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Controllability Problems for the Heat

Equation with Variable Coefficients on a
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In the paper, the problems of controllability and approximate con-
trollability are studied for the control system wt = 1

ρ (kwx)x + γw,(√
k
ρwx

)∣∣∣
x=0

= u, x > 0, t ∈ (0, T ), where u is a control, u ∈ L∞(0, T ).

It is proved that any initial state of the control system is not controllable
to the origin except the zero initial state in a given time T > 0. However,
each initial state of the control system is approximately controllable to any
target state in a given time T > 0. Due to transformation operator gener-
ated by the equation data ρ, k, γ, the main results are obtained from their
analogues obtained earlier in the case of constant coefficients (ρ = k = 1,
γ = 0). Applying this operator is a focal point of the paper. The results are
illustrated by examples.
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1. Introduction

Controllability problems for the heat equation were studied in a number of
papers (see, e.g. [1–5, 10, 11, 14, 15, 17, 19, 20, 24–33]). However, the number of
papers dealing with the heat equation in bounded domains is much more than
the number of papers dealing with the heat equation in unbounded domains (see,
e.g. [2, 3, 10, 11, 17, 25–27, 30, 31]). In particular, it seems these problems were
investigated for the heat equation with variable coefficients in the principal part
of the differential operator on unbounded domains only in [12].

The paper deals with the controllability problems for the heat equation with
variable coefficients on a half-axis controlled by the Neumann boundary condition.
Consider the following control system:

wt =
1

ρ
(kwx)x + γw, x ∈ (0,+∞), t ∈ (0, T ), (1.1)
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(√
k

ρ
wx

)∣∣∣∣∣
x=0

= u, t ∈ (0, T ), (1.2)

w(·, 0) = w0, x ∈ (0,+∞). (1.3)

Here T > 0 is a constant; ρ, k, γ, and w0 are given functions; u ∈ L∞(0, T ) is a
control. We assume ρ, k ∈ C1[0,+∞) are positive on [0,+∞), (ρk) ∈ C2[0,+∞),
(ρk)′(0) = 0. Consider the even extensions of ρ, k, γ. Since we reduce control
system (1.1)–(1.3) considered in [0,+∞)× [0, T ] to a control system considered in
R× [0, T ], we denote these extensions by the same symbols ρ, k, γ, respectively,
and always assume ρ, k, γ are defined in R throughout the paper. Denote

σ(x) =

∫ x

0

√
ρ(ξ)/k(ξ) dξ, x ∈ R. (1.4)

We assume

σ(x)→ +∞ as x→ +∞. (1.5)

Put Q2(ρ, k) =
√
k/ρ
(
Q1(ρ, k)

)′
+
(
Q1(ρ, k)

)2
, Q1(ρ, k) =

√
k/ρ(kρ)′/(4kρ). We

also assume

Q2(ρ, k)− γ ∈ L∞(0,+∞)
⋂
C1[0,+∞) (1.6)

and √
ρ

k
(Q2(ρ, k)− γ)σ ∈ L1(0,+∞). (1.7)

We consider control system (1.1)–(1.3) in modified Sobolev spaces (see Section
2).

We recall that (1.1)–(1.3) is null-controllable in a given time T > 0 if for any
initial state w0, we can find a control u ∈ L∞(0, T ) such that the state of the
solution to the control system at t = T satisfies the condition w(·, T ) = 0. Also,
system (1.1)–(1.3) is approximately controllable to any target state in a given
time T > 0 if for each initial state w0 and each neighbourhood of a target state
wT there exists a control u ∈ L∞(0, T ) such that the end state of the solution to
the control system (at t = T ) belongs to this neighbourhood of wT .

In [12], controllability problems for the heat equation with variable coefficients
on a half-axis controlled by the Dirichlet boundary condition are studied. The
general methods applied in the present paper are similar to those from paper
[12]. But for the case of the Neumann boundary condition, different spaces and
operators are used that caused different technique of proofs of main results.

Theorems 2.6 and 2.7 (see Section 2 below) are the main result of the paper. It
is proved that each initial state of the control system is approximately controllable
to any target state in a given time T > 0, i.e. for each initial state and each
neighbourhood of a target state, there exists a control u ∈ L∞(0, T ) for which the
end state of the solution to the control system (at t = T ) is in this neighbourhood
(Theorem 2.7). In the case of constant coefficients (ρ = k = 1, γ = 0), the
result of this theorem has been obtained earlier in [11]. In the case of variable
coefficients, this result is similar to those of papers [6–9] for the wave equation
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with variable coefficients on a half-axis controlled either by the Dirichlet or by the
Neumann boundary condition. However, the methods for obtaining the results
are essentially different because of entirely different nature of the heat and wave
equations. They are compared below. In Theorem 2.6, it is proved that any
initial state of the control system cannot be targeted to the origin with the help
of a control u ∈ L∞(0, T ) except the case of the zero initial state; in other words,
it is proved that any non-zero initial state is not controllable to the origin. In
the case of constant coefficients (ρ = k = 1, γ = 0), the result of this theorem has
been obtained earlier in [11]. The case of constant coefficients and the Dirichlet
boundary control was investigated in [10]. In [25], the null-controllability was
studied for the heat equation with constant coefficients on a half-axis controlled
by the Dirichlet boundary condition with a control of the class L2. To this
aid, the initial state of the problem was developed into the Fourier series with
respect to an orthogonal basis, which can be reduced, in fact, to the orthogonal
basis of Hermite functions in L2(0,+∞). The null-controllability problem was
reduced to a power-moment problem with coefficients determined by the Fourier
coefficients of the initial state, and conditions for solvability to this problem were
obtained in Theorem 3.1 of [25]. Thus the null-controllability or the lack of the
null-controllability can be established by analysing the growth of the Fourier
coefficients. In fact, the results on the lack of the null-controllability in [10, 11]
were obtained by using Theorem 3.1 of [25]. Note that the result on the lack
of the null-controllability seems to contradict to results of paper [20]. But the
null-controllability problems are different in [10,11] and [20]. The difference is in
the spaces where the problems were studied. In [20], initial sates of exponential
growth were admitted, but only square-integrable functions are considered in
[10,11]. The difference causes an essential distinction in the behaviour of solutions
to the heat equation in these two cases. Similar difference and its effect was also
discussed in [25].

Note that the results for the heat equation on a half-axis significantly differ
from those on a bounded interval because of essential difference between the
behaviour of differential operators considered in bounded or unbounded domains.
In particular, it is well-known that each initial state is controllable to the origin
for any T > 0 for the heat equation controlled by the boundary condition on
a bounded interval (see, e.g. [31]) while each non-zero initial condition is not
controllable to the origin for this equation on a half-axis [10,11,25].

To study control system (1.1)–(1.3), we use a transformation operator and
modified Sobolev spaces, which are associated with the equation data (ρ, k, γ),
introduced and studied in [6–9]. Indeed, these operator and spaces are main tools
in the study of this system. Note that applying a similar transformation operator
and similar modified Sobolev spaces, which are associated with the equation data
(ρ, k, γ), controllability problems for equation (1.1) controlled by the Dirichlet
boundary condition were investigated in [12].

For s = −1, 0, 1, the space Hs is the space of the Sobolev type constructed by
analogy with the classical Sobolev space Hs = Hs(R). Namely in the space Hs,
the basic space L2(R) and the derivative d/dx are replaced by the space L2

ρ(R) of
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functions square-integrable with the weight ρ and the linearly deformed derivative
Dρk = αd/dx + β, where α and β are determined by ρ and k, s = −1, 0, 1. The
subspace of the even functions (distributions, see the definitions on pp. 620, 622)
in Hs (or Hs) is denoted by Ĥs (or Ĥs), s = −1, 0, 1. The transformation operator
T̂ : Ĥ−1 → Ĥ−1 together with the spaces Ĥs, s = −1, 0, 1, introduced and studied
in [6–9], allows to extend the controllability results obtained earlier in the case of
constant coefficients (ρ = k = 1, γ = 0) to the case of variable coefficients ρ, k, γ.
The definitions of T̂, Ĥs, and Ĥs are given below in Section 2.

The operator T̂ is a continuous one-to-one mapping between the spaces Ĥs

and Ĥs. Moreover, it is one-to-one mapping between the set of the solutions
to (1.1)–(1.3) with constant coefficients (ρ = k = 1, γ = 0) where u = u110 ∈
L∞(0, T ) and the set of the solutions to this problem with variable coefficients
ρ, k, γ where u = uρkγ ∈ L∞(0, T ) (see below Theorems 3.3 and 3.6). Note that
u110 and uρkγ are different generally speaking. The proofs of the main results of
the paper are based on Theorems 3.3 and 3.6 proved in Section 3. The control
system with variable coefficients ρ, k, γ replicates the controllability properties of
the control system with constant coefficients (ρ = k = 1, γ = 0) and vice versa.

The last result also holds true for the wave equation on a half-axis [6–9]. But
the proofs are essentially different for the cases of the wave and heat equations.
Applying the operator T̂−1 to a solution to the equation with variable coefficients
ρ, k, γ and a control u = uρkγ ∈ L∞(0, T ), we obtain a solution to the equation
with the constant coefficients ρ = k = 1, γ = 0 and a control u = u110 ∈ L∞(0, T )
different from the control uρkγ . To find and to estimate the control u110, we have
to solve an integral equation of the form

u110(t) = f(t) +

∫ t

0
P (t− ξ)u110(ξ) dξ, t ∈ [0, T ]. (1.8)

In the case of the wave equation, it has been proved that f and P are bounded
on [0, T ] [6–9]. Therefore, the integral operator in the right-hand side of (1.8)
is of the Hilbert–Schmidt type. Hence, the Fredholm alternative together with
the generalized Gronwall theorem can be applied to solve (1.8) in L2(0, T ) and
estimate the solution u110 in L∞(0, T ) when we deal with the wave equation [6–9].
In the case of the heat equation, it has been proved that f and

√
(·)P are bounded

on [0, T ] (hence, P (ξ) = O(1/
√
ξ) as ξ → 0+) [12]. That is why the integral

operator in the right-hand side of (1.8) is not of the Hilbert–Schmidt type, and
the Fredholm alternative is not applicable in the general case. The Banach fixed-
point theorem is also not applicable in general case. That is why the method
of successive approximations has been used to construct a solution to (1.8) on
[0, T ]. Then the Banach fixed-point theorem has been applied in L2-space on
small intervals to prove the uniqueness of the solution [12]. This result is recalled
in Lemma 3.5 below.

Since the control system with variable coefficients ρ, k, γ replicates the con-
trollability properties of the control system with constant coefficients (ρ = k = 1,
γ = 0), we obtain the controllability properties of the first control system from
the controllability properties of the second one by applying the operator T̂, i.e.
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we obtain Theorems 2.6 and 2.7 by applying Theorems 3.3 and 3.6 in Section 2.
The obtained results are illustrated by examples in Section 4.

2. Spaces, operators, and main results

Let us give definitions of the spaces used in the paper.
Let Ω = (0,+∞) or Ω = R. Let D(Ω) be the space of infinitely differentiable

functions whose support is compact and is contained in Ω. For ϕ ∈ L2
loc(Ω) we

consider ϕ′ ∈ D′(Ω).
By Hp, p = 0, 1, denote the Sobolev spaces:

H0 = L2(R), H1 =
{
ϕ ∈ L2(R) | ϕ′ ∈ L2(R)

}
with the norm

‖ϕ‖p =

(
p∑

m=0

(
p

m

)(∥∥∥ϕ(m)
∥∥∥
L2(R)

)2
)1/2

, ϕ ∈ Hp,

and H−p = (Hp)∗ with the norm associated with the strong topology of the
adjoint space. We have H0 = L2(R) =

(
H0
)∗

. By 〈f, ϕ〉, denote the value of a
distribution f ∈ H−p on a test function ϕ ∈ Hp, p = 0, 1.

A distribution f ∈ H−p is said to be even if
〈
f, ϕ(·)

〉
=
〈
f, ϕ

(
− (·)

)〉
, ϕ ∈

Hp, p = 0, 1.
By Ĥ l, denote the subspace of all even distributions in H l, l = −1, 0, 1. It is

easy to see that Ĥ l is a closed subspace of H l, l = −1, 0, 1.
Let ϕ ∈ L2

loc(Ω). We define the derivative Dρk by the rule

Dρkϕ =

√
k

ρ
ϕ′ +Q1(ρ, k)ϕ.

If, in addition, Dρkϕ ∈ L2
loc(Ω) and (Dρkϕ)′ ∈ L2

loc(Ω) (the derivative (·)′ is
considered in D′(Ω)), we can consider D2

ρkϕ. Then ϕ′′ ∈ D′(Ω) and

D2
ρkϕ =

1

ρ

(
kϕ′
)′

+Q2(ρ, k)ϕ.

Obviously, Dmρkϕ = ϕ(m) if ρ = k = 1, m = 0, 1.
Denote

L2
ρ(Ω) = {f ∈ L2

loc(Ω) | √ρf ∈ L2(Ω)}

with the norm

‖f‖L2
ρ(Ω) = ‖√ρf‖L2(Ω) =

(∫
Ω
|f(x)|2ρ(x) dx

)1/2

, f ∈ L2
ρ(Ω).

For p = 0, 1, consider also the spaces
◦
Hp:

◦
H0 = L2

ρ(0,+∞),
◦
H1 = {ϕ ∈ L2

ρ(0,+∞) | Dρkϕ ∈ L2
ρ(0,+∞) and ϕ(0+) = 0}
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with the norm

[]ϕ[]p◦ =

(
p∑

m=0

(
p

m

)(
‖Dmρkϕ‖L2

ρ(0,+∞)

)2
)1/2

, ϕ ∈
◦
Hp,

and the dual space
◦
H−p =

( ◦
Hp
)∗

with the norm associated with the strong

topology of the adjoint space. Evidently,
◦
H0 = L2

ρ(0,+∞) =
( ◦
H0
)∗

. By 〈〈g, ϕ〉〉◦,

denote the value of a distribution g ∈
◦
H−p on a test function ϕ ∈

◦
Hp, p = 0, 1.

In particular, we have

〈〈g, ϕ〉〉◦ = 〈g, ϕ〉L2
ρ(0,+∞) =

∫ ∞
0

g(x)ϕ(x)ρ(x) dx, g ∈
◦
H0, ϕ ∈

◦
H0.

Put

〈〈Dρkf, ϕ〉〉◦ = −〈〈f,Dρkϕ〉〉◦ , f ∈
◦
H0, ϕ ∈

◦
H1.

For p = 0, 1, consider also the modified Sobolev spaces Hp introduced and
studied in [7–9]:

H0 = L2
ρ(R), H1 =

{
ϕ ∈ L2

ρ(R) | Dρkϕ ∈ L2
ρ(R)

}
with the norm

[]ϕ[]p =

(
p∑

m=0

(
p

m

)(∥∥Dmρkϕ∥∥L2
ρ(R)

)2
)1/2

, ϕ ∈ Hp, p = 0, 1,

and the dual space H−p = (Hp)∗ with the norm associated with the strong topol-
ogy of the adjoint space. By 〈〈f, ϕ〉〉, denote the value of a distribution f ∈ H−p
on a test function ϕ ∈ Hp, p = 0, 1. Evidently, H0 = L2

ρ(R) =
(
H0
)∗

and

〈〈f, ϕ〉〉 = 〈f, ϕ〉L2
ρ(R) =

∫ ∞
−∞

f(x)ϕ(x)ρ(x) dx, f ∈ H0, ϕ ∈ H0.

Put
〈〈Dρkf, ϕ〉〉 = −〈〈f,Dρkϕ〉〉 , f ∈ H0, ϕ ∈ H1.

For ρ = k = 1, we have Hm = Hm, m = −1, 0, 1. In [7], it has been proved
that Hm ⊂ Hn is dense continuous embedding, −1 ≤ n ≤ m ≤ 1, and D ⊂
Hp ⊂ H−p ⊂ D′ are dense continuous embeddings, p = 0, 1, where D = D(R).
However, the relation between the Schwartz space S and Hp essentially depends
on ρ and k. For example, if ρ = k then

ϕ ∈ Hp ⇔ √ρϕ ∈ Hp, p = −1, 0, 1.

If ρ(x) = k(x) = coshx, x ∈ R, then

S 6⊂ Hp and H−p 6⊂ S′, p = 0, 1.
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If ρ(x) = k(x) = sechx, x ∈ R, then

S ⊂ Hp and H−p ⊂ S′, p = 0, 1.

A distribution f ∈ H−p is said to be even if 〈〈f, ϕ(·)〉〉 =
〈〈
f, ϕ

(
− (·)

)〉〉
, ϕ ∈

Hp, p = 0, 1.
By Ĥs, denote the subspace of all even distributions (or functions) in Hs, s =

−1, 0, 1. The even extension of a function from
◦
Hs belongs to Ĥs, s = 0, 1 (see [9]).

The restriction of a function from Ĥ0 to [0,+∞) belongs to
◦
H0. However, there

exist functions from Ĥ1 whose restrictions do not belong to
◦
H1. Therefore, there

exist distributions from
◦
H−1 which cannot be extended to the space Ĥ1. But due

to the following important theorem proved in [8, Theorem 3.12], the distribution

generated by the derivative D2
ρkf+ ∈

◦
H−1 of a function f+ ∈

◦
H1 can be extended

to the space Ĥ1.

Theorem 2.1. Let f+ ∈
◦
H1, ϕ ∈ Ĥ1 and f be the even extension of f+. If

(Dρkf+) (0+) ∈ R, then the distribution D2
ρkf+ ∈

◦
H−1 can be extended to the even

distribution F ∈ Ĥ−1 such that

〈〈F,ϕ〉〉 =
〈〈
D2
ρkf, ϕ

〉〉
+ 2
√

(ρk)(0) (Dρkf+) (0+)ϕ(0).

Put
q = Q2(ρ, k)− γ. (2.1)

Due to (1.6), q ∈ L∞(0,+∞) ∩ C1[0,+∞). Note that q is defined in R and q ∈
C1(−∞, 0] ∪ C1[0,+∞), but q′ may have a jump at x = 0.

We will use the transformation operator T̂ = ST̂r : Ĥ−1 → Ĥ−1 to investigate
controllability problems for system (1.1)–(1.3). The operators S and T̂r have
been introduced and studied in [8, 9]. A description and some properties of the
operators S and T̂r are given in Section 3.

Theorem 2.2 ([8, 9]). The following assertions hold.

(i) The operator T̂ is an isomorphism of Ĥm and Ĥm, m = −1, 0, 1.

(ii) T̂δ = 4
√

(ρk)(0)δ.

(iii) If g ∈ Ĥ1 and g′(0+) ∈ R, then
(
DρkT̂g

)
(0+) ∈ R and

(
D2
ρk − q

)
T̂g − 2

√
(ρk)(0)

(
DρkT̂g

)
(0+)δ = T̂

(
d2

dξ2
g − 2g′(0+)δ

)
.

(iv) If f ∈ Ĥ1 and (Dρkf) (0+) ∈ R, then
(
T̂−1f

)′
(0+) ∈ R and

d2

dξ2
T̂−1f − 2

(
T̂−1f

)′
(0+)δ

= T̂−1
((

D2
ρk − q

)
f − 2

√
(ρk)(0) (Dρkf) (0+)δ

)
.

Here δ is the Dirac distribution at the point x0 = 0.
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2.1. Main results. Consider control system (1.1)–(1.3). We suppose that(
d
dt

)p
w : [0, T ] →

◦
H1−2p, p = 0, 1; w0 ∈

◦
H1. One can easily see that equation

(1.1) can be rewritten in the form

wt = D2
ρkw − qw, t ∈ (0, T ), (2.2)

and condition (1.2) is equivalent to the condition

(Dρkw) (0, ·) = u, t ∈ (0, T ). (2.3)

Let wT ∈
◦
H1. Consider the steering condition for system (1.1)–(1.3)

w(·, T ) = wT , x ∈ (0,+∞). (2.4)

Let w(·, t), w0 ∈
◦
H1 and let W (·, t),W 0 be their even extensions with respect

to x, respectively, t ∈ [0, T ]. Let q be defined by (2.1). If w is a solution to
control system (1.1)–(1.3), then using Theorem 2.1 and taking into account (2.2)
and (2.3), we conclude that W is a solution to the system

Wt = D2
ρkW − qW − 2

√
(ρk)(0)uδ, in R× (0, T ), (2.5)

W (·, 0) = W 0, in R, (2.6)

where
(
d
dt

)l
W : [0, T ] → Ĥ1−2l, l = 0, 1, W 0 ∈ Ĥ1, δ is the Dirac distribution

with respect to x. Let W (·, t),W 0 ∈ Ĥ1 and let w(·, t), w0 be their restrictions to
(0,+∞) with respect to x, respectively, t ∈ [0, T ]. If W is a solution to control
system (2.5), (2.6), then due to Corollary 3.4 (see Section 3 below),

(Dρkw) (0, ·) = (DρkW ) (0+, ·) = u a.e. on (0, T ). (2.7)

Hence, w is a solution to control system (1.1)–(1.3).

Let wT ∈
◦
H1 and let W T ∈ Ĥ1 be its even extension with respect to x. It is

easy to see that w(·, T ) = wT iff W (·, T ) = W T .

Thus, control systems (1.1)–(1.3) and (2.5), (2.6) are equivalent. Taking into
account this equivalence, we will further consider system (2.5), (2.6).

Let T > 0, W 0 ∈ Ĥ1. By R
ρkγ
T (W 0), denote the set of all states W T ∈ Ĥ1

for which there exists a control uρkγ ∈ L∞(0, T ) such that there exists a unique
solution W to (2.5), (2.6) with u = uρkγ and W (·, T ) = W T .

Definition 2.3. A state W 0 ∈ Ĥ1 is said to be controllable to a state W T ∈
Ĥ1 with respect to system (2.5), (2.6) in a given time T > 0 if W T ∈ R

ρkγ
T (W 0).

In other words, a state W 0 ∈ Ĥ1 is controllable to a state W T ∈ Ĥ1 with
respect to system (2.5), (2.6) in a given time T > 0 if there exists a control
uρkγ ∈ L∞(0, T ) such that there exists a unique solution W to (2.5), (2.6) with
u = uρkγ and W (·, T ) = W T .
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Definition 2.4. A state W 0 ∈ Ĥ1 is said to be approximately controllable
to a state W T ∈ Ĥ1 with respect to system (2.5), (2.6) in a given time T > 0 if

W T ∈ R
ρkγ
T (W 0), where the closure is considered in the space Ĥ1.

In other words, a state W 0 ∈ Ĥ1 is approximately controllable to a state
W T ∈ Ĥ1 with respect to system (2.5), (2.6) in a given time T > 0 if for each ε >

0, there exists a control uρkγε ∈ L∞(0, T ) such that there exists a unique solution

Wε to (2.5), (2.6) with u = uρkγε and
[]
Wε(·, T )−W T

[]1
< ε.

Thus, the main goal of the paper is to investigate whether the state W 0 is
controllable (approximately controllable) to a target state W T with respect to
system (2.5), (2.6) in a given time T .

To this aid, consider the control system with the simplest heat operator (sys-
tem (2.5), (2.6) with ρ = k = 1, γ = 0):

Zt = Zξξ − 2uδ, in R× (0, T ), (2.8)

Z(·, 0) = Z0, in R, (2.9)

where u ∈ L∞(0, T ) is a control, u = u110,
(
d
dt

)l
Z : [0, T ]→ Ĥ1−2l, l = 0, 1, Z0 ∈

Ĥ1. Let ZT ∈ Ĥ1. Consider also the steering condition for this system:

Z(·, T ) = ZT , in R.

Control system (2.8), (2.9) has been investigated in [11]. In particular, it has
been proved therein that

Zx(0+, ·) = u, a.e. on (0, T ). (2.10)

Using Theorems 3.3 and 3.6 (see Section 3 below), we obtain the following
theorem.

Theorem 2.5. Let T > 0, W 0 ∈ Ĥ1, W T ∈ Ĥ1, Z0 = T̂−1W 0, ZT =
T̂−1W T . Then

(i) R
ρkγ
T

(
W 0
)

= T̂
(
R110
T

(
Z0
))

.

(ii) A state Z0 is controllable to a state ZT with respect to system (2.8), (2.9)
in a time T iff a state W 0 is controllable to a state W T with respect to
system (2.5), (2.6) in this time T .

(iii) A state Z0 is approximately controllable to a state ZT with respect to system
(2.8), (2.9) in a time T iff a state W 0 is approximately controllable to a
state W T with respect to system (2.5), (2.6) in this time T .

Thus, control system (2.5), (2.6) with a general heat operator replicates the
controllability properties of control system (2.8), (2.9) with the simplest heat
operator and vice versa.

The main results of the paper are the following two theorems.

Theorem 2.6. If a state W 0 ∈ Ĥ1 is controllable to the origin with respect
to system (2.5), (2.6) in a time T > 0, then W 0 = 0.
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The lack of null-controllability means the lack of controls of the class L∞(0, T )
for which the solution W to system (2.5), (2.6) hits the origin at t = T (i.e.
satisfies the condition W (·, T ) = 0) except the case of the zero initial condition
(W 0 = 0).

Theorem 2.7. Each state W 0 ∈ Ĥ1 is approximately controllable to any
target state W T ∈ Ĥ1 with respect to system (2.5), (2.6) in a given time T > 0.

In other words, Theorem 2.7 asserts that for each initial state W 0 ∈ Ĥ1

and each neighbourhood of a target state W T ∈ Ĥ1, there exists a control u ∈
L∞(0, T ) such that the end state W (·, T ) of the solution W to control system
(2.5), (2.6) belongs to the neighbourhood of W T .

In the case ρ = k = 1, γ = 0 these theorems have been proved in [11]. By
using Theorem 2.5, we obtain Theorems 2.6 and 2.7.

Taking into account the algorithm given in [11, Section 7], one can construct
piecewise constant controls solving the approximate controllability problem for
system (2.8), (2.9). Hence, using Theorem 3.3, one can obtain controls solving
the approximate controllability problem for system (2.5), (2.6) (see Section 3
below).

3. The transformation operator T̂ and it’s application to a con-
trol system

In this section, we recall some properties of the operator T̂ and apply it to
control system (2.5), (2.6). We have T̂ = ST̂r : Ĥ−1 → Ĥ−1.

The operator S : H−1 → H−1 has been introduced and studied in [8, 9].

Theorem 3.1 ([8, 9]). The following assertions hold.

(i) The operator S is an isometric isomorphism of Hm and Hm, m = −1, 0, 1;

(ii) DρkSψ = S d
dλψ, ψ ∈ Hm, m = 0, 1;

(iii) 〈〈f, ϕ〉〉 =
〈
S−1f,S−1ϕ

〉
, f ∈ H−m, ϕ ∈ Hm, m = 0, 1;

(iv) Sδ = 4
√

(ρk)(0)δ.

In particular, we have

Sψ =
ψ ◦ σ
4
√
ρk

, ψ ∈ H0, and S−1ϕ =
(

4
√
ρkϕ

)
◦ σ−1, ϕ ∈ H0,

where ψ ◦ σ = ψ(σ(x)), σ is defined by (1.4). It follows from (1.4), (1.5) that σ
is an odd increasing invertible function and σ(x)→ ±∞ as x→ ±∞.

Put

r(λ) =
(
q ◦ σ−1

)
(λ) =

(
(Q2(ρ, k)− γ) ◦ σ−1

)
(λ), λ ∈ [0,+∞). (3.1)

Due to (1.6) and (1.7), we have

r ∈ L∞(0,+∞) ∩ C1[0,+∞) and λr ∈ L1(0,+∞). (3.2)
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Consider the operator T̂r : Ĥ−1 → Ĥ−1. This operator is the extension to Ĥ−1

of the well-known transformation operator of the Sturm–Liouville problem (see,
e.g. [23, Chap. 3]). The complete description of the extension and its application
to the wave equation with variable coefficients have been given in [8, 9, 21].

Theorem 3.2 ([8, 9]). The following assertions hold.

(i) The operator T̂r is an automorphism of Ĥm, m = −1, 0, 1.

(ii) If g ∈ Ĥ1 and g′(0+) ∈ R, then
(
T̂rg

)′
(0+) ∈ R and(

d2

dλ2
− r
)

T̂rg − 2
(
T̂rg

)′
(0+)δ = T̂r

(
d2

dξ2
g − 2g′(0+)δ

)
.

(iii) If f ∈ Ĥ1 and f ′(0+) ∈ R, then
(
T̂−1
r f

)′
(0+) ∈ R and

d2

dξ2
T̂−1
r f − 2

(
T̂−1
r f

)′
(0+)δ = T̂−1

r

((
d2

dλ2
− r
)
f − 2f ′(0+)δ

)
.

(iv) T̂rδ = δ.

In particular, we have(
T̂rg

)
(λ) = g(λ) +

∫ ∞
|λ|

K(|λ|, ξ)g(ξ)dξ, λ ∈ R, g ∈ Ĥ0,(
T̂
−1

r f
)

(ξ) = f(ξ) +

∫ ∞
|ξ|

L(|ξ|, λ)f(λ)dλ, ξ ∈ R, f ∈ Ĥ0,

where, according to [23, Chap. 3], the kernel K ∈ C2(Ω) is a unique solution to
the system

Ky1y1 −Ky2y2 = r(y1)K, in Ω,

K(y1, y1) =
1

2

∫ ∞
y1

r(ξ)dξ, y1 > 0,

lim
y1+y2→∞

Ky1(y1, y2) = lim
y1+y2→∞

Ky2(y1, y2) = 0, in Ω,

(3.3)

Ω = {(y1, y2) ∈ R2 | y2 > y1 > 0}, and the kernel L ∈ C2(Ω) is determined by
the following equation

L(y1, y2) +K(y1, y2) +

∫ y2

y1

L(y1, ξ)K(ξ, y2)dξ = 0, in Ω. (3.4)

We also need the following estimates proved in [23, Chap. 3]:

|K(y1, y2)| ≤M0σ0

(
y1 + y2

2

)
, in Ω, (3.5)

|Ky1(y1, y2)| ≤ 1

4

∣∣∣∣r(y1 + y2

2

)∣∣∣∣+M1σ0

(
y1 + y2

2

)
, in Ω, (3.6)
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where M0 > 0, M1 > 0 are constants, and

σ0(x) =

∫ ∞
x
|r(ξ)|dξ, x > 0. (3.7)

In the following theorems, the application of the transformation operator T̂
to a control system is considered.

Theorem 3.3. Let Z be a solution to (2.8), (2.9) with u = u110, where u110 ∈
L∞(0, T ), Z0 ∈ Ĥ1. Let W (·, t) =

(
T̂Z
)

(·, t), t ∈ [0, T ], W 0 = T̂Z0. Then W is

a solution to system (2.5), (2.6) with the control u = uρkγ,

uρkγ(t) =
1

4
√

(ρk)(0)

(
u110(t) +

∫ ∞
0

Ky1(0, x)Z(x, t)dx

− 1

2
Z(0+, t)

∫ ∞
0

r(ξ)dξ

)
, t ∈ [0, T ], (3.8)

where K is a solution to (3.3), r is defined by (3.1). Besides, (2.7) holds and

[]W (·, t)[]1 ≤ E0‖Z(·, t)‖1, t ∈ [0, T ], (3.9)

‖uρkγ‖L∞(0,T ) ≤ G0(T )‖u110‖L∞(0,T ) + E1

∥∥Z0
∥∥1
, (3.10)

where E0 > 0 and E1 > 0 are constants independent of T ,

G0(T ) =
1

4
√

(ρk)(0)

(
1 + (T + 3)

(
2
√
σ0(0)√
π

√
R0 +M2

1R+
σ0(0)√

2π

))
,

M1 is the constant from (3.6), σ0 is defined by (3.7), and

R =

∫ ∞
0

ξ|r(ξ)|dξ, R0 =
1

16
‖r‖L∞(0,+∞). (3.11)

Proof. The first part of this theorem is proved similarly to the first part of the
corresponding theorem in [8, 9] ( [8, Theorem 6.12], [9, Theorem 4.2]). Applying
Theorem 2.2 (iii), we obtain the first assertion of the theorem.

Taking into account Theorem 3.1 (ii), (2.10), (3.3), and (3.8) we obtain

(DρkW ) (0+, t) =
(
DρkT̂Z

)
(0+, t) = S

(
T̂rZ

)′
(0+, t) =

1
4
√

(ρk)(0)

(
Zx(0+, t)

+

∫ ∞
0

Ky1(0, x)Z(x, t)dx−K(0, 0)Z(0+, t)

)
= uρkγ(t), t ∈ [0, T ].

Thus, (2.7) is valid.

It follows from Theorem 2.2 (i) that there exists a constant E0 > 0 such that
(3.9) holds.
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To complete the proof, it remains to prove (3.10). Due to (3.6), we obtain
from (3.8)

‖uρkγ‖L∞(0,T ) ≤
1

4
√

(ρk)(0)

‖u110‖L∞(0,T )

+
‖Z(·, t)‖0√

2

√∫ ∞
0

∣∣∣∣14r (x2)+M1σ0

(x
2

)∣∣∣∣2 dx+
1

2
σ0(0)

∣∣Z(0+, t)
∣∣ , t ∈ [0, T ].

Since ‖Z(·, t)‖0 ≤ ‖Z(·, t)‖1 ( [16, Chap. 1]), t ∈ [0, T ], we get from here that

‖uρkγ‖L∞(0,T ) ≤
1

4
√

(ρk)(0)

(
‖u110‖L∞(0,T ) + ‖Z(·.t)‖1

√
R0σ0(0) +M2

1σ0(0)R

+
1

2
σ0(0)|Z(0+, t)|

)
. (3.12)

For Z ∈ Ĥ1 we have Z(0+, t) = 1√
2π

∫∞
−∞(FZ)(σ, t)dσ, t ∈ [0, T ], where F : H0 →

H0 is the Fourier transform operator, and FH1 = H1, H1 = {f ∈ H0 | (1 +
|σ|2)1/2f ∈ H0}, ‖f‖1 = ‖(1 + |σ|2)1/2f‖0, f ∈ H1 (see, e.g. [16, Chap. 1]).
Hence,

|Z(0+, t)| = 1√
2π

∣∣∣∣∫ ∞
−∞

√
1 + σ2(FZ)(σ, t)

dσ√
1 + σ2

∣∣∣∣
≤ 1√

2π
‖(FZ)(·, t)‖1

√∫ ∞
−∞

dσ

1 + σ2
=

1√
2
‖Z(·, t)‖1, t ∈ [0, T ]. (3.13)

Substituting (3.13) into (3.12), we get

‖uρkγ‖L∞(0,T ) ≤
1

4
√

(ρk)(0)

(
‖u110‖L∞(0,T )

+ ‖Z(·, t)‖1
(√

σ0(0)
√
R0 +M2

1R+
σ0(0)

2
√

2

))
, t ∈ [0, T ]. (3.14)

Using formula (13) from [11], we have

(FZ)(σ, t) = e−σ
2t(FZ0)(σ)−

√
2

π

∫ t

0
e−(t−ξ)σ2

u110(ξ)dξ, σ ∈ R, t ∈ [0, T ].

It is easy to obtain from here

‖Z(·, t)‖1 = ‖(FZ)(·, t)‖1 ≤
∥∥FZ0

∥∥
1

+
2(T + 3)√

π
‖u110‖L∞(0,T )

=
∥∥Z0

∥∥1
+

2(T + 3)√
π
‖u110‖L∞(0,T ), t ∈ [0, T ]. (3.15)
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Substituting (3.15) into (3.14), we get

‖uρkγ‖L∞(0,T ) ≤
1

4
√

(ρk)(0)

(
‖u110‖L∞(0,T ) +

(∥∥Z0
∥∥1

+
2(T + 3)√

π
‖u110‖L∞(0,T )

)
×
(√

σ0(0)(R0 +M2
1R) +

σ0(0)

2
√

2

))
.

The theorem is proved.

Corollary 3.4. Let W be a solution to (2.5), (2.6) with u = uρkγ, where
W 0 ∈ Ĥ1 and u ∈ L∞(0, T ). Then (DρkW ) (0+, ·) = u a.e. on [0, T ], i.e. (2.7)
holds.

Proof. Put Z(·, t) =
(
T̂−1W

)
(·, t), t ∈ [0, T ] and apply the operator T̂−1 to

(2.5). Due to Theorem 2.2 (iv), we obtain

Zt(·, t) = Zξξ(·, t)− 2Zx(0+, t)δ

+ 2
√

(ρk)(0)
(

(DρkW ) (0+, t)− uρkγ(t)
)
T̂−1δ, t ∈ [0, T ].

Using Theorem 2.2 (ii), we get

Zt(·, t) = Zξξ(·, t)− 2
(
Zx(0+, t)

− 4
√

(ρk)(0) (DρkW ) (0+, t) + 4
√

(ρk)(0)uρkγ(t)
)
δ, t ∈ [0, T ].

Thus, Z is a solution to system (2.8), (2.9) with Z0 = T̂−1W 0 and with the
control u = u110,

u110(t) = Zx(0+, t)− 4
√

(ρk)(0) (DρkW ) (0+, t) + 4
√

(ρk)(0)uρkγ(t), t ∈ [0, T ].

Due to (2.10), we get (DρkW ) (0+, t) = uρkγ(t), t ∈ [0, T ].

To prove the next theorem, we need the following lemma proved in [12].

Lemma 3.5. Let

|f(t)| ≤ N0 and |P (t)| ≤ N1√
πt
, t ∈ (0, T ],

where N0 > 0 and N1 > 0 are constants. Then there exists a unique solution v ∈
L∞(0, T ) to equation

v(t) = f(t) +

∫ t

0
v(ξ)P (t− ξ)dξ, t ∈ [0, T ], (3.16)

and

‖v‖L∞(0,T ) ≤ N0

(
1 + 2N1

√
T

π
eN

2
1T

)
. (3.17)
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Theorem 3.6. Let W be a solution to (2.5), (2.6) with u = uρkγ, where

uρkγ ∈ L∞(0, T ), W 0 ∈ Ĥ1. Let Z(·, t) =
(
T̂−1W

)
(·, t), t ∈ [0, T ], Z0 =

T̂−1W 0. Then Z is a solution to system (2.8), (2.9) with the control u = u110,

u110(t) = 4
√

(ρk)(0)uρkγ(t) +
1

2
4
√

(ρk)(0)W (0+, t)

∫ ∞
0

r(µ)dµ

+

∫ ∞
0

Ly1(0, x)
(
S−1W

)
(x, t)dx, t ∈ [0, T ], (3.18)

where L is determined by (3.4), r is defined by (3.1). In addition,

‖Z(·, t)‖1 ≤ E2 []W (·, t)[]1 , t ∈ [0, T ], (3.19)

‖u110‖L∞(0,T ) ≤ G1(T )
(
‖uρkγ‖L∞(0,T ) + E3

[]
W 0
[]1)

, (3.20)

where E2 > 0 and E3 > 0 are constants independent of T ,

G1(T ) = 4
√

(ρk)(0)e(σ0(0)+2M1R)2T

(
1 + 2

√
T

π

(
σ0(0) + 2M1R

))
,

M1 is the constant from (3.6), σ0 is defined by (3.7), R is defined by (3.11).

Proof. Applying Theorem 2.2 (see 2.2 (i), 2.2 (iv)), and Corollary 3.4 we
obtain (3.18) and (3.19). Let us prove (3.20). From (3.18), it follows that

u110(t) = 4
√

(ρk)(0)uρkγ(t) +
1

2

(
T̂rZ

)
(0+, t)

∫ ∞
0

r(µ)dµ

+

∫ ∞
0

Ly1(0, x)
(
T̂rZ

)
(x, t)dx = 4

√
(ρk)(0)uρkγ(t) +

1

2
Z(0+, t)

∫ ∞
0

r(µ)dµ

+
1

2

∫ ∞
0

r(µ)dµ

∫ ∞
0

K(0, x)Z(x, t)dx+

∫ ∞
0

Ly1(0, x)Z(x, t)dx

+

∫ ∞
0

Z(x, t)

∫ x

0
Ly1(0, ξ)K(ξ, x)dξdx, t ∈ [0, T ].

By differentiating (3.4) with respect to y1, we get

−Ky1(0, x) = Ly1(0, x) +
1

2
K(0, x)

∫ ∞
0

r(µ)dµ+

∫ x

0
Ly1(0, ξ)K(ξ, x)dξ, x > 0.

Therefore,

u110(t) = 4
√

(ρk)(0)uρkγ(t) +
1

2
Z(0+, t)

∫ ∞
0

r(µ)dµ

−
∫ ∞

0
Ky1(0, x)Z(x, t)dx, t ∈ [0, T ].

(In fact, it is relation (3.8) from Theorem 3.3.)
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Using formula (15) (for solution to (2.8), (2.9)) from [11], we have

Z(x, t) =
e−

x2

4t

√
4πt
∗ Z0(x)−

√
2

π

∫ t

0
u110(ξ)

e
− x2

4(t−ξ)√
2(t− ξ)

dξ, x ∈ R, t ∈ [0, T ].

Thus, we obtain

u110(t) = 4
√

(ρk)(0)uρkγ(t) +
1

2

∫ ∞
0

r(µ)dµ

∫ ∞
−∞

e−
x2

4t

√
4πt

Z0(x)dx

− 1

2
√
π

∫ ∞
0

r(µ)dµ

∫ t

0

u110(ξ)√
t− ξ

dξ −
∫ ∞

0
Ky1(0, x)

 e−
x2

4t

√
4πt
∗ Z0(x)

 dx

+

√
2

π

∫ ∞
0

Ky1(0, x)

∫ t

0
u110(ξ)

e
− x2

4(t−ξ)√
2(t− ξ)

dξdx, t ∈ [0, T ]. (3.21)

Denote

f(t) = 4
√

(ρk)(0)uρkγ(t) +
1

2

∫ ∞
0

r(µ)dµ

∫ ∞
−∞

e−
x2

4t

√
4πt

Z0(x)dx

−
∫ ∞

0
Ky1(0, x)

 e−
x2

4t

√
4πt
∗ Z0(x)

 dx, t ∈ [0, T ], (3.22)

P (t) =
1√
πt

(∫ ∞
0

Ky1(0, x)e−
x2

4t dx− 1

2

∫ ∞
0

r(µ)dµ

)
, t ∈ [0, T ]. (3.23)

Then (3.21) takes the form (3.16). Let us estimate f and P . We have∣∣∣∣∣∣
∫ ∞
−∞

e−
x2

4t

√
4πt

Z0(x)dx

∣∣∣∣∣∣ =
1√
2π

∣∣∣∣∫ ∞
−∞

e−tσ
2 (

FZ0
)

(σ)dσ

∣∣∣∣
≤ 1√

2π

∫ ∞
−∞

√
1 + σ2

∣∣FZ0
∣∣ (σ)

dσ√
1 + σ2

≤ 1√
2π

∥∥FZ0
∥∥

1

√∫ ∞
−∞

dσ

1 + σ2
=

1√
2

∥∥Z0
∥∥1
, t ∈ [0, T ]. (3.24)

According to (3.6), we get(
‖Ky1(0, ·)‖L2(0.+∞)

)2
≤ 1

16

∫ ∞
0

r2
(x

2

)
dx+M2

1

∫ ∞
0

σ2
0

(x
2

)
dx

≤ 2σ0(0)
(
R0 +M2

1R
)
, (3.25)

where R0 is defined by (3.11). We also have∥∥∥∥∥e−
(·)2
4t

√
4πt
∗Z0

∥∥∥∥∥
0

=
∥∥∥e−t(·)2FZ0

∥∥∥0
≤
∥∥FZ0

∥∥0
=
∥∥Z0

∥∥0 ≤
∥∥Z0

∥∥1
, t ∈ [0, T ]. (3.26)
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Due to (3.25) and (3.26), we obtain∣∣∣∣∣
∫ ∞

0
Ky1(0, x)

(
e−

x2

4t

√
4πt
∗ Z0(x)

)
dx

∣∣∣∣∣ ≤ 1√
2
‖Ky1(0, ·)‖L2(0,+∞)

∥∥∥∥∥e−
(·)2
4t

√
4πt
∗ Z0

∥∥∥∥∥
0

≤ 1√
2

√
2σ0(0)

(
R0 +M2

1R
) ∥∥Z0

∥∥1

=
√
σ0(0)

(
R0 +M2

1R
) ∥∥Z0

∥∥1
, t ∈ [0, T ]. (3.27)

With regard to (3.24), (3.27), and (3.19), we get

|f(t)| ≤ 4
√

(ρk)(0)‖uρkγ‖L∞(0,T ) +
1

2
√

2
σ0(0)

∥∥Z0
∥∥1

+
√
σ0(0)

(
R0 +M2

1R
) ∥∥Z0

∥∥1

≤ 4
√

(ρk)(0)‖uρkγ‖L∞(0,T )

+ E2

(
σ0(0)

2
√

2
+
√
σ0(0)

(
R0 +M2

1R
)) []

W 0
[]1

, t ∈ [0, T ]. (3.28)

Taking into account (3.6), we obtain

|P (t)| ≤ 1√
πt

(
1

4

∫ ∞
0

∣∣∣r (x
2

)∣∣∣ dx+M1

∫ ∞
0

∣∣∣σ0

(x
2

)∣∣∣ dx+
1

2
σ0(0)

)
=
σ0(0) + 2M1R√

πt
, t ∈ [0, T ]. (3.29)

Using (3.28) and (3.29) and applying Lemma 3.5, we conclude that there exists
a unique solution to equation (3.16) (and, consequently, (3.21)). Moreover, using
(3.17), we have

‖u110‖L∞(0,T ) ≤

(
1 + 2 (σ0(0) + 2M1R)

√
T

π

)
e(σ0(0)+2M1R)2T

×
(

4
√

(ρk)(0)‖uρkγ‖L∞(0,T ) + E2

(
σ0(0)

2
√

2
+
√
σ0(0)

(
R0 +M2

1R
)) []

W 0
[]1)

.

The theorem is proved.

Due to Theorems 3.3 and 3.6, the operator T̂ is not only a continuous one-
to-one mapping between the spaces Ĥs and Ĥs (see Theorem 2.2) but also is
one-to-one mapping between the set of the solutions to (1.1)–(1.3) with constant
coefficients (ρ = k = 1, γ = 0) where u = u110 ∈ L∞(0, T ) and the set of
the solutions to this problem with variable coefficients ρ, k, γ where u = uρkγ ∈
L∞(0, T ). Note that u110 and uρkγ are different generally speaking.

In [11, Section 7], piecewise constant controls u110
N,l , N, l ∈ N, solving the ap-

proximate controllability problem for system (2.8), (2.9), have been constructed.
Moreover, the solution to this system with the controls u110

N,l has been obtained:

ZN,l(ξ, t) =
e−

ξ2

4t

2
√
πt
∗ Z0(ξ)
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−
√

2

π

t∫
0

e−
ξ2

4τ

u110
N,l(t− τ)
√

2τ
dτ, N, l ∈ N, ξ ∈ R, t ∈ [0, T ].

In addition, it has been proved that

‖ZT − ZN,l(·, T )‖1 → 0 as N →∞ and l→∞.

Therefore, according to Theorem 3.3, the controls

uρkγN,l (t) =
1

4
√

(ρk)(0)

u110
N,l(t) +

∞∫
0

Ky1(0, ξ)ZN,l(ξ, t)dξ

−1

2
ZN,l(0

+, t)

∞∫
0

r(ξ)dξ

 , t ∈ [0, T ], N ∈ N, l ∈ N,

solve the approximate controllability problem for system (2.5), (2.6) with u =

uρkγN,l . In addition, uρkγN,l ∈ L
∞(0, T ) due to Theorem 3.3. Moreover, WN,l(·, t) =

T̂ZN,l(·, t), t ∈ [0, T ], and[]
W T −WN,l(·, T )

[]1 → 0 as N →∞ and l→∞.

4. Examples

Example 4.1. Consider system (1.1)–(1.3) with

k(x) =
(1 + 2|x|) coshx

3
, ρ(x) =

12 coshx

1 + 2|x|
,

γ(x) =
(1 + 2|x|) tanh |x|

36
+

(1 + 2|x|)2

144

(
1 +

1

cosh2 x

)
− 1

4(1 + 2|x|)3
, x ∈ R.

We have

Q2(ρ, k) =
(1 + 2|x|) tanh |x|

36
+

(1 + 2|x|)2

144

(
1 +

1

cosh2 x

)
,

q(x) = Q2(ρ, k)− γ(x) =
1

4(1 + 2|x|)3
, x ∈ R.

Due to (1.4), we get

σ(x) = sgnx ln (1 + 2|x|)3 , x ∈ R, and σ−1(λ) =
1

2
sgnλ

(
e
|λ|
3 − 1

)
, λ ∈ R.

Let us consider system (2.8), (2.9) with Z0(x) = e−
|x|
2 and with the steering

condition ZT (x) = e−
2|x|−T

4 , x ∈ R. Evidently,

Z(x, t) = e−
2|x|−t

4 , x ∈ R, t ∈ [0, T ],
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is the unique solution to this system and the state Z0 is controllable to the state
ZT with respect to system (2.8), (2.9) in the time T with the control

u110(t) = −1

2
e
t
4 , t ∈ [0, T ].

Now consider system (2.5), (2.6) with the given q. According to Theorem 2.5
(ii), the state W 0 = T̂Z0 is controllable to the state W T = T̂ZT with respect to
system (2.5), (2.6) in the time T . Moreover, due to Theorem 3.3, a control uρkγ

solving controllability problem for system (2.5), (2.6) is defined by (3.8).

Let us find W 0, W T and uρkγ explicitly. Due to (3.1),

r(λ) = q ◦ σ−1 =
1

4
e−λ, λ > 0.

The kernel of the transformation operator T̂r has been found in [6,21] for this r.
We have

K(y1, y2) =
e−

y1+y2
2

4

I1

(√
e−

y1
2

(
e−

y1
2 − e−

y2
2

))
√
e−

y1
2

(
e−

y1
2 − e−

y2
2

) , y2 > y1 > 0, (4.1)

where In is the modified Bessel function, n = 0,∞.

It is well-known (see, e.g. [18, 9.6.28]) that(
y−nIn(y)

)′
= y−nIn+1(y) and

(
ynIn(y)

)′
= ynIn−1(y), y > 0, n ∈ N. (4.2)

Due to the first of these formulae with n = 1, we obtain

Ky1(y1, y2) = −1

8
e−

y1+y2
2

I1

(√
e−

y1
2

(
e−

y1
2 − e−

y2
2

))
√
e−

y1
2

(
e−

y1
2 − e−

y2
2

)

− 1

16
e−

y1+y2
2

I2

(√
e−

y1
2

(
e−

y1
2 − e−

y2
2

))
√
e−

y1
2

(
e−

y1
2 − e−

y2
2

) e−
y1
2

(
2e−

y1
2 − e−

y2
2

)
√
e−

y1
2

(
e−

y1
2 − e−

y2
2

) , y2 > y1 > 0.

Hence,

Ky1(0, x) = −e
−x

2

8

I1

(√
1− e−

x
2

)
√

1− e−
x
2

− e−
x
2

16
I2

(√
1− e−

x
2

)(
1 +

1

1− e−
x
2

)
, x > 0.
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Taking into account (3.8), we get

uρkγ(t) = − e
t
4

8
√

2

5 +

∫ ∞
0

e−x
I1

(√
1− e−

x
2

)
√

1− e−
x
2

dx

+
1

2

∫ ∞
0

e−xI2

(√
1− e−

x
2

)(
1 +

1

1− e−
x
2

)
dx

 , t ∈ [0, T ].

Substituting y for
√

1− e−
x
2 and then integrating the first integral by parts, we

get

uρkγ(t) = − e
t
4

8
√

2

(
5 + 4

∫ 1

0

(
1− y2

)
I1(y) dy + 2

∫ 1

0

(
1

y
− y3

)
I2(y) dy

)
= − e

t
4

8
√

2

(
1 + 8

∫ 1

0
yI0(y) dy + 2

∫ 1

0

I2(y)

y
dy − 2

∫ 1

0
y3I2(y) dy

)
.

With regard to (4.2), we obtain

uρkγ(t) = − e
t
4

8
√

2
(1 + 8I1(1) + 2I1(1)− 1− 2I3(1))

=
e
t
4

4
√

2
(I3(1)− 5I1(1)) , t ∈ [0, T ]. (4.3)

According to the definition of the operator T̂, we have

W (x, t) =
(
ST̂rZ

)
(x, t) =

(
T̂rZ(·, t)

)(
sgnx ln (1 + 2|x|)3

)
√

2 coshx
, x ∈ R, t ∈ [0, T ].

Due to the definition of the operator T̂r, we obtain(
T̂rZ

)
(λ, t) = e−

2|λ|−t
4

+

∫ ∞
|λ|

e−
|λ|+x

2

4

I1

(√
e−
|λ|
2

(
e−
|λ|
2 − e−

x
2

))
√
e−
|λ|
2

(
e−
|λ|
2 − e−

x
2

) e−
2x−t

4 dx, λ ∈ R, t ∈ [0, T ].

Replacing

√
e−
|λ|
2

(
e−
|λ|
2 − e−

x
2

)
by y in the integral, we get

(
T̂rZ

)
(λ, t) = e−

2|λ|−t
4 + e

2|λ|+t
4

∫ e−
|λ|
2

0
(e−|λ| − y2)I1(y)dy = e−

2|λ|−t
4

+ e
t
4

(
2I1

(
e−
|λ|
2

)
− e−

|λ|
2

)
= 2e

t
4 I1

(
e−
|λ|
2

)
, λ ∈ R, t ∈ [0, T ]. (4.4)
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Thus,

W (x, t) = e
t
4

√
2

coshx
I1

(
e−

1
2

ln(1+2|x|)3
)

= e
t
4

√
2

coshx
I1

(
1

(1 + 2|x|)3/2

)
, x ∈ R, t ∈ [0, T ].

Hence,

W 0(x) =

√
2

coshx
I1

(
1

(1 + 2|x|)3/2

)
, x ∈ R, (4.5)

W T (x) = e
T
4

√
2

coshx
I1

(
1

(1 + 2|x|)3/2

)
, x ∈ R. (4.6)

Thus, the initial state W 0 defined by (4.5) is controllable to the steering state
W T defined by (4.6) with respect to system (2.5), (2.6) in the time T by the
control (4.3).

Example 4.2. Let

k(x) =
4 + x2

3 + |x|
, ρ(x) = (4 + x2)(3 + |x|), γ(x) =

12− |x|3

(3 + |x|)3(4 + x2)2
, x ∈ R.

Consider approximate controllability problem for system (1.1)–(1.3), (2.4), where
T = 1/2, w0 = 0, u = uρkγ , and

wT (x) =
1√

4 + x2
cosh

x(|x|+ 6)

2
√

2T
e−

x2(|x|+6)2

16T
− 1

4 , x ∈ R.

It is easy to see that

Q2(ρ, k) =
12− |x|3

(3 + |x|)3(4 + x2)2
, x ∈ R.

Therefore, q(x) = Q2(ρ, k)− γ(x) = 0 in R. We obtain

σ(x) =
1

2
x (|x|+ 6) , x ∈ R, and σ−1(λ) = sgnλ

(√
2|λ|+ 9− 3

)
, λ ∈ R.

We have W 0 = w0 and W T = wT in R. Consider control system (2.5), (2.6) with
q = 0, W 0 = 0, and with the steering condition

W (x, T ) = W T (x) =
1√

4 + x2
cosh

x(|x|+ 6)

2
e−

x2(|x|+6)2

8
− 1

4 , x ∈ R.

Let us investigate whether the state W 0 is approximately controllable to a target
state W T with respect to system (2.5), (2.6) in the time T = 1/2.
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According to (3.1), r = 0 in R. Hence, T̂r = Id, and the transformation
operator T̂ takes the form T̂ = S. Denote

Z(·, t) =
(
T̂−1W

)
(·, t) =

(
S−1W

)
(·, t), t ∈ [0, 1/2],

Z0 = T̂−1W 0 = S−1W 0, ZT = T̂−1W T = S−1W T .

Due to Theorem 3.6, Z is the solution to system (2.8), (2.9) with

u = u110 = 4
√

(ρk)(0)uρkγ = 2uρkγ , Z0 = 0,

and with the steering condition

Z (ξ, T ) = ZT (ξ) = cosh ξe−
ξ2

2
− 1

4 , ξ ∈ R.

Controllability problems for this system have been considered in Example 4 in
[11]. Controls solving the approximate controllability problem for system (2.8),
(2.9) have been found in the form

u110
N,l =

N∑
p=0

UNp,l, N ∈ N,

where UNp,l ∈ R is a constant, p = 0, N , l depends on N , N ∈ N. The end states

ZTN,l such that

∀ε > 0 ∃N ∈ N ∃l ∈ N
∥∥ZT − ZTN,l∥∥1 ≤ ε

have been found in the form

ZTN,l(ξ) = −
√

2

π

∫ 1
2

0
e−

ξ2

4τ

u110
N,l

(
1
2 − τ

)
√

2τ
dτ, ξ ∈ R.

Applying Theorem 3.3, we conclude that controls uρkγN,l = 1
2u

110
N,l solve the approx-

imate controllability problem for given system (2.5), (2.6). Moreover,

W T
N,l(x) =

1√
4 + x2

ZTN,l

(
1

2
x (|x|+ 6)

)
, x ∈ R,

and for ε, N , and l mentioned above, we get[]
W T −W T

N,l

[]1 ≤ E0ε,

where E0 is the constant from estimate (3.9). The graphs of uρkγN,l and W T
N,l see

in Figs. 4.1, 4.2.
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0
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100
2

100
3

100
4

100

α1

α2

α3

α4

t

(a) N = 3, l = 100,
α1 ≈ −119704.546455,
α2 ≈ 318558.179365,
α3 ≈ −282251.95269,
α4 ≈ 83317.88255.

0
1

400
4

400
3

400
4

400
5

400

β1

β2

β3

β4

β5

t

(b) N = 4, l = 400,
β1 ≈ −183378505.929335,
β2 ≈ 701420689.4293751,
β3 ≈ −1006324503.657385,
β4 ≈ 641835320.740755,
β5 ≈ −153553322.43498.

Fig. 4.1: The controls uρkγN,l .
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(a) 1© The given target state WT ; 2© The
function ZT = T̂−1WT .
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(b) The difference WT−WT
N,l in the cases:

1© N = 3, l = 100; 2© N = 3, l = 200;
3© N = 4, l = 150; 4© N = 4, l = 400.

Fig. 4.2: The influence of the controls u = uρkγN,l on the end state W T
N,l of the

solution to (2.5), (2.6).
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[29] Ş.S. Şener and M. Subaşi, On a Neumann boundary control in a parabolic system,
Bound. Value Probl. 2015 (2015), Art. No. 166.

[30] L. de Teresa and E. Zuazua, Approximate controllability of a semilinear heat equa-
tion in unbounded domains, Nonlinear Anal., 37 (1999), No. 8, 1059–1090.

[31] D.L. Russel, Controllability and stabilizability theory for linear partial differential
equations, SIAM Rev. 20 (1978),639–739.

[32] M.-M. Zhang, T.-Y. Xu and J.-X. Yin, Controllability properties of degenerate
pseudo-parabolic boundary control problems, Math. Control Relat. Fields 10 (2020),
No. 1, 157–169.

[33] E. Zuazua, Some problems and results on the controllability of partial differential
equations, Proceedings of the Second European Congress of Mathematics, Budapest,
July 1996, Progress in Mathematics, 169, Birkhäuser Verlag, Basel, 276–311.
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Проблеми керованостi для рiвняння
теплопровiдностi зi змiнними коефiцiєнтами на
пiвосi, керованого крайовою умовою Ноймана

Larissa Fardigola and Kateryna Khalina

У роботi дослiджено проблеми керованостi та наближеної керовано-
стi для керованої системи wt = 1

ρ (kwx)x + γw,
(√

k
ρwx

)∣∣∣
x=0

= u, x >
0, t ∈ (0, T ), де u є керуванням, u ∈ L∞(0, T ). Доведено, що жодний
початковий стан (крiм нульового) не може бути скерованим до нуля за
заданий час T > 0. Проте, кожний початковий стан керованої системи є
наближено керованим у будь-який цiльовий стан за заданий час T > 0.
Завдяки оператору перетворення, породженому параметрами рiвняння
ρ, k, γ основнi результати роботи одержано з їх аналогiв для випадку
сталих коефiцiєнтiв (ρ = k = 1, γ = 0). Застосування цього оператора є
ключовим моментом роботи. Результати проiлюстровано прикладами.

Ключовi слова: рiвняння теплопровiдностi, керованiсть, наближена
керованiсть
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