1/20 = 0.05 and A~ ~ 0.06 (because g ~
0.01km/ seCZ). We see that the parameters g and A~! are close to each other,
and hence assumption (1.4) holds in a typical physical situation. In tsunami wave
theory, problem (1.5), (1.6) is known as the “piston model” (see [23]). Thus, the
analysis of solutions of equation (1.1) permits one to understand how the source
duration affects the shape of the generated wave.

According to [22], to fix a unique solution of (1.1), (1.2), one cannot set
standard boundary conditions on 9f2; instead, one needs to choose a self-adjoint
extension of the corresponding operator. In water wave theory, it is natural to
use the Friedrichs extension; this means that the energy integral

1

7t = 5 (V9. 2@)V0) oy + Iml22qc )

is finite.
Our goal is to construct an efficient asymptotic formula for the solution to
problem (1.1), (1.2) as u — 0 in a neighborhood of 0€). By “efficient” we mean
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that this formula can be used as a fast algorithm suitable for the computer im-
plementation using software like Wolfram Mathematica or MatLab. Taking into
account this goal, we choose the functions V' and ¢ as follows:

V(y) = Wo(Tyyy), (1.7)
o) =eTP(r), Pa=Y"T Naj=1, ajeR (18
Jj=1 J: j=1
where
A cos 1o sinw(])
Woly) = ,bzb>0,T:<, .
olv) 1+ (y1/b1)% + (yg/b2)2]3/2 t=" Yo —siny  cosy

The simplest two cases are g(7) = 7e™ " and g(7) = ((1 — a)7 + $72)e” ", where
a is a real parameter.

Fig. 1.1: Left: possible functions g(7); right: a possible function V.

The source (1.7), which we call the simple source, was used in [13,25,30], and
its use leads to a significant simplification of formulas. The reason is that its
Fourier transform is very simple,

V(pn(w)) = Abibye#*®),  B(p) = /03 cos? (4 — o) + B3sin®(¥ — o). (L)

Needless to say, the real problem on the run-up of long waves on the shore
is nonlinear and extremely complicated. The linear problem under consideration
here is only a step towards its complete investigation. Until recently, analyt-
ical studies were carried out only in one-dimensional situation and for linear
dependence of the bottom of the variable x. Here we should mention the funda-
mental work [2,24], where some formulas were obtained for important solutions
and the relationship between the solutions of linear and nonlinear problems (in
the shallow water approximation) was actually established (see also [5, 6, 28]).
Two-dimensional problems, of course, are more complicated: even in the linear
situation it is clear that they have a nonstandard formulation: they lack the usual
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boundary conditions, which, in particular, leads to big difficulties in their numer-
ical analysis. (One can find the latest achievements got in the field of numerical
analysis in [17].) To the authors’ knowledge, analytical studies in this area af-
ter paper [22] have appeared only recently in the works of the authors of this
paper [1,7-10]. At the same time, it turned out that objects and constructions
that seemed to be very far from the considered problem appear in problems with
degenerate velocity.

The asymptotics as pr — 0 for the solution of (1.5), (1.6) was studied in several
papers [1,7-10,29] using a far-reaching generalization of the Maslov’s canonical
operator [14]. Owing to the degeneracy of ¢(z) on 92 (see (1.3)), the boundary
becomes a caustic, and the characteristics intersecting it are nonstandard. Tra-
jectories of the Hamiltonian system with the Hamiltonian function H = c(x)|p|
should be studied not in the “standard” phase space ® = T2, but in the ex-
tended one, ® = T*Q U ®,, where, informally speaking, ®., is a hypersurface
consisting of points with infinite momentum over 9€). The idea of the extended
phase space was suggested in [20].

Further, one needs to use the modified Maslov’s canonical operator [21] on
the invariant Lagrangian manifold considered in the extended phase space. The
modified canonical operator is a generalization of the standard canonical operator
[14] based on Fock’s procedure of quantized canonical transformations [15].

To write out the asymptotics, one should represent (following [12, 19]) the
initial data as some parametric integral of the standard canonical operator. Then
the asymptotics of the solution is expressed as a similar parametric integral of
the modified canonical operator. This general formula can be found in [7]. Inside
the domain 2, this formula can be expressed in terms of the standard Maslov’s
canonical operator, which leads to a formula obtained earlier in [11]. The form of
the solution on the boundary was studied in [7], and then in a neighborhood of the
boundary in [1]. Under the additional assumption that the source is simple (1.7)
and outside strong focal points on 9 (which we define below) the asymptotic
formula becomes very simple (free of any integrations).

The solution of the inhomogeneous problem was studied in detail in [4] (but
outside the shore). It was shown there that problem (1.1), (1.2) can be reduced
to the homogeneous problem (1.5), (1.6) with some special source called the
equivalent source. In the present paper, we combine the results from [1] and [4]
to obtain the asymptotic solution of problem (1.1), (1.2) in a neighborhood of 92
outside strong focal points. The formula contains integration of Bessel functions
and Fourier transforms of the functions V' and g. Using the argument from [3],
we approximate this integral by a finite formula, which provides a good working
algorithm for computer implementation valid in a neighborhood of 0€2. We also
provide numerics showing that this approximation is plausible.

The main result of this paper is the asymptotic formulas for the solutions of
the inhomogeneous problem (1.1), (1.2); they are presented in Subsections 4.2—
4.4: in Subsection 4.2, we write out a new general formula for the solution of the
inhomogeneous problem, in Subsection 4.3 we discuss the approximation argu-
ment, and in Subsection 4.4 we show numerically that the approximation is valid.
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For completeness and better understanding our new results, we briefly recall some
definitions and geometric constructions from [1,6-10,20,21] in Section 2 and the
asymptotic formula for the homogeneous problem from the above-mentioned pa-
pers, in Section 3. In Subsection 4.1, we recall the construction of the equivalent
source from [3,4,6].

Finally, we point out that due to a good choice of the functions, defining the
source generating waves, a significant part of complicated mathematical struc-
tures disappears in the obtained asymptotics, and the resulting formulas can be
used by specialists without special mathematical education.

2. Necessary constructions

Let = (x1, x2) be Cartesian coordinates in €2, and p = (p1, p2) be canonically
conjugate momenta. The extended phase space ® introduced in [21] is defined
as follows. Let z, € 05 be arbitrary. Denote by mg : ® —  the projection onto
the closure of €. Let us describe ® and mg. Without loss of generality, we may
assume that the domain € near x, is determined by the inequality z1 > f(x2)
for some smooth function f(zs). Then in a neighborhood of the set 75" (2.) one
can introduce local coordinates (q,y,6,&) on ® such that the set ®,, = 7@189
is given by the equality ¢ = 0, and for ¢ # 0 (i.e., on ® \ ®,,) the introduced
coordinates are expressed via (z,p) by the formulas:

1= fy)+¢%0, z2=vy, pm=q ", p=E&—q ' (y).

The manifold @ is symplectic with the closed (and, in fact, exact) 2-form w? =

dw:
W=dpAdr=dINdg+dENdy, w'=pdr=20dq+ qdb+ £dy.

The Lagrangian manifold Az associated with problem (1.5), (1.6) is con-
structed as follows. Let A; be a smooth curve given by the equalities: =z =
xo, [p| = 1. The set Ag consists of all trajectories of the Hamiltonian system with
the Hamiltonian function H = c¢(x)|p| issued from A;. Since the Hamiltonian
vector field is nowhere tangent to Aj, the set Ay forms (at least locally) the 2-
dimensional smooth manifold. Let us introduce the coordinates o« = (7,%) on
As. Here 9 singles out a trajectory by the initial value of the momentum pl|;—¢ =
n(y) = (cosv,sin), and 7 = ¢ot is a parameter along the trajectory (where ¢y =
c(xp)). Actually, (7,1) are the eikonal coordinates, and 7 is the action (eikonal).

The manifold Ay is given in the coordinates x, p or q,y, 8, & by the equalities:

= X(a), p=P(a), (2.1)
q= Q(a)a Y= Y(a)7 0= @(Oé), §= E(a) (22)
The representation (2.1) works everywhere on Ag except for the set Ao = A2 N

®,, while (2.2) works in a neighborhood of A.
A point o € Ay is called focal, if

0X
J(«) := det %(a) =0
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(actually this definition does not depend on the specific choice of local coordinates
a on Ag).
Any point a € Ay, is focal, since in a neighborhood of A, one has

It follows from this equality that J(a)/Q(c) can be continued onto Ay as a
smooth function. A focal point o € A is called regular if J(a)/Q(«) # 0 and
strong if J(a)/Q(a) = 0.

It can be shown that in a neighborhood of each point a@ € A, one can choose
either (q,y) or (g, &) as local coordinates. In other words at each point «v one of the
Jacobians: Jy, = det %(a) and Jg¢ = det %(a) does not vanish. Points
where Jg (o) vanishes are exactly strong focal points. Thus in a neighborhood
of regular focal points one can always choose local coordinates (g, y).

J(a) =2Q(a)O(«) det

3. Localized solution for homogeneous equation

In this section we write out the asymptotics for the solution of the Cauchy
problem (1.5), (1.6) in a neighborhood of a regular focal point on 9.

Now let a, € Ao be a regular focal point, and U > «, be a sufficiently small
canonical chart on A with coordinates (¢, y). Then the functions

S(a) = 2Q(a)/6(a) (3.1)
and Y («) define local coordinates in U, since the Jacobian J,y () = det 8(?7:/)((1)
does not vanish at a,. Now recall that o = (7,%), and let us express 7 =

7(0,y),¥ = (0o, y) from the equalities o = X(7,1),y = Y (7,4). Define also

T(o,Yy) — T(—0, T(o,Y) + T(—0,
(0.y) ~7(=0y). reo(01)) = (0,y) +7(=0,y)
2 2
Let m be the index of the canonical chart (U, (¢,y)) defined in [1,7,10,21]. Let
e(7) be a compactly supported function equal to 1 in a neighborhood of zero, and

let

Todd (07 y) =

~ 1 .
Vik)=— [ e *V(z)d
0) = 5= [V a:
be the Fourier transform of the function V(z). Finally, the following linear com-
bination

J(v) = Jo(v) +iJ1(v) (3.2)

of Bessel’s functions of the first kind Jg(v) and J;(v) will play an important
role below. Note that they naturally appear in theory of wave run-up on the
shore [2,16,28].

Theorem 3.1 ([1]). The leading term < (x,t) as p — 0 of the asymptotic
solution of problem (1.5), (1.6) in a canonical chart (U, (q,y)) reads as follows:

n}gom(xvt) = ﬁhom (2 Ty — f(fEQ),IEQ,t) + ﬁhom (*2 Ty — f(SUQ),LUQ,t) )
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where
Toad 1/2
Thom (0, Y, 1) = —c —cot
hom (0241 {(%uay(nw) e(r -l
7i7rm o0 Q Tev—Ci t 7-0 ~
x Re [e 2 / e#( 0 )J (p dd> V(pn(w))pdp]} Todd=Todd (7,y) - (3.3)
0 H Tev:Tev(o'vy)
T=7(0,y)
=1)(0,y)

Notice that the function 7,q4(c,y)/o has no singularity on 99 (where o =
0). In fact, this function is smooth and strictly positive in U. The same is true
about the square root of it.

Now we additionally assume that the source is simple.

Theorem 3.2. If V has the form (1.7), then the leading term of the asymp-
totic solution of problem (1.5), (1.6) in a canonical chart U reads as follows:

T (2,t) = Tisim (2\/331 ~ (), :1:2,75) + T (—2\/:151 - f(xg),xg,t> ,

Todd (0 1/2
Fam (05, 1) = Abyb <20J0y(:?;17(y; ’y;)(a’ y))|> e(7(0,y) — cot)

imm B((o,y)) + i (=7(=0.y) + cot)

5| (34)

((‘5(1/1(0, Y) + & (Tev(0,y) — cot))2 + W)

In (3.4), let us set 0 = 0 and get the formula on the boundary (obtained

earlier in [7]). We will use the fact that W = /O(7(0,y),¥(0,y)) (see [1]).

For simplicity, ©(7(0,y),%(0,y)) will be replaced by ©(y). Then

ﬁgm(ov Z2, t) = ﬁSim(Oa Y, t)

Ab1b2®1/4(y) e 2
= AP W) ot Re | S
Ty (r /2 7~ 0l Re

where v(7,9,t) = —B() + @

4. Localized solution for inhomogeneous equation

4.1. Equivalent source. Consider inhomogeneous problem (1.1), (1.2).
Let us set A = ’Z—é‘ It is shown in [4] that the solution n(x,t) can be split into the
propagating and the transient parts: 17 = nprop + Nrans. The transient part ngrans
is localized near = = x(, and it decays exponentially with time (for details, see
Theorem 3.1 from [4]). So the asymptotic behavior of the solution sufficiently far
from xg is close to that of the propagating part.
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As to Mprop, it turns out to be close to the solution of the Cauchy problem for
(1.2) with the special initial data called “the equivalent source”. Consider the

function 7prop = m1 + 2 where

t
)

; o =0 i=12 (4.1)

t=0

77j|t:0 =Uj <

and the Fourier transforms of U;((x — z¢)/p) are

i) = var v [g (8] 70 Ga = 325 w5 ()| V. a2

It turns out that 7prop — Mprop 18 O(p) in the energy norm (see Theorem 3.4 and
Remark 3.6 in [4]).

Strictly speaking, the results from [4] work for the domain = R?. However,
they still can be used for computing the asymptotics near the shore if the source
is located at a finite distance from it.

In what follows, by 7 we will always mean 7,rop-

4.2. General formula for solution. After reducing the inhomogeneous
problem to the homogeneous one, we can apply Theorem 3.1 to the problem (1.5),
(4.1), (4.2) which immediately yields

Theorem 4.1. The leading term nf{lh(:c, t) of the asymptotic solution of prob-
lem (1.1), (1.2) in a canonical chart (U, (q,y)) reads as follows:

nitrjlh(x’t) = ﬁinh (2 €Tl — f(xQ)’x%t) + ﬁinh <_2 Ty — f(l'Q),:EQ,t) s
where

iTm

1/2
ﬁinh(aa Y, t) = { (m) e(T — Cot) Re |:€2

oo ip —
= (Tev—cot) PTodd \ ~ [P\ >
></0 en SR | (M >g (A>V(pn(w))pdp} } T‘;j‘*j;’“?ﬂﬁ)' (4.3)
T=7(0,y)
Y=1(0,y)

Here the bar stands for the complex conjugation.

The Fourier transform of g(7) given by (1.8) is
n

~ .0 1 a;
1= (i5) T - X v

Jj=1

Inserting this into (4.3), we arrive at a rather complicated integral. However, it
can be simplified if we study the solution only on the boundary ¢ = 0.
Let us restrict ourselves with the case n = 2. Then
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WD
al 1-— al
(=i * a) #) }

By using integration by parts, this integral can be reduced to the special function
Ei(z). Namely, we obtain

~ Abi1b @1/4 imm o0
Uinh(0> Y, t) = {”(y)e(T — Cot) Re |:6_ 2 / epv(T’w’t)
0

r=r(0y)
¢=w(07y)

_ Abih©Y4(y)
| Joy (T, ) [1/2

fog itm [ 3aq1 — 1 -1 A3 .
Ninh (0,9, ) <alA2 (a1 —1)A%yi

e(T — cot) Re [e_ 2 5

. P a; — 1 A4 2 —q e/
+ <a1A2 +i(1 — 2a1)A%y — (12)7) e~ El(z*yA))} reveree(0,y) - (4:4)
7=7(0,y)
Y=1(0,y)

4.3. Polynomial approximation. Thus, we have obtained an explicit
formula (4.4) for the solution on the boundary. Unfortunately, it is not very
good for numerical computations. It contains unbounded terms as p — 0, but
the singularities cancel out each other.

To get a more useful formula, we can use a trick suggested in [3]. Let
us approximate g(p/A) by some polynomial Gn(p) of degree N such that

pg(p/N)V (pn(y)) and pGy(p)V (pn(yp)) are close to each other for all ¢ and
p € [0,00). Taking into account (1.9), it is natural to take Gy as a linear combi-
nation of Laguerre polynomials of degree < N. Let us denote by 7iyh, n(s,y,1) the
right-hand side of (4.3) where g(p/A) is replaced with Gy (p).

Since the inverse Fourier transform of G N is a linear combination of derivatives

of 6(7), 7inh, N can be expressed as follows. Assume that Gn(p) = Eﬁzo Smp™.
Then

N iA\™ O™, N in\" 0"
~ o mn om _ [ om
Thinh,N = E Sm < \ ) otm g OSm <C()> gtm . (45)

m=0 m=

Inserting (3.4) here, we get the final approximate formula for the solution valid
in a neighborhood of the boundary.

This formula can be further simplified on the boundary. Let us exclude the
factor e(r — cot) from (3.5) and consider the solution only near the wave front
(i.e., when 7 — ¢ot is sufficiently close to zero):

_ Abih:©0Y4(y)
|J0y(7',7/1)|1/2

) N
_imm XL (1) (m 4+ 118
S z_: YT, t) ]

ﬁinh,N(Ov Y, t)

(4.6)

7=7(0,y)
w:¢(07y)

m=0
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4.4. Numerical comparison. Our numerical computations show that
the asymptotic solution (4.6) approximates the “exact” asymptotic solution (4.4)
quite well. We have set the following values of the parameters:

1
N=10, p=01, b=b=1A=1.5, a =3, m = 0.
Define t = cgt — 7, then v = () = —% — 1. Let n1(f) and n2(f) be the
expressions in square brackets in (4.4) and (4.6), respectively. The functions

pa(p/MN)V (pn(v)) and pGn(p)V (pn(1)) are compared in Fig. 4.1, and the func-
tions 71(f) and 72(f) are compared in Fig. 4.2. We see that the polynomial
approximation is satisfactory on the boundary.

On the other hand, as numerical computations in [3] show, the polynomial
approximation for the asymptotic solution is also satisfactory inside the domain
. Combining these results, we may expect that formulas (4.5), (3.4) provide a
good approximation for the solution in a neighborhood of the boundary.

Fig. 4.1: Comparison of pg(p/M)V (pn(¢)) (bold) and pGn(p)V (pn(t)) (plain).
(Solid line for the real part, dashed line for the imaginary part.)

Fig. 4.2: Comparison of 71 (f) (bold) and 7(f) (plain). (Solid line for the real
part, dashed line for the imaginary part.)
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AcuMIIToTuYHI PO3B’sI3KN XBUJILOBOTO PiBHAHHS 3i
HIBUJIKICTIO, 1[0 BUPOJI>KYETHCsI, 1 3 MPaBOI CTOPOHOIO,
sdKa JIOKaJIi30BaHa B MPOCTOPi Ta 4Yaci

Anatoly Anikin, Sergey Dobrokhotov, and Vladimir Nazaikinskii

Busuaerbcest 3a1aga Korrii 118 HeOTHOPITHOTO JIBOBUMIPHOTO XBUJIBOBOTO
piBHsIHHS 31 3MiHHUME KOeiIieHTaMU Ta HYJIbOBUMHU [TOYATKOBUMU JTAHIMHU.
BBazkaeTnest, 1110 TpaBa IacTHHA JIOKAJII30BaHa B IPOCTOpi Ta daci. PiBusanmsa
posrusaeTbed B obiiacti 3 mexero (6eperom). Beazkaerbest, 10 MIBUIKICTH
Ha 6epesi 3HUKAE K KB IPATHUI KOPiHb BijficTaHi /10 6epera, TOOTO XBUJIHOBE
PiBHSIHHSI Ma€ 3aJlaHy Ha Kpubiit ocobsusicTh. Il KpuBa 1 BU3HAYAE MEXKY
obsacti, B sikiii BuB4aeThcs 3amada. OCHOBHUI pe3yabTaT poboru — edek-
TUBHI acHMOTOTHYHI (DOPMYyJIH I PO3B’'A3KY 3a3HAYEHOI 33/ati, BKIIOYa~
09 OKiJ OGepera.

KirrogoBi cjioBa: XBWJIbOBE DIBHSIHHSI, aCUMIITOTUYHUN PO3B’sI30K, KAHO-
migauit oreparop Macjosa.
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