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Left Invariant Lifted («, §)-metrics of
Douglas Type on Tangent Lie Groups
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In the paper, lifted left invariant (v, 8)-metrics of Douglas type on tan-
gent Lie groups are studied. Suppose that ¢ is a left invariant Riemannian
metric on a Lie group G, and F is a left invariant («, 8)-metric of Douglas
type induced by g. Using vertical and complete lifts, we construct the ver-
tical and complete lifted (a, 8)-metrics F¥ and F¢ on the tangent bundle
TG and give necessary and sufficient conditions for them to be of Douglas
type. Then the flag curvature of these metrics are studied. Finally, as some
special cases, the flag curvatures of F'¥ and F'¢ are given for Randers metrics
of Douglas type and Kropina and Matsumoto metrics of Berwald type.
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1. Introduction

Tangent bundles of differentiable manifolds have great importance in many
fields of mathematics and physics. S. Sasaki studied the Riemannian geometry
of tangent bundles in his fundamental paper [26] in 1958. He used vertical and
horizontal lifts to construct a Riemannian metric on the tangent bundle of a
Riemannian manifold (M, g). Another way for constructing Riemannian metrics
on the tangent bundle was introduced by Yano and Kobayashi (see [27], [2§]
and [29]). They used complete and vertical lifts and found many relations between
such lifted metrics and the base Riemannian metrics. Asgari and the second
author used the same approach to find the relations between the geometry of
lifted invariant Riemannian metrics on T'G and the left invariant Riemannian
metrics on G [4,5].

Using the lifted invariant Riemannian metrics together with vertical and com-
plete lifts, they constructed two types of left invariant Randers metrics on the
tangent bundle of Lie groups and studied their flag curvature in the case of
Berwald metric (see [6]). In this work, using the same way, we build left in-
variant (v, 5)-metrics on tangent Lie groups. We give a necessary and sufficient
condition for lifted (a, §)-metrics to be of Douglas type and compute their flag
curvatures.
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Now we give some preliminaries about vertical and complete lifts and also
Finsler geometry.

For any m-dimensional smooth manifold M, 7w : TM — M denotes its tan-
gent bundle. Suppose that X is a vector field on the manifold M and ¢; denotes
its flow. Then, on TM, we can define the (local) one-parameter groups of diffeo-
morphisms in the following two ways:

Lo ¢u(y) = (Twpr)(y),

2. Uu(y) =y +tX(x)

for allx € M and y € T,,M. The vector field corresponding to the one-parameter
groups ¢; is named the complete lift of X and denoted by X¢. In a similar way,
the one-parameter groups ¢ determine a vector field X¥ on T'M which is called
the vertical lift of X.

Suppose that (7=1(U), (2, ..., 2"y, ...,y")) denotes the local coordinates
system on TM corresponding to the local coordinates system (U, (x!,..., z"))
of M. If X|y = Y1, &%
on M, then its vertical and complete lifts in terms of local coordinates system
(x%,y") are as follows:

X’U Z{zaylu

=1
; T
X|U Zé a i 'Zl OxJ !
i,j=

In [30], it is shown that if X and Y are any two vector fields on the manifold M,
then for the Lie brackets of their vertical and complete lifts on T'"M we have

XU, V"] =0, [X°Y9=[X,Y],, [X"Y9=[X,Y]" (1.1)

For an arbitrary real n-dimensional connected Lie group G, i : G x G — G, ¢ :
G — G and e denote the multiplication map, the inversion map and the identity
element, respectively. Also, we use the notation I, : G — G for the left translation
and ry : G — G for the right translation. Then, for all v € T,G and w € T}G,
we can see that the tangent map

Tu:T(GxG)=2TGxTG — TG,
(v,w) = Tp(v,w) = Tplgw + Tyrpv

defines a Lie group structure on T'G (see [15]). We mention that in the Lie group
TG with this structure, 0. € T.G is the identity element and Tt is the inversion
map.

Using the above Lie group structure on T'G, we can see that the vertical and
complete lifts of left invariant vector fields of G are left invariant vector fields of
TG (see [16]). Therefore, for any left invariant Riemannian metric g on G, we
can define a left invariant Riemannian metric g on TG as follows:

g(Xc7Yc):g(X7Y)7 g(X”,Y”):g(X,Y), g(Xcvyv):Oﬂ (1'2)
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where X and Y are arbitrary vector fields on G. In this work, we study the
curvature of left invariant (o, )-metrics of Douglas type on T'G, where « is
induced by a lifted left invariant Riemannian metric g.

A special type of Finsler metrics, which belongs to the family of («, 8)-metrics,
is a Randers metric. G. Randers introduced this family of Finsler metrics in his
paper [23] on general relativity in 1941. These metrics have been used in many
physical problems. For example, in electromagnetic and gravitational fields, in
computation of the Lagrangian function of a test electric charge (see [3,17, 18]
ete).

A generalization of Randers metrics are (o, 8)-metrics introduced by M. Mat-
sumoto in [20]. These metrics are important and interesting types of Finsler
metrics.

Let (M, g) be a Riemannian manifold and 8 be a 1-form on M. Assume that
a(z,y) = \/gi;y'y? and ¢ : (—bg,by) — (R)T is a smooth map. It is shown that

F = a¢ (g) is a Finsler metric on M, called an (a, 8)-metric, if and only if
|8]la < bo and ¢ = ¢(s) satisfies the following conditions (see [9]):

d(s) —5¢'(s) + (b* — s2)¢"(s) > 0, |s| <b < by. (1.3)

As some special cases, if ¢(s) =1+ s, ¢(s) = % or ¢(s) = ﬁ, then we obtain
three famous classes of Finsler metrics, which are called Randers metric o + £,
Kropina metric O‘T; and Matsumoto metric aa—jﬁ, respectively [9].

It is easy to see that for an arbitrary 1-form 8 on a Riemannian manifold
(M, g), there exists a unique vector field X on M such that for all z € M and

y € Ty M we have
9(y, X(x)) = Bz, y). (1.4)

This notation is very useful for constructing left invariant («, 8)-metrics on Lie
groups. Let g be a left invariant Riemannian metric on a Lie group G and X
be a left invariant vector field on G such that || X [|o< bp. It is easily seen that
the («, B)-metric, which is defined as above, is a left invariant metric (see [10]
and [11]).

In this paper, we study the flag curvature of some special Finsler metrics.
This quantity is an important concept in Finsler geometry which is defined by

- gy(R(u, y)y, u)
K(Py) = 9y(Y, v) gy (u,u) — g2(u,y)’ (15)

where P = span{u,y} and

Lo F2(y + su + tv)
= — SU v
2050t o

gy(u, v)

denotes the fundamental tensor. It should be mentioned that in the above defini-
tion the Chern connection is used for computing the curvature tensor R(u,y)y =
VuVyy = VyVay = Vi y, (see [8], [9]).
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Suppose that F' is a Finsler metric on a smooth n-dimensional manifold M.
In a standard local coordinates system of T'M, the spray coefficients of F' are
defined by
i Lot 12 m 2 -
G'(z,y) = 17 ([F2gmyy™ = [F?ln), i=1,...,n, z €M, yeT,M. (1.6)
The Finsler metric F is called a Douglas metric if the spray coefficients G* satisfy
the following relation:

1 . .
G = fﬁ(ﬂ?)yﬂyk + P(z,y)y, (1.7)

where P(z,y) is a local positively homogeneous function of degree one on T'M,
and F is called of Berwald type if P(x,y) = 0 (see [7,9]). For an («a, §)-metric, F’
is known to be of Berwald type if and only if the 1-form 3 is parallel with respect
to the Levi-Civita connection of « [22].

Recently, in [11], there was proven a formula for computing the flag curvature
of (e, B)-metrics of Berwald type which nicely shows the relation between the flag
curvature of Finsler metric and the sectional curvature of the based Riemannian
metric. In this work, we use the following proposition.

Proposition 1.1 ([11, Proposition 3.1]). Assume that F = a¢(s), s = g is
an («, B)-metric of Berwald type on M. Suppose that P = span{u,y} C T, M
and {u,y} is an orthonormal set with respect to the Riemannian metric g. Then,

for any x € M, the flag curvature K (P,y) of F is given by

1
¢*[1+ g*(X, u) D]

KF(Py) = KI9(P),

whsre K9 denotes the sectional curvature of the Riemannian metric g and D =
¢iﬁ5¢"

In the last decade, many geometric properties of Lie groups equipped with left
invariant Finsler metrics, or homogeneous spaces together with invariant Finsler
metrics, have been studied (for example, see [12-14,24,25]). In this work, we use
the following theorem which was proved by Liu and Deng in [19].

Theorem 1.2. Assume that F' = a¢ (g) is a homogeneous («, 8)-metric on

G/H. Then F is a Douglas metric if and only if either F is a Berwald metric
or F' is a Douglas metric of Randers type.

Fortunately, in some special cases, there is a simple way to distinguish left
invariant (o, 3)-metrics of Berwald type. Suppose that F is a left invariant (v, 3)-
metric on a Lie group G, which is defined by a left invariant Riemannian metric
g and a left invariant vector field X. In Proposition 4.1 of [11] (also see [19]), it
is shown that F'is a Berwald metric if and only if

{g([Y, X,2)+9([Z2,X],Y)=0 forallY,Z e g, 1)

g([Y,Z],X) =0 forall Y, Z € g.
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Moreover, in Theorem 3.2 of [1], An and Deng showed that a left invariant Ran-
ders metric on a Lie group G is of Douglas type if and only if

g([Y,Z],X)=0 foralY,Z € g. (1.9)

2. Lifting of («, f)-metrics on tangent bundles

Let G be a Lie group equipped with a left invariant Riemannian metric g.
In [4], Asgari and the second author of this paper proved that for any X,Y €
g = Lie(G) the Levi-Civita connection of the lifted left invariant metric § on TG
can be computed by the following equations:

VxY¢= (VxY)°
1

S X YD)

~ 1
VXCYU = (VXY + 5 ad; X)v

VxoY? = (VxY —
(2.1)

~ 1
vXch = (VXY + 5 ad;' X)U
\

In [4], it is also shown that if K and K denote the sectional curvatures of G' and
TG@G, respectively, then

([ K(X°,Y) = K(X,Y)

1
K(X",Y") = K(X,Y) +g(Vixy)Y, X) + L [I[X, Y]

1 1 i} (2:2)
K(Xcayv) = K(X7Y) + 59([}/7 VXY]7X) - §g(Vy adY X, X)

+ 30(1Y, a5 X], X) — Lo([X, Y], ), X),
where X and Y are any two left invariant vector fields on G such that {X,Y}
is an orthonormal set with respect to g and || - || is calculated with respect to
g. Assume that g is a left invariant Riemannian metric and X is a left invariant
vector field on a Lie group G. Now consider the left invariant («, §)-metric F
defined by

F=+/g(y,y)¢ (g(X(x)y)> : (2.3)

9(y,y)

Then, by using vertical and complete lifts, we can define two types of left invariant
Finsler metrics on T'G as follows:

F((@),2) = VG 26 (%) , 2.4

P ((w9).2) = VG D (W) , 25)
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where x € G, y € T;,G and z € T, ) TG.

Since || X¢; = | X"l = [|X|lg < bo, F'© and F? are left invariant (a, )-
metrics on T'G. In this section, we use the above («a, §)-metrics F, F¢ and F" to
find a necessary and sufficient condition for the Finsler metrics F'¢ and F to be
of Douglas type.

Lemma 2.1. Let F' be an arbitrary left invariant («, B)-metric defined by
(2.3). F is of Douglas type if and only if F is of Douglas type.

Proof. Suppose that F' is a Douglas metric. Then (1.2) shows that F' is a
Berwald metric or a Douglas metric of Randers type. If F' is of Berwald type,
then the relations (1.8) show that for all Y, Z € g we have

9([Z2, Y], X) =g(ady X, Z) = 0. (2.6)

So, ad¥ X = 0. Now the formula (2.1) proves Vy«X¢ = Vy+ X¢ = 0, which shows
that F¢ is a Berwald metric. If F'is a Douglas metric of Randers type, then, by
the relation (1.9), for all Y, Z € g we have ¢g([Z,Y], X) = 0. On the other hand,
we have the following relations:

g([chycLXC) :g([Z,Y],X), g([ZvvycLXc) =0, g([ZvﬂvaXc) =0. (27)

Thus the relation (1.9) says F'© is a Douglas metric of Randers type.
Conversely, let F'¢ be of Douglas type. If F¢ is a Berwald metric, then for
any Y € g we have VyeX¢ = VyvX¢ = 0. So, for any Y € g we have Vy X =
0, which means that F' is of Berwald type. If F'¢ is a Randers metric of Douglas
type, then ¢([Z,Y], X) = g([Z°, Y], X°¢) = 0, which shows that F is of Douglas
type. ]

Lemma 2.2. Assume that F is an arbitrary left invariant («, 8)-metric de-
fined by (2.3). Then the left invariant (o, B)-metric FV is a Berwald metric if
and only if the following two conditions hold:

1. ady = adx,
2. foranyY €g, VxY = %[X,Y].

~ Proof. We know that I is a Berwald metric if and only if for any Y € g,
VyeXV = Vy+ X" = 0. Now formula (2.1) completes the proof. O

Remark 2.3. For the Lie algebra g, suppose that z(g) denotes the center of
Lie algebra. If F' is a Berwald metric, then the previous lemma, together with
the formula (2.1), shows that F” is a Berwald metric if and only if X € z(g).

Lemma 2.4. Let F be a left invariant Randers metric on a Lie group G.
Then F' is a Douglas metric if and only if F¥ is a Douglas metric.

Proof. If F' is a Douglas metric of Randers type, then by the relation (1.9),
forall Y,Z € g, g([Z,Y],X) = 0. Thus F" is a Douglas metric because

g([Zvﬂyv]va) =0, g([ZC7YC]7XU) =0, g([ZU7YC]7XU) :g([Z,Y],X). (28)
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Conversely, let F be a Douglas metric. Then the above equations show that F
is a Douglas metric because by the relation (1.9) we have

9([Z2°, Y], X") =0 forallY,Z cg. O

Let F' be a Douglas metric. Here we compute the flag curvature formulas of
F°¢ and F".

Theorem 2.5. Suppose that F is a Berwaldian left invariant («, 8)-metric
defined by (2.3) on a Lie group G. Suppose that P is a two-dimensional subspace

of g and {Y,V} is an orthonormal set in P with respect to g. If K denotes

the sectional curvature of g and D = %;I(ﬁ,, then the flag curvature K¥° of the
Finsler metric F¢ can be computed as follows:

1. P =span{Y®, Ve},
1

Fe/ c\ .
YY) = Gumia+ e v LY
2. P =span{Y,V'},
e 1 1
KP(PY) = Sy K + 3V 9y V1Y)

~39(Tvady YY)+ Ve V1Y) = SV V1VIN) |

3. P =span{Y", V¢},
1

crp vy _ 1
K = S e () e o)

~59(Ty o V.V) 4 La((¥iad VIV) = SV V1YLV |

4. P =span{Y" V"'},
¢, = 1 1
KP(PY) = s { KVY) 4 0(Tun o v) + IV
Proof. By Lemma 2.1, F¢ is a Berwald metric. So, the Chern connection of
F¢ is the same as the Levi-Civita connection of g. Now, by using the relations
(2.2) and Proposition 1.1, the proof can be completed. For example, 1 follows
from the fact that g(X¢ Y¢) = ¢(X,Y) and g(X¢,V°) = g(X, V). Moreover, by

the relations (2.2), K(V¢,Y¢) = K(V,Y). So, by Proposition 1.1, we have

¢, ~ 1 ~
K™ (P,Y%) = —— = K(VeY*
P = e vy = g2, vepp )
1
= K(V,Y).
Fx, YN0+ 2 vy Y
The other equations can be verified in a similar way. O

Theorem 2.6. Assume that G is a Lie group equipped with a left invariant
Riemannian metric g. Suppose that

F=1/g(y,y) + 9(X(2),y) (2.9)
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1s the induced left invariant Randers metric of Douglas type on G defined by g and
a left invariant vector field X. Then, for the flag curvature of the left invariant
Randers metric F¢ on TG, we have:

1. P =span{Y©,V°},
s e 1 1
KEPY) = e NV a e

A1+ (X, V))g <U (Y iwa) ,X> } ;
=1

2. P =span{Y*° U"},
K¥(P,ye) =

39([X,Y],Y)

1
(1+9(X,Y))?

50TV ady YY) 4 o([Viady 1Y) - oIV VLVLY)|

{KWY)+ JovsvLy)

1
I g 7)) 3¢°(X, YY)

—4(1+9(X,Y))g (U <Y, im&) ,X> } ;
=1

3. P =span{Y"? V°},
¢, = 1 1
K (P,Y")=K(V,Y) + 59([Y, VvY], V) — §g(Vy ady V, V)

—{—ig([Y, ady V],V) — %g([[V, YLYLV)

+i {392([K X],Y) +4g (U <Ya§;:quj> 7X> } ;

4. P =span{Y", V"'},
c 1

+i {392([K X],Y) +4g (U (Kiﬂj){j> 7X> } ,

where {X; |i=1,...,m} is a basis for the Lie algebra g of G and U : g x g — g
1s a symmetric function defined by the following equation:

2g(U(v1,v2),v3) = g([vs, v1],v2) + g([vs, ve],v1). (2.10)

Proof. Lemma 2.1 shows that F¢ is of Douglas type. It is sufficient to use
Theorem 2.4 of [4] and the following formula of the flag curvature given in The-
orem 2.1 of [13],

gl Y°) = 5 1 ~(TT(VC V¢ c
‘MK(P) + W{Z%Q(U(Y ,Y9), X)

—4FgU(Y,U(Y,Y"), X9,

K (Pye) =



Left Invariant Lifted (o, §)-metrics 209

where U : g x g — g = Lie(TG) satisfies the formula (2.10). Hence,

g(U(YC’Yc)’XC) = g([X, Y],Y),
GO UY,Y)),X) =g (U (Y,fjmxz) ,X) ,

i=1

g(U(Yv7Yv)ﬂXc) - g([Yv X},Y),

U Uy, v")),X)=—g (U [VD mX; |, X|,
7=1

where U(Y,Y®) = 3% i X¢ + 0", 6 X7 and U(Y, YY) = Y1 \XS +
ZT:l 1 X5 O

In the following theorems we compute the flag curvature of F.

Theorem 2.7. Suppose that F is a left invariant (o, B)-metric on a Lie
group G defined by (2.3), and F" is a Berwald metric. Assume that P is a two-
dimensional subspace of g and {Y,V'} is an orthonormal set in P with respect to
g. If K denotes the sectional curvature of g, then the flag curvature K¥° of the
(ar, B)-metric F¥ can be computed as follows:

1. P =span{Y€ V°},
v, 1
K" (P,Y%) = 5 S K(V.Y);

0]
2. P =span{Y°,V'},
s e 1 1
K7 (PY) = i vip) (R + 5aV Ty VLY)

~ 39TV ady YY)+ La(Vead V1Y) = SV VL VIV |

3. P =span{Y", V¢},
1

FY 5 vy 1
KF'(P,Y )_¢2(g(X,Y)) {K(V,Y)+2g([Y,VVY],U)

~39(Ty oy V.V) s+ go(¥iad VIV) = SV V1YLV |

4. P =span{Y?, V',
1

F? /1 A
EAPYY) = X V)1 + AX.V)D) {K<V’ Y)

1
+9(ViynY, V) + ZH[‘/? Y”|2} :

Proof. The using of the relations (2.2) and the curvature formula of Propo-
sition 1.1 completes the proof. For example, for 2, we have
1

FY /D c\ __ o v c
K.Y = syt g vp s Y
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1 1
- ¢2(0)[1 +92(X, V)D] {K(V7Y) + 59([‘/7 VYV]7Y)

50Ty ady YY) + o([Viadi YY) - Jo(VVL VLY

The other equations can be verified in a similar way. O

Theorem 2.8. Let G be a Lie group equipped with a left invariant Rieman-

nian metric g and
F=v/g(y,y) + 9(X(2),y) (2.11)

be a left invariant Randers metric of Douglas type on G defied by g and a left
invariant vector field X. Then, for the flag curvature of the left invariant (c, B)-
metric F¥ on TG, we have:

1. P =span{Y° V°},
0,5 o 1 S
K" (P,Y) = K(VY) ~ 29([X7Y],Zl5ij);
]:
2. P =span{Y®, V"},
v, ~ 1 1
K(PY%) = K(V.Y) + 59(IV, VyV],Y) = 59(Vy adi YY)

%g([v, ady, Y],Y) — %g([[Y, V], V1Y)

1 m
j=1

3. P =span{Y" U},
1

v = 1
KF(P, YY) = (e {K(U,Y) +59(IY: VY], U)

~50(Ty 2 U.0) 4 Jol(¥:ad UL.0) = 5o(([0.¥1¥1.0)
1

s | |12 )

4. P =span{Y", U"},

~ 1 1
Fv v\ - 2
1 m
201+ (X, )" ’;m iR

Proof. Lemma 2.4 shows that F" is of Douglas type. We know that

gUY*,Y9), X% = g(U(Y",Y"), X") =0,

g([X, Y],Zéij),
j=1

GO, T, Y9, X7) = 3
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m

GO T, Y), X*) = Lg1X, D nX,1,Y).
j=1

By using the similar method as in Theorem 2.6, we can complete the proof of
this theorem. O

3. Examples

In this section, we study the flag curvature of two important families of («, 5)-
metrics which are called Matsumoto and Kropina metrics. These metrics, as well
as the Randers metric, have physical application (see [2] and [21]).

Example 3.1. Let G be a Lie group equipped with a left invariant Riemannian
metric g and let

_ 9¥,y)
V9, y) — 9(X(2),y)

be the Berwaldian left invariant Matsumoto metric on G defined by g and a left
invariant vector field X which is parallel with respect to the Levi-civita connection
of g. Then, for the flag curvature of the left invariant Matsumoto Metric F'° on
TG, we have:

1. P =span{Y° U}, 5
. (1-9(X,Y))’(1 —29(X,Y))
K(P,Y) = 142¢%(X,U) +2¢°(X,Y) = 3g(X,Y)

(3.1)

K(U,Y);

2. P =span{Y° U"},
KP(PY0) = (1= (X V)P {K(U.Y) + 300,901 Y)

~39(VUady YY) + o([U.ady V1Y) - po(IV.ULULY) |

3. P =span{Y"?,U°},
1

K"(P,Y") = 22X, 0) + 1 {K(U, Y)+ %g([Y, VuY],U)

1 . 1 » 1
~50(Ty iy U.U) + o(l¥oady UL0) - 5o((0¥]¥10) |
4. P= span{Y", U"},
A 1
K™(P,Y") = K(U,Y) + 9(Vipy)Y, U) + 7 [0 Y]],
where the assumptions are similar to those from the previous section and V

denotes the Levi-Civita connection of g. In this case, the formulas for the flag
curvature of FV are as follows:

1. P =span{Y° U},
KF'(P,Y%) = K(U,Y);
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2. P =span{Y° U"},
1

KP(P,Y®) = TR0 {K(U, Y)+ -g([U,VyU],Y)

3. P =span{Y",Uc),
KP(P.Y") = (1 g(X,))? {K(U, Y)+ Loy, vuy) o)

1 . 1 *
~59(Vy ad U,U) + (1Y, ad3 UL, U) -

4. P =span{Y" U"}, X
v e (1= g(X,Y))3(1 - 2g(X,Y))
K (P, Y") = 1+2¢%(X,U) +2¢%(X,Y) — 3g(X,Y)

< K@W.Y) + V¥ )+ IO

Example 3.2. Suppose that G is a Lie group equipped with a left invariant
Riemannian metric g, X is a left invariant vector field and

_ 9y,y)
F=Xw. (3:2)

is the left invariant Kropina metric of Berwald type on G defined by g and X.
Then, for the flag curvature of the left invariant Kropina Metric F¢ on TG, we
have:

1. P =span{Y* U},
4
/1 g (X,Y)
K (P,Y®) = K(U,Y);
Y=gz fxn oY)

2. P =span{Y° U"},
K7 (Pye) = G V)P {K(.Y) + 3009701 Y)

~50(Vuady YY) + o([U.ady 1Y) - 3a([V.ULULY) |

3. P =span{Y",U°}
KT (P,Y") is not defined;

4. P =span{Y", U"},

KT (P,Y") is not defined.
Also the flag curvature formulas of the Finsler metric £V are as follows:

1. P =span{Y* U},
KF'(P,Y*) is not defined;
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1]

P = span{Y*¢,U"},
KT (P,Y*®) is not defined;

P = span{Y", U¢}
K (PY") = 2 06Y) { K(O.Y) + 5aV- V0¥ L. 0)

~59(V 0 U.0) + JallY:ady UL.0) = 5a([0¥1¥1.0) |

P = span{Y", U"},

B 4
KFv(P,YU): g (X7Y)

(X, U) + g*(X,Y)
< KOY)+ 0T .0+ JIOYIIR.
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JliBoinBapianTHai niguari («, §)-merpukn tuiy dyrsiaca
Ha goTuvHux rpynax Jli

Masumeh Nejadahm and Hamid Reza Salimi Moghaddam

VY crarTi po3riasaarThes migHATI iBoiHBapiaHTHI (o, §)-MeTpUKH THUITY
Hyrnaca ma gormunmx rpynax JIi. Ilpumyckaerbes, mo g € JiBoiHBapian-
THOIO piMaHOBOIO MeTpukoio Ha rpymi JIi G, a F' € aiBoiuBapianTaomo (o, §)-
MeTpukoio tury Jyriaca, mo iHgyKoBaHa METPUKOIO ¢. 3a JOMOMOTOI0 Bep-
THKAJbHOTO 1 IOBHOTIO IIiJHATTS MH OYJIyeMO BePTHKAJbHI i IMOBHI HigHATI
(ar, B)-merpuru FV i F¢ na noruuHomy posmiapysanti T'G 1 nosogumo Heob-
XimHi #f JocTaTHI yMOBH JJIs TOTO, 00 BOHU Oy/in MeTpukamu Tuiry yriaca.
Takox BuB9aOThCA QJraroBi KpuBnHU X MeTpuk. Hapermri, B skocTi oco-
OMBUX BUTAIKIB mmopaxoBaHi ¢uiarosi kpusuau FV i F° naa merpuk Pam-
nepca tuny Jlyriraca ta metpuk Kpomimoi i Mamymoro tuny Bepsambia.

Kumouosi ciioBa: niBoinBapianTha (o, 3)-MeTpuka, IOBHE 1 BepTUKAJIbHE
miTHATTS, BJIaroBa KPUBUHA



	Introduction
	Lifting of (alpha,beta)-metrics on tangent bundles
	Examples

