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Wavelet Frames in L*(R)
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Parseval frames have attracted attention of engineers and physicists due
to their potential applications in signal processing. In this paper, we study
the construction of nonuniform Parseval wavelet frames for the Lebesgue
space L?(R), where the related translation set is not necessary a group. The
main purpose of this paper is to prove the unitary extension principle (UEP)
and the oblique extension principle (OEP) for the construction of multi-
generated nonuniform Parseval wavelet frames for L?(R). Some examples
are also given to illustrate the results.
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1. Introduction

Wavelets have been extensively studied over last decades and their role in
both pure and applied mathematics is well known. As it is not possible to give a
complete list of applications of wavelets, we at least mention some [1,2,7-9,16,18,
19,21, 25], see also references therein. Wavelets in L?(R) are a very efficient tool
as they give orthonormal basis for L?(IR) in the form of dilation and translation
of a finite number of functions in L?(R), which is a very simple and convenient
form of basis for L?(R). Gabardo and Nashed [14] considered a generalization of
Mallat’s classic multiresolution analysis (MRA), which is based on the theory of
spectral pairs.

Definition 1.1 ([14, Definition 3.1]). Let N > 1 be a positive integer and
r be an odd integer relatively prime to N such that 1 < r < 2N — 1, an associ-
ated nonuniform multiresolution analysis (abbreviated NUMRA) is a collection
{V;};ez of closed subspaces of L?(R) satisfying the following properties:

(i) Vj CVjqq forall j€Z,

(i) Ujez V) is dense in L%(R),

(i) ez Vs =10},

(iv) f(x) € V; if and only if f(2Nz) € V)11,
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(v) there exists a function ¢ € V), called the scaling function, such that the
collection {¢(z—A) }aen, where A = {0,r/N}+2Z, is a complete orthonormal
system for V.

Here, the translate set A = {0, /N }+27Z may not be a group. One can observe
that the standard definition of a one-dimensional multiresolution analysis with
dilation factor equal to 2 is a special case of NUMRA given in Definition 1.1.
Gabardo and Yu [15] considered the sets of nonuniform wavelets in L?(R) related
to one-dimensional spectral pairs. For fundamental properties of nonuniform
wavelets based on spectral pairs, we refer to [14, 15, 23].

Ron and Shen [20] introduced the unitary extension principle for constructing
a multi-generated tight wavelet frame for L?(R¢) based on a given refinable func-
tion. Tight wavelet frames give a more convenient way to represent a function
in L?(R) in comparison with non-tight wavelet frames, as in that case the frame
operator is a constant multiple of the identity operator in L?(R). Christensen
and Goh in [6] generalized the unitary extension principle to the locally com-
pact abelian groups. They gave general constructions, based on B-splines on the
group itself as well as on the characteristic functions on the dual group. Moti-
vated by the work of Gabardo and Nashed [14] for the construction of nonuniform
wavelets and application of frames in applied and pure mathematics, we study
nonuniform wavelet frames for the Lebesgue space L?(R). A notable contribution
of the paper is to introduce the unitary extension principle for the construction
of multi-generated tight nonuniform wavelet frames of the form

{‘PJAf}éyelzzxeA = {2N) 241 (2N)y - A)}geZU U{(2N) 3¢ (2N )y — /\)}ig

in L?(R).

1.1. Overview and main results. The paper is organized as follows. In
Section 2, we give basic notations, definitions and properties of operators related
with nonuniform wavelet frames in L?(R). The general setup for the nonuniform
wavelet frame system in L?(R) is given in Section 3. Section 4 gives some aux-
iliary results needed in the rest of the paper. The main results are contained
in Section 5. Theorem 5.1 gives the unitary extension principle (UEP) for the
construction of multi-generated tight nonuniform wavelet frames for L?(R). The
extended version of UEP (or oblique extension principle) for nonuniform wavelet
frames for L?(R) can be found in Theorem 5.2. Some examples are given in
Section 6 to illustrate our results.

1.2. Relation to the existing work and motivation Duffin and Scha-
effer [13] introduced the concept of a frame for separable Hilbert spaces, while
addressing some difficult problems from the theory of nonharmonic analysis. Let
‘H be an infinite-dimensional separable Hilbert space with inner product (-,-).
The norm induced by the inner product (-,-) is given by || f|| = /{f, f), f € H.
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A family {fx}32, C H is called a frame for H if there exist positive scalars A, <
B, < oo such that for all f € H,

A2 <D fo)l? < Boll £ (1.1)
k=1

The scalars A, and B, are called the lower frame bound and the upper frame
bound, respectively. If it is possible to choose A, = B, then we say that {f;}72,
is a A,-Parseval frame (or A,-tight frame); and a Parseval frame if A, = B, = 1.
If only the upper inequality in (1.1) holds, then we say that {fi};2, is a Bessel
sequence with Bessel bound B,. If {f;}32, is a frame for #H, then S : H — H,
given by Sf = > 72 (f, fx) [k, is a frame operator which is bounded linear and
invertible on H. This gives the reconstruction formula of each member f € H,

o
F=8S"1 = (ST fi) fie

k=1
Thus, each member of H has an explicit series expansion which need not be
unique. For application of frames in both pure and applied mathematics, we refer
to books of Casazza and Kutyniok [3], Christensen [5], Han [16], Heil [17] and
Krivoshein, Protasov and Skopina [19]. Nowadays, the theory of iterated function
systems, quantum mechanics and wavelets are emerging in important applications
in the frame theory, see [12,22, 24]. A very recent work on discrete frames of
translates and discrete wavelet frames and their duals in finite dimensional spaces
can be found in [10,11]. Wavelet frames in L?(R) are also a very powerful tool
for representing functions in L?(R) as a sum of series of functions which are the
dilation and translation of a finite number of functions in L?(R). It provides us
with a convenient tool to expand functions in L?(R) of a similar type that arise
in orthonormal basis, however, the wavelet frame conditions are weaker which
makes wavelet frames more flexible. Nonuniform wavelet frames could be used
in signal processing, sampling theory, speech recognition and various other areas,
where instead of integer shifts nonuniform shifts are needed.

Motivated by the work of Gabardo and Nashed [14] and Gabardo and Yu [15],
we study the frame properties of nonuniform wavelets in the Lebesgue space
L?*(R). We recall that the extension problems in the frame theory have a long
history. It is showed in [4] that the extension problem has a solution in the
sense that “any Bessel sequence can be extended to a tight frame by adjoining
a suitable family of vectors in the underlying space.” Ron and Shen introduced
the unitary extension principle for the construction of tight wavelet frames in
the Lebesgue space L?(R?). The unitary extension principle allows the construc-
tion of tight wavelet frames with compact support of a desired smoothness and
a good approximation of functions. In real-life applications, all signals are not
obtained from uniform shifts. So there is a natural question regarding analysis
and decompositions of these types of signals with a stable mathematical tool.
Gabardo and Nashed [14] and Gabardo and Yu [15] filled this gap by the concept
of nonuniform multiresolution analysis. In the direction of construction of Par-
seval frames from nonuniform multiwavelet systems, we develop a general setup
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and prove the unitary extension principle for the construction of multi-generated
nonuniform tight wavelet frames for L?(R). Ron and Shen [20] gave the unitary
extension principle, where the conditions for the construction of multi-generated
tight wavelet frames for the Lebesgue space L?(R%) are based on a given refinable
function.

2. Preliminaries

As is standard, Z, N and R denote the set of all integers, positive integers
and real numbers, respectively. Throughout the paper, N € N, r being an odd
integer relative prime to N such that 1 < r < 2N —1 and A = {0,7/N} + 2Z.
Notice that the discrete set A is not always a group. The support of a function
¥ is denoted by Supp and defined as

Supp ¢ := closure of the set {x : ¢ (z) # 0}.

The set of all continuous functions defined on R with compact support is denoted
by C.(R). The symbol Z denotes the complex conjugate of a complex number z.
The conjugate transpose of a matrix H is denoted by H*, and the bold number
1 denotes the identity matrix. The characteristic function of a set F is denoted
by xz. The spaces L2(R) and L>®(R) denote the equivalence classes of square-
integrable functions and essentially bounded functions on R, respectively. Next,
we recall the Parseval identity. Let {ej }rez be an orthonormal basis for a Hilbert
space H. Then, for every f in H, we have

> e =IfI°  (Parseval identity).
keZ

For a,b € R, we consider the following operators on L?(R):

Ta LQ(R) — L*(R), of(v) = f(y—a) (Translation by a),
L*(R) —» L*(R), £, f(fy) 2 £ () (Modulation by b),
L: LZ(]R) — L*(R), Lf(y) = V2N f(2Nv)  (N-Dilation operator).

The j fold N-dilation, where j € Z, is given by

LI f(y) = (2N)2 f((2N)).
Definition 2.1. Let {t1,%2,...,%,} C L?(R) be a finite set. The family

(LTt} jezren = {2N) 301 (2NYy=A)}jezU- - -U{(2N) 30, (2N )y =N} sez
=12,..n AeA AeA

is called a nonuniform wavelet frame for L?(R) if there exist finite positive con-
stants A and B such that

AIFIP <Y DS KA LT > < B|If|? for all f € L*(R).

JEZ NEA £=1
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The Fourier transform of a function f € L'(R)NL?(R) is denoted by F f or F
and defined as

Fi=foy= [ s@ermna

A function f is said to be bandlimited if its Fourier transform fhas a compact
support.

For N € N, j € Z and a € R, by direct calculation, we have the following
properties:

(i) L’:L*R)— L*(R) is an unitary map,
(i) LT, = Tiany-ial?

(iii) FLI = L7 F,

(iv) FTy = E_,F.

The following lemma shows that it is enough to check the Besselness and frame
condition on a dense subset of the underlying Hilbert space H.

Lemma 2.2 ([17]). Let { fx}rer, where I is a countable set, be a sequence of
elements in a Hilbert space H.

(i) If there exists a constant B > 0 such that

Y UL I < B

kel

for all fin a dense subset D of H, then {fx}rer is a Bessel sequence with
bound B.

(ii) If there exist constants A, B > 0 such that

AFIP <D W f P < BIISIP

kel

for all fin a dense subset D of H, then { fx}rer is a frame for H with bound B.

3. The nonuniform general setup

In this section, we give a list of assumptions which will be used in the con-
struction of Parseval nonuniform wavelet frames. To be precise, in formulation of
the unitary extension principle there is a long list of assumptions, so instead of
writing each assumption again and again, we state all assumptions and call them
nonuniform general setup: Let 19 € L?(R) be such that

(i) ©o(2N7) = Ho(7)do(v), Hol(y) € L®(R);

(i) SuppPo(7) C [0,1/(4N)]; and
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(i) Lm ¢o(y) = 1.
~y—0t

Further, let Hy, Ho, ..., H, € L>®(R), and define 91,3, ...,%, € L?(R) such
that

@ZZ(QNV) = HZ(’}/){ZJ\O('}/), l= 1L,2,...,n.

Let H(vy) be an (n+ 1) x 1 matrix given by

Ho(7)
H

ey = |

H”(’Y) (n+1)x1

Then the collection {1y, H,}}_ is called a nonuniform general setup.

4. Some auxiliary results
In this section, we give some auxiliary results that will be used in the sequel.

Lemma 4.1. Assume that

() o€ L(R), lim do(y) =1 and Suppvo(7) € [0,1/2];

(i) f € L*(R) such that fe C.(R).
Then, for any € > 0, there exist J € Z such that

(L= OFII” <D KF LI Tapo) > < (1+ )| fI? for all j > J.

AEA

Proof. Using Supp 120(7) C [0,1/2] and the Parseval identity on L?(0,1/2)
with respect to the orthonormal basis {ﬂeZm@m)W}meZ, we compute

S Dol = Y |(F. Tt
A€A A€A

’ 2

2

/0 F) (1)@ dy

2

d. (4.1)

Under the assumption @ZO (v) = 1 as v — 07, it follows that for any € > 0 there
exists a sufficiently small positive real number b = b(¢) such that

(1= OllFIP < "1 Do) P < (1 + olIFII,

A€A
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whenever Suppf C [=b,b]. Now, in order to prove our result, it remains to
note that for every bandlimited function f, we have (f, L'T o) = (L7 f, T\ty),

IL=7f|| = ||fll, and Supp L=J f is supported in [—b,b] for large enough j. This
concludes the proof. O

Lemma 4.2. Suppose that

(i) o € L2(R) satisfies Suppdo C [0,1/(4N)] and ¥o(2N~) = Ho(y)tho(v),
where Hy(y) € L>®(R);

(i) f € L%(R) with f € Co(R), and Hy, Hs,...,H, € L™(R) such that the
(n+1) x 1 matriz

Ho(7)
H
H(v) = 1@
Hy () (n+1)x1
satisfies H(y)*H(v) =1 a.e.;
(iii) 1,9, ... 1hn € LA(R) such that 1(2N~) = Hy(y)o(v), £ =1,2,...n.
Then

ZZI (f, D) =Y I(f, D Tawo) .
£=0 XEA AEA

Proof. For any j € Z and for any £ = 0,1,...n, we have

(F LI Tyaly) = (L7 f, LV Tobe) = (L7 f, Tonon L~ e) = (L7 F, B ononL00)
= / (Ljf)(v)mmem(zmw dr
R

~

= VAN [ (LG () . 42)

Using Supp ¢ C [0,1/(4N)], and the Parseval identity on L?(0,1/(4N)) with
respect to the orthonormal basis {2v/ Ne2™(4Nm ) we have

STUAL T TP = Y LD D+ Y. (D )

AEA AE2Z Ne( £ +22)
2
> / AV H (o ()2 N 12N dy
mGZ
2
4= Z / L]f ) ( )wo( ) 2mi( 27‘)7€2m(4Nm 72\ﬁd’y
mEZ

-5/ R oy e
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;/%V (@ PV o)

1
iN

W DG do

Since H(v)*H(y) =1 a.e., we have

1

>SS E TR = [ Do

£=0 AeA

2
‘ dy. (4.3)

Also,

STUALTwo)? = Y. (A LTwo) P+ > [, L Tawo)

AEA AE€2Z AE(L+22)

/R (L7 F) () T(7) 27 dy

2

2

=~

A(Lﬂ‘ﬂwwo(we%“ﬁ“mh dry

(4.4)

Using Supp ¢ C [0,1/(4N)] C [0,1/2] and applying the Parseval formula on
L?(0,1/2) with respect to the orthonormal basis {v/2e*7(2™7} 7 we compute

J

2

(L7 D))o () V2T dy

NI

S LT = £ Y

AEA meZ

2

/02<Lff><v>$o<v>ﬁe2“<Wm” dy

=

N

3 — 2 1 . =2
@HORO| ¢+ [ DR b

2 PN = 2 w PN = 2
= [M|@whene)| ¢ = [ jwHene] d. @s)
0 0
The proof now follows from (4.3) and (4.5). O

Lemma 4.3. Let {1y, He}}_, be a nonuniform general setup, and let
H(~)*H(y) = 1. Then the following holds:

(i) {Tavo}rea is the Bessel sequence with Bessel bound 1.

(ii) For any f € L*(R),

im S| f L Tpo) =

AEA
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Proof. (i) Let f € L%(R) be such that f € C.(R), and let € > 0 be given.
Then, by Lemma 4.1, we can find an integer 7 > 0 such that

WAL Do) < (1+ o f]% (4.6)
AEA
Also, by Lemma 4.2, we have
S OKALT T > < DI, L Tagbo) . (4.7)
AEA AEA
Applying (4.7) 7 times and using (4.6), we get
S HE Tavo)* < DI L Tano)* < (1+ o)l £II
AEA AEA
Since € > 0 is arbitrary, we have
> WA Do) < [IF.
A€A

Because this inequality holds on a dense subset of L2(R), therefore, by Lemma
2.2, it holds on L?(R). This proves (i).

(i) Let f € L2(R). Since L’ is an unitary map for all j € Z, by using (i), the
family {L/T\to}xca is the Bessel sequence with Bessel bound 1. For any j € Z
and for any bounded interval I C R, we have

S THA LT <23 [(fxr P Tavo)* +2 > [(F(1 = x1), L Tao)

AeA AeA AeA
<23 |{fxr Do) * + 211 £(1 = x0)1*.
\eA

Now, ||f(1 — x1)||*> — 0 if we choose I to be sufficiently large. Therefore we only
need to show

> 1 fxn P Tao) > = 0 as j — —o.
AEA

Using the Cauchy—Schwarz inequality for integrals, we obtain
2

Z |(fxr, P Taabo)|? = (2N)? Z

/I (V) Bo(@N YTy — N dy

AEA AEA
< eNY[AESD / lo(@N)iy — )2 dy
xea
= |l£1? 2 d. .
IS [, T (45)

Applying the Lebesgue dominated convergence theorem in (4.8), we have
D KX D Tagpo)* = 0 as j — —oo.
AEA
Thus (ii) is proved. O
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5. The unitary extension principle for nonuniform wavelet
frames

We begin this section with the UEP for nonuniform wavelet frames for L?(R).

Theorem 5.1. Let {4y, Hi}}_, be a nonuniform general setup and
H(v)*H(y) = 1. Then the nonuniform multiwavelet system {LIT\v;} jez ren

{=1,2,....n
constitutes a Parseval frame for L*(R).
Proof. Let € > 0 be given. Consider a function f € L?(R) such that fe
C.(R). By Lemma 4.1, we can choose J > 0 such that for all j > J,
L=IfI* <DL Tho)* < (L+ )| £ (5.1)

AEA

Using Lemma 4.2, we have

[(f, LY Thto) |2 [(f, L7 i) |2
>

AEA (=0 \eA
=D WL TP+ D AT D). (5.2)
AEA {=1 MeA

Applying Lemma 4.2 on Y, 5 [(f, L7~ Thepo) %, we get
SIS L Tago) P = I, L2 Todho) | + Z STUE L2 T2 (5.3)
AEA AeA (=1 XeA

By (5.2) and (5.3), we have

STUE D Tawo)? =D 1(f, L7 Tabo) |2+ZZ Z |(f, LPTathe) .

AEA AEA (=1 NeAp=j—2

Repeating the above arguments, for any m < j, we have

STHE L Two)* =3 1(f, L™ Tawko) | +ZZ Z (f, IPTa0) % (5.4)

A€A A€A (=1 AeAp=m

It follows from (5.1) and (5.4) that for all j > J and for all m < j,

(L= OIFIP <D KF L Tano)|* + ZZ Z [(f, IPTape)* < (1+€)| £

AEA {=1 AeA p=m

Letting m — —oo in above and using (i) of Lemma 4.3, we have

(1=olfl* < ZZ Z [(f, LPTage) P < (1L + o)l £ (5.5)

{=1 AeA p=—00
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Letting j — oo in (5.5), we have

(1-e |ny2<22 Z [(f, LT P < (1+ o)l £

=1 AeA p=—o0
Since € > 0 is arbitrary, we obtain
n
SO UL PP = |I£IP (5.6)
{=1 NeA peZ

Now, since (5.6) holds on the dense subset of L?(R), then, by Lemma 2.2, it will
hold on L?(R), which completes the proof. ]

The next theorem gives the generalized (or oblique) extension principle for
nonuniform wavelet frames in L2(R). It gives a more flexible technique to con-
struct nonuniform wavelet frames.

Theorem 5.2. Let {1y, H;}}_, be a nonuniform general setup. Assume that
there exists a strictly positive function § € L*°(R) for which

lim 0(v) =

~y—0+t

and

0(2N~)[Ho(7)]* + Z [ He(y (7)-

Then {L3T\1¢} jezren is a Parseval nonuniform wavelet frame for L*(R).
(=12, .n

Proof. Define ¢ € L2(R) such that
7) = VO()do(). (5.7)
Define the functions f[o, f{ﬁ, R ﬁn as follows:

A e

ﬁo(’Y) =
Then we have
0(2N~) = v/0(2N~) 0 (2Nv) = \/0(2N~)Ho(v

0(2N7) | Ho() %9((77)) =\ "oy Ho(’Y)”io(’Y)
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and

lim () = lim /O) () = 1. (59)

~y—0+

Since {1¢, H}}, is a nonuniform general setup, by (5.7), we have

Suppfbo(’y) C [0, 4N] (5.10)
and
S H)? = [Ho(P + > [Ho()
£=0 =1
_ w H, 2 . |HZ(7)|2 _ 1 0 -1 5.11
Thus,
Hy(7y) € L®(R) for £ =0,1,...,n. (5.12)
Let 1’/;1, @ZQ, e ,Jn € L%(R) be such that
$e(@N) = By()do(r), £=1,....n. (5.13)
Define
Ho(v)

Ha(NJ (1)1

Then, by (5.8), (5.9), (5.10) and (5.12), the collection {1y, ﬁg}?zo is a nonuniform
general setup.
Using (5.11), we have

n

H(y) H(7) = [Zﬁz(v)lzl = 1.

=0

Hence, by Theorem 5.1, {Lj T,\@Zg} jez en is a Parseval nonuniform wavelet frame

{=1,2,...n
for L?(R).
Next, we compute
n _ ~ (5 30(7) T _ =
(2NY) = Hea)) = (H)vB) | T5 | = Belnbo(a) = 2N

This gives 1y = {Eg. Hence, the system {L/Tytp¢} jezrea is a Parseval nonuniform
=12, n

wavelet frame for L?(R). O
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Remark 5.3. It is worth noticing that, when # = 1, Theorem 5.1 can be
obtained from Theorem 5.2.

Remark 5.4. All the results will also remain true if we replace /N by an
arbitrary a € (0,2). This is pointed out by the referee.
6. Examples

This section gives some applicative examples of the UEP and its generalized
version. The example below illustrates Theorem 5.1.

Example 6.1. Let N =2, 7 =3,0# a € R, and ¥ € L?(R) be such that

o) = S

X]0,1/8] (7)-
Then

() lim, o(y) =1;

— 1
(ii) Supp C [0, 8] ; and

sin(4av)

(iii) 1/ﬂ\0<4’7) = WX]O’US} (47)
4 sin(ay) cos(ay) cos(2a R
= 2 4277) ( 7)><l(hl/i’»2l (M)x10,1/8)(7) = Ho(7)%0(7),
where Ho(v) = cos(ay) cos(2a7v)x]o,1 /32 (7)-

Let

Hi(y) = cos(2av) sin(ay)xj0,1/32 ()
Hy(v) = sin(2a7)x)0,1/32) (7)
Hs(v) = XR\]0,1/32] (7)-

Let v1,12,%3 € L?(R) be such that

7:5@(47) = H@(’}/)TL\O(V% =1,2,3.
Choose
Ho(7)
- 4
Hs(v)

Then {ty, H 4}2’:0 is a nonuniform general setup such that

H() H(v) = [|[Ho()[* + [Hi(7)]* + |Ha(7)|* + | H3(7)[*] = 1.

Hence, by Theorem 5.1, {LjT)\ql}K}jez7>\€{073/2}+2Z is a nonuniform Parseval

wavelet frame for L?(R).
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To conclude the paper, we illustrate Theorem 5.2 with the following example.

Example 6.2. Let N = 2, 7 = 3 and g € L?(R) be such that for any fixed
teR,

~

Yo(y) = ein[O,l/S} (7)-
Then

. lo - — 1.

(i) Nim, vo(y) =1;

~ 1
(ii) Suppvo(y) C [0, 8} ; and
(iil) to(4y) = 64%7)([0,1/8} (4y) = €4it7X[0,1/32] (’Y)X[o,l/s] (v) = HO(’Y)”LZO(’Y):
where Ho(v) = €¥"7x(0,1/32)(7) € L (R).
Let 6() = 1, and define H1(7) = Xm\[0,1/32)- Then the collection {¢y, Hy}l,
is a nonuniform general setup such that

0(47)[Ho(7)]? + [Hi () = (7).

Hence, by Theorem 5.2, the nonuniform wavelet system {L/Txt1 }jez ne{0,3/2}+22
is a Parseval frame for L?(R).
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IIpuHIMO yHITapHOrO PO3UIMPEHHS AJisI HEOAHOPIiAHUX
BeiiBier-dpeiimie B L*(R)
Hari Krishan Malhotra and Lalit Kumar Vashisht

Opeiimu [Tapcesasst mpuBepHy/n yBary iHkeHepis i Ppi3ukiB 3aBasgkn ix
[TOTEHIITHOMY 3aCTOCYBAHHIO B 00POOII curHaJiiB. ¥ 1iii poboTi MU BUBYaEMO
o0y 10By HeomHOpPiaHuX BeiiBaeT-dpeiimis [lapceBass st mpocropy Jlebe-
ra L?(R), e Bimosiana MEOKIHA 3CYBiB He 060B A3KOBO Ma€ GyTH TPYTIOH.
OcHoBHaA MeTa JIaHOT POOOTH — JIOBECTH MPUHIIUAI YHITAPHOTO PO3IIUPEHHST
(ITYP) ta npurnun kocoro posmmpentst (ITKP) st moGynoeu Mysbrure-
HepoBaHUX HeomHOpiaHuX Beiibier-dpeimis ITapcesans mis L2 (R). Takox
HaBEJICHO JIedKi IPUKJIAJIN, IO LIIOCTPYIOTh PE3YJILTATHU.

KirouoBi ciosa: dpeiim T'inmbbepra, HeommopiaHa BeitBieT-cucrema,
MPUHITAIT YHITAPHOTO PO3IIHPEHHS
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