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An extension of the solution set of the finite-time stabilization problem by
bounded feedback controls, which is also called the synthesis problem for the
canonical system via Korobov’s nonunique controllability function, is given.
We consider the case when the value of the controllability functions at the
initial point is exactly the time of motion from the initial point to the origin.
The family of positional controls resolving the synthesis problem is given in
terms of a certain real parameter. We enlarge the interval of the parameters
and explicitly compute its endpoints as functions of the dimension n of the
given system.
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1. Introduction

Consider the control system & = f(x,u) with a Lipschitz function f on a
certain domain of R™ x R" and a bounded control © € €, where 2 C R" is
a compact set containing the origin. Given an initial position z° € R”, the
problem of finding positional controls © = w(z) with values in € such that the
trajectory z(t) of the system

b= [, u()) (1.1)
starting at z¥ satisfies the equality lirFO) z(t) = 0. Here T'(2°) is a finite number.
t—T(z

This problem is known as a synthesis problem.

The synthesis problem or the finite-time stabilization problem by bounded
feedback controls is related to finite-time stability. In [14,15,21,43], the finite-
time stability of solutions of ordinary differential equations without control is
studied. To the best of the author’s knowledge, in [22] the synthesis problem was
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studied for the first time. For further references on the finite-time stabilization
problem see [1,14,34,37,39].

For solving the synthesis problem, in [23] the controllability function method
is proposed, which consists of the construction of positional controls u(z, ©(x)),
where O(x) is a Lyapunov-type function. The controllability function differs from
the classical Lyapunov function [31-33] in the following. First, the controllability
function stabilizes the solution of a given controllable system in finite time in-
stead of infinite time. Second, the controllability function can be applied to the
nonequilibrium point or to an unstable equilibrium point, while the Lyapunov
function deals with equilibrium points, see [29]. The controllability function has
been used to solve a class of control problems, see [5,8,11,13,25-27] and references
therein.

The controllability function ©(z) satisfies the following inequality:

O< B0, a>0,8>0. (1.2)
The motion time from the initial point z° to the origin is estimated by the
inequality T' < %@1/0‘(w0). See also [25,28,29]. In [25], instead of (1.2), a more
general condition is proposed: © < —@(0(z(t))) with ¢(©) > 0 at © # 0 and
© do
fa W<OO, (a>0)
In [28], for the first time the case

0=-1 (1.3)

was studied for an arbitrary linear control system. With the controllability func-
tion ©(x), the unique positive solution to the equation

2000 = (z, K(O)x) (1.4)

was used, where (-,-) is a scalar product, K(0) is a positive matrix for © > 0,
and ag a positive number. This equation we will refer as the Korobov equation.
The physical meaning of (1.3) is remarkable as for an initial point 2° belonging to
a certain neighborhood of the origin, the solution @° to (1.4) for z = 2% exactly
represents the motion time from z° to the origin.

Roughly speaking, the controllability function as the motion time can be
understood as a nonoptimal solution of the time-optimal control problem, which
consists of finding a bounded control v = u(t), u € € such that the trajectory of
the system

= f(z,u(t)) (1.5)
starting at an initial state 2° terminates at another state z! in minimum time.
The time-optimal control problem can be solved with the help of the Bellman
equation [2], [3]:

. =0T (z)
min

u€e 4 8$Z
1=1

fi(z,u) = —1. (1.6)

Here T'(x) represents the motion time from z to x! along the trajectory of system
(1.1). Let T'(x)[(1.1) and T'(z)|1.5) be the time derivatives of T'(x) along the
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trajectories of systems (1.1) and (1.5). Thus, the Bellman equation (1.6) can be
written as migrle(x)](l.;)) = —1. On the other hand, equality (1.6) implies that
ue

T(z) |(1.1y = —1. The latter equality is valid in the points where the function 7'(x)
is differentiable.

In [3, p. 47], considering the time optimal control for the two-dimensional
canonical system, the author explains that the function T'(z) is not differentiable
on the switching curve xy = %]wﬂxl. This phenomenon is caused by the bang-
bang property of optimal control. A similar behavior occurs for time optimal
control of linear systems of higher dimensions.

In [10], for the canonical control system

Zbl = u, ij = ,ijl, ] = 2, e, N, \u| S d, (17)

a family of positional bounded controls u = u(x,ay ) that depend on a certain
real negative parameter a,, was proposed. The parameter a,, was chosen in
such a way that the matrices

< 2173 n(nlJrl)
1 1 e — 1
Cn(Z) — 2:3 3:4 (n+1)‘(n+2) (18)
n(n+1) (n+1)(n+2) - (2n—1)2n
and
sy 2
1 r 1
Con(z)=| 7 7 Bh (1.9)
11 1
n n+l " 2n—1

for z = & pnann + &30, are both positive definite. Here the numbers &3, and
&3 are quantities depending on n, see (2.8). The positiveness of C), and C, 1
guarantees a uniqueness of the solution ©(z) of equation (1.4). In the sequel, we
will use the notation C,(ann) and Cy, 1(an,) instead of Cy,(2) and Cy, 1(2).

In [10], it is proved that for an, € (—o0,dy,,) the positiveness of Cp(ann)
and Cy1(an,) is satisfied. The number ?i,lm is the root of the equation
det(Ch,1(an,n) = 0. In [10], the negative real value of @, ,, is not given.

The construction of the controllability function resembles the construction of
the Lyapunov function by using a quadratic form. The matrix associated with
this quadratic form is a positive definite matrix. That is the reason why the ma-
trix Cp(an,n), related to equation (1.4), in order to determine the controllability
function O(x), should also be positive definite. On the other hand, the matrix
Ch1(an,p) is related to the calculation of the derivative of the function ©(z) with
respect to time. In the frame of Korobov’s approach, the positive definiteness

of the matrix Cy,1(an,n) is not imperative. The latter matrix is related to the

1 d )
quadratic form of the matrix 6[( — %K , which is the coefficient at ©, as taking

the derivative with respect to time by virtue of system (1.7) of equation (1.4). In
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previous works on the controllability function, for example [10, p. 212], [27, Eq.
(3.4)], the quantity © was expressed as a quotient of two quadratic forms. The

quadratic form of the matrix —K — — K appeared in the denominator of the

mentioned quotient. In the present work, for some states z # 0, the latter
quadratic form may vanish. Consequently, we can not express © as a quotient.

1
This fact lains the role of th trix —K — —K.
is fact explains the role of the matrix & 70

We mainly consider system (1.7) for three dimensions or higher. The two-
dimensional case was studied in [7]. We extend the solution set of the synthesis
problem to the case when the motion time coincides with the value of the con-
trollability functions at the initial position 2. This extension is achieved by
admitting that the matrix Cj, 1(an,n) is not necessarily positive definite, while
the condition of positive definiteness of the matrix Cy,(ay,,) is maintained. Thus,
in terms of the parameter a,,, the interval (—oco, @, ,,) is enlarged to the interval
(=00, @), where @y, is the unique root of det Cy,(an,) = 0 and ?:Z}l’n < Qnp -
Notice that the interval (—oo, @y ) cannot be enlarged because the matrix C,
(equivalently, the matrix K (©)) should be a positive definite matrix.

On other hand, for the n-dimensional system (1.7), the aforementioned ex-
tension means that for certain initial states 20 there are up to 2n — 1 number of
controllability functions © and the same number of positional controls u(z, a.»)
for both fixed numbers a,, and ag. For the third and higher dimensions, this
fact essentially differs from those of previous works on the method of the con-
trollability function, where a unique positive controllability function ©(z) was
used [10]. In the two-dimensional case, non-unique solutions of equation (1.4)
were considered in [7] and in [30]. In the latter work, the case when the end point
is a non-equilibrium point was studied.

The main results of this work are described below.

a) The roots @n, and @), of the equations det(Cpi(ann)) = 0 and
det(Cp1(an,n)) = 0 are precisely calculated.

b) With the help of the inverse of the Hilbert matrix, we propose an explicit form
of the matrix K(O) which appears in (1.4). This result is relevant because

equation (1.4) determines the controllability function ©(x).
d

o~ . 1
¢) For ann € (@ ,,,@nn), We analyze the properties of the matrix —K — —GK
We prove that the set of points in R", where the quadratic form of the matrix

1 d
— K — — K vanishes, does not contain trajectories from z° to the origin.

C) de
d) We prove that for a fixed parameter a, , belonging to the interval [a}m,an,n)

and the certain fixed positive number ag appearing in (1.4), there are at most
2n — 1 different motion times from the given initial position x(y to the origin.
This means that there are at most 2n — 1 solutions of equation (1.4). Thus,
there is the same number of positional controls that solve the synthesis prob-
lem. Note that if a,,, € (—00, @y, ), then there is a unique positional control
and a unique time that resolve the mentioned problem.

The results of this work can be used to solve the synthesis problem for nonlinear
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control systems with a linear part that is completely controllable as well as for
systems which are mappable to canonical systems, see [22, Theorem on p. 552],
[8,13,24,27,42] and references therein. The presented extension of the solution
set for system (1.7) also extends the solution set of the mentioned nonlinear
control systems. At the same time, the extension of the solution set of the
synthesis problem proposed in the present work is a part of the solution set of
the admissible control problem for the canonical system. See [9] and [6].

2. Preliminaries and notations

In this section, we recall notations for the case of controllability function as
the motion time. See [10]. Let us rewrite the canonical system (1.7) in the
following form:

&= Apx + bpu, |u] <d, (2.1)
where
00 0 00 1
1 0 ... 000 0
00 ... 010 0
Now we reproduce some matrices and equations introduced in [10]. Let
2—1\N . 1 "
D, (©) :=diag (@— ; Y diag< 1yl > 2.3
(©) ) Vo), @
and
-1 1 1
3-4 n(n+1)
5 0 4%5 Dere
B, = ' (tl)(n+2) (2.4)
0 — 1 S T
(n+1)(n+2) " (2n—2)(2n-1)
Let also ~
A, :=det P,. (2.5)

Furthermore, we will use the following notation.

Notation A. The superscript T means the transpose of the matrix. Let

v (_ 1 B 1 _1>T
" (n+D(n+2) (n+2)(n+3) 77 (2n—-1)2n)
3+ ana Qan,1 Qn,1 i
dl = — L, — 2.
" ( 2-3 7 3.4 7°7 n(n+1)> (2:6)

see [10, p. 218]. We denote by Aj ;, Ay (7 =1,...,n—1) (see [10, p. 218]) the

n?]’
determinants of the matrix (2.4), where instead of its j-th column the columns
d), and d]! are inserted. Here (see [10, Eq. (2.6)])
n(n+1)

ap,1 ‘= —T (27)



Korobov’s Controllability Function as Motion Time 561

Let A}, 1, A7 | be as in Notation A and we denote

. A;z,l Az,l
(n—1)! A, San = A~

Son 1= (2.8)

In [10], with the help of (1.8), (2.3) and (2.8), for a,, € (—00,d}, ,,), the matrix

Fn(anm) = (Jncn(an,n)Jn)_l (29)

was introduced. Note that the number @, ,, was not explicitly given in [10]. The
controllability function O(z), with ©(0) = 0, was proposed as the unique solution
of the following equation:

2000 = (K, (0, anpn)z, ), (2.10)

where

Kn(©,ann) = Dp(0)Fy(ann)Dn(O). (2.11)

In the sequel, we will omit the dependence of K, (0, ay ) on ay, and sometimes
on O.
The quantity ag satisfies the inequalities

d2
0<ag< — o 2.12
2(F, 1an,an) ( )
with
an = (ap1,an2, ... ,an’n)T (2.13)
and
(71! (-t ,
an,j =(—1) A Al (i 1)!an,n—|—AZ’j , J=2,...,n—1. (2.14)

The set of positional controls is given in the form
n
1

W@, apn) = 072 (2)al Dp(O(z))z = S~ g (2.15)
2 6i(x)

In the following remark, we recall the relation between matrices (1.8) and (1.9).

Remark 2.1.

a) Equality (1.3) is verified [10] by taking the time derivative of equality (2.10)
with positional control (2.15), u = u(x, anp):

1 d .

= (Kn(Apz + bpu), z) + (z, Ky (Apz + byu)). (2.16)
Let 0i _1\"
H, = diag (- - ) . (2.17)
2 =1
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Using (2.11) and (2.15), equality (2.16) can be written as
2D, (0) (F, — H,F, — F,H,) D,,(0)z©
= 27D, (0) (FnAn + ATF, + Fobaa! + anb,IFn) Dn(©)z. (2.18)

b) Since (2.18) holds for all 2z € R™, the following matrix equality is valid:
(F, — H,F,, — F,H,)© = F, A, + AT F, + Fpbpa +a,bfF,.  (2.19)

This matrix equation is valid for ©® = —1 and does not depend on a state z.
c) Matrices (1.8) and (1.9) satisfy the equality

Cn,l(an,n) = Cn(an,n) - Cn(an,n)Hn - ann(an,n)a (220)

the matrix Cy, 1(an,n) is a factor of a decomposition of the matrix

1 d 1
For the readers convenience, we paraphrase [10, Theorem 3.1] in terms of
the notation used in the present work. For the positive parameter co,_ o used

in [10, Theorem 3.1], we set co,—2 = m

Theorem 2.2. Let A, by, Cn, A, AL, A”

n,1» Snls and u(az,anm) be as in (2.2),
(1.8), (2.5), Notation A, and (2.15), respectively. Moreover, let

A{rzl (_1)n_1ann AZ1 1 1 1 1
: : : S I 2.22
A, -1 TA, >max{§°’<2+2n> S+ 3 4n}’ (2:22)

where & is the root of the equation det(Cy(€)) = 0. The number agy satisfies
the condition (2.12) and the controllability function ©(z) for x # 0 is defined by
equality (2.10) and ©(0) = 0.

Thus, the control u(z,any) (2.15) transfers an arbitrary x € R™ to the origin
along the trajectory & = Apx +bpu(x, apn ) in time T'(x) = O(z) and satisfies the
restriction |u(z, any)| < d.

In Remark 3.9, we will see that in the right-hand side of inequality (2.22) it is
sufficient to indicate one number. In other words, we will observe that Theorem
2.2 is suitable for a,, € (00, @}, ,).

3. The interval of extension for the parameter a,,

In this section, we calculate the value of the parameter a,, for which the
determinant of the matrix Cy(ay, ) appearing in (1.8) (respectively, C, 1(an.n)
and in (1.9)) is equal to zero. With these two values we form an interval in terms
of the parameter a,,,. This interval performs the extension of the solution set
of the synthesis problem. For the calculation of the mentioned determinants, we
crucially use the determinant of the Hilbert matrix from [19]. Let us introduce
notations and assertions that will be relevant in the sequel.



Korobov’s Controllability Function as Motion Time 563

Notation B. Let n € N and ¢ be a nonnegative integer number. Denote

H R ; " (31)

PET\k i -1 ), '
1 1 1\T

hiigg ==, — . ... = i <k 3.2

[7,k] <]7]+17 ’k'> y ) SR, ( )
1 n

Ko = — — , 3.3

¢ <<z+y+z—1><z+g+e>)i,j:1 (33)

1 1 1o\
k[”']:<z‘(i+1)’(z‘+1)(z’+2)""’j(j+1)) S (3.4)

The matrix H, o is the well-known Hilbert matrix. The determinant of this
matrix can be written as

4
Ho ol = 2 (3.5)
Con
k—1
where ¢, = Hj!, see [4,20)].
j=1

In the following lemma, we will concentrate on the calculation of the deter-
minant for certain submatrices of C, and C, ;1 defined in (1.8) and (1.9). Our
calculations will be given in terms of the value of the determinant of the Hilbert
matrix. The equalities of the lemma below will be used in the sequel. In particu-
lar, with the help of these equalities we will compute the values of A, A;m and
A7 ; defined in Notation A.

Lemma 3.1. Let Hy ¢ and K, ¢ be as in (3.1) and (3.3). Thus, the following
equalities are valid:

(2n — 1)!(2n — 2)!

Harol = = p ol (3.)

|Ho— 2 Hnol, (3.7)
2 n

[ Hn—23] = 2(((52)0)2”[71 ols (3.8)
(2n 1)!
(2n H (2n—2)!

o2l = (D1 (2 e (310

_ (n)?
"C 0 — W‘Hn,o‘a (3'11)

|Kn—11] = n|Hnol, (3.12)
(n+ !

Knral = 5 -y Mol (3.13)
2 _ n

KCno.3] = ummoy (3.14)
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Proof. Equality (3.6) readily follows from (3.5). To prove equality (3.7), one
uses the representation of the matrix #,, o (resp. matrix H,—12) as a Cauchy

Tjt+yk
k). The determinant of the matrix C' is equal to

I (zi—2)(y; —wi)

1<i<j<n

I (zi+y))

1<i,j<n

n
matrixC:( 1 )'klwithxj:jandyk:k—l(resp. z;=j+1and y, =
j’:

C] = , (3.15)

see [4, p. 306] or [38, p. 92]. By employing (3.15), for z; = j and y; = k — 1,
ﬁ (x1—z;)(y1—-v;)

the expression |7|_[H”’f|2| is equal to 52 , which in turn is equal to 7712
e I1 (21+y;)(v1+25)
=

Thus, equality (3.7) is proven. In a similar manner, one can prove (3.8)—(3.10).
To prove (3.11) for 1 < i <n—1, add to each i-th row the rows from n-row to i —
1, and extract (n —i+1) from every i-th row. From each j-th column extract the
value 1/(2n+j —1). Thus, equality (3.11) readily follows. Now we prove equality
(3.13). Fori =1 ton—1, from each row ¢ of the determinant |K,,_1 2| subtract the

sum of the rows from ¢ —1 to n. We attain that [K,,—1 2| = %(?ﬁl)!]%n_l,g]. It

(2n
remains to use (3.7). In the same manner, equalities (3.12) and (3.14) are proven.
Here one uses the fact that |K,—23| = %lﬂn_zg]. O

We recall the definition of the Schur complement first introduced by
E.V. Haynsworth [18].

Definition 3.2. Let P, Q, W and R be £ x £, £ x (m —{), (m — £) x £ and
(m —£) x (m —{), respectively. Additionally, let

M:G; g)

If R is invertible, then P — W R™'(Q is the Schur complement of R in M.
If P is invertible, then R — WP~1Q is the Schur complement of P in M.

The following remark is to be used in the sequel.

Remark 3.3. [41, p. 217], [35, p. 188] Under the conditions of Definition 3.2,
the following equality holds:

det (II; g) = det(P — WR™'Q) det R. (3.16)

The following remark is readily proved by using the determinant of the Schur
complement (3.16), equalities (3.11) and (3.13).

Remark 3.4. Let K, ¢ and kp; ,,) be as in (3.3) and (3.4). Thus, the following
equalities are valid:
1 1

T -1 _
MemKn-12hen =5 = T2y

(3.17)
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The next proposition allows us to express the determinants A,,, A;%l and A;;l
in terms of the determinant |H, o|.

Proposition 3.5. Let A, A} | and A7 | be defined as in (2.5) and Notation
A. Furthermore, let H, o0 denote the Hilbert matriz (3.1). The following equalities
then hold:

2 1 3
A?’L == —(n2)n’7'ln’0’, (318)
—1)" (- Dl(n+1)n?
—9 2 41 2
7= (@ )”4(” S o). (3.20)

Proof. Equality (3.18) follows directly from (2.4) and (3.14). To prove (3.19),
we extract the minus sign from the first column and move it to the n-th column.
We also use the obvious equality Aj ; = (—=1)" YK, 12] and equality (3.13).
Now we prove (3.20). We write (2.6) d! as

T T
d! = —a Lo ! (L0 0
n \2-37 3477 n(n+1) 20 )

Consequently,

1
ALy =—an1lKno1a] - §|/Cn_2,3\.

Thus, (2.7), (3.12), and (3.14) imply (3.20). O

In the next lemma, we calculate the value of the (1,1) entry of the matrix
Cy, by replacing the parameter a,, by the numbers a,, and Zi}%n, which are
introduced.

Lemma 3.6. Let the quantities &, and &35, be as in (2.8). Furthermore, let

(2n)!

Upp =— ——— 3.21
= ) (3:21)
4 (n+1)(2n)!
Thus,
U > Ty (3.23)
and the following equalities hold:
~ 1 1 1
§2,nnn + E3,n =1 a1y (3.24)

~ 1 1
Eomlnz +E3m =3 (1 - 712) : (3.25)
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Proof. Inequality (3.23) is obvious. Note that from (3.18)—(3.20), the next
equalities hold:

Ay (=2 (n— 1)
A =g (3.26)
Bt _(n=2)(nt1) (3.27)

A, 2(n—1)n
We prove (3.24). By employing (2.8), (3.21), (3.26), and (3.27), we attain

A;”L,l (_1)n_lan,n A;”/L,l

gQ,nan,n + 53,11 = A, (TL — 1)' A,

B (n—2)!_ (n+1)(n—2)
__<2 @) T 3= >

11
T n+1 n 2
Equality (3.25) is proved in a similar manner. O

Remark 3.7. Let a,, € (—00,an,,) and Cy(ap,) be as in (1.8). By (2.8),
(3.26), and (3.27), the entry (1,1) c¢11 = {2.nann + &3, of the matrix C), can be

written as
Chlann) ( e by ) (3.28)
n\An.n) = ? ’ .
’ ko) Kn-12

where

n—2)! n+1)(n—2
Cl11 =— — (2((2n)') An,n — ( 2(n)—(1)n )> (3.29)

We now state the main theorem of this section. We prove that the numbers
@n,n and @, ,, introduced in (3.21) and (3.22), are the ones, where the determinants
of the matrices C), and Cy, 1 are 0.

Theorem 3.8. Let C,, and Cy1 be as in (1.8) and (1.9). Furthermore, let
Qp,n and a}m be as in (3.21) and (3.22). Thus, the following assertions are valid:

a) The equalities det Cn,l(a}%n) =0 and det Cp(Gp,n) = 0 are satisfied.
b) For ann < Gnn (respectively, ann, < ay,, ), matriz (1.8) (respectively, (1.9))
is positive definite.

Proof. Taking into account (3.25), the first column of the matrix Cy,1(a;; ,,)

Thus, by using (3.7), we have that

R 1
det(Cr1 (@) = [Hnol — ﬁmn—m! = 0.
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To prove the equality det(C(an,)) = 0, we express the first column of

Cr(ann) as
[ S S L A SN
2"2.3" 77 n(n+1) nn+1) 77 '

Using (3.11) and (3.13), we readily have that

1

det(Cn(@nn)) = Knol = =gy

|KCn—12] = 0.

Now we prove part b). The fact that the matrix Cy(ay,) is positive for a,, <
Uy, is proved in [10, Lemma 2.4]. In a similar manner, Cy, 1(ay) is a positive

definite matrix for an, <@, ,, see [10, Lemma 2.5]. O

Remark 3.9. From part b) of Theorem 3.8, it is clear that inequality (2.22)
can be replaced by
AIn,l (_1)n_1an,n A/ri,l 1

A, -1 A, a2

4. Calculation of the matrix K, via the inverse of the Hilbert
matrix

In this section, we calculate the matrix K, (2.11) that appears in equation
(2.10). By considering the form of the matrix K, in (2.11) and in turn the form
of the matrix F), as in (2.9), we see that we should calculate the inverse of the
matrix Cp(an,n) with a,, € (—00,ap,). Obtaining an explicit expression for
the matrix K, is crucial because, with the help of the solution O(z) of equation
(2.10), we construct the positional control (2.15). On the other hand, with an
explicit expression of the matrix K,,, we calculate the motion time from 2% to
the origin T'(z°) = O, which is the solution of (2.10) for = equal to the initial
condition zV.

In the following remark, we reproduce [36] on the inverse of the Hilbert-type
matrix defined in (3.1).

Remark 4.1. Let H, o be as in (3.1). The inverse of this matrix has the form

_ O\n
Hob = D8 o, (4.1)

where

3

GAB+L—1) [[(k+a+l—1)
Jj=1 k=1
J

S

O _ 17
af T n n
[1G-58) [T (k—a)
j=1 k=1
B h#a

The next remark can be readily verified.
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Remark 4.2. Let Hpn-12, hjpi12n—2) Kn-12 and ki, 42 9,_9) be as in (3.1)-
(3.4), respectively. Furthermore, let

1 0 -~ 00 0
-1 1 .-~ 00 0

S, = , Ay = , (4.2)
0 0 1 0 0
0 0 -1 1 1

where S, is an n X n matrix and A, is an n x 1 matrix. Thus, the following
equalities are valid:

Kn-22 = Hn-225 -2 + hjni1.20-2 A2 (4.3)

1
T T T
Kt1,2n—2) = Mgt 2n—2)5n—2 + T 1)\,1,2. (4.4)

Furthermore, the inverse matrix of S, is equal to
10 0 0
11 0 0
Spt=: P
11 10
1 1 1 1
In the next lemma, by using the inverse (4.1) of the Hilbert-type matrix (3.1),
we calculate the inverse of the submatrix K,,_1 2, which in turn will be used to
compute the inverse of the matrix Cp(an ), see (1.8). We use the fact that the
Schur complement
! kL Lok
@n—T)2n nt+1,2n—2/Kn=2,2Fn+1,2n-1]

of the matrix XC;,_1 2 is a positive number since KC\,_1 2 is a positive definite matrix.
We use 0,x4 and I; to denote the p X ¢ zero matrix and the ¢ x ¢ identity
matrix.

Lemma 4.3. Let 'Hn_172, h[n+l,2n—2]7 ,Cn—l,Q; k[n+l,2n—2]: Sn and )\n be as in
(3.1)~(3.4) and (4.2), respectively. Let

1 T -1
m . 2n—1 k[n+1,2n—2]K:n—2,2h[n+1,2nf2]
| T -1 ;
2n—1)2n k[n+1,2n—2]Kn72,2k[n+1,2n72}
g1
dn—2 = n_272(h[n+1,2n72} - mn—Qk[n+1,2n72})'

Thus, the inverse of the matriz K,—12 is given by

_ I dp— _ _
,Cnil,Q = ( ? 2) Sn—llHnil,Q‘ (4-5)

O1xn—2 Mp—2
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Proof. Since K, _12 is invertible, the number m,_s is not equal to zero.
Equality (4.5) is equivalent to the equality

O1xn—2 Pr—

In—2 _ml dp—2
}Cn—l,Q = /Hn—l,QSn—l n712 . (46)

Rewriting the matrices H,—1,2, K,—12 in the forms

Hyo Byt om Kn-o2z  Knpion
Hiu-12 = <hT 22 [ e 2]) , Kn—12 = ( 22 [ 2 21) ;

T
[n+1,2n—2] 2n—1 k

[n+1,2n—2] (2n—1)2n
o Sn—2 On—2><1
o= (e ")

as well as (4.3) and (4.4), we readily verify (4.6). Consequently, equality (4.5)
holds. O

and using the equality

In the following lemma, we calculate the (1,1) entry of the inverse of matrix

(1.8). Notice that this entry is equal to the corresponding Schur complement of
the matrix Cy,(ann)-

Lemma 4.4. Let the matriz Cy, be as in (3.28). Thus, the Schur complement
ci1(ann) of Kn—12 in Cy(any,) satisfies the equality

Co(tnn) = —2 (Wann + n31—n) : (4.7)

Proof. By Definition 3.2, the Schur complement of IC,,_1 2 in Cy,(an,,) can be
written as follows:

N B (n—2)! (n+1)(n—2) T 1
nltnn) = = <2 @t T e ) Feafeciaben)

B (n—2)! (n+1(n-2)\ 1 1
_(2 @)l ™ 2(n—1)n ) 2 a1

In the second equality, we used identity (3.17). O

Remark 4.5. [35, Eq. (1.11)] Let M and R as in Definition 3.2 be both
nonsingular. Then the Schur complement of R in M

T=P-QR'W

is also nonsingular and

M-l 71 ~T7'QR™!
T \-R'WT! R+ R'WTIQR™' )"
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Now we are ready to write the main result of this section. This result consists
of the calculation of the matrix K, appearing in equation (2.10). As seen from
(2.9) and (2.11), the calculation of K,, returns to the calculation of the inverse of
the matrix Cy,(ay ). Notice that for the matrix K, we calculate it by employing
the inverse of Hilbert type matrices, see (4.1).

Theorem 4.6. Let k[T2 o ond ICn_iL2 be as in (3.4) and (4.5). Furthermore,
let @y, be as in (3.21) and anp € (—00,An,pn). Let Cri(any,) be as in (4.7). Thus,
the following assertions are valid:

a) The inverse of the matriz Cy(an ) defined as in (1.8) is equal to

1 1 Y o
— . . Ly Befmel2e )L (4.8)
Cn(ann) _’Cn—1,2k[2,n] Cn(an,n)lcn—m + ’Cn—l,zk[2,n]k[2,n]lcn—1,2

b) Let D, (©) and Jy be as in (2.3). The matriz K,,(0,an) can be written as
follows:
Kn(0,an,) = Dn(0)J, ' Cy M (ann) ], ' Du(©).

Proof. Write Cy,(an,») as in (3.28). By using [35, Eq. (1.11)] or [12, p. 1661],
the inverse of the matrix Cy(an,) can be written as in (4.8), where the Schur
complement ¢1; of KCp—1 2 in Cyp(apy,) is given by (4.7). Part b) readily follows
from part a), (2.9), and (2.11). O

Let us write the matrix Cy,(ay ) in the form

Cnl
< Tn [ 721 2}> , (49)

k[n,2n72] (2n—1)2n

where .
_ C11 k
C" Yap,) = < [2’”_1]> 4.10

(@nn) ko1 Kn-22 ( )

and cq; is as in (3.29).

Our next goal is to compute the (1,1), (1,n), (n,1) and (n,n) entries of the
inverse of the matrix Cy,(ay, ). Let

tll(an,n) te tln(an,n)
CoMann) = : ... : : (4.11)
tln(an,n) ce tnn(an,n)

This matrix as the inverse of the Hankel matrix C), is a symmetric matrix.
Using the adjoint of a matrix for calculating the matrix inverse, equalities
(1.8), (3.3), (3.28) for Kp—1,1 and (4.9), the following remark is readily verified.

Remark 4.7. Let the inverse of the matrix Cy(an,) be as in (4.11). Thus,
the following equalities hold:
[Kn—1.2|

tll(ann) = m, (412)
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Kn-11]
tin(ann) == (-1 "H’"i’, 4.13
[Ch (ann)
tan(a =—_—— 4.14
@) =G ) A
In the next lemma, we calculate the value of the entries (4.12)—(4.14) for
Ay, = a}m.

Lemma 4.8. Let the inverse of the matriz Cy(an,n) be as in (4.11). Further-
more, let @}, ,, be as in (3.22). Thus, the following equalities hold:

= 2n2(n +1
tll((l71.L7n) = n<_1), (415)
. 2(2n)!
tin(@y,,) = (—1)" 4.1
1 (an,n) ( ) (n—1)((n— 1)')27 (4.16)
. (n+1)(2n)!(2n — 1)!
trn (@, ) = : 4.1
) = =) (0~ DI 10
Proof. Using (3.25), we calculate the determinant of the matrix Cy, (@), ,,) as

in (1.8). To this end, we express the first column of this matrix as follows:

11 1 \" 1
(2’ ﬁ’ ceey M) - ﬁ (17 0’ ceey O)T. (4-18)
Thus, using (3.11) and (3.13), we have that
. 1 (n —1)(n!)?
Ch K| = —= K g| = 2 D)7 g, 4.19
|Cn(ann)l = 1Knol = 5 51Kn-12] 3n(2n)] [Hnol (4.19)

Using a similar decomposition as in (4.18) of the first column of (4.10) and (3.29),
we obtain

1
O (an)l = Konerol + (e = 5 ) Vel

_ (==

(2n — 3)1(2n)!
— —%W—md. (4.20)

For ann = @y, ,, using (3.22) and (4.20), we obtain

(n+1)(2n — 1)
2

!
2n((n — Nz | Mol (4.21)

|G (@)l =

n,n

To prove (4.15), we use (3.13), (4.12), and (4.19),

_ Kaol _ 202(n+ 1)
|Cn (@) n—1

t11(ay )
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Using (4.13), we prove equality (4.16),

al — (_1\n+1 |]Cn*1,1’ _ (_1\n+l1 2(2n)'
fin(nn) = UG Gt 1 = OV G T (e

In the second equality, we used (3.12) and (4.19).
Finally, to prove equality (4.17), we use (4.14),

@ty [GT@ @t Denizn 1)
) @ = D= D)

In the second equality, we used (3.16), (4.19) and (4.21). O

5. Properties of the matrix %Kn — %Kn

Recall that for a,, € (—o0,d},) the matrix &K, — %Kn is a positive definite
matrix. See [10]. In this section, we focus on some properties of the matrix %Kn—

%Kn for case when the parameter a,, belongs to [ah,,, @nn)-
Lemma 5.1. Let @y, be as in (3.21) and apy < Gnpn. Let Ky and Cy 1 be
as in (2.11) and (1.9). Thus, equality

1
det <@Kn(@, ann) — LK, (O, an,n)> —0

do
is equivalent to equality det Cy, 1(an,n) = 0.

Proof. By using equality %Kn = —Kn%KglKn, (2.3), (2.9), (2.11), and
(2.20), we have

<1Kn — dKn> =K, <1K;1 + dK—l) K,

°) doe e e "
1
= éKanl(@)Jn (C, — C,H, — H,Cy,) J,D,;}(0)K,
_ é KnD (0)JuCrun Ju D (0) K. (5.1)

From part b) of Theorem 3.8, for an , < Gnn, the inequality det(.J,, D, 1 (0)K,,) #
0 holds. Consequently, the assertion of the lemma is proven. O

Now we present one of the main results of this section.

Theorem 5.2. Let K,, be defined as in (2.11). For any, = al . the null

n,n’

space of the matriz %Kn — %Kn consists of all vectors of the form

v im (21,0,...,0,——"_@n-! ! (5-2)
T = | T1,Y,...,U, (2n—1)‘ 1 . .
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Proof. Let B B
ki - kin
N 1 Ll dg (5.3)

S e aet™m ‘

kln knn

Using (2.3), (2.9), (2.11), and (4.15)—(4.17), we obtain

~ 2n2(n + 1)
ki =——-5,
(n—1)©
" (= 1)(n— 1)t
- 2n(n +1)(2n)!(2n — 1)!
e (n —1)nl©2n
By a direct calculation, we have
i
: . |z=0
Zf‘ln co %nn

S

Taking into account that the rank of the matrix Cnvl(a}m) is equal to n — 1 and
by (5.1) and (5.3), we have that the null space of the matrix §K, — %Kn is

given by vectors of the form (5.2). O

The next result allows us to express (), 1 with the help of a diagonal matrix
that has entries that are all positive numbers except the first entry, which can be
zero or a negative number. We also express the matrix %Kn — %Kn with the
help of a certain diagonal matrix.

Theorem 5.3. Let Gy, and Gy, ,, be as in (3.21) and (3.22). Furthermore, let
A € [AY p,Ann). Moreover, let Cy 1(an,y) be as in (1.9). The following equality
then holds:

PTle(an,n)P = An(an,n); (5.4)

where P is a real orthogonal matriz and

Aoans) im {diag(o,xg(an,n),...,A,%(an,n)), G =},
T diag(—A}(ann), A3(ann)s- s A2 (ann))s  Gnn € (@h s Gnn)-
(5.5)
Additionally, let Ky, be as in (2.11). Thus, the following equality is valid:
LY LI S (©)V,T AV, D,(©) (5.6)
" 40" e " non R

where Vy, is an invertible matriz.
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Proof. 1t is well known that since Cj, 1(any) is a real symmetric matrix,
there is an orthogonal matrix P such that the left-hand side of (5.4) is equal
to a diagonal matrix that consists of the eigenvalues of the matrix Cy, 1(apy).
See [17, Theorem 8.1.1]. Now we prove that the mentioned diagonal matrix has
the form (5.5). By (2.8), (3.1), (3.2), and (3.29), the matrix C, 1(an,) can be

written in the form .
2011 h
Chn1 = ( [2’”“]) 5.7
’ hpms1 Hn-12 (5:7)

Using part a) of Theorem 3.8 and the fact that the matrix H,_12 is a positive
definite matrix, we attain the first part of (5.5). Now we prove the second part
of (5.5). By [10, Lemma 2.2] and the continuity of the determinant with respect
to its entries, we have that the determinant det Cy, 1(an,n) is negative for ay, , €
(an,n,a;n). By employing Cauchy’s interlacing theorem [16], we verify that the
matrix A, has the form as in (5.5). Here again we have used the fact that the
matrix H,_1,2 is positive definite.

Now we prove (5.6). Note that the matrix on the left-hand side of (5.6) is a
symmetric matrix. Using (2.21), (5.1), and (5.7), we have

1 d 1

il _ = _ —17 -1
@Kn d@Kn @Dn(@)FanP AP I, Dy (0).

Denote V;, :== P~1J,F,,. Clearly, this matrix is invertible. Consequently, equality
(5.6) is proved. O

Next, we consider the set of fix states x described by the following definition.

Definition 5.4. Let a,, € [a;,man,n). The set Mg of states x, where the

equality .
1

is satisfied for x # 0, and © being a solution to (2.10) is called the ©-degenerated
set.

In Section 6, in the case when © = —1, we prove that (5.8) for n = 3 does
not contain complete trajectories of system (1.7).
In the three-dimensional case, the left-hand side of (5.8) can be written as

—1 4.2 3 9
(s 730765 (200"} + 1080007212, + 28800670

—480 (ag3 — 45) ©%23 — 3600 (a3 3 — 20) Ozax3 — 7200a3,323) . (5.9)

The Korobov equation (2.10) for the maximal value of the quantity ay,

1080
3 and d = 1, has the form
as s + 12&373 + 360

ag —

W(z,0) =0, (5.10)
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where
Wo(z, 0) = 10806° N 3600%x7  36000°rizy 72000723
) CL§73 + 12@3,3 + 360 as 3 + 30 a3 + 30 ass +30
N 120 (45 — a3 3) ©%x5 720 (az3 — 20) Ozpwz  1200a3 323
ag,z + 30 az3 + 30 azs+30

Example 5.5. Let ag3 = —40. For 20 = (1,0, —37/45)7, equation (5.10) has
the form (9@2 — 148)3 = 0. This equation has a positive root of multiplicity 3
equal to ©°0 = ZT@ For the indicated initial positions 20 and ©°, using (5.9),

we see that equality (5.8) holds. The eigenvalues of the matrix %Kn — %Kn for
O = 0 are

NP (16223 — v/261302059) L8 (16223 4 v/261302059)
=% 72= 101306 s 101306 ‘

Example 5.6. Let ag3 = —30.01. For 2° = (—0.5442,0.1916, —0.042) T, equa-
tion (5.10) has the form

1.199360°% — 10664.80% + 37557.203 — 49538.802 + 29004.70 — 6360.27 = 0.

This equation has three positive roots: O} = 0.812683, O = 0.974682, ©F =
92.5117. For 2% and ©Y, using (5.9), we verify that the value of the left-hand side
of (5.8) is equal to —23.0429. The eigenvalues of the matrix &K, — %Kn for
O = 0 are A\; = —164987, Ay = 4.35248, and A3 = 29431300.

In the following remark, we explain the value of the coefficient at 0 appearing
in (2.16) in the case when equality (5.8) holds.

Remark 5.7. We emphasize that if the left-hand side of (5.8) vanishes for
some z and O, then the right-hand side of (2.16) also vanishes. Using (2.18), we
see that equality (2.16) holds for all states = € R", including for the states = that
satisfy (5.8) if © = —1. The reason for that is that the matrix equality (2.19) is
satisfied for © = —1.

6. Trajectories on the ©-degenerated set

In this section, we consider the question whether the ©-degenerated set Mg
contains the trajectories z(t) of system (1.7) with a positional control (2.15) such
that © = —1.

Remark 6.1. In the two-dimensional case, for © # —1, the corresponding
set Mg is a parabolic arc. The motion time from the initial position z° to
the origin is less than the value of the controllability function ©(z) at 2°. The
corresponding positional control is a bang-bang control having the values of +d.
The trajectories starting at 2° € Mg remain in Mg, see [7].

For n > 3, we leave open the question of whether there are solutions of the
synthesis problem belonging to Mg for the case when a,, € [&}L’n,an,n) and

O # —1.
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The next remark allows us to claim that in the case when the equality © = —1
is satisfied for all z € R"™, including the states belonging to Mg as in (5.8), the
trajectory of system (1.7) achieves the origin at finite T'(2°) = ©°. We partially
reproduce a remark written on p. 121 of [25].

Remark 6.2. Let Vg(z) := (K,(©)z,z) be a family of positive definite
quadratic forms. Using (2.11) and (2.16), the time derivative of Vg with respect
to system (1.7) with positional control (2.15) has the form

. 1
Volz) = 27 (KnAn + ATK, + Kpbpa + ab;ﬂKn) r=-gVela).  (6.1)

In the first equality, we used the notation a = @7%Dn(®)an. From equality
(6.1), it is seen that Vg (x) is a Lyapunov function for system (1.7) with positional
control (2.15). Moreover,

Vo(z(t)) =coe @', co>0, 0<© <O (6.2)

Here xz(t) is the trajectory of system (1.7) with control (2.15). If one chooses the
parameter O equal to O(z) such that ©(x) — 0 as © — 0, then the trajectory
of system (1.7) with control (2.15) achieves the origin at a finite time from an
arbitrary initial state 2° including the states belonging to Mg as in (5.8).

In the sequel, we will use the equalities K, = K, (0, an ) and Fy, = Fy,(ann)-

Remark 6.3. Let K, be as in (2.11). Thus, the left-hand side of the equality
2a00 — (T K,x) = 0, which is equivalent to (2.10), contains complete trajectories
of system (1.7), i.e., the following identity is valid:

d T
7 <2a0@ —(z Kn,m))
— 27D, (O) <(Fn — H,F, — FyH,)O — FyA, — ATE, — Fybyal — aanFn>

©
X Dp(©)x = 0. (6.3)

This identity is verified by using (2.19) and © = —1.

Now, for n = 3, we explain that the ©-degenerated set Mg does not contain
complete trajectories x(t) of system (1.7). For dimension n > 3, the mentioned
question will be considered elsewhere.

Let us denote by

P(x(t)) = (x <éK3 - d‘éf@) x>
0

the left-hand side of (5.8) on the trajectory = = x(t) for some initial position z".
We will prove that

(6.4)

z=x(t)

d

() #0 (6.5)
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for every initial position zV. The derivative in (6.5) is calculated along the tra-

jectory x(t).
Let a3 3 < —30. Positional control (2.15) has the form
6.@1 ((1373 — 30) xT9 a3,3x3
u(l'aa?;,?)) = —@ + 302 + o3 (6.6)
Since the controllability function © satisfies (1.3), the right-hand side of (6.6) can
be written as

6x1 n (azz — 30) 2 a3 33
00—t 3(00—t)? (©0 —¢)3"

u(z,a33) = —

Here % = O(2°). As a consequence, with this control, system (1.7) is equivalent
to Euler’s differential equation

asz 3 — 30 .
%903 —azzrz =0 (6.7)

(00 — t)32{Y + 6(0° — t)%i5 — (©° — 1)
with initial conditions x3(0) = 29, #3(0) = 29, and #3(0) = 2). Using the change
of the variables t = O — e7 and y(7) = 23(0° — €7), the Euler-type equation
(6.7) is reduced to the equation

y" — 9y — as3 — 54

!
=0
3 Y +as33y

with initial conditions y(m0) = 23, ¥/(70) = —0°23 and y"(79) = —0°29+(02)22Y,
where 79 = In ©°. The solution of the latter Cauchy problem has the form

y(1) = €% (e1 + cacos(vT) + c3sin(vT))
with
L, _a3,i;+27’ 455 < —30, 6:5)
and
0
— T3
1 = <_§1 + (@0)3 ) (69)
2 = (€1 cos(vIn @) — véysin(vn @), (6.10)
cs = (& sin(vIn 0% + vé&; cos(vin @0)) . (6.11)
Here,
_ 1 042,.0 0,0 0 _ 0.0 0
&1 = _1/2(@0>3 ((6 )7a1 + 50 Ty + 9x3) and § = _1/2(@0)3 (@ Ty + 3333) .

Taking into account the equalities z3(t) = y(In(©°—1t)), x2(t) = 3(t) and z1(t) =
Z3(t), we have

z1(t) = (0% —t) (= (c3 (v* — 6) + 5eav) sin(a(t))
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+ (c2 (6 — v*) + 5egv) cos(a(t)) + ey ), (6.12)

xa(t) = (@0 - t)2 ((cav — 3es) sin(a(t)) — (esv + 3ez) cos(a(t)) — 3er), (6.13)

z3(t) = (0° — t)3 (cgsin(a(t)) + ca cos(a(t)) + 1), (6.14)
where

a(t) =vin(@° —t). (6.15)

Clearly, z(t) = (x1(t), x2(t), z3(t))T approaches zero as t — ©°.

In the following result, for n = 3, we prove that in the case when © = —1, the
O-degenerated set defined as in (5.8) does not contain a trajectory of system (1.7).
We emphasize that if © = —1, equality (2.18) is satisfied for x € R? including
the states = belonging to the ©-degenerated set defined as in (5.8). This fact is
used in the following result.

Lemma 6.4. Letas 3 anday 5 be as in (3.21) and (3.22). Letags € [a} 3,d33)
and Mg be as in Definition 5.4 with © = —1. For any initial state 2° € R3, the
set Mg does not contain a complete trajectory of (1.7) under the influence of
positional control (2.15).

Proof. Using (6.8)—(6.14) and
p1 =6 (a3 +24) ¢f — (az3 +30)% (3 +¢3)
1
p2 = 6y ((a373 + 25) CoV — g (a3,3 + 45) Cg) ,

p3 = 2c (— ((1373 + 45) co— 3 (a3’3 + 25) 631/) ,

2
pi = 5 (a3 +30) ((ass + 18) cacs +3( — &) v),
1
ps = 3 (a33+30) ((as3 + 18) ¢ — (az3 + 18) 5 + 12c300) ,

the expression (6.4) can be written in the following form:

Ia(t)) = 120 (p1 + p2sin(a(t)) + p3 Cosg(;itj_);(—)m sin(2a(t)) + ps cos(2a(t))) ‘

Notice that for j = 1,...,5, p; are not simultaneously equal to zero for a3 €

[azlz,,gaas,:s) and 22:1 cz 2 0. On the other hand, the Wronskian of the functions

8 27)°

{1,sin(a(t)), cos(a(t )),sm(2a(t) 8 (a33 +27)°
t)

,cos(2a(t))} is equal to — . Thus,

) 27 (t — ©p) ™
),cos(2a(t))} are linear independent functions on

) # 0. Consequently, I'(x()) does not contain complete
1.7). O

A similar result may be proved for the n-dimensional case.
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7. Nonunique solutions of the synthesis problem

Let Gy, and @, ,, be as in (3.21) and (3.22). In this section, we present the
main result of the present work. For the extension from (—oc0,4, ,,) to the interval
(—00,Gn,pn), we prove that equation (2.10) for system (1.7) may have more than

one solution up to 2n — 1.

Theorem 7.1. Let apj, j = 1,...,n—1 be as in (2.7), (2.14) and any €
(—00,Gn,pn). Furthermore, let system (1.7) be influenced by positional control
(2.15), where O(x) is the solution of equation (2.10). Thus, the following asser-
tions are valid:

a) For an, € (—00,ah,), for any initial position z°

10 p € R", there is a unique
solution ©(z°) of the Korobov equation (2.10) for a fixed number aqy satisfying
(2.12). The positional control u(x,anr), constructed via O(zx) as in (2.15),
solves the synthesis problem of system (1.7).

b) Let angp € [@}, ,, Gn,n)- For a given initial point 2°, the Korobov equation (2.10)
has k(z°) number of solutions {O(x°)}, where k(z°) € {1,...,2n—1} and ag
is a fized number satisfying (2.12). The set of solutions is performed by the
positional controls u(z,any) as in (2.15), where ©(x) is one of the functions
Ok (x) such that © = —1.

c) In a) and b), the value of the controllability function at the initial position
O(z°) is exactly the motion time T(z°) from z° to the origin.

Proof. Let
Fn = (fjk)?,kzo- (7.1)

The proof of part a) is given in the proof of [10, Theorem 3.1]. Now we prove
part b). By using (2.11) and (7.1), equation (2.10) can be written in the form

2a,0%" — fn(an,n)@zn_%% — = fnn(czmn):l,"?1 =0. (7.2)

Taking into account the fact that ap > 0 and that the matrix K,(©,ayy) is
positive definite for a,, , € [a,lw,am) and consequently for fp,(ann) > 0, we have
that equation (2.10) has at least one positive and one negative real root O for each
fixed z. This fact is discussed in [25, p. 24] and [22, p. 540]. On the other hand,
equation (7.2) or equality (2.10) has at most 2n real roots. Consequently, equation
(2.10) may have k(z%) € {1,...,2n— 1} number of real positive roots. With each
of these solutions, one can construct a positional control of the form (2.15). We
attain a set of k(x”) number of solutions to the synthesis problem. Finally, part
¢) readily follows from the fact that the derivative of the controllability function
O(x) on the trajectory satisfies the equality 0=-1. By Remark 5.7, this equality
holds for states in the ©-degenerated set. O

The next example considers the three-dimensional case. We show that de-
pending on the initial position z°, there may be from 1 to 5 solutions to the
synthesis problem such that the value of the controllability function © at x°
represents the motion time from z° to the origin.
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Example 7.2. By Theorem 7.1, the interval for the parameter a3 3 is extended
from (—o0, —40) [10] to the interval (—oo, —30). Depending on the initial position
of system (2.1), there can be k(x°) different solutions, where k(2°) € {1,2,3,4,5}.
In Tables 7.1 and 7.2, for d = 1 and ag3 = —30.01, we show the examples of
nonunique solutions to equation (2.10).

Nonunique solutions of the Korobov equation for a3z = —30.01
9= (-1,1,4)7 | 2% = (0.0118,-0.3368,1)T | 20 = ( L1,-1)T
O1(zY) =8.9984 | ©1(2") = 9.20328 O1(2%) = 168.161

O2(z%) = 9.6623 | ©5(2°) = 5.56634
O3(zY) = 167.844

Table 7.1: In the first column, for the initial position z° = = (-1, 1,4) , we have
three roots of equation (5.10). In the second column, for the initial position 20 =
(0.0118, —0.3368,1)T, we have two roots of equation (5.10). In the third column,
for 2% = (—1,1,-1)T, we have a unique positive solution of equation (5.10).

Nonunique solutions of the Korobov equation for a3 3 = —30.01
2 = (-1,1,-0.6)T 2 = (1.3345, -1.4673,1)7
01(2%) = 1.9746 01(z%) = 2.43243
O(2%) = 2.03212 2(z%) = 2.70391
O3(2°) = 2.8659 O3(z%) = 3.16287
O4(z%) = 3.1379 O4(2%) = 225.609
O5(2") = 168.136

Table 7.2: In the first column, for the initial position 2° = (—1,1, —0.6), we have
five roots of equation (5.10). In the second column, for 20 = (1.3345, —1.4673,1)T,
we have four roots of equation (5.10).

We do not establish the regions on R3, where equation (5.10) has a given
number of positive roots. To compute the number of roots of (5.10) for the
initial point 2% = (—1,1, —0.6)T appearing in Table 7.2, we rewrite (5.10) in the
equivalent form ®g(z,©) = 0, where

Bg(z,0) = O%%kw — k (@2:5% + 6O0z329 + 10:U§) +3 (@2x1 + 50z + 10:/U3)2

with k := 30 — ag3 and w := Wm. Use the resultant R(®g, @y, O) of

polynomials ®¢ and @y, where the prime means the derivative of ®¢ with respect
to ©. See [40, p. 20]. By using Wolfram Mathematica, we attain the next
expression for the resultant R(¥g, ¥, O):
R(Ug, Vg, ©) = —64k*w?z3 (24302 ((31k* — 5175k + 168750) 2523 — 96000
x (3k* — 100k + 300) wz3) — 243 (253k* — 113700k + 3802500) z3a3z” + 81t
x (3600 (37k* + 11900%? — 451100k + 1440000) wxja3 + (k — 150)(k — 75)%x5)
— 48600 (449> + 119885k — 4974000k + 16312500) wajziz] + 6750kw 3z}
x ((—1347k" + 434090k* — 42634500k> + 1613295000k — 20709000000) 25
+ 86400(k — 30)*(3k — 10)wx3) — 135wa3a? (432000 (k* — 270k + 9300%2
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— 65000k -+ 60000) wz + (413k* — 67560k" — 35048250k + 1507275000k

— 5011875000) 28) + 270wz3zsz] (135000 (19k* — 2302k° + 80212k2

— 810600k + 120000) - wzj + (226k* + 11775k — 7228125k> + 302906250k

— 1012500000) 5) + 6750kw?z3z327 (540(k — 30)* x (7Tk* — 1360k* + 73500k
— 210000) w§ + (—2k° + 1703k* — 358905k° + 30801750k — 1152787500k

+ 15474375000) 25) — 18000kw?z3z321 (270 (7h° — 1380k* + 110400%°

— 4104000k + 59850000k —135000000) wx§ — (k — 75)* (k* — 168k + 5100)

x 28) + 9wzix] ((k — 75)% (8K + 300k* — 230625k +843750) 2§ + 6750 (49%°
— 33570k + 3578600k — 131106000k* + 1556850000k — 22500000) wz3)

+ kw? (—3375 (19k° — 6210k° + 775800k" — 50058000%> + 1718550000k

— 26122500000k + 54000000000) w3z 4 72900000(k — 30)°kw?z§ 4 16

x (k — 150) (k — 75)°z3?) + 11664000(k — 30)z521> — 583200(49k — 1590)

(a) Coordinates of the trajectory xz(t)
T
for 20 = (1,0,—%) , azz = —40
0 _ 2v37
and O = =5,

0.5

-0.5

-1.0

(¢) The positional control on the tra-
jectory x(t) for z° = (1,0,—%)1—7
as 3 = —40 and oY = 27‘/?

g(x(1)

i 2 3 :
(b) The controllability function on

the trajectory x(t) for 20 =

(1,0,—30)7, 435 = —40 and ©° =
2437
2V/57

rix(®)

1 2 3 4

(d) Graph of the function I'(x(t)) for

0 = (1’0’*%)Ta az 3 = —40 and
Q0 — 2V37
e

Fig. 7.1: The graphs of the coordinates of the trajectories, the controllability
function, the positional control on the trajectory and the function (6.4).
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Substitute on left-hand side of the equality R(®g, ®f, ©) = 0 the values az 3 =
—30.01, x1 = —1, and x2 = 1. Solve the resulting equation for the variable x3.
With the found real roots z3, in the points z = (—1,1,23)7 with ag3 = —30.01
the polynomial ®g or equivalently ¥g on © will have from 1 to 5 positive real
roots.

In the next examples, for the three-dimensional case, we provide graphs of the

trajectory z(t), the controllability function ©(x(t)), the positional control u(x(t))
on the trajectory and the function I'(z(t)).

Example 7.3. We continue Example 5.5. As we have seen, for 20 =
(1, 0, —%)T, a3 3 = —40, there is a unique positive solution of the Korobov equa-

2V/37
tion (5.10) ©(20) = —3 The time motion T'(z%) from 2 to the origin is equal

to ©(2°). The corresponding graphs of the coordinates of the trajectories, the

controllability function, the positional control on the trajectory and the function
(6.4) are given in Fig. 7.1.

0.2 0.2
Xa(t) Xa(t)
MR N . — . " _—
02 04 038 02 04 0.6 08
x3(t)
—02 -0.2
x1(t)
—04 ~04
(a) Coordinates of the tra- (b) Coordinates of the tra-
jectory  wx(t) for  a° = jectory  x(t) for 2 =
(—0.5442,0.1916, —0.042)T, azs = (—0.5442,0.1916, —0.042)7, as3 =
—30.01 and ©9 = 0.812683. —30.01 and ©9 = 0.974682.
e 150 -
___________ 100 - H
0.5F il
u(x(t)) \ sl i
02 0.4 0.6 “\0.‘; o o .'0%;
i 50 |
-0.5- “‘ ~~~~~~ E
| —w0f T~ !

-1.0~

-150+

(c) The  positional  control  on (d) Graph of the function I'(x(t)) for

the trajectory z(t) for 20 = 20 = (—0.5442,0.1916, —0.042)T
(—0.5442,0.1916, —0.042) " and and az3 = —30.01. The dot-
azs = —30.01. The dotted (resp. ted (resp. solid) curve corresponds
solid) curve corresponds to ©) = to ©) = 0.812683 (resp. Oy =
0.812683 (resp. ©9 = 0.974682). 0.974682).

Fig. 7.2: The trajectory x(t), the controllability function on the trajectory
O(z(t)), the control u(z(t)) and T'(x(t)) for z° = (—0.5442,0.1916, —0.042)T,
azs = —30.01 and ©Y = 0.812683 or ©F = 0.974682.
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In these graphs, the horizontal axis represents time whereas the vertical axis
represents a certain value which is indicated at the caption of each figure.

Notice that the initial position 2° belongs to Mg. The function I'(z(t)) is
non negative and there are values of ¢ in the interval (0, T'(x°)] where T'(z(t)) = 0.

Example 7.4. We continue Example 5.6. For 20 = (—0.5442,0.1916, —0.042)T,
az3 = —30.01, ©F = 0.812683, ©Y = 0.974682 and ©Y = 92.5117, the correspond-
ing graphs are given in Figures 7.2-7.3. Again, in these graphs, the horizontal
axis represents time whereas the vertical axis represents a certain value which is
indicated at the caption of each figure.

Observe that the function I'(z(¢)) takes negative and positive values and in
certain values of ¢ in the interval [0, T(z%)], T'(z(¢)) = 0.

The following four figures represent the graphs of the trajectory x(t), the
controllability function on the trajectory ©(z(t)), the control u(z(t)) and I'(x(t))
for 29 = (—0.5442,0.1916, —0.042) ", a3 3 = —30.01 and ©9 = 92.5117.

From Figures 7.2(c) and 7.3(d), we see that the positional control for ©9
(resp. ©Y) takes its values in the interval [—0.96,0.96] (resp. [—0.8,0.8]), whereas

x1(t) ‘ : —
40 60 80,
b X2(t)
—40}
-6 x3(t)
-80
—-100
—-120
(a) Coordinates of the tra- (b) The controllability function on
jectory  x(t) for 20 = the trajectory a(t) for 2 =
(—0.5442,0.1916, —0.042)7, az3 = (—0.5442,0.1916, —0.042)7, az3 =
—30.01 and ©9 = 92.5117. —30.01 and ©f = 92.5117.
30
0.08 - 25
0.06 20
0.04 u(x(t)) 15
0.02F 10 F(x(t))
‘ ‘ ‘ ‘ 5
20 40 60 s/ | T
—0.02} 20 40 60 80

(c) The  positional  control  on (d) Graph of the function I'(x(t)) for
the trajectory z(t) for 2% = 2% = (-0.5442,0.1916,—0.042)T,
(—0.5442,0.1916,—0.042)T, az5 = ass = —30.01 and ©9 = 92.5117.
—30.01 and ©§ = 92.5117.

Fig. 7.3: The trajectory x(t), the controllability function on the trajectory
O(z(t)), the control u(z(t)) and T'(x(t)) for z° = (—0.5442,0.1916, —0.042)T,
az3 = —30.01 and ©F = 92.5117.
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the values of the positional control for ©9 belong to [—0.024,0.093]. From this
observation, we conclude that the larger the interval [0, @2], for k =1,2,3, is, the
“milder” is the influence of the positional control on system (1.7). Notice that
©Y is hundred times greater than ©9.
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®ynkiiga kepoBanocti KopoboBa sik 4yac pyxy:
PO3IIUPEHHS MHOXKWHU PO3B’A3KiB NpobjieMu CUHTE3Y

A.E. Choque-Rivero

3HaiileHo PO3IINPEeHHsT MHOXKUHU PO3B’sI3KiB 1mpobsemu crabimizarii 3a
CKIHYEHHUI Yac 3a JOIMOMOIOK OOMEXKEHOI'O ITO3WINITHOIO KepyBaHHs, sSKa
TAKOXK HA3UBAETHCS IPODJIEMOI0 CHHTE3y JJIsi KAHOHIYHOI CHCTEMH 338 J0-
momororo ¢yukIii kepoBarnocti Kopobosa. Mu posrisgaemo BUMa 0K, KOIU
3HavYeHHs (QYHKII KePOBAHOCTI B MOYATKOBIM TOYIN € 9acoM PyXy 3 IHel
ITOYATKOBOI TOYUKH JI0 HYJIsI. ¥ TepMiHAX MEBHUX PeaJbHUX MTapaMeTpiB 3Ha-
iJ1eHO CiM'10 TO3UIHITHUX KEPYBaHb, 10 PO3B’A3yI0Th Ipobjemy cuntesy. Mu
3OLIBIILYEMO iHTEPBAJ MAPAMETPIB 1 sIBHO OOYUCIIIOEMO HOro KiHIEBI TOYKH
AK QYHKII Bi/l pO3MIPHOCTI N CHCTEMHU, IO PO3IJISIAETHCS.

KirrowoBi ciioBa: mpobjieMa CHCHTE3y, cTabimizallisa 3a CKiHYeHHU dac,
obMerkeHe KepyBaHHsl, KAHOHIYHA CHCTEMA,


www.scirp.org/pdf/6-3.2.pdf
mailto:abdon.choque@umich.mx

	Introduction
	Preliminaries and notations
	The interval of extension for the parameter a nn
	Calculation of the matrix K n via the inverse of the Hilbert matrix
	Properties of the matrix Theta K
	Trajectories on the Theta-degenerated set
	Nonunique solutions of the synthesis problem

