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Frames in Quaternionic Hilbert Spaces

Sumit Kumar Sharma and Shashank Goel

In this paper, we introduce and study the frames in separable quater-
nionic Hilbert spaces. The results on the existence of frames in quaternionic
Hilbert spaces and a characterization of frames in quaternionic Hilbert spaces
in terms of frame operator are given. Finally, a Paley—Wiener type perturba-
tion result for the frames in a quaternionic Hilbert space has been obtained.
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1. Introduction

Duffin and Schaeffer [11] indroduced frames for Hilbert spaces while working
on some deep problems in non-harmonic Fourier series. They gave the following
definition:

“Let H be a Hilbert space. Then {x;, }neny C H is said to be a frame for H if
there exist finite constants A and B with 0 < A < B such that

Allz||* < Z |(z, 2,)|? < Bljz||* for all z € H.” (1.1)

n=1

The positive constants A and B, respectively, are called the lower and upper
frame bounds for the frame {z,},en. The inequality (1.1) is called the frame
inequality for the frame {zy}n,en. A frame {x,}nen in H is said to be

e tight if it is possible to choose A = B,
e Parseval if it is a tight frame with A = B = 1.

Frame theory began to spread among researchers when in 1986, Daubechies,
Grossmann and Meyer published a fundamental paper [10] and observed that
frames can also be used to provide the series expansions of functions in L?(R).
The main property of frames which makes them so useful is their redundancy,
due to which, representation of signals using frames is advantageous over basis
expansions in a variety of practical applications.

Frames work as an important tool in the study of signal and image pro-
cessing [2], filter bank theory [4], wireless communications [13] and sigma-delta
quantization [3]. For more literature on frame theory, one may refer to [5,6,9].
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Recently, Khokulan, Thirulogasanthar and Srisatkunarajah [14] introduced
and studied frames for finite dimensional quaternionic Hilbert spaces. Sharma
and Virender [15] studied some different types of dual frames of a given frame in
a finite dimensional quaternionic Hilbert space and gave various types of recon-
structions with the help of a dual frame. Very recently, Chen, Dang and Qian [7]
had studied frames for Hardy spaces in the contexts of the quaternionic space
and the Euclidean space in the Clifford algebra. In this paper, we will introduce
and study the frames in separable quaternionic Hilbert spaces. The results on
the existence of frames in quaternionic Hilbert spaces have been given. Also, a
characterization of frames in quaternionic Hilbert spaces in terms of the frame
operator is given. Finally, a Paley—Wiener type perturbation result for frames in
quaternionic Hilbert space has been obtained.

2. Quaternionic Hilbert space

As the quaternions are non-commutative in nature therefore there are two dif-
ferent types of quaternionic Hilbert spaces, the left quaternionic Hilbert space and
the right quaternionic Hilbert space depending on position of quaternions. In this
section, we will study some basic notations about the algebra of quaternions, right
quaternionic Hilbert space and operators on right quaternionic Hilbert spaces.

Throughout this paper, we will denote £ to be the non-commutative field
of quaternions, I be a non-empty set of indices, Vz(£Q) be a separable right
quaternionic Hilbert space, by the term “right linear operator”, we mean a “right
Q-linear operator” and B(Vz(Q)) denotes the set of all bounded (right Q-linear)
operators of Vi(9Q):

B(Vr(Q)) = {T: Vr(Q) = Va(Q) : T[] < oo}

The non-commutative field of quaternions £ is a four-dimensional real algebra
with unity. In £, 0 denotes the null element and 1 denotes the identity with
respect to multiplication. It also includes three so-called imaginary units, denoted
by 1, j, k, i.e.,

Q = {xo +z18 + 22j + 23k 1 70, T1, T2, T3 € R},
where i = j2 =k* = —1,ij = —ji = k, jk = —kj =i, and ki = —ik = j. For
each quaternion ¢ = xg + x1i + x2j + x3k € Q, define the conjugate of ¢ denoted
by q as

q:xo—xli—xgj—l'ngQ.

If g = zg+ 210+ 225 + 23k is a quaternion, then xg is called the real part of ¢ and
11 + xoj + xsk is called the imaginary part of ¢. The modulus of a quaternion
q = xo + x1i + T2j + x3k is defined as

ol = @) = (@)"/* = \Ja + o3 + a3+ a3,
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For every non-zero quaternion ¢ = xg+ 217+ x2j + a3k € 9, there exists a unique
inverse ¢~ ! in 9 as
1 g ®—T1i— T3] — w3k

TP T el r a3+

Definition 2.1. A right quaternionic vector space V(L) is a linear vector
space under right scalar multiplication over the field of quaternions £, i.e.,
WR(Q) X Q- VR(Q)
(u,q) — ug, (2.1)

and for each u,v € Vz(Q) and p,q € Q, the right scalar multiplication (2.1)
satisfies the following properties:

(u+v)g = ug + vq,
u(p + q) = up + uq,
v(pg) = (vp)q.

Definition 2.2. A right quaternionic pre-Hilbert space or right quaternionic
inner product space V() is a right quaternionic vector space together with the
binary mapping (.|.) : VR(Q) x Vg(Q) — Q (called the Hermitian quaternionic
inner product) which satisfies the following properties:

v|vr + v2) = (v|vy) + (v|ve) for all v,v1,vy € VR(Q);
vlug) = (vju)q for all v,u € Vr(Q) and g € Q.

In view of Definition 2.2, a right quaternionic inner product space Vz(Q) also
has the property:
(i) (vglu) = q(v]u) for all v,u € Vi(9Q) and ¢ € Q.

Let Vi(9Q) be a right quaternionic inner product space with the Hermitian
inner product (.|.). Define the quaternionic norm || - || : Vg(Q) — R* on Vg(Q)
by

lul| = v {ulu), wue Vg(Q). (2.2)

Definition 2.3. The right quaternionic pre-Hilbert space is called a right
quaternionic Hilbert space if it is complete with respect to the norm (2.2) and is
denoted by Vg(9Q).

Theorem 2.4 (The Cauchy-Schwarz inequality [12]). If Vr(Q) is a right
quaternionic Hilbert space, then

[(u|v)|? < (ulu)(|v)  for all u,v € Vr(Q).

Moreover, a norm defined as in (2.2) satisfies the following properties:
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(a) llugll = [lulllg|, for all u € VR(Q) and q € Q;
(b) [|u+v| < |lul] + |||, for all u,v € VR(Q);
(¢) ||lu|| =0 for some u € VR(Q), then u = 0.

For the non-commutative field of quaternions £, define the space £2(Q) by

@) = {{ater < 25 Tla < +oc

iel

under right multiplication by quaternionic scalars together with the quaternionic
inner product on ¢3() defined as

(pla) = Pigi, p={piticr and ¢ = {g;} € £(Q). (2.3)
el

It is easy to observe that 2(9) is a right quaternionic Hilbert space with respect
to the quaternionic inner product (2.3).

Definition 2.5 ([12]). Let Vz(Q) be a right quaternionic Hilbert space and
S be a subset of Vr(Q). Then, define the set:

e St={veVr(Q): (vu)=0VY uc S},

e (S) be the right Q-linear subspace of Vgr(Q) consisting of all finite right
Q-linear combinations of elements of S.

Let i — a; € RT, i € I, be a function on I. Then, define Y icr @i as the
following element of RT U {+o0}:

Z a; = sup { Z a; : J is a non-empty finite subset of I }
icl icJ

It is clear that if Ziel a; < +0oo, then the set of all ¢ € I such that a; # 0 is at
most countable. In view of this, given a quaternionic Hilbert space Vi(Q) and a
map i — u; € VR(Q), i € I, the series ), u; is said to be convergent absolutely
if > ;7 lluil| < 4oo. If this happens, then only a finite or countable number of
u; is non-zero and the series ), ;u; converges to a unique element of Vr(Q)
independently from the ordering of us.

Theorem 2.6 ([12]). Let Vr(Q) be a quaternionic Hilbert space and let N
be a subset of Vr(Q) such that, for z,z' € N such that (z|2') =0 if z # 2’ and
(z]z) = 1. Then the following conditions are equivalent:

(a) for every u,v € VR(Q), the series ) . n{u|z)(z|v) converges absolutely and

(ulv) = D (ul2)(=]v);

zeN
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(b) for every u € Vr(Q), lull* = 2.y [(zlu)[*;
(c) Nt =0;
(d) (N) is dense in Vr(Q).

Definition 2.7 ([12]). Every quaternionic Hilbert space Vg(9Q) admits a
subset N called Hilbert basis or orthonormal basis of Vz(9Q), such that for z, 2’ €
N, (z]|2") = 0if z # 2’ and (z]|z) = 1, and satisfies all the conditions of Theorem
2.6.

Further, if there are two such sets, then they have the same cardinality. Fur-
thermore, if N is a Hilbert basis of Vi (), then every u € Vz(Q) can be uniquely
expressed as

u= Z z(z|u),

z€N
where the series )y z(z|u) converges absolutely in Vr(Q).

Definition 2.8 ([1]). Let Vz(Q) be a right quaternionic Hilbert space and
T be an operator on Vz(Q). Then T is said to be

e right Q-linear if T'(via+wv23) = T(v1)a+T(ve)S for all v1,ve € Vi(Q) and
a, e,

e bounded if there exist K > 0 such that ||T'(v)|| < K||v| for all v € Vi(Q).

Definition 2.9 ([1]). Let Vz(Q) be a right quaternionic Hilbert space and
T be an operator on Vz(2). Then the adjoint operator T of T is defined by

(v|Tu) = (T*vlu) for all u,v € Vg(9Q).
Further, T is said to be self-adjoint if T' = T*.

Theorem 2.10 ([1]). Let Vg(Q) be a right quaternionic Hilbert space, S and
T be two bounded right linear operators on Vg(Q). Then

(a) T+ S and T'S € B(Vr(Q)), moreover,

1T+ S| < Tl + IS]| and TS| < [T[S]};
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(g) if T is the invertible operator, then (T~1)* = (T*)~L.

Theorem 2.11 ([12]). Let Vr(Q) be a right quaternionic Hilbert space and
let T € B(Vr(Q)) be an operator. If T' > 0, then there exists a unique operator in
B(Vr(Q)), indicated by /T, such that VT >0 and VTT =T . Furthermore,
it turns out that VT commutes with every operator which commutes with T and
if T is invertible and self-adjoint, then /T is also invertible and self-adjoint.

Definition 2.12. A sequence {g;}ics of quaternions in Vz(£) is said to be
semi-normalized if there are two bounds b > a > 0 such that

a<lgl<b, iel.

3. Frames in quaternionic Hilbert space

We begin this section with the following definition of frames in right quater-
nionic Hilbert spaces Vi ().

Definition 3.1. Let Vz(Q) be a right quaternionic Hilbert space and {u; }ier
be a sequence in Vr(Q). Then {u;}icr is said to be a frame for Vi(Q) if there
exist two finite constants with 0 < A < B such that

Allul® < [{ulu)]* < Bllul* for all u € V(Q). (3.1)
iel

The positive constants A and B, respectively, are called lower and upper frame
bounds for the frame {u;};c;. The inequality (3.1) is called the frame inequality
for the frame {u;};cr. A sequence {u;};cs is called the Bessel sequence for the
right quaternionic Hilbert space Vi(Q) with bound B if {u; };cs satisfies the right-
hand side of inequality (3.1). A frame {u;};cs for a right quaternionic Hilbert
space Vi(9Q) is said to be

e tight if it is possible to choose A and B satisfying inequality (3.1) with A =
B;

e Parseval frame if it is tight with A = B = 1;
e cxact if it ceases to be a frame whenever one of its element is removed.

Regarding the existence of frames in the right quaternionic Hilbert space
Vr(9Q), we have the following examples:

Example 3.2. Let N be a Hilbert basis for a right quaternionic Hilbert space
Vr(9Q) such that for each z;, 2, € N, i,k € N, we have

Cilk) 0 fori#k
Zi|Rk) — .
Tl fori=k



Frames in Quaternionic Hilbert Spaces 401

Tight and non-exact. Let {u;};en be a sequence in Vi(Q) defined as
U; = U1 = 23, ©E€N.

Then {u;}ien is a tight and non-exact frame for V(Q) with bound A = 2.
Indeed, we have

D [uiu) P =2 [(zi|u)? = 2||ul* for all u € V().

€N 1€N

Non-tight and non-exact. Let {u;};en be a sequence in Vi(Q) defined as

uy = 21
U; = 2i—1, 12> 2, Z'EN‘
Then {u;};en is a non-tight and non-exact frame for Vz(9). Indeed, we have

lul® < [uslw)? < 2f|ul®  for all u € V(S).
1€EN

Parseval. Let {u;}ien be a sequence in Vi(Q) defined as

ulp = 21
Uiy = Uil = Uiy = - = Uiy, 1 =
where i, = i1 + (k— 1), k € N, 49 = 1. Then {u;};en is a Parseval frame
for Vr(Q). Indeed, we have
(7
Vi

> uilu) 2= i
Exact. Let {z;}ien be a Hilbert basis of VR(Q). Then {z;}ien is an exact

2
u>‘ = ||lu|* for all u € VR(Q).
1€EN 1€EN
frame for Vg(Q).

Next, we show that for a sequence {u; };cs in a right quaternionic Hilbert space

VRr(Q) being a Bessel sequence is a sufficient condition for the series ), uiq;,
{qi}ier C €2(9Q) to converge unconditionally.

Theorem 3.3. Let Vr(Q) be a right quaternionic Hilbert space and {u;}icr

be a Bessel sequence for Vr(Q) with Bessel bound B. Then, for every sequence
{di}ier € 02(Q), the series Y ;. uiq; converges unconditionally.

Proof. Let i,j € I, ¢ > j. Then we have

i J
Z Ukqrk — Z Ukqk
k=1 k=1

i

> upg

k=j+1
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7
— sup < 3 qukyv>\: wp 3 [aurlo)
llvll=1 k=j+1 llvll= 1,— =j+1
7 1/
g( > mr?) up ( Z | (uk|v) P)
k=j+1 llv] k=j+1
1/2
( 5 |qk|2) |
k=j+1

Since {¢}ier € €2(Q), {22:1 |Qk’2}iel is a Cauchy sequence in R. Therefore

{22:1 uqu}' ; is a Cauchy sequence in V(). Hence {>",.; u;g; } is uncondi-
1€

tionally convergent in Vz(Q). O

If view of Theorem 3.3, if {u;};cs is a Bessel sequence for Vz(Q), then the
(right) synthesis operator for {u; };cr is a right linear operator T : £2(Q) — Vr(Q)
defined by

{qz}zel Zuz%a {QZ} € 62( )

el

The adjoint operator T* of the right synthesis operator T is called the (right)
analysis operator. Further, the analysis operator T : V() — #£2(Q) is given by

T*(u) = {{uilw)Yier, w € Vr(Q).

In fact, for u € VR(Q) and {q; }icr € €2(Q), we have

(T () {ai}ier) = (ulT{a}ien) <

Ty

el

= (ului)g = <{<Ui|u>}iel\{qi}za>.

il
Thus,
T*(u) = {(uilu) Yier, v € VR(Q).

Next, we give a characterization for a Bessel sequence in a right quaternionic
Hilbert space.

Theorem 3.4. Let Vr(Q) be a right quaternionic Hilbert space and {u;}icr
be a sequence in Vr(Q). Then {u;}icr is a Bessel sequence for Vr(Q) with bound
B if and only if the right linear operator T : l2(Q) — Vr(Q) defined by

T ({giticr) = Y wigi,  {ai}ier € £2(Q)

i€l

is a well-defined and bounded operator with ||T|| < VB.
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Proof. Let {u;}icr be a Bessel sequence for a right quaternionic Hilbert space
VRr(Q). Then, by Theorem 3.3, T is a well-defined and bounded operator with
I7]l < VB.

Conversely, let T' be a well-defined and bounded right linear operator with
IT|| < V/B. Then the adjoint of a bounded right linear operator T is itself
bounded and ||T'|| = ||T*||. Since, for u € Vg(Q) we have

> Kuilw) P = 1T @)|? < 1T [l = [T)12 ],
el

it follows that {u;};er is the Bessel sequence for the right quaternionic Hilbert
space V() with bound B. O

Let Vr(9Q) be a right quaternionic Hilbert space and {u;}icr be a frame for
Vr(Q). Then the (right) frame operator S : Vi(Q) — Vgr(Q) for the frame
{u;}ier is the right linear operator given by

S(u) =TT*(u) = T({{ui|u) }icr) = ZUZ uiluy, wue€ Vg(Q).
el

In the next result, we discuss some properties of the frame operator for a
frame in a right quaternionic Hilbert space.

Theorem 3.5. Let Vr(Q) be a right quaternionic Hilbert space and {u;}icr
be a frame for Vr(Q) with lower and upper frame bounds A and B, respectively,
and frame operator S. Then S is a positive bounded invertible and self-adjoint
right linear operator on VR(RQ).

Proof. For any u € Vg(9Q), we have

(Sulu) = <§:uZ ug|u) u> Z<u2|u (ui|uy = Z| (u;|u)|?

icl i€l il
This gives
Allul® < (Sulu) < Bllul]?,  u € VR(2Q).
Thus,
Al <S5 < BI. (3.2)

Hence S is a positive and bounded right linear operator on Vz(2). Also, 0 < I —
B7ls < BTEAI and, consequently,

B—-A
<L

II—B~'S|| = sup |[((I — B"'S)v|v)| <
loll=1

Then S is invertible. Further, for any u,v € Vz(Q), we have

(Sulv) = <Zuzul|u > > (uilu) (uifv)

i€l i€l




404 Sumit Kumar Sharma and Shashank Goel

= (ufug)(uiv) = < > ui uzlv> (u|Sw).

el i€l

Thus S is also a self-adjoint right linear operator on Vz (). O

Corollary 3.6 (The reconstruction formula). Let Vr(Q) be a right quater-
nionic Hilbert space and {u;}icr be a frame for Vr(Q) with frame operator S.
Then every u € Vr(Q) can be expressed as

u= Z S g (ug|u).
el
Proof. S is invertible. Therefore, for u € Vi(Q), we have
u) = ZSilui<ui|u>. O
icl
In the next result, we construct a new frame starting from a given frame in a
right quaternionic Hilbert space.

Theorem 3.7. Let Vr(Q) be a right quaternionic Hilbert space and {u;}icr
be a frame for Vg(Q) with lower and upper frame bounds A and B, respectively,
and frame operator S. Then {S™'u;}icr is also a frame for Vg(Q) with bounds
B7! and A~ and right frame operator S~!

Proof. For u € Vg(9Q), we have
Yo HS T i) P =) [(ul ST )P < BIST ul® < BISTPull.
iel el

Hence, {S~1u; }ies is a Bessel sequence for Vz(Q). It follows that the right frame
operator for {S™1u;}ies is well-defined. Therefore, we have

ZS ulS uz|u <ZUZS ul|u>

el i€l

= S718(S ) = S~ Lu, u € V(). (3.3)

Thus, the right frame operator for {S~!u;};c; is S~!. The operator S~! com-
mutes with both S and I : Vr(Q) — Vr(Q) (the identity operator on Vg(Q)).
Therefore, multiplying the inequality (3.2) with S~1, we have

B lr<st<Alr
ie.,
B lul® < (S7 ulu) < A7Hul?, u € Va(Q).
By using (3.3), we get
B ul® <Y (ST uilu) P < A7 ul®, w € VR(Q).

i€l
Therefore { S~ u;}ie; is a frame for Vz(Q) with bounds % and % and right frame
operator S71. O
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In view of Theorem 3.7, we have the following definition:

Definition 3.8. Let Vz () be a right quaternionic Hilbert space and {u;}icr
be a frame for Vi () with frame operator S. Then the frame {S ™ u;};¢; is called
the canonical dual of the frame {u;};er.

Next, we construct a Parseval frame with the help of a given frame in a right
quaternionic Hilbert space.

Theorem 3.9. Let Vr(Q) be a right quaternionic Hilbert space and {u;}icr
be a frame for Vi(Q) with frame operator S. Then {S~™'/?u;}icr is a Parseval
frame for Vr(Q).

Proof. By Theorem 2.11, for any u € Vi(Q), we have

u=S8"12887 2y = STV2N "y (u| STV Py =Y STV Pu(ug] STV Pu). (3.4)

el el

Therefore, for any u € Vr(Q), by using (3.4), we obtain

ul? = (ulu) = <st wilS- 1/2>>

el
_Z S 1/2 1/2 Z‘ 1/2ul\u
el iel
Thus {S~'/2u;}ies is a Parseval frame for Vz(Q). O

Next, we give a characterization of Parseval frames {u;};c for a right quater-
nionic Hilbert space Vg(9Q).

Theorem 3.10. Let Vr(Q) be a right quaternionic Hilbert space and {u;}icr
be a frame for Vr(Q) with frame operator S. Then {u;}icr is a Parseval frame
for Vr(Q) if and only if S is the identity operator on Vr(RQ).

Proof. Let {u;}ic; be a Parseval frame for Vz(Q). Then, for all u € Vz(Q),
we have

D NP = [lul?
el
which implies
(Sulu) = (ulu).

Thus, S is the identity operator on V(RQ).
Conversely, let S be the identity operator on Vi(Q). Thus, for u € Vr(Q),
we have

= ZU1<U1|U> (3.5)

iel
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So, we have
ol = k) = { 3= wstududla) = 3wl
el el

Hence {u;}ics is a Parseval frame for a right quaternionic Hilbert space Vr(RQ).
O

In the next theorem, we give a necessary condition for a Parseval frame {u; };cr
for a right quaternionic Hilbert space Vz(RQ).

Theorem 3.11. Let Vi(Q) be a right quaternionic Hilbert space and {q;}icr
be a semi-normalized sequence of quaternions in Q with bounds a and b. If
{uiqi}tier is a Parseval frame for Vr(Q), then {u;}icr is a frame for Vg(Q) with
bounds b=2 and a=2.

Proof. Let {u;q;}icr be a Parseval frame for Vz(Q). Then, for any u € Vi(Q),
we have

> Huigilw)? = [|ul®

i€l
This gives
D @il (walu)? = [Jull*. (3.6)
el
Since {¢; }ier is a normalized sequence with bounds a and b, we get
a® Y [wilu)? <37 lail*|(wslu) P <6 [wslw)?,  w € VR(Q).
i€l i€l i€l

Therefore, by using (3.6), we have

2 ~Jlul? < > Nuilu)? < HUH2 u € Vr(Q).
iel
Hence {u;};cs is a frame for Vz(9Q) with bounds b2 and a~2. O

Finally, in this section we give a characterization of frames for a right quater-
nionic Hilbert space in terms of operators.

Theorem 3.12. Let Vr(Q) be a right quaternionic Hilbert space and {u;}icr
be a sequence in Vr(Q). Then {u;}ticr is a frame for Vr(Q) if and only if the
right linear operator T : f2(Q) — Vr(Q),

T({gi}ier) = > wigi, {aitier € Va(Q),

el

is a well-defined and bounded mapping from f2(Q) onto Vr(Q).
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Proof. Let {u;}icr be a frame for V(). Then the frame operator S = TT*
for {u;}ier is invertible on V(). So T' is an onto mapping. Also, by Theorem
3.4, T is a well-defined and bounded mapping from ¢5(Q) to Vz(Q).

Conversely, let T' be a well-defined bounded right linear operator from ¢2(LQ)
onto V(). Then, by Theorem 3.4, {u; }icr is a Bessel sequence for Vz(Q). Since
T is an onto mapping, there exists a right linear operator T : Vg(Q) — £2(Q)
such that

w=TTu = Zui(TTu)i, u € Vr(Q),
el

where (TTu); denotes the i-th coordinate of TTu. Therefore, for u € Vz(Q), we

have

ul[* = | (u|u)? ‘<Zu (TTu)

iel
< D@ )i Y il P < TPl ) uilu)?
iel icl icl
Hence {u;}ies is a frame for Vi(Q) with bounds ||7T|| =2 and ||T||2. O

4. Stability of frames in right quaternionic Hilbert space

Christensen [8] gave a version of Paley—Wiener theorem for frames in Hilbert
spaces. In this section, we give a similar version for frames in right quaternionic
Hilbert spaces.

Theorem 4.1. Let Vr(Q) be a right quaternionic Hilbert space and {u;}icr
be a frame for Vr(Q) with lower and upper frame bounds A and B, respectively,
and with frame operator S. Let {v;}icr be a sequence in Vr(Q) and assume that

there exist A\, p > 0 such that ()\ + ﬁ) <1 and

<A

+M(Z \qﬁ) v (4.1)

ieJ

Z (0

iceJ

> (ui — v

icJ

for all finite sets of quaternions q; € Q, 1 € J C I with |J| < +00. Then {v;}ier
2 2
is a frame for VRr(Q) with bounds A (1 — </\ + ﬁ)) and B (1 + ()\ + ﬁ)) )

Proof. Let J C I with |J| < +00. Then
D_vidi|| < || D (i = vi)a
icJ icJ

S

e

Z qu’L

e

+ M<Z qu'|2> 1/2-

e

< (1+X)
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It holds
> wigi| = sup <ZuiQi v>
ieJ loll=1 1\ ey
1/2 1/2 1/2
< (Swr) wup (Siwr) <vB(Tlak)
icJ llv icJ icJ
This gives

< < + ) f+u> (Z\qﬁ)lﬁ. (4.2)

ieJ

> vig;

icJ

Let T : £2(Q) — Vr(Q) be the right linear operator defined by
T({giticr) = > _vigi,  {ai}ier € (2(Q).

el

Then, by (4.2), T is well-defined and bounded with ||T]| < ((1 FAVB + M).
Therefore, by Theorem 3.4, {v;};cs is a Bessel sequence for Vz () with the upper
2
M
bound B (1+ (A+ 4:))".
Let U be the right synthesis operator for the frame {u; };c7. Define an operator
W VR(Q) — EQ(Q) by

W(u) =U(UU") tu, ueVr(Q).

Since {(UU*) " u;}icr is also a frame for Vz(Q) with bounds % and %, then

W@ = (S uslu)? < Ll ue Va(@).

el

:1>

Using (4.1) with {g;}ier = Wu, u € Vr(Q), we get

w
uw—TWu| < Au|| + pu|[Waul < [ X+ —= | ||u|l, v € Vr(Q).
o= Tl < Al + Wl < (3t 2l v e Vi)
This gives |[TW| <1+ X+ ﬁ. Since ()\ + ﬁ) < 1, then the operator TW is

invertible and ||(TW)~!|| < ——L1—~. Now, for any u € Vg(Q), we have
1—(A+ﬁ>

w=(TW)(TW) u=> v (UU*)  us (TW) ).
el
Therefore, for each u € Vz(Q), we have

2

Jullt = ]< S 0 (UU*) Ml (TW)

il

‘)
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<3 [OU) il (W) ) (Z |<vi\U>!2)

el

= 1) Quur?(ZrmW).

1 (A - part
This gives
2 H ? 2
; |(vilu)|* > A<1 — ()\ - ﬂ)) ull®,  u € Vr(Q).
Hence {v;}ics is a frame for Vz(Q) with the desired bounds. O

Corollary 4.2. Let V() be a right quaternionic Hilbert space and {u;}icr
be a frame for Vr(Q) with lower and upper frame bounds A and B, respectively.
Let {v;}ier be a sequence in Vg(Q) and assume that there exist 0 < R < A such
that

1/2
1D (i = vi)aill < VE(Z \%\2) for all {gi}icr € €2(RQ). (4.3)

el i€l

Then {v; }icr is also a frame for Vr(Q) with bounds
2 2
(\/Z - \/R> and (\/E-I— \/§> .
Proof. Take A = 0 and y = v/R in Theorem 4.1. O

Remark 4.3. The condition ()\ + ﬁ
4.1. In this regard, we give the following example:

) < 1 can not be dropped in Theorem

Example 4.4. Let Vg(9Q) be a right quaternionic Hilbert space, {z; }icn be a
Hilbert basis of Vg(9Q), {pi}ien be a sequence in Q and {v; };cn be a sequence in
Vr(Q) such that

v = 2 + 2i+1pi, 1 €N,

Then, for J C N with |J| < oo and {g; }ien € ¢2(Q), we have

1/2
Z(%’ — 2i)qi Z zi+1Pigi || < sup |pil (Z !%‘!2) :
(2

ieJ icJ el

Thus, if p = sup, |pi| < 1, then, by Theorem 4.1, {u;};en is a frame for Vi(Q)
with bounds (1 — p)? and (1 + p)?. By taking p; = 1, for all i € N, we get

v = % + zi+1, © €N (4.4)
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Then, for any sequence {¢; }ien € ¢2(Q) and for J C N with |J| < oo,

> (vi — zi)a;

ieJ

Z Zi+14i

ieJ

< (Z!%’!Q)m-

i€l

Thus, the condition (4.1) is satisfied with either (A,u) = (1,0) or (0,1). So,
()\ + ﬁ) £ 1 and {v; }sen is not a frame for Vi(9Q).
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®peiiMu B kBaTepHiOHHUX npocTopax ['inbbepra

Sumit Kumar Sharma and Shashank Goel

VY crarTi npeacTaBIeHO Ta BUBYEHO (peiiMu B cermapade/lbHUX KBaTep-
HIOHHUX TimpbepTOBHX mpocTopax. Hajzano pesyapraTu MO0 iCHyBaHHS
dpeiiMiB y KBATEPHIOHHUX TiILOEPTOBUX MPOCTOPAX Ta MPEICTABICHO Xa-
pakTepu3aliiio peiiMiB y KBaTepHIOHHUX TiILOEPTOBUX IIPOCTOPAaX B TEP-
MiHax omeparopa ¢peiima. Haperri, ofgep:kaHo pe3ysIbTaT o0 30ypeHHst
turty [leni—Binepa st dpeiimi y kBareprionHOMy mpocropi ['iibbepra.

Kmrouosi cioBa: dpeiim, kBaTeprionni nmpoctopu ['inbbepra.
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