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Controllability Problems for the Heat
Equation with Variable Coefficients on a
Half-Axis Controlled by the Neumann
Boundary Condition

Larissa Fardigola and Kateryna Khalina

In the paper, the problems of controllability and approximate con-
trollability are studied for the control system w; = %(kwx)r + yw,

(o)l

It is proved that any initial state of the control system is not controllable
to the origin except the zero initial state in a given time 7" > 0. However,
each initial state of the control system is approximately controllable to any
target state in a given time 7" > 0. Due to transformation operator gener-
ated by the equation data p, k, 7y, the main results are obtained from their
analogues obtained earlier in the case of constant coefficients (p = k = 1,
~v = 0). Applying this operator is a focal point of the paper. The results are
illustrated by examples.

=u, x> 0,t € (0,T), where u is a control, u € L*(0,T).
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1. Introduction

Controllability problems for the heat equation were studied in a number of
papers (see, e.g. [1-5,10,11,14,15,17,19, 20, 24-33]). However, the number of
papers dealing with the heat equation in bounded domains is much more than
the number of papers dealing with the heat equation in unbounded domains (see,
e.g. [2,3,10,11,17,25-27,30, 31]). In particular, it seems these problems were
investigated for the heat equation with variable coefficients in the principal part
of the differential operator on unbounded domains only in [12].

The paper deals with the controllability problems for the heat equation with
variable coefficients on a half-axis controlled by the Neumann boundary condition.
Consider the following control system:

1
we = (kwa), + 7w, v € (0,+00), t € (0,T), (1.1)
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=, t e (0,7), (1.2)

(V5.

w(-,0) = w®, z € (0,+00). (1.3)

Here T > 0 is a constant; p, k, v, and w® are given functions; u € L°°(0,T) is a
control. We assume p, k € C1[0, +-00) are positive on [0, +00), (pk) € C?[0, +00),
(pk)’(0) = 0. Consider the even extensions of p, k, v. Since we reduce control
system (1.1)—(1.3) considered in [0, +00) x [0, T] to a control system considered in
R x [0,T], we denote these extensions by the same symbols p, k, -, respectively,
and always assume p, k, v are defined in R throughout the paper. Denote

ota) = [ VAR e 2R (1.4)

We assume
o(x) = 400 as x — 4o0. (1.5)

Put Qa(p, k) = V/E/p(Q1(p k) + (Q1(p, %)), Q1(p, k) = /k/p(kp)'/ (4kp). We

also assume

Qa(p, k) — 7 € L(0,+00) () C[0, +00) (1.6)
and

\/2(622(/), k) =)o € L'(0,+00). (1.7)

We consider control system (1.1)—(1.3) in modified Sobolev spaces (see Section
2).

We recall that (1.1)—(1.3) is null-controllable in a given time 7" > 0 if for any
initial state w’, we can find a control u € L®(0,7) such that the state of the
solution to the control system at ¢t = T satisfies the condition w(-,7") = 0. Also,
system (1.1)—(1.3) is approximately controllable to any target state in a given
time T > 0 if for each initial state w® and each neighbourhood of a target state
w’ there exists a control u € L>(0,T) such that the end state of the solution to
the control system (at ¢t = T') belongs to this neighbourhood of w’.

In [12], controllability problems for the heat equation with variable coefficients
on a half-axis controlled by the Dirichlet boundary condition are studied. The
general methods applied in the present paper are similar to those from paper
[12]. But for the case of the Neumann boundary condition, different spaces and
operators are used that caused different technique of proofs of main results.

Theorems 2.6 and 2.7 (see Section 2 below) are the main result of the paper. It
is proved that each initial state of the control system is approximately controllable
to any target state in a given time 7' > 0, i.e. for each initial state and each
neighbourhood of a target state, there exists a control u € L*°(0,7T") for which the
end state of the solution to the control system (at ¢ = T') is in this neighbourhood
(Theorem 2.7). In the case of constant coefficients (p = k = 1,7 = 0), the
result of this theorem has been obtained earlier in [11]. In the case of variable
coefficients, this result is similar to those of papers [6-9] for the wave equation
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with variable coefficients on a half-axis controlled either by the Dirichlet or by the
Neumann boundary condition. However, the methods for obtaining the results
are essentially different because of entirely different nature of the heat and wave
equations. They are compared below. In Theorem 2.6, it is proved that any
initial state of the control system cannot be targeted to the origin with the help
of a control u € L*>(0,T) except the case of the zero initial state; in other words,
it is proved that any non-zero initial state is not controllable to the origin. In
the case of constant coefficients (p = k = 1,y = 0), the result of this theorem has
been obtained earlier in [11]. The case of constant coefficients and the Dirichlet
boundary control was investigated in [10]. In [25], the null-controllability was
studied for the heat equation with constant coefficients on a half-axis controlled
by the Dirichlet boundary condition with a control of the class L?. To this
aid, the initial state of the problem was developed into the Fourier series with
respect to an orthogonal basis, which can be reduced, in fact, to the orthogonal
basis of Hermite functions in L?(0,+o00). The null-controllability problem was
reduced to a power-moment problem with coefficients determined by the Fourier
coefficients of the initial state, and conditions for solvability to this problem were
obtained in Theorem 3.1 of [25]. Thus the null-controllability or the lack of the
null-controllability can be established by analysing the growth of the Fourier
coefficients. In fact, the results on the lack of the null-controllability in [10, 11]
were obtained by using Theorem 3.1 of [25]. Note that the result on the lack
of the null-controllability seems to contradict to results of paper [20]. But the
null-controllability problems are different in [10,11] and [20]. The difference is in
the spaces where the problems were studied. In [20], initial sates of exponential
growth were admitted, but only square-integrable functions are considered in
[10,11]. The difference causes an essential distinction in the behaviour of solutions
to the heat equation in these two cases. Similar difference and its effect was also
discussed in [25].

Note that the results for the heat equation on a half-axis significantly differ
from those on a bounded interval because of essential difference between the
behaviour of differential operators considered in bounded or unbounded domains.
In particular, it is well-known that each initial state is controllable to the origin
for any T' > 0 for the heat equation controlled by the boundary condition on
a bounded interval (see, e.g. [31]) while each non-zero initial condition is not
controllable to the origin for this equation on a half-axis [10,11,25].

To study control system (1.1)—(1.3), we use a transformation operator and
modified Sobolev spaces, which are associated with the equation data (p, k,~),
introduced and studied in [6-9]. Indeed, these operator and spaces are main tools
in the study of this system. Note that applying a similar transformation operator
and similar modified Sobolev spaces, which are associated with the equation data
(p, k,v), controllability problems for equation (1.1) controlled by the Dirichlet
boundary condition were investigated in [12].

For s = —1,0, 1, the space H? is the space of the Sobolev type constructed by
analogy with the classical Sobolev space H®* = H*(R). Namely in the space H?,
the basic space L?(R) and the derivative d/dz are replaced by the space Lf,(]R) of
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functions square-integrable with the weight p and the linearly deformed derivative
D,r = ad/dx + 3, where a and 8 are determined by p and k, s = —1,0,1. The
subspace of the even functions (dlstrlbutlons, see the definitions on pp. 620, 622)
in H* (or H *) is denoted by He (or H %), s = —1,0,1. The transformation operator
T:H ! - H! together with the spaces Hs s = —1,0,1, introduced and studied
in [6-9], allows to extend the controllability results obtained earlier in the case of
constant coefficients (p =k=1~v= 0) to the case of variable coefficients p, k, .
The definitions of 'JI‘ ]HIS and H* are given below in Section 2.

The operator T is a continuous one-to-one mapping between the spaces Hs
and He. Moreover, it is one-to-one mapping between the set of the solutions
o (1.1)~(1.3) with constant coefficients (p = k = 1, v = 0) where u = !0 €
L*>°(0,T) and the set of the solutions to this problem with variable coefficients
p, k,y where u = u?*" € L>°(0,T) (see below Theorems 3.3 and 3.6). Note that
w9 and w7 are different generally speaking. The proofs of the main results of
the paper are based on Theorems 3.3 and 3.6 proved in Section 3. The control
system with variable coefficients p, k,y replicates the controllability properties of
the control system with constant coefficients (p = k = 1, v = 0) and vice versa.

The last result also holds true for the wave equation on a half-axis [6—9]. But
the proofs are essentially different for the cases of the wave and heat equations.
Applying the operator T~ to a solution to the equation with variable coefficients
p,k,v and a control u = uP*7 € L>(0,T), we obtain a solution to the equation
with the constant coefficients p = k = 1, vy = 0 and a control u = u''® € L>(0,T)

different from the control u”*7. To find and to estimate the control u!'?, we have
to solve an integral equation of the form
WMoy / Pt - ull(€)dg, te[0,T) (1.8)

In the case of the wave equation, it has been proved that f and P are bounded

n [0,7] [6-9]. Therefore, the integral operator in the right-hand side of (1.8)
is of the Hilbert—Schmidt type. Hence, the Fredholm alternative together with
the generalized Gronwall theorem can be applied to solve (1.8) in L?(0,T) and
estimate the solution u!'Y in L°°(0,T) when we deal with the wave equation [6-9].
In the case of the heat equation, it has been proved that f and mP are bounded

n [0,7] (hence, P(§) = O(1//€) as & — 01) [12]. That is why the integral
operator in the right-hand side of (1.8) is not of the Hilbert—Schmidt type, and
the Fredholm alternative is not applicable in the general case. The Banach fixed-
point theorem is also not applicable in general case. That is why the method
of successive approximations has been used to construct a solution to (1.8) on
[0,7]. Then the Banach fixed-point theorem has been applied in L?-space on
small intervals to prove the uniqueness of the solution [12]. This result is recalled
in Lemma 3.5 below.

Since the control system with variable coefficients p, k,y replicates the con-
trollability properties of the control system with constant coefficients (p = k = 1,
~v = 0), we obtain the controllability properties of the first control system/\from
the controllability properties of the second one by applying the operator T, i.e.
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we obtain Theorems 2.6 and 2.7 by applying Theorems 3.3 and 3.6 in Section 2.
The obtained results are illustrated by examples in Section 4.

2. Spaces, operators, and main results

Let us give definitions of the spaces used in the paper.

Let Q = (0,400) or = R. Let D(€2) be the space of infinitely differentiable
functions whose support is compact and is contained in 2. For ¢ € L%OC(Q) we
consider ¢’ € D'(Q).

By HP, p = 0,1, denote the Sobolev spaces:

H°=L*R), H'={peLl*R)|¢ €L*R)}

P 2 1/2
ol = (7;) (2) (el ) pem

and H? = (HP)" with the norm associated with the strong topology of the
adjoint space. We have H = L*(R) = (HO)*. By (f, ), denote the value of a
distribution f € H~P on a test function ¢ € H?, p =0, 1.

A distribution f € H™? is said to be even if (f,(-)) = (f,o(— (")), ¢ €
HP p=0,1.

By q !, denote the subspace of all even distributions in H', I = —1,0,1. It is
easy to see that H! is a closed subspace of H!, | = —1,0, 1.

Let ¢ € L _(€2). We define the derivative D, by the rule

loc
k
Dok = P + Q1(p, k).

If, in addition, Dyrp € LE () and (D) € L (Q) (the derivative (-)’ is
considered in D’(Q2)), we can consider Dzkgp. Then ¢"” € D'(Q) and

with the norm

1
D2y = ;(/w')/ + Qa(p, k).
Obviously, Dl = oM if p=k=1,m=0,1.
Denote
Lp(Q) = {f € Lio(Q) | Vof € L* ()}

with the norm
1/2
300 = otz = [ 15 @Poeras) . 1 e 2200

o
For p = 0,1, consider also the spaces HP:

H° = L2(0,+00), H'={pe L2(0,+00) | Dy € L2(0,+00) and ¢(07) = 0}
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with the norm

» 1/2
o p m 2 :
Jol? =(Z (2) (qukmg(o,m)) L pelp

m=0

and the dual space H™P = (Hp> with the norm associated with the strong
topology of the adjoint space. Evidently, H = L%(O, +o0) = <HO> . By {(g,¢))°,
denote the value of a distribution ¢ € H™P on a test function ¢ € HP, p = 0, 1.

In particular, we have

(000 = 0Pz = | s@lolelole)do, g, p e B,

Put . .
<<Dpk:f7 90>>O = - <<f7 ]:D)pkso»o ) f € H07 pe Hl'
For p = 0,1, consider also the modified Sobolev spaces HP introduced and
studied in [7-9]:
H° =L2(R), H'={pecL:(R)|DyuypecLi(R)}

with the norm

» o\ 2
Jel? = (Z <f;> (HDZLS"HL%(R)> ) , peHP, p=0,1,

m=0

and the dual space H™? = (HP)" with the norm associated with the strong topol-
ogy of the adjoint space. By ((f, ¢)), denote the value of a distribution f € H™P
on a test function ¢ € HP, p = 0, 1. Evidently, H? = LIQJ(R) = (HO)* and

() = oy = [ f@p@pa)ds, R, e

Put
<<]Dpkf7 <P>> - = <<f7 Dpk@» ) f € Hoa ZBS Hl-

For p = k = 1, we have H™ = H™  m = —1,0,1. In [7], it has been proved
that H™ C H" is dense continuous embedding, —1 < n < m < 1, and D C
HP C H? C D’ are dense continuous embeddings, p = 0,1, where D = D(R).
However, the relation between the Schwartz space § and HP essentially depends
on p and k. For example, if p = k then

pell & /ppe H, p=-1,0,1.
If p(z) = k(x) = coshz, x € R, then

S¢HP and HP¢§8, p=0,1.
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If p(x) = k(x) = sechz, x € R, then
SCHP and HPcCS8, p=0,1.
A distribution f € H™? is said to be even if ((f,¢("))) = ((f,o(— (-)))), ¢ €

HP p=0,1.
By H?, denote the subspace of all even distributions (or functions) in H*, s =

o ~
—1,0, 1. The even extension of a function from H* belongs to H*, s = 0,1 (see [9]).
~ o
The restriction of a function from H to [0, +00) belongs to H°. However, there
-~ o
exist functions from H! whose restrictions do not belong to H!. Therefore, there

o A~
exist distributions from H~! which cannot be extended to the space H!. But due
to the following important theorem proved in [8, Theorem 3.12], the distribution

(o] o
generated by the derivative Dzk f+ € H™! of a function f, € H! can be extended
to the space M.

Theorem 2.1. Let f € H', p € H! and f be the even extension of fi. If

(Dpr.f+) (07) € R, then the distribution ]D)f,kf+ € H™! can be extended to the even
distribution F € H™! such that

(F, o) = (Dprf,9)) + 2¢/ (oK) (0) (Dprf1) (0F)¢(0).

Put
q = Qa(p, k) — . (2.1)
Due to (1.6), ¢ € L°°(0,4+0o0) N C[0,+00). Note that ¢ is defined in R and ¢ €
C(—00,0] U CH0, +00), but ¢ may have a jump atx—O

We will use the transformatlon operator T = ST CH 1 5 Hto investigate
controllability problems for system (1.1)—(1.3). The operators S and T, have
been introduced and studied in [8,9]. A description and some properties of the
operators S and ’i‘r are given in Section 3.

Theorem 2.2 ([8,9]). The following assertions hold.

(i)  The operator T is an isomorphism of H™ and ]ﬁlm, m=—1,0,1.

(i) T6 = &/ (pk)(0)s.
(i) Ifge H' and ¢'(0%) € R, then (Dpkﬁ‘g> (0+) € R and
N R R 2
(O — ) By — 2/ GRI0) (D) 0715 = F gz - 24075,
(iv) If f € H and (D,if) (0F) € R, then (’Tr—l f)/ (0%) € R and
@ - Y
gt -2(T7) )
:Tﬂ((mpk—q) — 23/(pk)(0) (D i f) (07)5 )

Here 0 is the Dirac distribution at the point xg = 0.
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2.1. Main results. Consider control system (1.1)—(1.3). We suppose that

(i

7 )p [0, 7] — Hl » p=0,1; 0 € Hl One can easily see that equation
(1.1

) can be rewritten in the form
wy = D%kw —qw, te(0,7), (2.2)
and condition (1.2) is equivalent to the condition

(Dpw) (0,) =u, te(0,T). (2.3)

Let w? € H'. Consider the steering condition for system (1.1)—(1.3)

w(-,T) =w’, x€(0,+00). (2.4)

Let w(-,t),w’ € ]ﬁll and let W (-,t), W° be their even extensions with respect
to x, respectively, t € [0,T]. Let g be defined by (2.1). If w is a solution to
control system (1.1)—(1.3), then using Theorem 2.1 and taking into account (2.2)
and (2.3), we conclude that W is a solution to the system

Wy = D2 W — qW — 2+/(pk)(0)ud, in R x (0,7), (2.5)
W(,0)=WwW?° in R, (2.6)

where (%)ZW : [0,T]) — ﬁ1—217 1=0,1, W0 e ]ﬁll, 0 is the Dirac distribution
with respect to x. Let W (-,¢), W° € H' and let w(-,t),w° be their restrictions to
(0, +00) with respect to z, respectively, t € [0, 7). If W is a solution to control

system (2.5), (2.6), then due to Corollary 3.4 (see Section 3 below),
Dprw) (0,) = (DyW) (0F,) =u  a.e. on (0,7T). (2.7)

Hence, w is a solution to control system (1.1)—(1.3).

Let w” € ﬁl and let W7 € H! be its even extension with respect to . It is
easy to see that w(-,T) = w’ iff W(-,T) = W7,

Thus, control systems (1.1)—(1.3) and (2.5), (2.6) are equivalent. Taking into
account this equivalence, we will further consider system (2.5), (2.6).

Let T > 0, W° € H!. By R4"(W?), denote the set of all states WT e H*
for which there exists a control u”*Y € L>°(0,T) such that there exists a unique
solution W to (2.5), (2.6) with u = u?*Y and W (-, T) = WT.

Definition 2.3. A state W0 € H! is said to be controllable to a state W7
H! with respect to system (2.5), (2.6) in a given time T' > 0 if W7 € RPTM(WO).

In other words, a state W° & H! is controllable to a state W7 € H! with
respect to system (2.5), (2.6) in a given time 7" > 0 if there exists a control
uP?Y € L>°(0,T) such that there exists a unique solution W to (2.5), (2.6) with
u=uPk and W(-,T) = WT.
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Definition 2.4. A state W0 € H! is said to be approximately controllable
to a state W1 € H! with respect to system (2.5), (2.6) in a given time T' > 0 if

WT € RE¥(W0), where the closure is considered in the space H'.

In other words, a state WO e H! is approximately controllable to a state
WT € H' with respect to system (2.5), (2.6) in a given time 7' > 0 if for each ¢ >

0, there exists a control u2®’ € L>(0,T) such that there exists a unique solution

W. to (2.5), (2.6) with u = u2 and [W.(-,T) - WT[' <e.

Thus, the main goal of the paper is to investigate whether the state W9 is
controllable (approximately controllable) to a target state W7 with respect to
system (2.5), (2.6) in a given time T.

To this aid, consider the control system with the simplest heat operator (sys-
tem (2.5), (2.6) with p=k =1, v=0):

Zy = Zee — 2ud, in R x (0,7), (2.8)
Z(-,0) = 2° in R, (2.9)

where u € L>(0,T) is a control, u = u!'0, (%)l Z:00,T] — IT[1*21, 1=0,1,2%¢

H'. Let ZT € H'. Consider also the steering condition for this system:
Z(-,T)=2T, mnR.

Control system (2.8), (2.9) has been investigated in [11]. In particular, it has
been proved therein that

Zy(0%,:)=u, a.e. on (0,7T). (2.10)

Using Theorems 3.3 and 3.6 (see Section 3 below), we obtain the following
theorem.

Theorem 2.5. Let T > 0, WO ¢ }ﬁll, wT e ]ﬁll, AR T_IWO, AN

T-'WT. Then

() R (W) =T (R (2°)).

(ii) A state Z° is controllable to a state ZT with respect to system (2.8), (2.9)
in a time T iff a state WO is controllable to a state WT with respect to
system (2.5), (2.6) in this time T.

(iii) A state Z° is approzimately controllable to a state ZT with respect to system

(2.8), (2.9) in a time T iff a state WO is approzimately controllable to a
state W with respect to system (2.5), (2.6) in this time T.

Thus, control system (2.5), (2.6) with a general heat operator replicates the
controllability properties of control system (2.8), (2.9) with the simplest heat
operator and vice versa.

The main results of the paper are the following two theorems.

Theorem 2.6. If a state W0 € H! is controllable to the origin with respect
to system (2.5), (2.6) in a time T > 0, then WY = 0.
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The lack of null-controllability means the lack of controls of the class L>°(0,T")
for which the solution W to system (2.5), (2.6) hits the origin at t = T (i.e.

satisfies the condition W (-,T') = 0) except the case of the zero initial condition
(W0 =0).

Theorem 2.7. Each state W° € H! is approximately controllable to any
target state WT € H' with respect to system (2.5), (2.6) in a given time T > 0.

In other words, Theorem 2.7 asserts that for each initial state W° & i
and each neighbourhood of a target state W7 & ]ﬁ[l, there exists a control u €
L>(0,T) such that the end state W(-,T') of the solution W to control system
(2.5), (2.6) belongs to the neighbourhood of W7

In the case p = k = 1, v = 0 these theorems have been proved in [11]. By
using Theorem 2.5, we obtain Theorems 2.6 and 2.7.

Taking into account the algorithm given in [11, Section 7], one can construct
piecewise constant controls solving the approximate controllability problem for
system (2.8), (2.9). Hence, using Theorem 3.3, one can obtain controls solving
the approximate controllability problem for system (2.5), (2.6) (see Section 3
below).

3. The transformation operator T and it’s application to a con-
trol system

In this section, we recall some properties of the operator T and apply it to
control system (2.5), (2. ) We have T=ST,: H !> H
The operator S : H~' — H~! has been introduced and studied in [8,9].
Theorem 3.1 ([8,9]). The following assertions hold.
(i) The operator S is an isometric isomorphism of H™ and H™, m = —1,0,1;
(i) DSy =S%y, e H™, m=0,1;
(lll) <<f7 90>> = <Silf7 Silgo>7 f € Himy (ZBS Hm7 m = 07 1;.
(iv) S = /(pk)(0)d.

In particular, we have

Yoo
ok’

where 1) o 0 = (o (x)), o is defined by (1.4). It follows from (1.4), (1.5) that o
is an odd increasing invertible function and o(x) — 00 as © — Fo00.
Put

r(\) = (g007) () = ((Q2(p, k) =7) 007 1) (), A€ [0, +00). (3.1)

Due to (1.6) and (1.7), we have

Sip = beH®, and S7lp=— (W@) ool e,

r € L>®(0,400) N CH0, +00) and M€ LY(0,+00). (3.2)
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Consider the operator ’i‘r : H-! — H~1. This operator is the extension to H!
of the well-known transformation operator of the Sturm—Liouville problem (see,
e.g. [23, Chap. 3]). The complete description of the extension and its application
to the wave equation with variable coefficients have been given in [8,9,21].

Theorem 3.2 ([8,9]). The following assertions hold.
(i)  The operator T, is an automorphism of ﬁm, m=—1,0,1.

~ _~ /
(i) Ifge H' and ¢(0%) € R, then <Trg) (0*) € R and

(d2 _r) T,g—2(Tg) (095 = F < 9 ’(0+)5>
a2 rg rg = 1r d§2g g .
(i) If f € H' and f/(07) € R, then (T;l f)/(0+) € R and

d? ~ R / R d? ,
gl - (T717) (0h)s =T ((W - ) f-2f <0+>6> -

(iv) T,6=34.

In particular, we have

(Bo) W =9+ [ KLOa©k,  AcR g
(T ) ©@=s@+ [ Hans0n cer g

where, according to [23, Chap. 3], the kernel K € C?(f2) is a unique solution to
the system

Kyiyy = Kyoy, = 1(y1) K, in €,
1 oo
K(yi,m) = 2/ r(&)d¢, v >0, 53)
Y1
Jdim Ky ()= lim Ky (y00) =0, in©,

Q = {(y1,92) € R? | y2 > y1 > 0}, and the kernel L € C?(Q) is determined by
the following equation

Y2
L(y1,y2) + K(y1,92) +/ L(y1,§)K(§,y2)dE = 0, in Q. (3.4)
Y1

We also need the following estimates proved in [23, Chap. 3|:

+ |

1K (y1,2)| < Moo (yl 5 y2> , in Q, (3.5)
1 + + .

Kbl < e (252) [+ 0000 (P52), me o)
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where My > 0, M7 > 0 are constants, and
(o]
o) = [ I, = >0, (37)
X
In the following theorems, the application of the transformation operator T

to a control system is considered.

Theorem 3.3. Let Z be a solution to (2.8), (2.9) with u = u'1?, where u!'® €
L=(0,T), 2° € H'. Let W(-,t) = (’Trz) (1), t € [0,T], WO =TZ°. Then W is

a solution to system (2.5), (2.6) with the control u = uP*?,

ky 1 110 IE x
WO = s ( / Ky, (0,2)Z(, t)dx

1
- 52070 o). tebT, G
where K is a solution to (3.3), r is defined by (3.1). Besides, (2.7) holds and

UW('7t)|:|1 é EO”Z('at)Hlv t e [OaT]a (39)
1
[ || oo 0.7y < Go(T)[|[u**|| oo 0.7y + B || 2° (3.10)

where By > 0 and Ey > 0 are constants independent of T,

Go(T) = — (k)()< (T +3) <2V \/R0+M2R+JO ))
p

M, is the constant from (3.6), oo is defined by (3.7), and

e 1
R= [T €@ Ro= gl (3.11)

Proof. The first part of this theorem is proved similarly to the first part of the
corresponding theorem in [8,9] ( [8, Theorem 6.12], [9, Theorem 4.2]). Applying
Theorem 2.2 (iii), we obtain the first assertion of the theorem.

Taking into account Theorem 3.1 (ii), (2.10), (3.3), and (3.8) we obtain

D) (07, 1) = (DiT7) (0%,1) = § (Tz) (0", 1) = Z,(0%¢)

1
vV (pk)(0) (
- /OO Ky, (0,2)Z(x,t)dx — K(0, o)Z(0+,t)> =uPM(t), tel0,T)].
0
Thus, (2.7) is valid.

It follows from Theorem 2.2 (i) that there exists a constant Ey > 0 such that
(3.9) holds.
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To complete the proof, it remains to prove (3.10). Due to (3.6), we obtain
from (3.8)

1
Up gl oo < —_— Ullo S
[w” [ Leo 0,y < R0 ( | oo 0,1

e IO\// +M1(,0 (2)2dx+;go(0)}z(0+,t)) , t€[0,T).

Since [ Z(, )l < 1Z(- )II* (

[16, Chap. 1]), t € [0,T], we get from here that

1
uPY || oo §<u10 (o) + 1 Z(- Rooo(0) + Mia(0)R
I lieto) < e (10t lleio) + 120 )My oo (0 0(0)

+ ;00(0)|Z(0+,t)|> : (3.12)

For Z € H' we have Z(0T,1) rf Z)(o,t)do, t € [0,T], where F : H® —

HY is the Fourier transform operator, and H’HI =H, H = {feH | (1+
o2 f € HOY, IIfll = (1 + [o)Y2f]°

, f € Hp (see, e.g. [16, Chap. 1]).
Hence,
do
Z(0", 1) / V14 02(FZ)(o,t)
12 Sy
1 do 1
< ——|(F2)(-,t — = —||Z(-,t)|', telo,T). 3.13
< lTDC0I| [ = Szl teb Tl (33

Substituting (3.13) into (3.12), we get

1 < 110
T Hu ”L°° 0,T
Y/ (pk)(0) o0

+ 12, ||1<\/T\/7 >> te0,7]. (3.14)

Using formula (13) from [11], we have

(FZ2)(0,t) = e T HFZO) (o \/>/ —=907% 1106)de, g e R, te0,T).

It is easy to obtain from here

HUPMHLOO(O,T) <

2(I'+3
12601 = 1E2) 0l < 520, + 2D o
1 2(T'+3
20+ 2 oy 0T 39
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Substituting (3.15) into (3.14), we get

1 L 2T +3)
upk’y - S - ( ullO - + < ZO 4= Y ullO - >
[u”™ [ Loo 0.1y < 3I0 [ Loo o,y + ( [|2°]] NG [u" ™ Lo 0,1)
00(0))>
X 0)(Ro + MZR) + :
(VootorRo+ 370 + 22
The theorem is proved. O

Corollary 3.4. Let W be a solution to (2.5), (2.6) with u = uP*, where
WY e H' and uw € L>(0,T). Then (DyW) (0T,) = u a.e. on [0,T], i.e. (2.7)
holds.

Proof. Put Z(-,t) = (r/ﬂ\‘_lW) (.t), t € [0,T] and apply the operator T~ to
(2.5). Due to Theorem 2.2 (iv), we obtain

Zi(-t) = Zee (-, 1) — 2Z,(07, )0
+2/(pk)(0 ( D, W) (07, 1) — uP’W(t)) T-15, te[0,T).

Using Theorem 2.2 (ii), we get

Zy(,t) = Zee(, ) — 2 (Z,(0F, t)
— /(o) (0) (D W) (0F, 1) + +/ (k) (0)ur™ (¢ ) t €10, 7).

Thus, Z is a solution to system (2.8), (2.9) with Z° = T-'WO and with the
control u = u'?

ul%(t) = Zo (07, 1) — v/ (pk)(0) (D W) (07, 8) + 3/ (pk) (0)u™ 7 (£), ¢ € [0,77.
Due to (2.10), we get (D, W) (07, ¢) = u?(t), t € [0,T). O
To prove the next theorem, we need the following lemma proved in [12].

Lemma 3.5. Let

FOI<No and |P()] < L. te(0,T],

where Ny > 0 and N1 > 0 are constants. Then there exists a unique solution v €
L>(0,T) to equation

v(t) = f(t) —1—/0 v(&)P(t—¢&)de, tel0,T], (3.16)

T
[[v]| Lo 0,7y < No (1 + 2N1\/;eN12T> . (3.17)

and
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Theorem 3.6. Let W be a solution to (2.5), (2.6) with u = u*Y, where
wr e L(0,T), WO € H'. Let Z(-t) = (if—lw) (1), t € [0,T], 2° =
T-'WO. Then Z is a solution to system (2.8), (2.9) with the control u = u!1,

W196) = YR + 5 VEOW ") [ (s
—i—/OOOLyl(O,m)(S_1W)(x,t)dm, te 0,77, (3.18)

where L is determined by (3.4), r is defined by (3.1). In addition,

HZ(')t)Hl < Ey HW('at)”lv te [OvTL (319)
1
'] o 0,7y < G1(T) <HUPMHL°°(0,T) + E3 [|[W°]] ) , (3.20)

where By > 0 and FE3 > 0 are constants independent of T,

Gy (T) _ 4 (pk)(0)6(00(0)+2M1R)2T (1 + 2\/?(00(0) + 2M1R)> ,

M, is the constant from (3.6), oo is defined by (3.7), R is defined by (3.11).

Proof. Applying Theorem 2.2 (see 2.2 (i), 2.2 (iv)), and Corollary 3.4 we
obtain (3.18) and (3.19). Let us prove (3.20). From (3.18), it follows that

W190) = YR () + 5 (T,2) 070 [ sl
+ [T Ln0.0) (1:2) @.00de = YEROW @) + 52000 [
1 o0 [o¢] (o]
+2/0 r(u)du/o K(0,2)Z(x,t)dz +/0 Ly (0,2)Z(z,t)dx
+/0 Z(Jc,t)/0 L, (0,§)K (& x)dédx, te€[0,T).
By differentiating (3.4) with respect to y1, we get
—Ky,(0,2) = Ly, (0,x) + %K(O,x) /OOO r(p)dp + /Ox Ly, (0,§)K (& x)dg, x> 0.
Therefore,
W190) = YR () + 5200 ) [ (s

/ Ky, (0,2)Z(x,t)dz, te[0,T].

(In fact, it is relation (3.8) from Theorem 3.3.)
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Using formula (15) (for solution to (2.8), (2.9)) from [11], we have

2
4(t €)
Z(wt) = & *ZO \[/ 110(¢) £ = g)dg, z€R, tel0,T]

Thus, we obtain

W9(0) = YR 0 + 5 [~ [ m (o)
1 [ ul1o(e P
“37 r(p)d /0 dg / (\/R s Zo(x)) dx

2 [~ N ) 5
+\/;/0 Kyl(o,x)/o ul (f)md{daj, t €0,T]. (3.21)

7(6) = YR Ou (1) + /Ooorwdu / L )

a /Oo Kyl(oax) - *ZO($) dz, te[0,7], (3.22)
0

P(t) = \/% (/OOO K, (0, 2)e % do — % /Ooor(u)du> , Le[0,T]. (3.23)

Then (3.21) takes the form (3.16). Let us estimate f and P. We have

/ T te? (F2°) (0)do

X e x 1
——Z%z)dz| = —
/oo 47t (z) \ 21

3 0 do
‘F/ Vit |52 (o) A

THEZOHM/ 1+02 \fHZOH telf0,T]. (3.24)

According to (3.6), we get

(HKyl(O, ~)HL2(0.+OO))2 < % /OOO r2 (g) dz + M2 /OOO o2 (g) dz

< 209(0) (Ro + M{R), (3.25)

where Ry is defined by (3.11). We also have

0
= e gz < 2| = |29 < 2]

_0?
e 4t

x 70
VAt

€ [0,7]. (3.26)
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Due to (3.25) and (3.26), we obtain

22 ()? 0
e 4 0 1 e it 0
‘/ < 4ﬂ-t x / ( )) dx S ﬁ HKZ/1(07 ')HLQ(O,-FOO) ﬁ * /
1
< \f\/200(0) (Ro+ M2R) || 2°)|
= /ou(0) (Ro + MER) | 2%, t<[0.7). (3.27)

With regard to (3.24), (3.27), and (3.19) we get
(O] < (k) (O) [ || oo 0,7y + 5= \[

+1/00(0) (Ro + M?R) HZOH

< Vv (pk)(0 ||Upk7HL°°(0 T)

(%

Taking into account (3.6), we obtain

e () [ ) )
- ‘W\/%]‘“E, te[0,7). (3.29)

Using (3.28) and (3.29) and applying Lemma 3.5, we conclude that there exists
a unique solution to equation (3.16) (and, consequently, (3.21)). Moreover, using
(3.17), we have

T 2
[0l Lo 0,1y < <1 +2(00(0) + 2M1 R) \/>> o (00(0)+2M1 R)*T
(\/PTHUP N ze(0.1) +E2< o0(0 R0+M12R)> Uwoﬂl)_

The theorem is proved. O

(0) | 2°]

o0(0 R0+M2R)>UWOU1, te[0,T]. (3.28)

Due to Theorems 3.3 and 3.6, the operator T is not only a continuous one-
to-one mapping between the spaces H and H* (see Theorem 2.2) but also is
one-to-one mapping between the set of the solutions to (1.1)—(1.3) with constant
coefficients (p = k = 1, v = 0) where u = u!'!® € L>(0,T) and the set of
the solutions to this problem with variable coefficients p, k,y where u = uP*7 €
L>(0,T). Note that «''? and uP*" are different generally speaking.

In [11, Section 7], piecewise constant controls u}\}?, N,l € N, solving the ap-
proximate controllability problem for system (2.8), (27.9), have been constructed.
Moreover, the solution to this system with the controls u}\}(l) has been obtained:

2

e 4t

W Z°()

ZN,l(fa t) =
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3 [ eullt—7)
—\/>/€4‘rN’ldT, N,leN, £€R, te[0,T).
TFO V2T

In addition, it has been proved that
|1ZT — Zny( TP =0 as N — oo and | — cc.

Therefore, according to Theorem 3.3, the controls

pky _ 1 110 r
W0 = s | W0+ 0/ K (0,€) Za (€, 1)dé
—éZWmﬂﬂ/MQ% . te[0,T], NEN, [N
0

solve the approximate controllability problem for system (2.5), (2.6) with u =
u'jof;’ In addition, uf\ﬁ € L*>(0,T) due to Theorem 3.3. Moreover, Wy ,(-,t) =
TZN,I(’at)7 te [07T]7 and

HWT—WN,Z(-,T)HI%O as N — oo and | — oo.

4. Examples
Example 4.1. Consider system (1.1)—(1.3) with

(1 + 2|z|) coshz 12 coshx
k(x) = — o
(@) P pla) = g
(14 2|z|) tanh |z| (1 + 2|z])? 1 1
- - R.
(=) 36 144 coshZz) a2 S
We have
(14 2|z|) tanh |z| =~ (1 + 2|z|)? 1
k) = 1
1
- O . — R.

Due to (1.4), we get

1
o(z) =sgnzn(1+42z))*, zeR, and o '(\) = gsgn)\ (e%‘ - 1) , AeR.

|z
Let us consider system (2.8), (2.9) with Z%(z) = e~ 2 and with the steering
2|z|-T

condition ZT(z) =e~~ ¢ , z € R. Evidently,

2|z|—t

Z(x,t)=e 1 , xzeR, te|0,T],
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is the unique solution to this system and the state Z° is controllable to the state
ZT with respect to system (2.8), (2.9) in the time T with the control

WMO(t) = ——et, tel0,T].

N | =

Now consider system (2.5), (2.6) with the given ¢q. According to Theorem 2.5
(ii), the state WO = TZ0 is controllable to the state W7 = TZ7 with respect to
system (2.5), (2.6) in the time T. Moreover, due to Theorem 3.3, a control u”*”
solving controllability problem for system (2.5), (2.6) is defined by (3.8).

Let us find WO W7 and uP* explicitly. Due to (3.1),

1
r(A) =qoo !t = Ze_’\, A>0.

The kernel of the transformation operator T, has been found in [6,21] for this r.

We have
_v ( _w v
_wuitye Iq e 2 e 2 —e 2
e 2
4 \/_yl(_yl _ﬂ) ’
e 2 (e 2 —e 2

where [, is the modified Bessel function, n = 0, co.
It is well-known (see, e.g. [18, 9.6.28]) that

K(y1,y2) =

(y " In(y) =y " Ins1(y) and (y"In(y)) = y"Lio1(y), y >0, n€N. (4.2)

Due to the first of these formulae with n = 1, we obtain

_v [ ¥ _v2
I1<\/e 2(6 2 —e 2))
1 7y142ry2

Ky (y1,92) = —3°
\/ _L1< u _L2>
e 2 e 2 —e 2




Controllability Problems for the Heat Equation with Variable Coefficients 635

Taking into account (3.8), we get

t

ed 00 Il ( 1 —6_%)
PRy () — _ -z d
uP(t) Wi 5—1—/0 e - x

1 [ ; 1
+/ e—WQ( 1—6_5) <1+ z)dw , te[o,T].
2 0 1—e 2

Substituting y for /1 — e~ % and then integrating the first integral by parts, we
get

u () = 8\} (544 - [ (307 ety v
= —86\;5 <1 +8/01ylg(y) dy+2/01 Iz?jy) dy — 2/01y312(y) dy) :

With regard to (4.2), we obtain

t

u () = —;75 (1+80(1) + 20 (1) — 1 — 2I3(1))
- 4‘3\/5 (I;(1) = 5L,(1)), e [0,T]. (4.3)

According to the definition of the operator ’T, we have

(’T‘TZ(-, t)) (sgna:ln (1+ 2|x])3>
V2 cosha

Due to the definition of the operator 'i‘r, we obtain

(Trz) Mt) = e

_x e A _z
oo e Iq e 2 (e2 —e 2
€ 2 _2x—t
+ e 1 dr, NeR, t€[0,T].
w4 \/ _ Al ( _IAl ,g)
e 2 (e72 —e 2

[ BY

Replacing \/6_2 (6_7 - %) by y in the integral, we get

W(z,t) = (siz) (z,) = ,z€R, te0,T].

Al

e 2 B
(TTZ) (A1) = e e * e / (e — ) (y)dy = e
0

et (21 (e—%) - e—%) —2ein <e—%) . AER, te[0,T]. (4.4)

+
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Thus,
Wz, t) = ei 2 I (67%1n(1+2|$‘)3)
’ V cosh z
t 2 1
=e4 1 R, t T].
" Viooshz ((1+2lx!)3/2> e e
Hence,
2 1
Wo(x) = I R 4.5
(33) cosh z 1 <(1 N 2’1“)3/2) ; T € K, ( )

= I R. 4.
Wi(z) = es V coshz ! <(1+2|x])3/2>  BE (4.6)

Thus, the initial state W0 defined by (4.5) is controllable to the steering state
WT defined by (4.6) with respect to system (2.5), (2.6) in the time 7' by the
control (4.3).

Example 4.2. Let

12 — |z3
(3 + [=[)3(4 + 22)*’

_ 4+ 12

i cR.
3+ |z v

k(x) pla) = (4+2%)B+z)), ~(x)=

Consider approximate controllability problem for system (1.1)—(1.3), (2.4), where
T=1/2,w’ =0, u=u"™, and

x(|x| + 6)6_ = (zl+6)” 1

1
———=cosh —— ,
V4 + 22 22T

wl'(z) = z eR.

It is easy to see that

12 — |z
(3 + [=[)3(4 +22)*’

Therefore, q(x) = Q2(p, k) — y(x) = 0 in R. We obtain

1
U(x):§x(]a:\+6), z €R, and 0_1()\):sgn)\<\/2]/\]—i—9—3>7 A CR.

We have W0 = w® and W7 = w” in R. Consider control system (2.5), (2.6) with
g=0, WY =0, and with the steering condition

1 6) _22(cl+6)?
W (2. T) = W (@) = = cosh mﬂx'f -t

Let us investigate whether the state W is approximately controllable to a target
state W7 with respect to system (2.5), (2.6) in the time 7' = 1/2.

z € R.
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According to (3.1), r = 0 in R. Hence, T, = Id, and the transformation
operator T takes the form T = S. Denote

Z('at) = (ﬁ_lw) (at) = (S_IW) ('at)a le [Oa 1/2]a
20 =T W =s'w°, ZT=T"'wT=s"'wT.

Due to Theorem 3.6, Z is the solution to system (2.8), (2.9) with
u = ul' = {/(pk)(0)u* = 2057, 79 =0,

and with the steering condition

2 1

Z(,T) = Z7(€) = coshée~F 1, ¢ eR.

Controllability problems for this system have been considered in Example 4 in
[11]. Controls solving the approximate controllability problem for system (2.8),
(2.9) have been found in the form

N
0 N
N =)0,
p=0
where Ué\fl € R is a constant, p = 0, N, [ depends on N, N € N. The end states
Z}Gl such that

Ve>03INeNIeN |27-2%) <e

have been found in the form

1
5—T
AS \f/ N 2T )dT, 33

Applying Theorem 3.3, we conclude that controls uf\, lu]l\}? solve the approx-

imate controllability problem for given system (2.5), (2.6). Moreover,

1
—7z7
/74_1_3: N,

and for €, N, and | mentioned above, we get

1
W (2) = ( 2 (a +6>) zER,
[WT - Wk [ < Ee,

where Fj is the constant from estimate (3.9). The graphs of uf\lfz’ and ng see
in Figs. 4.1, 4.2.
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A A
o —_— %:::::@,,,
| | 4 | ‘ | :
| | LUl sl 4l
! ! 0| 00! 200: 200! 00! 00 ¢
Oy y®——— - - - - - 1 j’—+—"—f—+—?')
ol R R gl
> | |
w— -
[} S —_ ﬂ:} o - ————— —
(a) N =3, [ = 100, (b) N =4, | = 400,
a1 ~ —119704.546455, [1 =~ —183378505.929335,
as ~ 318558.179365, B2 == 701420689.4293751,
ag ~ —282251.95269, B3 ~ —1006324503.657385,
oy ~ 83317.88255. B4 ~ 641835320.740755,

G5 ~ —153553322.43498.

. k
Fig. 4.1: The controls uf].
b
08
1 — 1 —
2 — 0.002 2 —
0.7 3
0.0015 44—
0.6
0.001
0.5 0.0005 x /\
0.4 0 A\
03 -0.0005
0.2 -0.001
-0.0015
0.1
-0.002

o

1 2 3 4 5

(a) @ The given target state W'; @ The (b) The difference W —W ; in the cases:
function ZT =T w7, O N=3,1=100; @ N =3, 1= 200;
@ N=4,1=150; @ N = 4, | = 400.

Fig. 4.2: The influence of the controls u = uf\f? on the end state WEZ of the
solution to (2.5), (2.6).
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ITpobsiemMmu KepoBaHOCTi A PiBHAHHS
TEIJIONPOBiAHOCTI 3i 3MiHHUMU KoedilieHTaMu Ha
miBoci, KepoBaHOro KpaiioBoio ymoBoio Hoiimana

Larissa Fardigola and Kateryna Khalina

Y poboTi JoCTiIKEHO TpobIeM KEPOBAHOCTI Ta HAOJIMKEHOI KEPOBaHO-
CTi It KePOBAHOI CUCTEMU Wy = % (kws), + yw, (\/%wz)

0,t € (0,T), ne u € xepyBauusam, v € L(0,T). Hoseneno, 1o KOmAHUH
NOYATKOBHUiT cTaH (KpiM Hy/JIBOBOTO) He MOXKe OYTH CKEPOBAHUM JI0 HYyJIST 32

=u, r >
x=0

zamanuii gac T' > 0. IIpore, Ko)KHUIIT TOYATKOBUI CTAH KEPOBAHOI CHCTEMU €
HaOJIMKEHO KePOBAHUM Y Oy/Ib-sIKHil IIJIbOBUN cTaH 3a 3amaHuili gac T > 0.
BaB/IsIKM OIIepaTopPy [EPETBOPEHHSI, ITOPO/XKEHOMY [IapaMeTPaMy PiBHSTHHSI
p, k, 7 OCHOBHI pe3ysibTaTu POOOTH OJEPKAHO 3 IX AHAJIOTIB JJIsI BUIAJKY
crasux Koedinientis (p = k = 1, v = 0). 3acrocyBaHHs IHOrO OlIEPATOPA €
KJIIOYOBAM MOMEHTOM poboTu. Pe3ysbraru mpoirocTpoBaHo MPUKJIIAIAMIA.

KirrowoBi cjioBa: piBHAHHS TEIJIOIPOBIIHOCTI, KEPOBAHICTH, HAOIUKEHA
KEpPOBaHICTH
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