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Exponential Stability for a Flexible
Structure System with Thermodiffusion
Effects and Distributed Delay
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In the paper, the well-posedness and asymptotic behavior of solutions
to a flexible structure with thermodiffusion effects and distributed delay are
studied. Under suitable assumptions on the weight of the damping and the
weight of the distributed delay, we prove the existence and the uniqueness
of the solution using the semigroup theory. Then, by using the perturbed
energy method and constructing some Lyapunov functionals, we obtain the
exponential decay of the solution.
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1. Introduction

In the paper, we consider a flexible structure system with thermodiffusion
effects and distributed delay. The system is written as

m(z)uy — (P(T)uz + 20(2)ugt)z + pous

T2
+ / w(s)ug (z,t — s)ds — 10, — y2Pr =0, (1.1a)
T1
cOr + dP; — kbyy — y1uge = 0, (1.1b)
dOy + rP; — hPpy — Yougs = 0, (1.1¢)

where (x,t) € (0,L)x(0,400), with the following initial and boundary conditions:

u(z,0) =wuo(z), w(z,0)=u(z), ze€(0,L), (1.2a)
0 (z,0) =0 (), P(z,0) =P (z), ze(0,L), (1.2b)
u(0,t) =u(L,t) =0, t>0, (1.2¢)
0, (0,8) = 0, (L,£) =0, Py (0,¢) = Py (L,t) =0,  t>0, (1.2d)
ut (z,—t) = fo(z, 1), 0<t<m, (12

where u = u(x,t) is the displacement of a particle at position z € (0, L) and
time t > 0, § = 0(x,t) is the temperature difference, P = P (x,t) is the chemical
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potential, k and h are heat and mass diffusion conductivity coefficients. The
parameters m(z), 6(z) and p(z) are responsible for the non-uniform structure of
the body, where m(x) denotes mass per unit length of the structure, d(x) is the
coefficient of internal material damping and p(x) is a positive function related
to the stress acting on the body at a point z. We recall the assumptions of the
functions m(z), é(x) and p(z) from [2] such that

m,d,p € WHe(0,L), m(x),d(z),p(x) >0, z€l0,L]
Physical positive constants 71, 79, r, ¢, and d satisfy
A=rc—d*>0. (1.3)

The distributed delay considered in this paper is important because it is given
by a nonlocal time-delay control. The history of nonlocal problems with integral
conditions for partial differential equations goes back to [8]. See also [26] and
references therein. This kind of delay,

T2
/ w(s)u (z,t — s)ds,
T1

is called nonlocal because the integral is not a pointwise relation. This condition
provokes some mathematical difficulties which make the studying of the problem
particularly interesting. For the last several decades, various types of equations
have been employed as some mathematical models describing physical, chemical,
ecological and biological systems. See, for example, [14].

The coefficients p are positive constants, and p : [11; 73] — R is a bounded
function, where 71 and 7 are two real numbers satisfying 0 < 71 < 75. Here, we
prove the well-posedness and stability results for the problem with the following
parameters under the assumption:

o > /T2 | ()] ds. (1.4)

1

Condition (1.4) was previously assumed for viscoelastic waves with distributed
delay: in [24], where the authors used the energy method, and in [29], where a
different approach, the semigroup technique, was used.

One of the main issues concerning the vibrations in models of flexible struc-
tural systems is the question of the stabilization of the structure. The linear dif-
ferential equation describing the vibrations of an inhomogeneous flexible structure
with an exterior disturbing force can be described by the following equation:

m (z) ug — (p (@) ug + 26 (¥) uge), = f(x) in (0,L) x R, (1.5)

The distributed force f : (0, L) x RT — R is the uncertain disturbance appearing
in the model, which is assumed to be continuously differentiable for all t > 0. In-
deed, one expects to prevent a system from resonance effects and wants to ensure
a decay of the total energy, at least polynomial and hopefully exponential. It is
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therefore of interest to investigate the theory behind the stabilization processes in
flexible structural systems and to control their vibrations. In [13], Gorain estab-
lished the uniform exponential stability of problem (1.5). It is physically relevant
to take into account thermal effects in flexible structures. In 2014, M. Siddhartha
et al. [20] showed the exponential stability of the vibrations of an inhomogeneous
flexible structure with thermal effect governed by the Fourier law,

m (z) uy — (p () Uz + 20 (2) ugt),, + Kbz = f,
Ht — gzx + RUty = 0.

In the above model, thermal waves propagate with infinite speed. This property
of the model is not consistent with the reality, where the heating or cooling of
a flexible structure usually takes some time. Many researches have thus been
conducted in order to modify the model of thermal effect.

Delay effects arise in many applications and practical problems (see, for in-
stance, [6,27]) due to the fact that many phenomena depend on their past. It
has been established that a voluntary introduction of delay can benefit the con-
trol (see [1]). On the other hand, it may not only destabilize a system, which is
asymptotically stable in the absence of delay, but may also lead to ill-posedness
(see [9,28] and references therein). Moreover, it influences on the asymptotic be-
havior of the solution for different types of problems (see [4,5,7,10,15-19,22,23]).
Therefore, the issues of well-posedness and the stability result of systems with
delay are of practical and theoretical importance. In [12], the authors considered
the vibrations of an inhomogeneous flexible structure system with a constant
internal delay under the Cattaneo law of heat condition,

m(x) uy — (P () uge + 26 () Ugt), + N0z + pug (2,6 —79) =0, (1.6a)
0 + Kqy + Nue =0, (1.6b)
Tq: + Bq + kb, = 0, (1.6¢)

where (z,t) € (0,L) x (0,400), with the boundary and initial conditions

uw(0,t) =u(L,t) =0, 6(0,t) =6 (L,t) =0, t>0, (1.7a)
x,0) = uo (z), u(z,0) =ug (2), xz€[0,L], (1.7b)
0 (x,0) =6y (x), q(x,0) =qo(z), z€[0,1], (1.7¢)

and proved the well-posedness and the exponential stability. In [2], M.S. Alves et
al. considered system (1.6), (1.7) without delay term and obtained an exponential
stability result for one set of boundary conditions, and at least polynomial for
another set of boundary conditions.

Thermodiffusion in an elastic solid is due to the coupling of the fields of strain,
temperature and mass diffusion. The processes of heat and mass diffusion has
been widely used in many engineering applications, such as satellites problems,
returning space vehicles and aircraft landing on water or land. In 1921, Timo-
shenko [30] gave a distinguished model for vibrations of elastic beams, which is
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coupled by the shear force and the bending moment on the system. Aouadi et
al. [3] considered the following Timoshenko system with thermodiffusion effects:

prow — K(Pa + 1)z + ppr = 0, (1.8a)
p2thi — Opy + K(pz + 1) — 710 — 72 Py = 0, (1.8b)
cly +dP; — kOpy — v1000t = 0, (1.8¢)
dfy +rP; — hPpy — Y212 = 0, (1.8d)

together with Dirichlet boundary conditions and Neumann boundary conditions.
The lack of exponential stability for Neumann boundary conditions was proved
for 4 = 0 and exponential stability for (1.8) without any restrictions on the
coefficients was established for pu # 0. In addition, some numerical results for
the two cases, u = 0 and p #, were given. In [11], Feng studied the Timoshenko
system only with thermodiffusion effects. He established the exponential energy
decay of the system with two kinds of boundary conditions under the assumption
of equal wave speeds. This result extends the last result obtained by Aouadi et
al. in [3].

Motivated by the above results, in the present work, our aim is to prove that
system (1.1), (1.2) is well-posed and exponentially stable. The main features
of this paper are summarized as follows. In Section 2, we adopt the semigroup
method and the Lumer—Philips theorem to obtain the well-posedness of system
(1.1), (1.2). In Section 3, we use the perturbed energy method and construct
some Lyapunov functionals to prove the exponential stability of system (1.1),
(1.2).

2. Well-posedness

In this section, we prove the existence and uniqueness of solutions for (1.1),
(1.2) using the semigroup theory [25]. As in [24], we introduce a new variable

z(z, p,s,t) = w (x,t —ps), x€(0,L), pe(0,1), s€ (1, 1), t>0.
Therefore, problem (1.1) takes the form

m(z)uy — (p(z)uy + 26(2)ust) s + pow

™
—I—/ w(s)z(x,1,8,t)ds — 110, — 2P, =0, (2.1a)

1
cl + dP; — kOpyp — y1uge = 0, (2.1b)
dby + rP; — hPyy — yougr = 0, (2.1¢)
szi(x, p,t,s) + zp(x, p,t,5) =0, (2.1d)

where (x,t) € (0, L)x(0,400), with the following initial and boundary conditions:

u(x,0) =wuo (z), u(x,0) =uy (), x€(0,L), (2.2a)
0(z,0) =00 (x), P(z,0)=Fy(x), x€(0,L), (2.2b)
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u(0,t) =u(L,t) =0, t>0, (2.2¢)
0, (0,t) =60, (L, t)=0, t>0, (2.2d)
P, (0,t) = P, (L,t) =0, t>0, (2.2¢)
z(2,0,s,t) = u (x,t) in (0,L) x (0,00) x (11,72), (2.2f)
Z(xvp)svo) :fO (1:7p8) in (OvL) X (07 1) X (7-177—2)' (22g)
Introducing the vector function U = (u,v, 6, P, z)T, where v = wuy, system (2.1),
(2.2) can be written as
U(t)y=AU(t), t>0, 2.3a)
U(O) :UO = (u0>u17907P07f0)T7 23b)
where the operator A is defined by
AU
v
1 ™
m (CE) (p(x)ux+25(x)vx)w+7191’+72px_:U’Ov_/ M(S)Z(xa ]-7 S, t)d8:|
71
rk hd ry1 — dyo
= - S () I ») DA
ch kd cyg — dy
—s712,
Let
H = H (0,L) x L?(0,L) x L?(0,L) x L? (0, L) x L*((0,L) x (0,1) x (71, 72))

be the Hilbert space equipped with the inner product

B L L L
<U,U> :/ p(a:)uzﬂzdx—i-/ m(:c)vﬁdx+/ c00 dx
H 0 0 0
L L L
+/ dPGd:L’—l—/ d@Pdm—i—/ rPPdx
0 0 0
L 1 T2
s [ sl w9 T o) dsdpde
0 0 Jm

Then the domain of A is given by

D(A)={UeH|ueH*(0,L)NnH}(0,L), v,0,P € Hy (0,L),
2,2 € L2 ((0,L) x (0,1) x (11,7)), z(,0,5) = v (z) }

It is clear that D (A) is dense in H.
We have the following existence and uniqueness result.
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Theorem 2.1. Assume that Uy € H and (1.4) holds. Then, for problem
(2.1), (2.2), there exists a unique solution U € C (RT;H). Moreover, if Uy €
D (A), then

UeC(RYDA)NC (R H).

Proof. We use the semigroup approach to prove that A is a maximal mono-
tone operator, which means that A is dissipative and Id — A is surjective. First,
we prove that A is dissipative. For any U = (u,v, 0, P, z)T € D (A), by using the
inner product and integrating by parts, we obtain

(AU, U)y, :—2/ §(x vdm—(o—/ |u()|ds>/Lv2dx
—k/ 02dx — h /P2 x—// 2(z,1,s,t)ds dx
/ / 2,1, 5,1) ds da. (2.4)

Using Young’s inequality, the last term in (2.4), we have

/ / z(x,1,s,t)dsdx
g;/ " ()ds/ o o + - // 2 (21,5, 0) dsda.  (2.5)

Substituting (2.5) in (2.4) and using (1.4), we obtain
L L L
(AU,U),, < —2/ §(z)v? dx — k/ 02 da — h/ P2dx
0 0 0

T2 L
- (uo—/ e (s)] d8>/ v? d < 0.
T1 0

Hence the operator A is dissipative.

Next, we prove that the operator Id — A is surjective. Given F =
(f1, f2, f3, [4, f5)" € H, we prove that there exists U = (u,v,0, P,z)" € D(A)
satisfying

(Id— A)U = F, (2.6)

that is,
u—v=fi, (2.7a)
m(z)v— | (p(x)uy + 20(x)vy)s + Y102 + Y2 Pr — 1oV

_/TZM(S)Z(JU,Ls,t)ds —m(z) fo,  (2.7D)

1

A0 — 1kOyy + hdPyy — (171 — dy2) v = Afs, (2.7¢)
AP — chPyy + kdOyy — (cy2 — dy1) v = Afa, (2.7d)
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sz+ 2z, =5f5. (2.7e)
Suppose that we have found w. Then equation (2.7a) yields
v=u— f1. (2.8)
It is clear that v € H{ (0,L).

Moreover, using the approach as in Nicaise and Pignotti’s work [24], we obtain
that (2.7¢) with z(x,0, s,t) = v has a unique solution

p
z(x,p,8,t) =u(x)e P — fi(x)e P + se_ps/ fs(x, 1,8, t)e™ dr.
0

In particular, z (7, 1,s,t) = u(z)e™* + 2o (z,s,t) with zo € L?((0,L) x (1, 72))
defined by

1
20 (m,8,t) = —f1 () e + ses/ fs(x, 7,8, t)e™ dr.
0

Inserting (2.8) into (2.7b)—(2.7d), we get

prnu — [(p(2)ug + 26(2)uz)e + 710z +72P:] = g1, (2.9a)
A — 1k0yy + hd Py — (ry1 — dy2) ug = g2, (2.9b)
AP — chPypy + kdOyy — (cy2 — dy1) ug = g3, (2.9¢)

where

T2

p1 =m(x) + po +/ p(s)e"ds,
T1
T2

g1 = pofr+m () (f1 + f2) — (26(2) f1z), — / p(s)zo (z,5,1) ds,

T1
g2 = Af3 — (ry1 — dv2) fiz,
g3 = A1 — (cy2 — dm1) fie.

- ~ ~ d -
Multiplying (2.9a) by w, (2.9b) by ;0, (2.9¢) by %P, (2.9b) by XP, and (2.9¢) by

d ~
—6 and integrating their sum over (0, L), we can obtain the following variational

formulation:

- \T - AT
B ((u,e,p)T, (a,e,p) ) y (a q, P) , (2.10)
where the bilinear form B : [H] (0, L) x L? (0, L) x L? (0, L)]2 — R is defined by
- \T
B((u,H,P)T, (ﬂ,Q,P) >

L L L L
= 1 / uu dr + / (p(z) + 20(x))ugtiy de + 71 / Ot dx + v2 / Pu,, dz
0 0 0 0
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L L _ L 5 L B
—|—c/ 09daz+k‘/ Hmexda:—}—r/ PPdm—{—h/ P.P,dx
0 0 0 0

L L L L
+d/ 0Pda:+d/ PHd:U—'yQ/ ude:U—'yl/ uz0 dx,
0 0 0 0

and the linear form G : [H§ (0,L) x L*(0,L) x L* (0,L)] — R is defined by

T L c L r oL
w,0,P) = u - - P
Q(u,@, > /0 grudx + )\/0 gol dx + )\/0 gsPdz

d (" d (" -
- Pdx + — Odzx.
+ h /0 go P dx + 3 /0 g3t dx
Now we introduce the Hilbert space V = H} (0, L) x L? (0, L) x L? (0, L) equipped
with the norm

2 2 2 2 2 2 2
1w, 0, Py = lllly + llually + 1015 + 102]15 + (1212 + 1 P2l

It is clear that B (-,-) and G (-) are bounded. Furthermore, we can obtain that
there exists a positive constant x such that

B ((u,0.P)",(u.60,P)")
= /OLu2 dx + /OL(p(:L‘) + 26(z))u’ dz + C/OL 62 dx

L L L L
-|—k/ diac—i—r/ P2dx+h/ Pgdx+2d/ POdx > k||(u,0, P)|f3,,
0 0 0 0

which implies that B (-, -) is coercive.
Consequently, by the Lax—Milgram theorem, problem (2.10) has a unique
solution
(u,0,P) € H} (0,L) x L*>(0,L) x L? (0, L).

To obtain more regularity, we take (é, ]5) = (0,0) to obtain from (2.10)
L L L L
o / wudr + / (p(x) + 26(x))ugty de + 11 / Oty dx + 2 / Py dx
0 0 0 0

= /OL quudz, ue Hj(0,L),
which implies
—(p(x) +20(2))tae = —p1u + b + 2P + g1
Thus, by the regularity theory for the linear elliptic equations, it follows that
u€ H?(0,L)NH (0,L).
By the same arguments, we can get
0,Pc H (0,L).

Hence, there exists a unique U = (u,v,0, P,z)7 € D(A) such that (2.10) is
satisfied. Therefore, the operator Id — A is surjective. At last, the result of
Theorem 2.1 follows from the Lumer—Phillips theorem. O
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3. Exponential stability

In this section, we prove the exponential decay for system (2.1), (2.2). It is
achieved by using the perturbed energy method. We define the energy functional
E(t) as

E(t)zl/L [m (x Yu? + p (z) u? +002+2d0P+TP2]d

/ // s|p(s)| 22 (x, p, s,t) ds dp da. (3.1)

Noting (1.3), we have for 6, P # 0,

2
c0? + 2dOP + rP? = Ag2 + <d9 + ﬁp) >0
r VT

Thus we get that the energy E (t) is positive.
The stability result reads as follows.

Theorem 3.1. Let (u,v,0, P, z) be the solution to (2.1), (2.2) and let (1.4)
hold. Then there exist two positive constants kg and ki such that

E(t) < koe Mt t>0. (3.2)
To prove the theorem we will use the following lemmas.

Lemma 3.2 (Poincaré-type Scheeffer’s inequality [21]). Let ¢ € HE (0, L).

Then
L 9 L2 L 9
[ 1ok ar <L [Couta
0 ™ Jo

Lemma 3.3 (Mean value theorem [2]). Let (u,v,0,P) be the solution to
system (1.1), (1.2), with an initial data in D (A). Then, for any t > 0, there
exists a sequence of real numbers (depending on t), denoted by & € [0,L] (i =
1,...,6), such that

L L
o =p(6) [ s m(e)ulde =m (&) [ ulda,
0 0 0

/Lp( )
/ m (z) uldz = m (&) /OL uldz, /0 § (x)ulde = 6 (&) /OL u?dz,
/ S (z) uldr = 0 (&) /OL ulde, /OL § () utdr = 6 (&) /OL u?,da.

Proof. Since p(x), m(z) and ¢ (z) are continuous functions on z € [0, L],
the conclusion is straightforward using the mean value theorem. Moreover, it is

obvious that p(&1), m (&2), m(&3), d (&), 0 (&5) and d (&) all are positive and
bounded from above and below. O



596 Madani Douib, Salah Zitouni, and Abdelhak Djebabla

Lemma 3.4. Let (u,v,0, P, z) be the solution to (2.1), (2.2) and let (1.4)
hold. Then the energy functional, defined by equation (3.1), satisfies

T L
E'(t) < 2/ §(z)u2 dx — (uo—/ |,u(s)ds>/ uldx
T1 0
—k/ 02dx—h/ P2dz. (3.3)

Proof. Multiplying (2.2a)—(2.2¢) by u¢, 0, and P, respectively, and integrating
over (0, L), using integration by parts and the boundary conditions, we obtain

1d [t 1d [* 5
T m(x)ul dr + = 57 p(x)ux dx
L
:—/ 25(x)u?xda:—/ Loy dm—/ ut/ z(x,1,s,t)dsdx
0 0
+/ Y1004 dac—l—/ ~o Pyuy d, (3.4)
0 0
1d L L L
002 dz + / dP,0dz = — / k02 dx — / Y1l de, (3.5)
1d L L L
TPde—i- / df,Pdx = — / hP2dx — / Yoy Ppda. (3.6)

On the other hand, multiplying (2.2d) by |u (s)| z and integrating over (0, L) X
(0,1) x (11, 72), recalling that z (z,0, s,t) = us, we obtain

2dt/ / / s|p(s (x,p,s,t)dsdpdx
:—/ / x,l,st Ydsdx + = / ut/ s)|dsdzx. (3.7)

A combination of equations (3.4)—(3.7) gives

1d

L
s [ [m@ud +p(e)ed + 6 + 206P + rP?] du

2dt/ / / s|p(s (x,p,s,t)dsdpdx
:—/ 25(m)u§xdm—/ ,uoutdzn—/ ut/ z(x,1,s,t)dsdx
0 0
L
/ k62 dx — /hPde // 2(z,1,s,t)dsdx
0
/ ut/ s)|dsdzx. (3.8)
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Now, using Young’s inequality, we obtain

/ut/ z(x,1,s,t)dsdx
gi/ B ()ds/ 2 do + - // 2 (51, 5,¢)dsdz. (3.9)

The substitution of (3.9) into (3.8), by using (1.4), gives (3.3), which concludes
the proof. O

Lemma 3.5. Let (u,v,0, P, z) be the solution to (2.1), (2.2) and let (1.4)
hold. Then the functional

L L
Ly (t):/o m(x)uutdx—i-/o §(x)u2 dx

satisfies, for any € > 0, the estimate

Ly (t) < ( (51)—LQ>/0 2da:—i—uo/ / :1:,1,3 t)dsdx
71/ 0 da +V2/ P2dm+( (&3) + >/0Lu§dx. (3.10)

Proof. Taking the derivative of L; (t) with respect to ¢, using (2.2a), we have

L’l(t):—/o p(z)u? dx—uo/ utudx—/ / z(x,1,s,t)dsdz

—i—’n/ Qudx—i-’yg/o Pudm—l—/o m(x)u? dz. (3.11)
By using Young’s inequality, Lemma 3.2 and (1.4), we get for all € > 0,
— 140 /L wpu dr < < o ut x+ 52;: Lui dx, (3.12)
/ / z(x,1,s,t)dsdx
< f; u?d /ZO OL/ 2(2,1,5,t)dsdz, (3.13)
" /OLexudxg 761/0 egda:Jrij OLugda:, (3.14)
V2 /OL Pudr < 122/0 P2dx + 4L:; OL u? dz. (3.15)

From Lemma 3.3, we have

L L
2 = — u X .
- /0 Pyl di = —p(&y) / 2 dr, (3.16)
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L L
/ m(z)u? dr = m(§3)/ u? dz. (3.17)
0 0
Then (3.10) follows from (3.11)—(3.17). O

Lemma 3.6. Let (u,v,0, P, z) be a solution to (2.1), (2.2) and let (1.4) hold.
Then the functions

(1 —/ / / e |u(s)] 22 (. py 5, ) ds dp de
satisfy, for some positive constant ny, the estimates
Lh(t) < nl/ / / s|u(s)| 2°(z, p, s, t)dsdpdx

L
nl/ / (z,1,s t)dsd:v+,u0/ uldz. (3.18)
0

Proof. By differentiating Lo () with respect to ¢ and using equation (2.2d),
we obtain

L 1 T2
5(t) = —2/ / / e P lu(s)| z(x, p, s, t)zp(x, p, s, t) dsdp dx
0 0 Jr
d L 1 ' T2
- / e~ |u(s)| 22(w, p, 5,t) ds dpda
/ / / e |\u(s)| 22(x, p, 5,t) ds dp dx

_ / / i (8)] [ 22, 1, 5, 8) — 22(2, 0, 5, 8)] ds da
0 T1

L 1 T2
—/ / / se” P |u(s)| 22 (x, p, s,t) ds dp da.
0 0 T

Using the fact that z (z,0,s,t) = u; and e™® < e™*” < 1forall 0 < p < 1, we

obtain
L T2 T L
—/ / e_s\,u(s)IZQ (:B,l,s,t)dsdac—i—/ \,u(s)|ds/ ufdx
0 T T1 0

L 1 T2
—/ / / se %P |u(s)| 2% (x, p, s, t) ds dp da.
0 0 T1

Because —e™* is an increasing function, we have —e™* < —e™" for all s € [y, 72].
Finally, setting n; = e~ and recalling (1.4), we obtain (3.18). O

Further, we turn to the proving of our main result in this section.
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Proof of Theorem 3.1. We define the Lyapunov functional £(t) by
L(t) = NE(t) + L1 (t) + N1L2 (1), (3.19)

where N and N; are positive constants that will be chosen later.
By differentiating £(t), exploiting (3.3), (3.10), and (3.18), and using Lemmas

3.2 and 3.3, we get
L
<[ T)] [ e
0
p) L2
- [owst@ + (- [ nlas) S
T1
L2 L2 L
(m )2—'u0 Nl]/ u?, dx
s 7T 0
[N 71}/ 02d1:[hN 72}/ P2dx
—nlNl/ / / s|u(s)| z°(x, p, s,t) dsdp dx
T1
— nlNl—— / / 2(x,1,s,t)ds dx.

At this point, taking

mp(&1)
202
we then choose N7 large enough such that

E =

After that we choose N sufficiently large such that

AL} AL
w2p(&)k’ ©2p(&1)h

N > max

n17r2p(§1)m(§3)L2 + 2L4u8n1 + 2L4ug
mrp(&) (20 (€6) w2 + (o — [ () ds) 1)

Consequently, from the above, we deduce that there exists a positive constant ag
such that
L'(t) < —agE(t), t>0. (3.20)

On the other hand, it is not hard to see that L£(t) ~ E(t), i.e., there exist two
positive constants ay and as such that

a1 B(t) < L(t) < azE(t), t>0. (3.21)
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Combining (3.20) and (3.21), we obtain that
L'(t) < —kiL(t), t>0, (3.22)

where k1 = 0 A simple integration of (3.22) over (0,t) yields
(65

L(t) < L(0)e Mt t>0.

It gives the desired result, Theorem 3.1, when combined with the equivalence of
L(t) and E (). O

Acknowledgments. The authors wish to thank deeply the anonymous ref-
eree for his/her useful remarks and careful reading of the proofs presented in this

paper.
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Excrnonenmniagbia cTabljbHICTD AJIsI CUCTEMU i3
IHYy4YKOIO CTPYKTYPpOIO 3 edpekTamu Tepmoaudysii Ta
PO3MO/IiJIEHOTO 3araloBaHHA

Madani Douib, Salah Zitouni, and Abdelhak Djebabla

VY crarTi AOCTIKYEThCH KOPEKTHICTh Ta ACHMIITOTHKA PO3B’SI3KIB I
THYYKOI CTPYKTYpH 3 edekTtamMu TepMoandy3il Ta PO3IOIiIeHOTO 3araoBa-
HHsI. 3a BiJIIOBIHUX TPUIIYIIEHb MO0 Bard JeMIDYBaHHS Ta Barm po3-
IIO/IJIEHOTO 3aralOBaHHsl, JIOBEJIEHO ICHYBAHHS 1 €JIUHICTh PO3B’SI3KY 3 BU-
KopucTaHHsIM Teopil miBrpyi. asi 3a momomororw Meroimy 30ypeHol eHepril
Ta mo0yI0BU AesdKnX (QYHKIOHATIB JIdImyHOBa MOBEIEHO €KCIIOHEHIAIbHY
CITAIHICTH PO3B’SI3KY.

Kitro4uoBi cjioBa: THy4YKa CTPYKTypa, TepMoaudy3iiiai edexkru, po3no/ri-
JIeHe 3araloBaHHs, KOPEKTHICTh, €KCIIOHEHITIAIbHA, CTablIbHICTh
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