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Weighted Elliptic Equations in Dimension N
with Subcritical and Critical Double
Exponential Nonlinearities

Imed Abid and Rached Jaidane

In this paper, we prove the existence of nontrivial solutions for
the following weighted problem without the Ambrosetti-Rabinowitz
condition:— div(o(z)|Vu|N 2Vu) = f(z,u) and v > 0 in B, u = 0 on

N—-1
OB, where B is the unit ball of RY, o(z) = <log (ﬁ)) is the singular
logarithmic weight in the Trudinger—Moser embedding. The nonlinearity is
a critical or subcritical growth in view of Trudinger—-Moser inequalities. In
order to obtain the existence result, we used minimax techniques combined
with the Trudinger—Moser inequality. In the critical case, the associated
energy does not satisfy the condition of compactness. We provide a new
condition for growth and we stress its importance to avoid compactness

level.
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1. Introduction and main results

In this paper, we study the existence of nontrivial solutions for the weighted
problems without the Ambrosetti-Rabinowitz condition. More precisely, we con-
sider the problem

—div(o(z)|VuN2Vu) = f(z,u) in B (1.1a)
u>0 in B (1.1b)
u=0 on 0B, (1.1c)

where B is the unit ball of RY and the function f(|z|,t) has a maximal growth
in ¢ with respect to the weighted gradient norm. The weight o is given by

o(z) = <10g ‘z')N_l. (1.2)

In recent years, a great attention has been focused on the study of the influence
of weights on limiting inequalities of Trudinger—Moser type which has been a
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subject of great interest. As a consequence, the weights have had an important
impact on the Sobolev norm.

Let Q ¢ RY be a bounded domain and ¢ € L'(Q) be a non-negative function.
Let also the weighted Sobolev space be defined as

WM (0, 0) = ol {u € Q) ‘ /B V) o (2) de < oo} .

A general embedding theory for these weighted Sobolev spaces was developed
in [17].

It turns out that for weighted Sobolev spaces, logarithmic weights have a
particular significance since they concern limiting situations of such embeddings.
However, to obtain interesting results, one needs to restrict attention to radial
functions. So, let us consider the subspace of radial functions

E = W&}]Zd(B,O') =cl {u € Craa(B) ' /B |Vu|No*(x) dx < oo}

endowed with the norm
1/N
llul| = (/ \Vu|No(z) dm) .
B

Since the logarithmic weights have a particular significance and are considered
as the limiting situations of the embedding of the spaces VVO1 ’N(Q, o), the choices
of the weight induced in (1.2) and the space VVO1 ol

"ad(B, o) are also motivated by
the following double exponential inequalities.

Theorem 1.1 ([7]). Let o be given by (1.2). Then

/}mp@wmwlvdm<+a% ue Wy (B, o), (1.3)
B 9
and
sup / exp (660‘N‘“‘N/(N71>> der < +00 < B<N, (1.4)
ue€Wy' g (Bo) /B
flul <1

where an = ijlv/(]}[_l) and wyn_1 denote the area of the unit sphere SN=1 in

RV, B

Inequality (1.4), also known as the Trudinger—Moser inequality, can be con-
sidered as a limiting case. Since inequality (1.4) and its variants have many
applications in various aspects of analysis, generalization of (1.4) has already
been a relevant research topic and a huge set of works have already been written
within the last two decades.

Let N’ be the Holder conjugate of IV, that is, N’ = N% In view of inequality

1
(1.4), the function f is said to have subcritical growth at +oo if

vas0 lim @9

s=+00 exp (easN/) =0
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and f has a critical growth at +oo if there exists some ag > 0 such that

lim M =0, a > o,
§—+00 exp (Neas )
lim £z, 5)] = +o00, a < .

s=+00 exp (NeasN/ )

We recall the ARR condition, that is,
Jto>03IM >0V|u| >ty Ve B 0< F(z,u) :/ f(x,8)ds < M|f(x,u)|.
0

We point out that the special case N = 2 under the ARR condition on the
linearity which have double exponential growth,

Ly, = —div(o(xz)Vu) = f(z,u) in B
u >0 in B
u=0 on 0B,

was studied by Calanchi et al. in [8].
Recently, Shengbing Deng in [12] treated the problem

u

—di VulN2vu) = A— & ¢ in B
io(@) Vel v log ( [gedx) [pec"da o
u >0 in B
u =0 on 0B,

N-1
where \ is a positive parameter, N > 2 and o(z) = <log \76|> . He proved that

this problem has a positive weak radial solution for any A € (0, “57*). The case
N = 2 was studied by Calanchi, Massa and Ruf in [9].
We also mention that the problem

—div(|VuN 2Vu) = f(z,u) in Q
u=0 on 0f2,
where Q is a smooth domain of RV, N > 2 and the nonlinearity f behaves
like e as t — +oo, was studied by Adimurthi [1] and Ruf et al [14].

Furthemore, the problem (1.1) without weight (w = const.) have been extensively
studied by several authors, see, for example, [1,18,20,26] and references therein.
In recent years, Deng, Hu and Tang in [13] studied the problem

—div(o(2)|Vu|N2Vu) = f(z,u) in B
u=0 on 0B,

where N > 2, the function f(z,t) is continuous in B x R and behaves like
exp <e°‘tN/(N71)> as t — 400, for some a > 0. The authors proved that there
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is a non-trivial solution to this problem by using Mountain Pass theorem. They
circumvented the loss of compactness of the associated energy function by an
asymptotic condition on the nonlinearity and using appropriate Moser sequences.
A similar result is proved in [27]. In the two works cited above, the authors im-
posed the the Ambrosetti-Rabinowitz condition on the nonlinearity f.

In this paper, we consider problem (1.1) with subcritical and critical growth
nonlinearities f(z,t). Furthermore, we also need to make some suitable assump-
tions on the behavior of f. More precisely, we will assume the following conditions:

(H1) The function f : B x R — R is continuous, positive, radial in z, and
f(z,t) =0 for t <0.
(H2) We have
- F(x,1)
tlg—noo tN

= +oo uniformly in z € B,

where F'(z,t) fo x,s)ds.
(H3) There are C > 0 and 6 > 1 such that H(z,t) < 0H(z,s) + C for all 0 <
t < s and x € B, where

H(z,t)=tf(x,t) — NF(z,t).

(H4) We have

NF(x,t
lim sup # < A1 uniformly in z € B.
t—0 t
(H5) We have
[z, )t . , .
tlggo m >~ uniformly in z € B with v9 > 04(1)\777161\7'

(H6) For any {u,} € E, if u, — 0 weakly in E and f(x,u,) — 0in L!(B), then
F(x,u,) — 0 in L'(B).

We denote by
[5IVulNo(z)dx

A= inf
(B,o) fB |u|Nd$

’LLEWO rad

u;ﬁO

the first eigenvalue of (L, VV0 rad(B 0)). It is well known that A; is an isolated
simple positive eigenvalue and it has a positive bounded associated eigenfunction.
We recall the Ambrosetti-Rabinowitz condition (AR) : there are § > N and
to > 0 such that
OF (z,t) < f(z,t)t, x€ B, |t| > t.

It is well known that the AR condition is quite important not only to ensure that
the Euler-Lagrange functional associated to problem (1.1) has a mountain pass
geometry, but also to guarantee that the Palais—Smale sequence of the Euler—
Lagrange functional is bounded. However, this condition is very restrictive and
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eliminates many interesting and important nonlinearities. In fact, the AR condi-
tion also implies that there exist positive constants 6, a;,as such that

F(x,t) > ai|t|’ —az, (z,t)€ BxR, > N.
Hence, for example, the function
fla,t) = [t1N "t log(1 + |¢])

does not satisfy the AR condition for any # > IN. But it satisfies our conditions
(H2)-(H4).

Motivated by the works cited above, we try to get the existence of a non-
trivial solution for problem (1.1) without the AR condition. In the subcritical
double exponential growth, we have the following result.

Theorem 1.2. Let f(x,t) be a function that has a subcritical growth at +oo
and satisfies (H1)—(H4). Then problem (1.1) has a nontrivial radial solution.

In the critical double exponential growth, we have the following result.

Theorem 1.3. Assume that f(z,t) has a critical growth at +o0 for some ayg
and satisfies the conditions (H1)—-(H3) with § = 1 and C' = 0. If in addition
f(x,t) satisfies (H4)—(H6), then problem (1.1) has a nontrivial solution.

Our approach is based on a suitable version of the Mountain Pass theorem
introduced by G. Cerami [10]. Problem (1.1) has a variational structure. Finding

weak solutions of (1.1) in the Banach space E = W(} gd(B ,0) is equivalent to

finding critical points of the C' Euler-Lagrange functional 7 : E — R defined as
follows:

J(u) = ]17/B|VuNU(:c) dx—/BF(x,u) dx. (1.5)

The geometric requirements of the Mountain Pass theorem follow from the as-
sumptions on the nonlinear reaction term f, but the difficulty is in the proof of the
compactness condition. We will prove that when f has a subcritical growth, the
functional 7 satisfies the compactness condition as required in the Ambrosetti—
Rabinowitz theorem [3]. But in the critical growth case, the compactness is lost.
To overcome the verification of compactness of the Euler-Lagrange functional
at some suitable level, we choose testing functions, which are extremal to the
weighted Trudinger—Moser inequality.

Finally, problem (1.1) is important and has several applications in non-
Newtonian fluids, reaction diffusion problem, turbulent flows in porous media
and image treatment [4,5,21,24].

This paper is organized as follows. In Section 2, we give some useful knowledge
and lemmas. In Section 3, we prove that the energy J satisfies the two geometric
properties and we estimate the minimax level of the Euler-Lagrange functional
associated to problem (1.1). In Section 4, the compactness analysis and the proof
of the main results are given.

In this work, the constant C' may change from one line to another and some-
times we index the constants in order to show how they change.
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2. Preliminaries

We now discuss some definitions, notations and essential results which will
be used in this paper. We denote by ||u||, the usual norm in the Lebesgue space
LP(B) for 1 < p < oo, given by

1/p
lully = ( / \u|pdx) ,
B

and by |||/, the norm defined in the weighted Sobolev space E = VVO1 }J:d(B ,0) by

Hu”zz(éJVquCﬂdm)UN.

Definition 2.1. We say that v € E is a solution to problem (1.1) if u > 0
a.e., f(z,u) € L'(B), and

/ o(z)|VulN 2Vu - Vo dx :/ flz,u)pdr
B B

for all ¢ € C5°(B).

Since the nonlinearity f is of critical or subcritical growth, there exist positive
constants ¢; and ¢y such that

!

C,N
1f(z,t)] < c1ef™ | z€B, teR. (2.1)

By using (H1) and (2.1), the functional J given by (1.5) is well defined in E
and it is of class C!.

Definition 2.2. Let (u,) be a sequence in a Banach space F and J €
CY(E,R) and let ¢ € R. We say that the sequence (u,,) is a Palais-Smale sequence
at level ¢ (or (PS). sequence) for the functional J if

J(up) = ¢ and  J'(un) =0 in '

We also say that the functional J satisfies the Palais-Smale condition (PS). at
the level c if every (PS). sequence (uy) is relatively compact in E.

A functional 7 is said to satisfy the Cerami condition (C). at a level ¢ € R if
any sequence (uy) C E such that

J(up) —c and (1 + |Jun|) T (un) — 0
has a convergent subsequence.

In the critical point theory, there are some situations in which a Palais—Smale
sequence does not lead to a critical point, but a Cerami sequence can lead to a
critical point. This whole thing based on the concept of ‘linking’ (refer to [22]
for more details and examples). The Cerami condition implies the Palais—Smale
condition and hence the Cerami condition is a weaker than the Palais—Smale
condition.

In the sequel, we need the following radial lemma introduced and proved in [7]
which is of crucial importance.



Weighted Elliptic Equations in Dimension N 533

Lemma 2.3 ([7]). Let u be a radially symmetric function in C}(B). Then
we have

1 / e
)] < g (1og 5 )l
WN_1

where wn_1 is the area of the unit sphere Sy_1 in RV,

Since the function log (log ﬁ) is in WHN(B) and WHN(B) «— LY(B) for
all ¢ > 1, we deduce that there exists a constant ¢ > 0 such that for all u €
E, ||lul|nq < c|ju|. Furthermore, we have that the embedding E — LI(B) is

compact for all ¢ > 1.
The second important lemma.

Lemma 2.4 ([14]). Let @ C RN be a bounded domain and f : Q x R be a
continuous function. Let {u,}, be a sequence in LY () converging to u in L*(Q).
Assume that f(x,u,) and f(z,u) are also in L'(Q). If

[ 1@yl ds < €,
Q
where C' is a positive constant, then

flx,un) = fx,u) in LY(Q).

3. The geometrical properties and the minimax level

3.1. The geometrical properties. In this section, we prove that the func-
tional 7 has the mountain pass geometry. More precisely, we have the following
result.

Proposition 3.1. Suppose that (H1)—(H4) hold. Then there exist a > 0
and p > 0 such that J(u) > a for all u € E with ||ul| = p.

Proof. By the hypothesis (H4), there exists a small constant g € (0,1) and
0 > 0 such that

1
Fz,t) < (1 - e)ltN, |t <. (3.1)
Indeed, from (H4), we have
NF
lim sup # < A1 uniformly in z € B
t—0 t

such that

. NF(z,t)
ér;%sup{tN ’ O<t<ﬁ} < A1

The last inequality is strict, so we can find €y > 0 such that

) NF(z,t)
f — 7 — 0.
ériosup{ m ‘0<t<6}<)\1 €0
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Hence, there exists § > 0 such that

NF(z,t
sup{tg\:,v’)'()<t<5}<)\1—z—:o,

and thus )
< —
- N

By inequality (2.1), for ¢ > N, there exists a constant cs such that

V|t| <8 F(z,t) (1 —eo)tV.

!

c N
F(z,t) < cst|%e® " | |t| > 6. (3.2)

From (3.1) and (3.2), we conclude that
1 N ecgtN,
F(z,t) < N)q(l —e0)[t]” + calt|%e , teR. (3.3)

By using inequality (3.3) and the Holder inequality, we have

) 1N / 1N
J(u) > 6—0||u||N —c3 (/ exp (Nec2|“|N ) d:v> (/ |u|qum> .
N B B

From the TM-inequality (1.4), if we choose p to be a positive number satisfying
1

copN' <wlL, we have for u such that ||u| = p,

! N’
/ exp (NeCQMN > dr = / exp | Nexp | eofjul|Y <|u|> dx < cq.
B B [

By Lemma 2.3, we deduce that |lu|/n/q < ¢||ul|, and thus we have
J(u) > %OHUHN —c5||lul|? for all u € E with |lu]| = p.

Finally, after choosing p > 0 as the maximum point of the function g(p) =
%OpN — c5p? on the interval O,w]lv/ivl/c;/N] and letting a = J(p), Proposition

3.1 follows. O

As the second geometric property of the energy J, we have the following
result.

Proposition 3.2. Suppose (H1) and (H2) hold. Then there erists u € E
such that ||u|| > p and J(u) < 0.

Proof. Let up € E\ {0} , w>0. By (H2), for all € > 0, there exists D = D,
such that for all (z,t) € B x RT,

F(z,t) > ety — D.

Then
N

t
) = S o) —/ Fla, tu) da.
B
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So,

¢y 1
Ttu) < O fug ¥ = el fug 1§ + xw—aD

g (ol L
= 1Y (TR — elluoll¥ ) + w-1D.

We chose € > [lug||V/(Nluo||¥) to get
J(tug) - —o0  as t — +oo.

Then Proposition 3.2 follows. O

3.2. Estimation of the minimax level C);. According to Propositions
3.1 and 3.2, let
Cys = inf ) >0
1= inf mas 7 (1(1)
and
A= {y€C([0,1], E) | 7(0) = 0 and J(7(1)) < 0}.

We are going to estimate the minimax value C; of the functional 7. The idea
is to construct a sequence of functions (v,) € E and estimate max{J (tv,) | t >
0}. For this goal, we consider the following Moser sequence:

log(1 +1) fo<t<n
Ua(t) = (log(1 +n))"N -
(log(1 + n))(N_l)/N if t > n.

Let v, (x) be a function defined by

Un(t) = Wl va(2),

where e = |z|. With this choice of v, the sequence (v,) is normalized since

1
on ||V = / Ve, [N
WN-1JB

We have the following elementary crucial result.

N-1
e
log |m|‘

+o00
do = / [ ()N (1 + )N Ldt = 1.
0

Lemma 3.3. We have

+oo ' N+1
lim exp (Ne'wnw — Nt) dt = <;> eV,

n—-+o0o 0

Proof. We make the change of the variables s =1+t and j =n + 1. So,

+o0 NG
/ exp (Ne|¢"| _ Nt) dt
0
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N/
n log(1+¢
+/ exp (Nexp ( og(1 + 1)/)(N_1) — Nt) dt
0 (log(1+n))

j (logs)l(N_l)
—|—/ exp | Ns\losJ —N(s—1)|ds
1
j log s 1/(N-1)
—I—eN/ exp <N8(1°§j> —Ns) ds.
1

=% 2% =%

We claim that

J (logs)l/(Nil)
lim exp | Ns\logJ — Ns |ds=1.

2N
Indeed, for any j > (%) , we denote

g )1/

j(s) = Ns(l‘)gf — Ns with s > 1.

The interval [1, j] is then divided as follows:
. .1/2(N-1) .1 /2(N-1) . .1/2(N-1) . .1 /2(N—-1) .
[1,4] = [1,42 U [ = g o g =
First, we consider the interval [1, GY Z(Nfl)}. Since

. 1/2_
X[y a0 (8)eP ) < XN € LA([1, +o0)),

N—Ns

X[le/z(Nfl)] (s)e“ﬁj(s) —e as j — +oo for a.a. s € [1,4+00),

using the Lebesgue dominated convergence theorem, we get

jl/Z(N*U <10gs>1/<N71)
.hI_P exp | Ns\loes — Ns|ds
]—) (o] 1
. J o) 1
B ]ETOO 1 X[l,jl/Q(Nfl)] (8)6 J dS - N

Now we are going to study the limit of this integral on [j1/2<N71),j - jl/z(Nﬂ)

and [j — jl/z(Nil),j] So, we compute

1/2(N-1) 1/2(N-1) 12N
0 (31/2 ) — N2 (1 _ 12 )

and
2N

o ( jl/zwfl)) < 120 forall j > < N‘]\_f 1) : (3-4)



Weighted Elliptic Equations in Dimension N 537

We also have

— 1 B N/
o; <j1/2<N 1)) =Nexp | ———— [logj +log (1 i 1>_1>}
(logj)~-1
_ N(] _ jl/Z(N_l))
N/

log (1 — jl/Q(N_l)ﬂ)

log j

=Nexp|logj |1+

. . (N-1)
— N(J — 2 )

— 1 _
= Nexp <logj _ N/jl/Q(N D1 +o <]>> — Nj +Nj1/2(N 1)

— Nj (exp (-N’j1/2(N”—1 To (1>) - 1) N2
j

Therefore, for every € € (0,1), there exists jo > 1 such that
©; <j1/2<N71)) < Nj1/2(N71> (1-(1—¢)N') forevery j > j.. (3.5)

Let j be fixed and large enough. A qualitative study of ¢; in [1, +00) shows that
there exists a unique s; € (1, j) such that the derivative ¢ (s;) = 0. Consequently,

1/2(N—1)

J—J
/ e ds
j1/2 -
< (j _ 2j1/2<N71>> exp (max [@j <j1/2<N71>>,(pj (j _ j1/z(N—1>>D '

In addition, from (3.4) and (3.5) with € = ﬁ, we obtain

. (N-1) . . (N-1) . (N-1)
max [%(]1/2 ),sog-(] —j1/2 )] < —j1/?

by the condition that j is large enough. Hence, there exists 7 > 1 such that
1/2(N-1) )

J—J _ 1 /9(N—1 _
e?i(®) s < (j — 251/20 7 )32 for all j > 7.
ji/2=1)

Therefore,

j_jl/Q(N_l) (1ogs)1/(N*1>
lim exp | Nexp | s\logJ — Ns | ds=0.
j—too j1/2(N*1)

Finally, we will study the limit on the interval [j —— 2N_1, j} . We mention that

for a fixed j > 1 large enough, ¢; is a convex function on [j — j1/2(N71>,—|—oo),

©;(7) = 0. Hence, we can get the estimate

J—s . 1/e(N-) . qpN-D)
p;(s) < W% <J _ 2 ), se [] _ 12 ,]}.
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On the other hand, in view of (3.4) and (3.5), if ¢ € (0,1/N?) and j > j., we
have

. . .1/2(N=1) .
ei(s) SNA-(1 =N —s), selj-"2"" 5] 36
Furtheremore, using the fact that 1); is convex on [j—jl/z(Nfl), +oo) and gpg (J) =
N’, we get
. . , . . q/o(N-1)
2i(9) = @i () + s — i) = N'(s—j), se =" "5 @)

Then, by bringing together (3.6) and (3.7), we deduce

1 J 1
< ] ?i(s) g < — )
N = oo -0 O P =T NI S (1= o)V

By € tending to zero, we get

j7j1/2(N71) (10g5)1/(N71> ].
lim exp | Nexp | s\l — Ns | ds =

j—+oo jl/g(Nfl)

Our claim is proved. ]

Finally, we give the desired estimate.

Lemma 3.4. Assume that (H5) holds and that «g is the real given by the
definition of critical growth. Then

1 (wna
C — .
<t (aé“>

Proof. We have v, > 0 and ||v,|| = 1. Then, from Proposition 3.2,
J(tvy) — —o0  as t — +o0.

As a consequence,
Cy < max J (tvy,).

We argue by contradiction and suppose that for all n > 1,

1 [wn-1
> .
o> (53)

Since J possesses the mountain pass geometry, for any n > 1, there exists t,, >
0 such that

1 [ wn—
max J (tvy) = J (thvn) > — ( ~ 1) .

t>0 N ag

Using the fact that F(z,t) > 0 for all (z,t) € B x R, we get




Weighted Elliptic Equations in Dimension N 539

Thus,

On the other hand,

=Nt / f(z, thon)v, dx =0,
B
that is,
tf:[:/ f(z, thon)tpoy, de. (3.9)
B

Now we claim that the sequence (t,) is bounded in (0, +00).
Indeed, it follows from condition (H5) that for all € > 0, there exists t. > 0
such that

flz,t)t > (y0 —€) exp (NeaotN,) for all |¢| > t. uniformly in x € B. (3.10)

From (3.9) and the definition of v,, we have

tN:/f(xtv)tvd:n>wN 1/+Oof(e—st wn)t Un =N s,
n 5 y InUn JlnUndX = —n TN nwl/

W1 N—1

Also, from (3.8), we get on [n, +00),

!

1
Uy, log(1 4+ n) / log(1 4 n)\ /N
tn—7y =n 1/N—1 Z ( a ) :
WN-1 WN-1 0

Then it follows from (3.10) that for all ¢ > 0, there exists ng such that for all
n = ng,

> wy_1(70 — 5)/

n

+o0
exp (Nexp <1?]81(tn¢n)]v/> - Ns> ds, (3.11)

W1

that is,

WN-1 (67 ’
thN > N (70 — €) exp (Nexp ( 1/N—1t£LV log(1 + n)> — Nn) .
N-1

So, for n large enough, we obtain

1> N () — &) exp (N exp (ﬁg_ltﬁﬂ log(1 + n)) — Nn — Nlog (tn)>
WN-1

Therefore, (t,) is bounded in R. Now, suppose that

. WN-1
lim ¢ > N—1-
n——+00 o
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For n large enough, tY > Z%j In this case, the right-hand side of inequality
0

(3.11) gives the unboundedness of the sequence (t,). Since (t,) is bounded, we
get

WN-1
lim tN N1
n—+oo o -

Now we are going to estimate the expression in (3.9). Let
B, + ={z € B |tyop(x) >t:} and B,_ ={x € B|t,u,(z) <t.}
We have
th > (0 — 5)/

B+

exp (Neo‘olt ) dx + fx, thop)tpu, da.
By,

Then
tflv > (’}/0 - 8)/ exp (Neaot )d(E _ ( o — 8)/ exp (Neaotﬁ’ ol ) dx
B

n,—

+ f(.%’, tnvn)tnvn dz. (312)
By, —

The sequence (vy,) converges to 0 in B and X, _ converges to 1 a.e. in B. By
using the dominated convergence theorem, we obtain

ngl}-loo f(z, thon)tpu, de =0
B,
and
! 7 w _
lim exp (Neo‘otibv vn’ ) dr < ]X[ LN,

n—-+o0o By —

We also have

lim exp (N exp (wjlv/Nl l\vn\N/)) dx

n—-+o0o B

n—-+o0o

+oo N
= lim le/ exp (New’“| — Nt) dt.
0
By using (3.8) and Lemma 3.3, we get

lim exp <Nea°t > dr > lim exp (Nexp (wN/( 1 )|vn\N/>) dx

n—-4o0o B n—-4o00 B
N+1
= WN-1 < €N.

Passing to the limit in (3.12), we obtain
WN —
1 > (o — ) wn-1e”
@
for all € > 0. Thus we have

1
’YOS leN’
@

which contradicts condition (H5). The lemma is proved. O
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4. The Cerami sequences and proof of the main results

4.1. Lions-type concentration lemma. To prove a compactness condi-
tion for the energy J, we need a Lions type result [19] on the improved Trudinger—
Moser inequality.

Lemma 4.1. Let {uy}i be a sequence in E. Suppose that ||uk| = 1, u, — u,
weakly in E, up(x) — u(z) and Vuy,(x) — Vu(z) almost everywhere in B. Then

wl/(N_l)‘u ‘N’
sup [ exp (Nep N-1 k ) dr < 400,
k JB

for all1 < p < P, where

—1/(N=1) .
b [Tl ™) T ) < 1
+00 if [Jul] = 1.
Proof. By the Young inequality, we have

exp (Ne“+b) < 1exp (Neqa) + lexp (Neq,b), a,beR, ¢ > 1 and 1—|— L =1
q q a ¢

We can also estimate |u|" g using the following inequality:

1
(1+a>q§(1+5)aq+(1—(1)1>1_q, CLZO,€>0,q>1.
+e)a-1
So, we get
! ! 1 71(N71) !’
™ < (L&) |ug —ulN + (1 - (1+5)N—1> Jul V.

Therefore, for any p > 1, using the above inequalities, we obtain

/ exp (N exp (pw]lv/g[*l)]uk]]v/)> dx
B

< i/Bexp (N exp (pqw]l\,/ﬂf_l)(l + &) |ug — u\N/)) dx

1 / 1/N—1 1 SHNED
+q,/Bexp Nexp | pgwy_; (1_(14'55)]\71) u dx.

From (1.3), the last integral is finite and to complete the proof, we should prove
that for every p such that 1 < p < P, we have

sup/ exp (Nexp (pqw]lv/g]*l)(l +&)|ug — u|Nl)> dr < 400
kL JB

for some € > 0 and ¢ > 1.
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By the Brezis-Lieb lemma, we have
= u| ¥ = Jlunl|Y = [lu] ¥ + 0n(1),
where 0,(1) — 0 as n — +o0. Then
= u| ¥ =1 = [lu ¥ + on(1),

where 0,(1) — 0 as n — 4+00. We may assume that ||u|| < 1, and the proof for
the case ||ul]| =1 is similar. If ||u]| < 1, then, for

1
(1 = [Juf| V)1 /N=17

p <

there exists v > 0 such that
p(1 = [u| M)A +v) < 1.

On the other hand,

Jim g — Y = 1~ ™,

and thus
lim [l — V' = (1 = [l )/,
k—+o00

Therefore, for every € > 0, there exists k. > 1 such that
g —u]¥ < 1 +e) (1= ul™)NV ) k> ke
Then, for ¢ = 1 +¢ with e such that ¢ = /1 + v — 1 and for every k > k., we get
pg(1 + &)l —u| ¥ < 1.

From (1.4), this leads to

/ exp (N exp (pqwjlv/ivfl(l +e)uk — UIN/)) dx
B
N/
< / exp | Nexp | (1 —I—E)pqwjl\{g;[_l) <M> g = ullN" | | da
B [k
1/(N=1) { |ug — ul .
< / exp | Nexp | wy_ — dx
B g — ull

< sup / exp <Nexp (w]l\,/gy_l)m]]w)) dx < 400,
lul<1/B

which completes the proof. ]
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4.2. Proof of Theorem 1.2. We have the following version of the Mountain
Pass theorem.

Lemma 4.2 ([3]). Let E be a real Banach space and J € C*(E,R). Assume
that J satisfies the (C). condition for any ¢ € R and the following geometric
assumptions.

1. We have J(0) =0 and there exist positive constants R and « such that
J(u) >« forallu e E with ||ul]| = R.

2. There exists ug € E such that ||ug|| > R and J(up) < 0.

Then there exists uw € E such that J(u) = ¢ and J'(u) = 0. Furthermore, the
critical value c is characterized by

c:=inf max J(u),
gEFueg([O,l])

where

r:= {g € C([07 1]7E) ‘ 9(0) =0, g(l) = UO}'

Now we prove that the functional 7 satisfies the Cerami condition at all levels
¢ € R in the subcritical case.

Lemma 4.3. Suppose that (H1)-(H4) hold. Assume that the function
f(z,t) has subcritical growth at +o0o . Then the functional J satisfies the (C),
condition for any c € R.

Proof. Let (uy) be a (C). sequence in E for some ¢ € R. Then
J(un) = %HunHN - /BF(x,un) dr — ¢ asn— +oo, (4.1)
and for all € > 0, there exists ng such that for all n > ny,
L+ lJun DT (un)v] = (1 + ||UnH)’ /BU(JJ)|VUn|N2VUn Vode

_ / f (&, unyo de| < ello]], (4.2)
B

for all v € E. Hence, for €, — 0, up to a subsequence,
(1 + Jun DT (un)v] = (1 + ||un\|)’ / o (2)|Vun| N "2Vu, - Vodz
B

< enllv]], (4.3)

— / f(z,up)vde
B

for all v € E. We will show that {u,} is bounded. We argue by contradiction
and suppose that
| wp || — 4o00.
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Let

Unp,
Un = NTTE
([l
then |lv,|| = 1. We may suppose that v, — v in E up to a subsequence. We will

show that v;} — 0 in E, where v} = max(v,,0). By the Sobolev embedding, we
have v} (z) — v*(z) a.e in B and v,/ — v" a.e. in LP(B) for all > 1. Let BT =
{x € B | v (z) > 0} and suppose that u(B*) > 0, where u is the Lebesgue
measure. Then in B*, we have

. + I + —
Jm up(2) = Hm vy (2) un]| = +oo.

Using condition (H2), we obtain
F +
w = +4oo a.e. in BT.
oo (up ()N

So,
 Fle (@)
ntoo (uy (2))N

On the one hand, by (4.1), we have

(v (2))N = 400 ae. in BT,

n

||unHN:Nc—i-N/BF(x,ufl)dx—i—on(l).

Consequently,

lim F(z,u})dr = +o0.
n—+oo Jp

Since F'(z,t) > 0, by the Fatou lemma, we get

F(z,ut F(z,u)

too = nminfM(v:)Nda:ghminf / M(vi)%x
B+ n—+00 (un)N n—+oo Jp+ (un)N
+

gliminf/ Mda;:i’

n—too Jp lupl|V N

which is a contradiction.
Now, let t,, € [0, 1] such that

J (tpun) = max J(tuy,).

tel0,1]

Since f is subcritical at 400, for any given R > 0, there exists C = C(R) > 0
such that

1/(N-1)
F(z,s) < Cs+exp (N exp (;U%]]\\;/_(ib_l)sN/(N_l)>> , (z,5) € Bx(0,+00). (4.4)

Since ||up|| — 400, we have

Ru,

[

T (tyun) > T ( > = J(Ruy). (4.5)
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By (4.6), and using the fact that [5 F(z,v,)dz = [ F(z,v;})dz, we get
NJ(Ruv,) > RN — NCR/ lo(2)| de
B
— N/ exp (N exp (w]lv/gf_l)(vrf)N/(N*l)» dx
B
> RN — NCR/ o (z)|da
B
- N/ exp (N exp (w]lv/gf*l)vg/(NAU) dx. (4.6)
B

The last integral in the right-hand side is finite in view of Theorem 1.1. Moreover,
vy — 0 in E, then we have [, |v;(x)|dz — 0 as n — +o0. Letting n — +oc in
(4.6) and R — 400, we get

T (tpuy) — +00. (4.7)

Since J(0) = 0 and J(uyn) — ¢, we can suppose that t, € (0,1). On the one
hand, we have that J'(t,u,)t,u, = 0, then

tollun]| N = / [z, thuy)tpuy, d.
B
On the other hand, by (4.1) and (H3), we get
NI () = tullun|[y — N / Fa, toun) da
B
= / (f(z,thuy) — NF(z, tyuy)) dz
B
< 9/ (f(z,un) = NF(z,uy)) dz + C.
B
By (4.2), we have
/ (f(x,un) — NF(a:,un) dx = Nc+ o,(1),
B

which contradicts (4.7). Therefore, {u,} is bounded in E. Up to a subsequence,
without loss of generality, we may assume that

lun| < K in F,

Up — U weakly in F,

Up — U strongly in L4(B) for all ¢ > 1,
Un(x) = u(x) almost everywhere in B.

Since f is subcritical at 400, there exists a constant C'xr > 0 such that

1/(N-1)
f(z,5) < Ckexp (exp (I%SN/(Nl))) , (z,8) € B x(0,+00).
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Then, by the Holder inequality,

[ ) = | < [ 1)~ w)] de
B B
1/2 1/2
< (/ |f(x,un)|2dx> </ |y, — u|2daz>
B B
W/ N1 1/2
<C </B exp <2exp (Aﬁvy(ln_l)ug/(Nl)>> dx) [RPm—I

1/(N-1) N/(N-1) 1/2
UnN-1 N/(N—l)L B
=¢ </B o (2 o (KN/(n—1) [[en | ([ || N/ (N=1) dx [[un — ull2

< Clluy, — ull2 = 0 as n — +o0.

Also, using the fact that

/Bf(m,u)(un —u)dr -0 asu, —~uin E,
we get

/B (f(ac,un) — f(z, u))(un —u)dz — 0.
From (4.3) with v = u,, — u, we get
/Ba(x)VunNQVun - (Vuy, — Vu) dx — /B fz,un)(up — u) de = o0,(1). (4.8)

On the other hand, since u, — u weakly in F, then

/BU(:E)|VuN_2Vu - (Vuy, — Vu)dr = o, (1). (4.9)
Combining (4.8) and (4.9), we obtain

/ o(x) (]Vun]N_QVun - \Vu]N_QVu) - (Vuy, — Vu) dex
B

= /B fx,up)(un — u) de + o, (1).
Using the well-known inequality
(2" 2z = [y Py) (2 —y) = 22 Nz — gV, @y eRY, N>2,
we obtain
0< 22_N/Ba(x)]Vun — VulN dz < /Bf(x,un)(un —u)dx + op(1).

Using the above results, we get

22—N/ o (2) [V — VulV dz < / F(@, ) (tn — ) dz + o (1) = 0.
B B
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So,
lup, —ull =0 as n — oo.

Then J satisfies the (C). condition for all ¢ € R and the proof of Lemma 4.3 is
achieved. O

By Lemma 4.3, the functional J satisfies the (C'). condition (at each level ¢).
So, by Proposition 3.1 and Proposition 3.2, we deduce that the functional J has
a nonzero critical point u in F. The proof of Theorem 1.2 is complete.

4.3. Proof of Theorem 1.3. We recall the following result.

Lemma 4.4 ([10]). Let E be a real Banach space, J € C*(E,R) and J(0) =
0. Assume that J satisfies the following geometric assumptions.

1. There exist positive constants R and o such that

J(u) > a forallue E with ||u|| = R.
2. There exists ug € E such that ||up|| > R and J(up) < 0.
Let Cyy be characterized by

Cy = inf max J(u),
wi=lof mex J@)

where
[= {g € C([Ov 1]7E) ‘ 9(0) =0, g(l) = UO}'

Then J possesses a (C)c,, sequence.

Now, for the critical case, we will prove that the functional J satisfies the
(C)¢,, condition.

Lemma 4.5. Suppose that (H1)—-(H4) hold. Assume that the function
f(z,t) has critical growth at +oco. Then the functional J satisfies the (C)c,,
condition.

Proof. According to Propositions 3.1 and 3.2, there exists a (C)¢,, sequence
{un} in E, that is,

1
J(up) = N||un||N - / F(z,uy,)de — Cy  asn — 400, (4.10)
B
and for €, — 0, up to a subsequence,
(1 + flunl)| T (un)o]

= (14 [Jun]) ’/ U(m)]Vun]]\FzVun -Vvdz — / flz,up)vde| < eyllv]| (4.11)
B B

for allv € E.
To show that {u,} is bounded, we argue by contradiction and suppose that

]| = +00. (4.12)
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Let

Un
Un = 77>
[[un|
then |lv,|| = 1. We may suppose that v, — v in E up to a subsequence. We can

similarly show that v;; — 0 in E, where v’ = max(v,,0). Again, let ¢, € [0,1]
such that
J (tpun) = max J(tuy,).

t€[0,1]

_ (N-1)/N
Let R ¢ (0, (wjl\{gf 1)/040)

0. By the criticality growth condition, we have

N-— _
]1\{( ) 1)/RN/(N 1)

and choose € = wy; " —ap >

F(z,s) < C|s|+eexp (Nexp ((ao + 5)3N/(N_1)>) , (x,8) € Bx(0,+00). (4.13)
Since ||up|| — 400, we have
R
From (4.14) and using the fact that [5 F(z,v,)dx = [ F(x,v;})dz, we get
NJ(Rv,) > RN — NC’R/ o (2)] da
B
- Na/ exp (N exp ((ozo + s)uff/(N—U)) dx
B
> RN — NC’R/ o (2)] da
B
— Ns/ exp (N exp (w]l\{gf_l)vfy/(]v_l))> dx.
B

The last integral in the right-hand side is finite in view of Theorem 1.1. Moreover,
if v;f — 0 in E, then we have [ |vf (z)|dz — 0 as n — +o0. Letting n — 400

1(N—1)/a0) (N-1)/N

in (4.14) and R — (wN71 , we get

. 1 [wn-1
lﬁgigof j(tnun) > N <Oéév_1> > Oy (4'15)

We have J(0) =0 and J (uy,) — Cp;. We can suppose that ¢, € (0,1).
On the one hand, we have that J'(¢,uy)tnu, = 0. Then

O unl¥ = [ Fa bttt d
B
In addition, by the hypothesis (H3) with § = 1 and C' = 0, we get

NI (tin) = Y un|¥ — N/ Fla, tyun) da
B
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:/ (F (2, bt bty — NF (2, tyy)) daz
B

< /B (f (@, un)un — NF(z,up)) dz.

Since
/ (f(:z, tntn )ty — NF(z, tnun) dx = NChy + on(1),
B

we reach a contradiction with (4.15). Therefore, {uy} is bounded in E. Up to a
subsequence, without loss of generality, we may assume that

[[un|| < M in E,

Uy — U weakly in F,

Up — U strongly in L9(B) for all ¢ > 1,
up () = u(x) almost everywhere in B.

We follow the schema of [2] to show the convergence almost everywhere of the
gradient Vu,(z) — Vu(z) for a.a. z € B.
From (4.11), we obtain

0< / fzyup)u, de < C.
B
Also, from (4.10), we have

0</F(m,un)d:c§C.
B

Consequently,
(IVun| N2 Vuy,) is bounded in (LY/N=Y(B, o))V,
Vi, [N 2V, — [VulN 2Vu in (LNN=D(B,0))N as n — +o0.

By Lemma 2.1 from [14], we have

f(z,up) = f(z,u) in L'(B) as n — +oo. (4.16)
According to hypothesis (H6), we have

F(x,up) = F(z,u) in L*(B) as n — +oo. (4.17)
By (4.10), we obtain

lim ]unHN—N(CM—i—/BF(:r,u)dm).

n—-4o0o

Therefore, passing to the limit in (4.11), we get
/ o(2)|VulN"2Vu - Vo dr = / fz,u)pdz, @€ E. (4.18)
B B

Hence, u is a weak solution of problem (1.1).
Next, we are going to make some claims.
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Claim 1. At this stage, we affirm that u # 0. Indeed, we argue by contradic-
tion and suppose that u = 0. Therefore, f g F(z,up)dr  — 0 and subsequently
we get

1
First, we claim that there exists ¢ > 1 such that
[ 15w < c. (4.20)
B
By (4.11), we have
Ce
N n
U — T, Up Uy dz| < ———— < Cey,.

So,

1/q ) 1/q
Hst&w(]ummmﬁ m(/mw) |
B B

where ¢ is the conjugate of ¢. Since (u,) converges to 0 in L (B),

lim |ju,||N = 0.
n—+o0o

By the Brezis-Lieb lemma [6], u,, — 0 in E. Therefore, J(uy) — 0, which is in
contradiction with Cjps > 0.

For the proof of the claim (4.20), since f has a critical growth, for every e >
0 and g > 1 there exist t. > 0 and C > 0 such that for all |[¢t| > ¢, we have

|f($at)|q S CeXp <N@a0(5+1)tN/) .

Consequently,

/B \f @y u) |t = /{ NS / s )| do

{|’U,n‘>te}

Swy-o1_max |[f(z, 1) + C/ exp (Neao(”l)‘“nw/) dx.
BX[_teate] B

Since (NCM)l/(Nfl) < w11v/£]¥_1)/0z0, there exist n € (0,1/2) such that

(NCy)Y VD = (1 = 2w NV jag. From (4.10), [[un]¥' — (NCa)V D

, so there exist n,, € N such that ag||u,||V < (1 — n)w]lv/gf_l), for all n > ny,.
Therefore,

N’ N’
o1+ ) < [ ) lun ¥ < (14 €)(1 = 1) < [t ) w7,

[l [l

We choose ¢ > 0 small enough to get
(I1+¢)(1—n)<1.

Hence the second integral is uniformly bounded in view of (1.4).
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Claim 2. We assert u > 0. Indeed, since (uy,) is bounded up to a subsequence,
|lunl| = p > 0. In addition, J'(uy) — 0 leads to

/w(w)Vu|N_2Vu-Vg0dx:/f(a;,u)cpdx, p€E.
B B

By taking ¢ = u~, with w* = max(4w, 0), we get |[u~||¥ = 0 and thus u = u* >
0. Since the nonlinearity has a critical growth at 400 and from the Trudinger—
Moser inequality (1.4), f(-,u) € LP(B), for all p > 1. So, by elliptic regularity,
u € W2P(B, o) for all p > 1. Therefore, by the Sobolev embedding, u € C*7(B).

Let us define By = {z € B | u(z) = 0}. The set By = @. Indeed, by
the contradiction, suppose that By # @. Since f(z,u) > 0, by the Harnark
inequality, we can deduce that By is an open and closed set of B. In virtue of
the connectedness of B, we reach a contradiction. Hence Claim 2 is proved.

We affirm that J(u) = Cyy. Indeed, by (H3) with § = 1 and C = 0, we

obtain
T(w) > % [ (uu = NF@w)de >0, (4.21)

Now, using the semicontinuity of the norm and (4.17), we get

.. . N
< —— - =
J(u) < N }llg_l}%g [l || /BF(:U,U) dx = C)y.
Suppose that
Then
Jull™ < V. (4.22)
In addition,
1 . N
anlgloo llun |l = <CM +/BF(;r,u)dx> , (4.23)
which means that
pN =N (CM+/ F(:c,u)dac).
B
Set
Un

U
and v = —.

VUV, =
" [l

We have |lv,|| =1, v, = vin E, v # 0 and ||v]| < 1. So, by Lemma 4.1, we get
sup/ exp (N exp (pw]lv/gf_l)wn\N,)) dr < oo,
n JB

for 1< p< (1—[off¥) /Y,
By (4.17), (4.18) and (4.23), we have the following equality:

NGy = NJ(u) = p — [lul]".
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From (4.21), (4.23) and the last equality, we obtain

WN-1
P < NCoy + full¥ < N+ (4.24)
0
Since N N
pa (p — [l )m
1—l¥ ’
we deduce from (4.24) that
WN-1 1/(N=1)
N[ . (4.25)
1= Jvl]

On the one hand, we have

/ |f(x,up)|%dx < C.
B

Indeed, for € > 0,

/B 1 @y un) | = /{ M / s un)|? da

{"U/n|>t5}
<wy_1 max ‘f(x,t)|q +C/ exp (Nea0(1+€)|un|N/) i
t B
<C.+C / exp (Neao<1+e>nunuN’|vn|N’) de < C
B

provided ao(L + €)un |V < puy ™, with 1< p < (1~ [Jo|[¥) 7/,

From (4.25), there exist & € (0, 3) such that

L/(N-1)
N’ WN-1
p = (1-20) ( — ) .
ap (1= (ol V)

. . !/
Since lim,, 4 oo |[ua]|N = pV', then for n large enough,

. - 1 1/(N-1)
ao(1+ €)lfun||* < (1 +e)(1 = Swy’y <1||qu) ’

We choose € > 0 small enough such that (14 €)(1 —¢) < 1 to have

Ny (L VY
a0(1+6)||un|| <U.)N_1 <1—H’UHAN> .

So, the sequence (f(x,u,)) is bounded in L4, ¢ > 1. Using the Hélder inequality,

we deduce that
1/q AV
< (/ |f(x,un)|qu> (/ ]un—u\q) dx
B B

/Bf(:r, Up) (U, — u)dx
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<C </B\un —u|‘1')1/q/ dr -0 asn— +oo,
where 1/¢+1/¢ = 1. Since J' (up,)(un — u) = 0,(1), it follows that
/BU(:C)|Vun|N2Vun - (Vuy, — Vu)dz — 0.
On the other hand,
/Ba(a:)]Vun]N2Vun - (Vuy, — Vu)dr = Hun”N—/B o(2)|Vun N 2Vu, - Vudz.

Passing to the limit in the last equality, we get
N N
p™ = Jlull™ = 0.

Therefore ||u|| = p, which is in contradiction with (4.22). Therefore, J(u) = Cy.
As a consequence, again by the Bresis-Lieb lemma, u, — v in E. We also have
by (4.18), J'(u) = 0. The proof of Theorem 1.3 is complete. O
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Barosi esrinTuuni piBHIHHA po3mipHOCTi N i3
CyOKPUTUYHUMU i KPUTUIHUMHU TTOABITHUMI
€KCHOHEHI[IaJIbHIMHI HeJiHiliHoCcTIMu

Imed Abid and Rached Jaidane

YV poboti noBejieHO iCHYBaHHS HETPUBIAJILHOIO PO3B’S3KY JJIsI TAKOl Ba-
roBoi 3aa4i 6e3 ymosn AmGpocerti-Pabinosina: — div(o(z)|Vu|V "2Vu) =
f(z,u)iu > 08 B, u = 0 Ha OB, ne B € omunmunoio xyreio B RY,

N-1
o(x) = <log (ﬁ)) € CHHTYJISPHOIO JIOTapu]dMIiTHOI BArOl y BKJIa-
nenni Tpyniarepa—Moszepa. HeminiitaicTs 1ae kputuane abo CyOKpUTHYIHE
3pocraHHs BimHocHO HepiBHOCTI Tpymiarepa-Mozsepa. Mu ckopucrammcs mi-
HIMaKC TeXHiKo0 B KoMOiHail 3 mepiBuicTio Tpymiarepa—Mosepa, 1mob m1o-
BECTH iCHYBaHHA PO3B’a3Ky. Mu 3ampoBajiuiun HOBY YMOBY JIJIsi 3POCTAHHS
Ta HAIOJISITAEMO Ha 11 BAXKJIMBOCTI JJIsl TI030aBJ/IEHHS PIBHSI KOMIIAKTHOCTI.

Kimrogosi cioBa: mepiBaicts Tpymiarepa—Mosepa, mesiHifiHicTh moaBiii-

HOI'O €KCIIOHEHITIaJIbHOT'O 3POCTAHHSA, KPUTUYHI €KCIIOHEHTU, PIBEHb KOMIIa-
KTHOCTI
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