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The Hirota equation is an integrable higher order nonlinear Schrödinger
type equation which describes the propagation of ultrashort light pulses in
optical fibers. We present a standard Darboux transformation for the Hirota
equation and then construct its quasideterminant solutions. As examples,
the multi-soliton, breather and rogue wave solutions of the Hirota equation
are given explicitly.
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1. Introduction

There exists a large class of nonlinear evolution equations which can be solved
analytically. Such equations are called integrable. Integrable equations constitute
an important part of the nonlinear wave theory. The simplest integrable equa-
tion which describes the dynamics of deep-water gravity waves is the nonlinear
Schrödinger (NLS) equation

iqt + qxx + 2|q|2q = 0. (1.1)

In 1967, it was first discussed in the general context of nonlinear dispersive waves
by Benney and Newell [4]. In 1968, this equation was also derived by Zakharov in
his study of modulational stability of deep water waves [38]. In 1972, Zakharov
and Shabat found that the NLS equation had a Lax pair and could be solved
by the inverse scattering transform (IST) method [40]. This equation plays an
important role in different physical systems as wide as plasma physics [39], water
waves [4, 5, 38], and nonlinear optics [14, 15]. One of the most interesting appli-
cations of the NLS equation is that it can be employed to model short soliton
pulses in optical fibres [18]. However, as the pulses get shorter, various additional
effects become important and the NLS model is no longer appropriate. In order
to understand these additional effects, Kodama and Hasegawa [19,20] suggested
a higher-order NLS equation

iqt + α1qxx + α2|q|2q + iβ
[
γ1qxxx + γ2|q|2qx + γ3q

(
|q|2
)
x

]
= 0, (1.2)
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where the αi, γi are real constants, β is a real spectral parameter and q is a
complex-valued function of x and t. By choosing β = 0 and α2 = 2α1 = 2 in
this equation, we can easily see that the first three terms form the standard NLS
equation (1.1). Generally, the Kodama–Hasegawa higher-order NLS equation
(1.2) may not be completely integrable if some restrictions are not imposed on
the real constants γi (i = 1, 2, 3). Until now it is known that, besides the NLS
equation (1.1) itself, there are four cases in which integrability can be proved via
the IST. These are the Chen–Lee–Liu [6] derivative NLS equation (γ1 : γ2 : γ3 =
0 : 1 : 0), the Kaup–Newell [17] derivative NLS equation (γ1 : γ2 : γ3 = 0 : 1 : 1),
the Hirota [16] NLS equation (γ1 : γ2 : γ3 = 1 : 6 : 0), and the Sasa–Satsuma [33]
NLS equation (γ1 : γ2 : γ3 = 1 : 6 : 3).

In this paper, we consider the Hirota [16] NLS equation

iqt + α
(
qxx + 2|q|2q

)
+ iβ

(
qxxx + 6|q|2qx

)
= 0, α, β ∈ R, (1.3)

in which α2 = 2α1 = 2α. This equation is commonly known as the Hirota
equation (HE), and we will denote it as such from now on. The HE (1.3) can
be used to describe the wave propagation of ultrashort light pulses in optical
fibers [1, 19, 20, 23, 26, 36]. It is very interesting to see that the Hirota equation
(1.3) is the sum of the NLS (1.1) equation (α = 1, β = 0) and the complex version
of the modified Korteweg-de Vries (mKdV) equation (α = 0, β = 1),

qt + qxxx + 6|q|2qx = 0 (1.4)

which is completely integrable [16, 34]. In the resent years, there has been some
interest in solutions of the HE (1.3) obtained by Darboux-type transformations
[3, 22,32]. These solutions are often written in terms of determinants.

In 1882, the French mathematician Jean Gaston Darboux [7] introduced a
method for solving the Sturm–Liouville equation called Darboux transformation
(DT) afterwards. Almost a century later, in 1979, Matveev [24] realized that the
method given by Darboux for the spectral problem of second order ordinary differ-
ential equations can be extended to some important soliton equations. Darboux
transformations are one of important tools in studying integrable systems. They
provide a universal algorithmic procedure to derive exact solutions of integrable
systems.

In the present paper, for the first time we construct a standard Darboux
transformation for the Hirota equation (1.3). We underline that the method we
use here is based on Darboux’s [7] and Matveev’s original ideas [24, 25]. There-
fore, our approach should be considered on its own merits. Furthermore, our
solutions for the HE are written in terms of quasideterminants [8, 9] rather than
determinants. It has been proved that quasideterminants are very useful for con-
structing exact solutions of integrable equations [10,11,21,29,31,35,41], enabling
these solutions to be expressed in a simple and compact form. Finally, we prove
that the DT we present here can be used to obtain various solutions of the HE
(1.3) such as multi-solitons, breathers and rogue waves.

In recent years, rogue waves (RW) have been widely studied. It is not easy
to give a full definition of the RW due to its complex phenomenon. In the ocean
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environment, the RW is defined as a surface wave that is abnormally large. The
amplitude of this wave is two or three times higher than those of its surrounding
waves. On mathematical aspect, rogue waves can be expressed as the rational
function solutions of nonlinear evolution equations. A typical example of rogue
wave is the Peregrine soliton [30]. In 1983, this solution was first presented by
the British mathematician Howell Peregrine as the fundamental rational solution
of the NLS equation (1.1) in the following form:

q = e2it

[
1− 4(1 + 4it)

1 + 4x2 + 16t2

]
. (1.5)

For the NLS equation, the second-order rogue wave solution was constructed by
Akhmediev and his co-workers [2]. In general, the DT cannot be directly used to
construct rational solutions for evolution equations. In [13], Gue et al. proposed
a simple method (the generalized DT) for constructing higher-order rogue wave
solutions of the NLS equation (1.1). In this paper, we construct the first-order RW
solutions of the Hirota equation (1.3) from the Taylor expansion of the breather
solutions as a particular example for non-zero seed solutions. The higher-order
RW solutions of the Hirota equation are constructed basing on the gDT [3,13].

This paper is structured as follows. In Section 1.1 below, we give a brief
review of quasideterminants. In Section 2, we establish a 2× 2 eigenfunction and
a corresponding constant 2× 2 square matrix for the eigenvalue problems of the
Hirota equation (1.3) using two symmetries of the Lax pair of the HE. In Section
3, we state a standard Darboux theorem for the Hirota system. We review the
reduced DTs for the HE, which can be considered as a dimensional reduction
from (2+1) to (1+1) dimensions. In Section 4, we present the quasideterminant
solutions for the HE constructed by the DT. In Section 5, the multi-soliton and
breather solutions of the Hirota equation are given for both zero and non-zero seed
solutions as particular solutions of the HE. Section 6 is devoted to the construction
of the first-order rogue wave solutions of the HE (1.3). The conclusion is given
in the final Section 7.

1.1. Quasideterminants. In this short section we will list some of the
key elementary properties of quasideterminants used in the paper. The reader is
referred to the original papers [8, 9] for more detailed and general treatments.

Let M = (mij) be an n×n matrix with entries over a ring (noncommutative,
in general) having n2 quasideterminants written as |M |ij for i, j = 1, . . . , n. They
are defined recursively by

|M |ij = mij − rji
(
M ij

)−1
cij , (1.6)

where rji represents the row vector obtained from the ith row of M with the jth

element removed, cij is the column vector obtained from the jth column of M

with the ith element removed and M ij is the (n−1)× (n−1) submatrix obtained
by deleting the ith row and the jth column from M . Quasideterminants can be
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also denoted as shown below by boxing the entry about which the expansion is
made,

|M |ij =

∣∣∣∣∣M ij cij
rji mij

∣∣∣∣∣ .
If the entries in M commute, then the quasideterminant |M |ij can be expressed
as a ratio of determinants

|M |ij = (−1)i+j
detM

detM ij
. (1.7)

2. Hirota equation

Let us consider the coupled Hirota equations:

qt − iα
(
qxx + 2q2r

)
+ β (qxxx + 6qrqx) = 0, (2.1)

rt + iα
(
rxx + 2qr2

)
+ β (rxxx + 6qrrx) = 0, (2.2)

where q = q(x, t) and r = r(x, t) are complex valued functions. Equations (2.1)
and (2.2) reduce to the Hirota equation (1.3) when r = q∗. Here the asterisk
superscript on q denotes the complex conjugate.

The Lax pair [32] for the coupled Hirota equations (2.1)–(2.2) is given by

L = ∂x + Jλ−R, (2.3)

M = ∂t + 4βJλ3 + 2Uλ2 − 2V λ−W, (2.4)

where J , R, U , V and W are 2× 2 matrices

J =

(
i 0
0 −i

)
, R =

(
0 q
−r 0

)
, U =

(
iα −2βq

2βr −iα

)
, (2.5)

V =

(
iβqr αq + iβqx

−αr + iβrx −iβqr

)
,

W =

(
iαqr + β (qrx − rqx) iαqx − β

(
qxx + 2q2r

)
iαrx + β

(
rxx + 2qr2

)
−iαqr − β (qrx − rqx)

)
. (2.6)

Here λ is a spectral parameter. It can be seen that the potential matrix R in
(2.5) has two symmetry properties. One of them is that it is skew-Hermitian:
R† = −R. The other one is that SRS−1 = R∗, where

S =

(
0 1
−1 0

)
.

Let φ = (ϕ,ψ)T be a vector eigenfunction for (2.3)–(2.4) for the eigenvalue λ so
that Lλ(φ) = Mλ(φ) = 0. Using the second symmetry, it can be seen that φ̃ =
Sφ = (ψ∗,−ϕ∗)T is another eigenfunction for eigenvalue λ∗ such that Lλ∗(φ̃) =
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Mλ∗(φ̃) = 0. Using these vector eigenfunctions we can define a square 2 × 2
matrix eigenfunction θ with 2× 2 eigenvalue Λ

θ =

(
ϕ ψ∗

ψ −ϕ∗
)
, Λ =

(
λ 0
0 λ∗

)
, (2.7)

satisfying

θx + JθΛ−Rθ = 0, (2.8)

θt + 4βJθΛ3 + 2UθΛ2 − 2V θΛ−Wθ = 0. (2.9)

3. Darboux transformations and dimensional reductions

3.1. Darboux transformation. Let us consider the linear operators

L = ∂x +
n∑
i=0

ui∂
i
y, M = ∂t +

n∑
i=0

vi∂
i
y, (3.1)

where ui, vi are m ×m matrices. The standard approach to Darboux transfor-
mations [7, 24, 25] involves a gauge operator Gθ = θ∂yθ

−1, where θ = θ(x, y, t) is
an invertible m×m matrix solution to a linear system

L(φ) = M(φ) = 0.

If φ is any eigenfunction of L and M , then φ̃ = Gθ(φ) satisfies the transformed
system

L̃(φ̃) = M̃(φ̃) = 0,

where the linear operators L̃ = GθLG
−1
θ and M̃ = GθMG−1

θ have the same forms
as L and M :

L̃ = ∂x +
n∑
i=0

ũi∂
i
y, M̃ = ∂t +

n∑
i=0

ṽi∂
i
y. (3.2)

3.2. Dimensional reduction of Darboux transformation Here we de-
scribe a reduction of the Darboux transformation from (2 + 1) to (1 + 1) dimen-
sions. We choose to eliminate the y-dependence by employing a ‘separation of
variables’ technique. The reader is referred to the paper [27] for a more detailed
treatment. We make the ansatz

φ = φr(x, t)eλy, θ = θr(x, t)eΛy,

where λ is a constant scalar and Λ is an N ×N constant matrix and the super-
script r denotes reduced functions, independent of y. Hence, in the dimensional
reduction we obtain ∂iy (φ) = λiφ and ∂iy (θ) = θΛi, and thus the operator L and
the Darboux transformation G become

Lr = ∂x +
n∑
i=0

uiλ
i, Gr = λ− θrΛ(θr)−1, (3.3)
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where θr is a matrix eigenfunction of Lr such that Lr (θr) = 0, with λ replaced
by the matrix Λ, that is,

θrx +
n∑
i=0

uiθ
rΛi = 0.

Below we omit the superscript r for ease of notation.

3.3. Iteration of reduced Darboux transformations. In this section,
we consider the iteration of the Darboux transformations and find closed form
expressions for them in terms of quasideterminants.

Let L be an operator, form invariant under the reduced Darboux transforma-
tion Gθ = λ− θΛθ−1 discussed above.

Let φ = φ(x, t) be a general eigenfunction of L such that L(φ) = 0. Then

φ̃ = Gθ (φ) = λφ− θΛθ−1φ =

∣∣∣∣∣ θ φ

θΛ λφ

∣∣∣∣∣
is an eigenfunction of L̃ = GθLG

−1
θ so that L̃(φ̃) = λφ̃. Let θi for i = 1, . . . , n, be

a particular set of invertible eigenfunctions of L so that L(θi) = 0 for λ = Λi, and
introduce the notation Θ = (θ1, . . . , θn). To apply the Darboux transformation
the second time, let θ[1] = θ1 and φ[1] = φ be a general eigenfunction of L[1] =
L. Then φ[2] = Gθ[1]

(
φ[1]

)
and θ[2] = φ[2]|φ→θ2 are eigenfunctions for L[2] =

Gθ[1]L[1]G
−1
θ[1]

.

In general, for n ≥ 1, we define the nth Darboux transform of φ by

φ[n+1] = λφ[n] − θ[n]Λnθ
−1
[n]φ[n], (3.4)

in which θ[k] = φ[k]|φ→θk . For example,

φ[2] = λφ− θ1Λ1θ
−1
1 φ =

∣∣∣∣∣ θ1 φ

θ1Λ1 λφ

∣∣∣∣∣ ,
φ[3] = λφ[2] − θ[2]Λ2θ

−1
[2] φ[2] =

∣∣∣∣∣∣∣
θ1 θ2 φ
θ1Λ1 θ2Λ2 λφ

θ1Λ2
1 θ2Λ2

2 λ2φ

∣∣∣∣∣∣∣ .
After n iterations, we get

φ[n+1] =

∣∣∣∣∣∣∣∣∣∣∣

θ1 θ2 . . . θn φ
θ1Λ1 θ2Λ2 . . . θnΛn λφ
θ1Λ2

1 θ2Λ2
2 . . . θnΛ2

n λ2φ
...

... . . .
...

...

θ1Λn1 θ2Λn2 . . . θnΛnn λnφ

∣∣∣∣∣∣∣∣∣∣∣
.
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4. Constructing solutions for Hirota equation

In this section, we determine the specific effect of the Darboux transformation
Gθ = λ − θΛθ−1 on the operator L given by (2.3). Corresponding results hold
for the operator M given by (2.4). Here the eigenfunction θ, the solution of the
linear system (2.8)–(2.9), is given explicitly with the eigenvalue Λ in (2.7). From
L̃Gθ = GθL, the operator L = ∂x + Jλ − R is transformed to a new operator L̃
in which J is unchanged and

R̃ = R−
[
J, θΛθ−1

]
. (4.1)

For notational convenience, we introduce a 2× 2 matrix Q such that R = [J,Q],
and hence

Q =
1

2i

(
q

r

)
,

where the entries left blank are arbitrary and do not contribute to R. From (4.1),
it follows that

Q̃ = Q− θΛθ−1 (4.2)

which can be written in a quasideterminant structure as

Q̃ = Q+

∣∣∣∣ θ I2

θΛ 02

∣∣∣∣ .
We rewrite (4.2) as

Q[2] = Q[1] − θ[1]Λ1θ
−1
[1] ,

where Q[1] = Q, Q[2] = Q̃, θ[1] = θ1 = θ and Λ1 = Λ. Then, after repeating
Darboux transformations n times, we have

Q[n+1] = Q[n] − θ[n]Λnθ
−1
[n] , (4.3)

in which θ[k] = φ[k] |φ→θk . We express P[n+1] in the quasideterminant form as

Q[n+1] = Q+

∣∣∣∣∣∣∣∣∣∣∣∣∣

θ1 θ2 . . . θn 02

θ1Λ1 θ2Λ2 . . . θnΛn 02
...

... . . .
...

...

θ1Λn−2
1 θ2Λn−2

2 . . . θnΛn−2
n 02

θ1Λn−1
1 θ2Λn−1

2 . . . θnΛn−1
n I2

θ1Λn1 θ2Λn2 . . . θnΛnn 02

∣∣∣∣∣∣∣∣∣∣∣∣∣
|, (4.4)

where each θi,Λi as a 2× 2 matrix

θi =

(
ϕi ψ∗i
ψi −ϕ∗i

)
, Λi =

(
λi 0
0 λ∗i

)
(4.5)
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in which i = 1, ..., n. Now let Θ(n) be a 2× 2n matrix such that

Θ(n) = (θ1Λn1 , . . . , θnΛnn) =

(
ϕ(n)

ψ(n)

)
,

where

ϕ(n) = (λn1ϕ1, λ
∗n
1 ψ∗1, . . . , λ

n
nϕn, λ

∗n
n ψ

∗
n) ,

ψ(n) = (λn1ψ1,−λ∗n1 ϕ∗1, . . . , λ
n
nψn,−λ∗nn ϕ∗n)

denote 1× 2n row vectors. Thus, (4.4) can be written as

Q[n+1] = Q+

∣∣∣∣∣ Θ̂ E

Θ(n) 02

∣∣∣∣∣ ,
where Θ̂ =

(
θiΛ

j−1
i

)
i,j=1,...,n

and E = (e2n−1, e2n) denote the 2n × 2n and the

2n× 2 matrices respectively, in which ei represents a column vector with 1 in the
ith row and zeros elsewhere. Hence, we obtain

Q[n+1] = Q+



∣∣∣∣∣ Θ̂ e2n−1

ϕ(n) 0

∣∣∣∣∣
∣∣∣∣∣ Θ̂ e2n

ϕ(n) 0

∣∣∣∣∣∣∣∣∣∣ Θ̂ e2n−1

ψ(n) 0

∣∣∣∣∣
∣∣∣∣∣ Θ̂ e2n

ψ(n) 0

∣∣∣∣∣

 .

Here we immediately see that a quasideterminant solution q[n+1] of the Hirota
equation (1.3) along with its complex conjugate r[n+1] can be expressed as

q[n+1] = q + 2i

∣∣∣∣∣ Θ̂ e2n

ϕ(n) 0

∣∣∣∣∣ , r[n+1] = r + 2i

∣∣∣∣∣ Θ̂ e2n−1

ψ(n) 0

∣∣∣∣∣ , (4.6)

where it can be easily shown that the reduction r[n+1] = q∗[n+1] holds.

4.1. Explicit solutions. In order to construct explicit solutions for the
Hirota equation (1.3), we consider the quasideterminant solution given by (4.6)
in which we obtain

q[n+1] = q + 2i

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ϕ1 ψ∗1 . . . ϕn ψ∗n 0
ψ1 −ϕ∗1 . . . ψn −ϕ∗n 0
ϕ1λ1 ψ∗1λ

∗
1 . . . ϕnλn ψ∗nλ

∗
n 0

ψ1λ1 −ϕ∗1λ∗1 . . . ψnλn −ϕ∗nλ∗n 0
...

...
...

...
...

ϕ1λ
n−1
1 ψ∗1λ

∗n−1
1 . . . ϕnλ

n−1
n ψ∗nλ

∗n−1
n 0

ψ1λ
n−1
1 −ϕ∗1λ

∗n−1
1 . . . ψnλ

n−1
n −ϕ∗nλ∗n−1

n 1

ϕ1λ
n
1 ψ∗1λ

∗n
1 . . . ϕnλ

n
n ψ∗nλ

∗n
n 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
. (4.7)
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Here ϕj and ψj are scalar functions such that the eigenfunction φj = (ϕj , ψj)
T

denotes n distinct solutions of the spectral problem L(φj) = M(φj) = 0 with the
associated eigenvalue λj , where the operators L, M are given by (2.3)–(2.4) so
that

φj,x + Jφjλj −Rφj = 0,

φj,t + 4βJφjλ
3
j + 2Uφjλ

2
j − 2V φjλj −Wφj = 0, (4.8)

in which j = 1, . . . , n and J , R, U , V , W are the 2× 2 matrices given by (2.5)–
(2.6). In the next section, we will present some explicit solutions of the equation
(1.3) for the cases n = 1, . . . , 3. For the one-fold (n = 1), two-fold (n = 2) and
three-fold (n = 3) Darboux transformations, the solution (4.7) yields

q[2] = q + 2i

∣∣∣∣∣∣
ϕ1 ψ∗1 0
ψ1 −ϕ∗1 1

ϕ1λ1 ψ∗1λ
∗
1 0

∣∣∣∣∣∣ , (4.9)

q[3] = q + 2i

∣∣∣∣∣∣∣∣∣∣

ϕ1 ψ∗1 ϕ2 ψ∗2 0
ψ1 −ϕ∗1 ψ2 −ϕ∗2 0
ϕ1λ1 ψ∗1λ

∗
1 ϕ2λ2 ψ∗2λ

∗
2 0

ψ1λ1 −ϕ∗1λ∗1 ψ2λ2 −ϕ∗2λ∗2 1

ϕ1λ
2
1 ψ∗1λ

∗2
1 ϕ2λ

2
2 ψ∗2λ

∗2
2 0

∣∣∣∣∣∣∣∣∣∣
(4.10)

and

q[4] = q + 2i

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ϕ1 ψ∗1 ϕ2 ψ∗2 ϕ3 ψ∗3 0
ψ1 −ϕ∗1 ψ2 −ϕ∗2 ψ3 −ϕ∗3 0
ϕ1λ1 ψ∗1λ

∗
1 ϕ2λ2 ψ∗2λ

∗
2 ϕ3λ3 ψ∗3λ

∗
3 0

ψ1λ1 −ϕ∗1λ∗1 ψ2λ2 −ϕ∗2λ∗2 ψ3λ3 −ϕ∗3λ∗3 0
ϕ1λ

2
1 ψ∗1λ

∗2
1 ϕ2λ

2
2 ψ∗2λ

∗2
2 ϕ3λ

2
3 ψ∗3λ

∗2
3 0

ψ1λ
2
1 −ϕ∗1λ∗21 ψ2λ

2
2 −ϕ∗2λ∗22 ψ3λ

2
3 −ϕ∗3λ∗23 1

ϕ1λ
3
1 ψ∗1λ

∗3
1 ϕ2λ

3
2 ψ∗2λ

∗3
2 ϕ3λ

3
3 ψ∗3λ

∗3
3 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(4.11)

respectively. The quasideterminant solutions (4.9)–(4.10) can be expanded as

q[2] = q − 2i (λ1 − λ∗1)
ϕ1ψ

∗
1

|ϕ1|2 + |ψ1|2
(4.12)

and

q[3] = q − 2i
Λ11

(
Π12 |ϕ2|2 + Π∗12 |ψ2|2

)
ϕ1ψ

∗
1 + Λ22

(
Λ12 |ϕ1|2 + Λ∗12 |ψ1|2

)
ϕ2ψ

∗
2

|λ1 − λ2|2 |ϕ1ϕ∗2 + ψ1ψ∗2|
2 + |λ1 − λ∗2|

2 |ϕ1ψ2 − ϕ2ψ1|2
,

(4.13)

where

Λ11 = λ1 − λ∗1, Λ22 = λ2 − λ∗2, Λ12 = (λ1 − λ2) (λ1 − λ∗2) ,
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Π12 = (λ1 − λ2) (λ∗1 − λ2) .

Moreover, the solution (4.11) can be expressed in terms of determinants such that

q[4] = q − 2i
D

∆
, (4.14)

in which

D =

∣∣∣∣∣∣∣∣∣∣∣∣

ϕ1 ψ∗1 ϕ2 ψ∗2 ϕ3 ψ∗3
ψ1 −ϕ∗1 ψ2 −ϕ∗2 ψ3 −ϕ∗3
ϕ1λ1 ψ∗1λ

∗
1 ϕ2λ2 ψ∗2λ

∗
2 ϕ3λ3 ψ∗3λ

∗
3

ψ1λ1 −ϕ∗1λ∗1 ψ2λ2 −ϕ∗2λ∗2 ψ3λ3 −ϕ∗3λ∗3
ϕ1λ

2
1 ψ∗1λ

∗2
1 ϕ2λ

2
2 ψ∗2λ

∗2
2 ϕ3λ

2
3 ψ∗3λ

∗2
3

ϕ1λ
3
1 ψ∗1λ

∗3
1 ϕ2λ

3
2 ψ∗2λ

∗3
2 ϕ3λ

3
3 ψ∗3λ

∗3
3

∣∣∣∣∣∣∣∣∣∣∣∣
,

∆ =

∣∣∣∣∣∣∣∣∣∣∣∣

ϕ1 ψ∗1 ϕ2 ψ∗2 ϕ3 ψ∗3
ψ1 −ϕ∗1 ψ2 −ϕ∗2 ψ3 −ϕ∗3
ϕ1λ1 ψ∗1λ

∗
1 ϕ2λ2 ψ∗2λ

∗
2 ϕ3λ3 ψ∗3λ

∗
3

ψ1λ1 −ϕ∗1λ∗1 ψ2λ2 −ϕ∗2λ∗2 ψ3λ3 −ϕ∗3λ∗3
ϕ1λ

2
1 ψ∗1λ

∗2
1 ϕ2λ

2
2 ψ∗2λ

∗2
2 ϕ3λ

2
3 ψ∗3λ

∗2
3

ψ1λ
2
1 −ϕ∗1λ∗21 ψ2λ

2
2 −ϕ∗2λ∗22 ψ3λ

2
3 −ϕ∗3λ∗23

∣∣∣∣∣∣∣∣∣∣∣∣
.

5. Particular solutions

5.1. Solutions for zero seed. For q = r = 0, the spectral problem (4.8)
becomes

φj,x + Jφjλj = 0,

φj,t +
(
4βλ3

j + 2αλ2
j

)
Jφj = 0,

which has a solution φj = (ϕj , ψj)
T such that

ϕj (x, t, λj) = e−i[λjx+(2αλ2j+4βλ3j)t], ψj (x, t, λj) = ei[λjx+(2αλ2j+4βλ3j)t], (5.1)

where j = 1, . . . , n.

Case I (n = 1). By letting λ1 = ξ + iη and substituting the functions ϕ1

and ψ1 given by (5.1) into (4.12), we obtain the one-soliton solution of the Hirota
equation (1.3) as

q[2] = 2ηe−2i[ξx+2(α[ξ2−η2]+2β[ξ3−3ξη2])t] sech
(
2ηx+ 8

[
αξη + β

(
3ξ2η − η3

)
t
])

which yields ∣∣q[2]

∣∣2 = 4η2 sech2
(
2ηx+ 8

[
αξη + β

(
3ξ2η − η3

)]
t
)
.

This solution is plotted in Fig. 5.1.
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(a) (b)

Fig. 5.1: One-soliton solution |q[2]| of the HE (1.3) when α = β = 1, ξ = 0.8, η =
1.6. Figure (a) describes its surface and (b) gives its profiles at different times
t = −1.8 (red), t = 0 (blue), t = 1.8 (green).

Case II (n = 2). Let λ1 = ξ + η1 and λ2 = ξ + η2 such that η1η2 6= 0. By
substituting the corresponding eigenfunctions ϕ1, ψ1 and ϕ2, ψ2, given by (5.1),
into (4.13), we obtain the two-soliton solution of the Hirota equation (1.3) as

q[3] = 4
(
η2

1 − η2
2

) η1e
−ig1 cosh f2 − η2e

−ig2 cosh f1

(η1 − η2)2 coshF1 + (η1 + η2)2 coshF2 − 4η1η2 cosF3

which yields

∣∣q[3]

∣∣2 = 16
(
η2

1 − η2
2

)2 η2
2 cosh2 f1 + η2

1 cosh2 f2 − 2η1η2 cosh f1 cosh f2 cosF3[
(η1 − η2)2 coshF1 + (η1 + η2)2 coshF2 − 4η1η2 cosF3

]2 ,

where

f1 = 2η1

[
x+ 4

(
αξ + β

[
3ξ2 − η2

1

])
t
]
,

f2 = 2η2

[
x+ 4

(
αξ + β

[
3ξ2 − η2

2

])
t
]
,

g1 = 2ξx+ 4
[
α
(
ξ2 − η2

1

)
+ 2βξ

(
ξ2 − 3η2

1

)]
t,

g2 = 2ξx+ 4
[
α
(
ξ2 − η2

2

)
+ 2βξ

(
ξ2 − 3η2

2

)]
t

and F1 = f1 + f2, F2 = f1 − f2, F3 = g1 − g2 such that

F1 = 2 (η1 + η2)
[
x+ 4

(
αξ + β

[
3ξ2 + η1η2 − η2

1 − η2
2

])
t
]
,

F2 = 2 (η1 − η2)
[
x+ 4

(
αξ + β

[
3ξ2 − η1η2 − η2

1 − η2
2

])
t
]
,

F3 = 4
(
η2

2 − η2
1

)
[α+ 6βξ] t.

By choosing appropriate parameters, the two-soliton solution of the Hirota equa-
tion (1.3) is plotted in Fig. 5.2.
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(a) (b)

Fig. 5.2: Two-soliton solution |q[3]| of the HE (1.3) when α = β = 1, ξ = 0.5,
η1 = 0.7 and η2 = 1.1. (a) Surface diagram. (b) Contour diagram.

Case III (n = 3). In this case, we have three eigenvalues λ1, λ2 and λ3.
Let us choose λ1 = i, λ2 = 2i and λ3 = 3i. By substituting the corresponding
eigenfunctions (ϕ1, ψ1)T , (ϕ2, ψ2)T and (ϕ3, ψ3)T , given by (5.1), into (4.14),
we obtain the three-soliton solution of the Hirota equation (1.3). By choosing
appropriate parameters, this solution is plotted in Fig. 5.3.

(a) (b)

Fig. 5.3: Three-soliton solution |q[4]| of the HE (1.3) when λ1 = i, λ2 = 2i and
λ3 = 3i. (a) Surface diagram. (b) Density diagram.

5.2. Solutions for non-zero seed. In this subsection, for q, r 6= 0 and
r = q∗, we take q = ceiµ as a plane wave solution of the Hirota equation (1.3),
where µ = ax + bt in which a, b, c ∈ R under the condition b = α

(
2c2 − a2

)
+

β
(
a3 − 6ac2

)
. We use this as a seed solution. Substituting q = ceiµ into the

linear system (4.8) and then solving for the eigenfunction φj = (ϕj , ψj)
T , we

obtain

ϕj (x, t, λj) = e
1
2
iµ
(
cje

1
2
iγj + eje

− 1
2
iγj
)
,
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ψj (x, t, λj) = e−
1
2
iµ
(
c̃je

1
2
iγj + ẽje

− 1
2
iγj
)
, (5.2)

where

γj = sj (x+ kjt) , c̃j = i
cj
2c

(a+ 2λj + sj) , ẽj = i
ej
2c

(a+ 2λj − sj)

in which sj =
√

(a+ 2λj)
2 + 4c2, kj = α (2λj − a) + β

(
a2 − 2aλj + 4λ2

j − 2c2
)

and cj , ej are arbitrary constants such that j = 1, . . . , n.

Case IV (n = 1). Let the eigenvalue λ1 = ξ + iη. For simplicity, choose
a = −2ξ and e1 = δc1 = δc in which δ2 = 1. Substituting the seed solution q =
ceiµ and the functions ϕ1, ψ1, given by (5.2), into (4.12), we obtain the following
breather solution:

q[2] = ceiµ
(

1

−2η
η cosh(Ωt)− iω sinh(Ωt) + δη cos[2ω(x+ Γt)] + δω sin[2ω(x+ Γt)]

c2 cosh(Ωt) + δη2 cos[2ω(x+ Γt)] + δηω sin[2ω(x+ Γt)]

)
,

(5.3)

where

µ = −2ξx+
[
2α
(
c2 − 2ξ2

)
+ 4β

(
3c2ξ − 2ξ3

)]
t,

ω =
√
c2 − η2,

Ω = 4ηω(α+ 6βξ),

Γ = 4αξ + 2β
(
6ξ2 − 2η2 − c2

)
.

Thus, we have
∣∣q[2]

∣∣2 = c2 F 2+G2

H2 , where

F =
(
2η2 − c2

)
cosh(Ωt) + δη2 cos[2w(x+ Γt)] + δηw sin[2w(x+ Γt)],

G = 2ηw sinh(Ωt)

H = c2 cosh(Ωt) + δη2 cos[2w(x+ Γt)] + δηw sin[2w(x+ Γt)].

Fig. 5.4 shows the dynamical evolution of the breather solution of the Hirota
equation (1.3).

6. Rogue wave solutions

In this section, we consider the breather solution (5.3) of the HE (1.3) with
δ = −1. Here we use the Taylor expansion approach [2, 32] in order to obtain
the rogue wave solutions of the HE from the breather solution (5.3). The Taylor
expansion of the breather solution (5.3) with the limit c → η gives us the first-
order rogue wave solution of the Hirota equation:

q[2] = ηeiµ
[
−1 + 2

1 + 4iη2 (α+ 6βξ) t

1 + 8η4 (α+ 6βξ)2 t2 + 2η2 (x+ Γt)2 − 2η (x+ Γt)

]
, (6.1)
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(a) (b)

Fig. 5.4: Breather solution |q[2]| of the HE (1.3) when c = δ = 1, α = β = 1, ξ =
0.04 and η = 0.76. (a) Surface diagram. (b) Density diagram.

where

µ = −2ξx+ bt, Γ = 4αξ + 6β
(
2ξ2 − η2

)
.

in which b = 2α
(
η2 − 2ξ2

)
+ 4βξ

(
3η2 − 2ξ2

)
. This is the simplest RW solution

of the HE (1.3). This rogue wave solution of the Hirota equation is shown in Fig.
6.1(a). Furthermore, by choosing α = 1, β = 0, the rogue wave solution (6.1)

(a) (b)

Fig. 6.1: The first-order rogue wave solutions of (a) the HE (1.3) with parameters
α = β = 1, ξ = 0.5 and η = 1. (b) the NLS (1.1) equation when ξ = 0 and η = 2.

reduces to the first-order RW solution of the NLS equation (1.1) :

q[2] = ηeiµ
[
−1 + 2

1 + 4iη2t

1 + 8η4t2 + 2η2 (x+ 4ξt)2 − 2η (x+ 4ξt)

]
. (6.2)

This is the fundamental Peregrine-like rogue wave solution which is shown in Fig.
6.1(b). Finally, we should point out that the higher-order RW solutions of the HE
(1.3) can be constructed by different methods, for example, by using gDT [3,13].
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7. Conclusion

In conclusion, we have studied a standard Darboux transformation to con-
struct quasideterminant solutions for the Hirota equation (1.3). These quaside-
terminants are expressed in terms of solutions of the linear partial differential
equations given by (4.8). It should be highlighted that these quasideterminant
solutions arise naturally from the Darboux transformation we present here. Fur-
thermore, the multi-soliton, breather and rogue wave solutions for zero and non-
zero seeds are given as particular examples for the HE. The examples of these
particular solutions are plotted in the figures 5.1–6.1 with the chosen parame-
ters. Finally, we point out that the method we present in this paper allows us to
construct exact solutions for other integrable nonlinear evolution equations such
as [12,28,37].

Acknowledgments. The author would like to thank the anonymous referee
for some detailed comments and suggestions on the rogue wave, which helped to
improve the quality of the paper.
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Перетворення Дарбу для рiвняння Хiроти
Halis Yilmaz

Рiвняння Хiроти є iнтегровним нелiнiйним рiвнянням вищого поряд-
ку типу Шредiнгера, яке описує поширення ультракоротких свiтлових
iмпульсiв в оптичних волокнах. Ми представляємо стандартне перетво-
рення Дарбу для рiвняння Хiроти, а потiм будуємо його квазiдетермi-
нантнi розв’язки. В якостi прикладiв наведено мультисолiтоннi i бризер-
нi розв’язки, а також розв’язки у виглядi поодиноких хвиль для рiвня-
ння Хiроти в явному виглядi.

Ключовi слова: рiвняння Хiроти, перетворення Дарбу, квазiде-
термiнантнi розв’язки, мультисолiтоннi розв’язки, бризернi розв’язки,
розв’язки у виглядi поодиноких хвиль
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