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On the Relative Decay of Unbounded
Semigroups on the Domain of the Generator
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We study the asymptotics of Cy-semigroups on the domain of the gen-
erator. In particular, we analyze the behavior of ||T(t)(A — A\I)~!| as time
goes to infinity. Our results extend some existing results to the case when
the intersection of the spectrum of the generator with the imaginary axis
is non-empty. We also give a constructive example of a class of unbounded
Co-semigroups with pure imaginary point spectrum for which our theorem
is applicable.
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1. Introduction and background

Consider the abstract Cauchy problem (ACP) given in a Banach space X:

{:b(t) = Az(t),

x(0) = xo. (L)

Before formulating our results, we recall some basic concepts concerning (1.1).
A is a linear operator on the space X with domain D(A) and solutions of such
equations are closely related to the concept of strongly continuous semigroups,
also called Cp-semigroups.

Definition 1.1 ([1, I, Definition 1.1.1]). A family 7' = {T'(t) }+>0 of bounded
linear operators acting on a Banach space X is called a Cy-semigroup if the
following three properties are satisfied:

e T(0) = I, the identity operator on X;
o T()T(s)=T(t+ s) for all t,s > 0;
° lgﬁ)lHT(t)»’U —z||=0for all z € X.

Clearly, the maps ¢t — T'(t)x are continuous for ¢ > 0 for all x € X. The generator
of T is the linear operator A with domain D(A) defined by

1 :
D(A) = {x €eX: lggg(T(t)x — ) ex1sts} ,
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1
Az = ltlJI,élE(T(t)x —z), x€ D(A).

One can easily see that for x € D(A), one has

%T(t)x =AT(t)x =T(t)Az, =€ D(A),

which means that ¢ — T'(t)z is a classical solution of the (1.1) with the initial
condition « € D(A). An interesting and key for applications property of dynam-
ical systems is their asymptotic behavior. In this paper, we will deal with the
asymptotic behavior of families of semigroups {7'(¢)}+>0 in the sense of the be-
havior of the norm ||T'(¢)|| as t — oco. A semigroup {7'(t)}+>0 is called uniformly
stable if ||T'(t)|| — 0 as t — oo, and strongly stable if ||T'(t)x| — 0 as t — oo for
all z in the Banach space X. A critical quantity for asymptotic behavior which
characterizes the semigroup is its growth bound wy(T"), which gives a restraint on
how much the norm of the semigroup 7" = {T'(t) }+>0 grows or decays with time.

Definition 1.2 ([2, IV, Definition 2.1]). For a strongly continuous semigroup
T = {T'(t) }+>0, we call

wo(T) :=inf{w € R:3IM, > 1Vt >0 ||T(t)| < Mye“'}
its growth bound.

It is well-known that e*°! < ||T'(t)||. Now we will state a crucial theorem
concerning strong stability of Cp-semigroups. It was first proved for the case of a
bounded generator by the first author and Shirman in 1982 [3] and later extended
to the unbounded case independently in [4,5].

Theorem 1.3. Let A be the generator of a bounded Cy-semigroup {T'(t)}i>0
on a Banach space X and let

o(A)N (iR)  be at most countable,
then the semigroup {T'(t)}+>0 is strongly asymptotically stable, i.e.,

lim ||T(t)z|| =0 forallx € X,

t—+o00
if and only if the adjoint operator A* has no purely imaginary eigenvalues.

The asymptotic behavior of semigroups and their orbits has been a subject of
an intense study for the last few decades, see, e.g. [6—10]. It follows from Theorem
1.3 that, for a bounded semigroup, if o(A) (the spectrum of the generator) is
contained in the open left-half plane {z € C : R(z) < 0}, the semigroup is
strongly stable. As a consequence of the the uniform boundedness principle, if
the growth bound wy(7T) = 0, this stability cannot be uniform. However, due to
the works [11,12], we have the following theorem:
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Theorem 1.4. Let T = {T'(t) }+>0 be a bounded Cy-semigroup acting on a
Banach space X, and let A be its generator. Then | T(t)A™Y| — 0 ast — +oo if
and only if the intersection of the spectrum of the generator A with the imaginary
aris s empty.

The above means that for a bounded semigroup 7" for which
o(A) c {zeC:R(z) <0}, (1.2)

the orbits starting in the domain of the generator are dominated uniformly up to
the multiplication by a constant by a decaying function f(t) = || T(t)A~!, i.e.
T (t)z| < f(t)Cy for all x € D(A), where C, = ||Az||. This can be easily seen
by writing | T(t)z| = ||T(t)A~*Az|. With this being the case, following [12],
we call the semigroup semi-uniformly stable. The semi-uniform stability may
occur even for unbounded semigroups (see [13] for example). For the case of
unbounded semigroups, it was shown in [14] that the condition (1.2) remains
necessary for || T(t)A~1|| — 0. We note here that the sufficiency for Cp-semigroups
of contractions has been proved independently in [15]. The mentioned results for
bounded semigroups were later extended, keeping wo(7T") = 0, to the unbounded
case in [16] to obtain
1

tlg-noom
for a class of so-called weight functions (f(s +t) < f(s)f(¢)) dominating the
semigroup norm and satisfying some additional assumptions. The proof of (1.3)
is based on results from [17] which required that Fourier transforms of functions
converging to e, X ¢ o(A), vanish on open neighborhoods of o(A4) N (iR), thus
requiring o(A) N (iR) = @.

In this paper, we extend the result of [16] to the case o(A) N (iR) # &. Our
main result is given in Section 2 (Theorem 2.1). In this theorem, we show that
the property (1.3) (with A~! replaced by the resolvent R, u ¢ o(A)) holds for
some class of operators with not necessarily empty set of pure imaginary points
of spectrum. We require that the dominating function f satisfies the property

lmsup 2055 1 >0 (1.4)

s—+00 f(S)

ITt) AT =0 (1.3)

In the proof, we use different tools, which are based on some development of
ideas given in [14]. It is worth noting that in [14] the author constructed a
weight function dominating the norm of the semigroup and satisfying (1.4) for
an arbitrary semigroup. The constructed function is monotonic and is similar to
|T(t)]] in sense that f(t,) = ||T(tn)|| holds for some unbounded sequence ¢, €
RT. Moreover, for sufficiently regular semigroups, we show (see Corollary 2.2)
that the assertion (1.3) takes the following form

im w = or an o
tl)Jroo ||T(t)H 0 f y u ¢ (A)’ (1.5)
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where by R,, we mean the resolvent of the semigroup generator at the point p ¢
o(A).

The rest of the paper is organized as follows: Section 3 is devoted to the
example of a family of semigroups with polynomial growth constructed in [23,24].
This operator has pure imaginary countable unbounded spectrum and satisfies
condition (1.5), so the Theorem 2.1 is applicable. In the appendix (Section 4) we
give calculations of exact asymptotics of ”:ﬂg,f()gn‘” for the simplest case described
in Section 3.

2. Main result

Now we will state the following theorem which is the main result of this work:

Theorem 2.1. Let T' = {T'(t)}4>0 be a semigroup on a Banach space X,
not necessarily bounded, with the growth bound wo(T) = 0 and the generator A.
Suppose f(t): RT — RT is a positive function such that

. flt+s)
T T e =0
IT@) < f(t), t=0. (2.2)

Assume further that

(a) for any X € o(A) N (iR), there exists a reqular bounded curve Iy enclosing
A, such that Ty No(A) = &;

(b) for any XA € o(A) N (iR),

TR

lim

0 0 (23)

where Pr, is the Riesz projection associated with the curve Pr, .

Then TR
IR,

e (24)

for any fized p & o(A).

Preliminary Remarks. The Theorem can be proved for an arbitrary wy >
—oo by considering the shifted semigroup {e™“°'T'(t)};>0. For this more general
case, one has simply to change 1 to e*°! in (2.1) and consider the set o(A) N
(wo + iR) instead of o(A) N (iR) in assumptions (a) and (b). For the bounded
semigroups with wy = 0, the condition o(A4)N(iR) = @& is sufficient and necessary
(cf. Theorem 1.4) for (1.5) to hold. In the more general case of not necessarily
bounded semigroups, this condition is no longer necessary as shown in Example
2.3, it is however sufficient since the conditions (a) and (b) are satisfied in a
trivial way for any function satisfying (2.1) and (2.2). The best candidate for
f would be the norm of the semigroup ||T°(¢)||, but it may fail to satisfy (2.1).
However, in the work [14], the author has constructed a function satisfying (2.1)
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and (2.2) which is similar to || 7(¢)]| in the sense that f(tx) = ||T(tx)| for some
unbounded sequence t;, € RT. This construction can be applied to any semigroup
with wo(7") = 0 and the constructed function is the minimal of all functions with
concave downwards logarithm.

Proof of Theorem 2.1. We use here the construction of the special operator-
valued semigroup introduced in [14]. We note here that a similar idea has already
been used in [15,16]. Let X C £(X) (the space of bounded linear operators on
X) be defined as

X ={DR,, DELX)}, n¢oal(A),

for arbitrary pu ¢ o(A), where Q denotes the closure of the linear set Q (with
respect to the operator norm). Since X is a closed subspace of a Banach space
L(X), it also is a Banach space. It is clear that X does not depend on the
choice of p. For the given semigroup {7(¢)}+>0 on the space X, let us introduce
a semigroup on the space X by:

T(t)B=BT(), BeX, t>0. (2.5)
Important properties of this semigroup were shown in [14], namely that {Tv (t) >0

forms a Cp-semigroup on X , and that

(a) for A and A being the generators of {T'(t) }+>0 and {Tv(t)}tzo, respectively,
it holds that _
o(A) C o(A); (2.6)

(b) for any B € X and any ¢ o(A), it holds that
(A—pul)™'B=B(A—pul)™". (2.7)

We note here that the proof of Theorem 2.1 is based on the idea of analyzing
the behavior of the semigroup truncated to the images of the Riesz projections
from [20]. Now, assume that (2.4) does not hold, which means that

17 (t) Ryl R, T ()l IRyl

0 # lim sup = lim sup = lim sup———~—— 2.8
?é t—+o00 f(t) t—4o00 f(t) t—+o0 f( ) ( )
Let us define a following seminorm on X:
= ITOBI 5 %
I(B) =limsup——r———, Be€JX,
(B) =B )

which is well-defined due to (2.2). The technique of constructing a seminorm and
using the quotient space defined by it appeared first in [3] and has been further
developed in many papers, such as [4,9,15,16,20]. It follows from (2.8) that the
quotient space X /kerl = {B = B +kerl : B € X} is non-zero. This space can
be equipped with a norm different from the natural one (|| B|y := inf{||B| : B €
B}) of the following form

|B|' :==1(B), BeX.



On the Relative Decay of Unbounded Semigroups 99

The space (X /kerl, ||-]) ‘may be incomplete. Its completion with respect to the
norm || - ||" is denoted by X. Let us define the family of operators T( ), t >0, by
the formula

T(t)B=T(t)B+kerl, Be X/kerlC X.

By applying the property (2.1) for wy = 0, we get

1T B = limsupl L F ) BIF(E+ )

— |B|I! for B € X/kerl.
s ) P /

Thus, {f(t)}tzo is a family of isometries on X /ker! with respect to the norm
|- I'. It is easy to check that for each ¢ > 0, T(t) extends to an isometry on
X and the family {T(¢ ) }>0 is a Cp-semigroup of isometries. Moreover, one can
check that

AB = AB +kerl, and (2.9)

R(A, 1)B = R(A, i) B + kerl

for B € X, where A and A are generators of {T(t) H>0 and {T(t) }>0, respectively,
and R(A, 1) and R(A, ;1) are the respective resolvent operators at the point .
Now, due to condition (a) of the Theorem, there are points on the imaginary axis
not contained in o(A). Thus we get

(iR) ¢ o (A).
This, taking into account (2.6), gives
(iR) ¢ o(A). (2.10)
Further, it can be shown analogously as in [21,22] that
d(o(A) N (iR) C o(A) N (iR),

where 9 denotes the boundary of a set. This along with (2.10) and the fact that
A is a generator of a semigroup of isometries implies that

~

do(A) = o(A) C o(A) N (iR) # (iR) (2.11)

and that {f(t)}tzo extends to a Cp-group of isometries (see, e.g. IV, Lemma 2.19
from [2]). Now, since A is a generator of a Cy-group of isometries, its spectrum
has to be non-empty (see, e.g. V, Theorem 5.1.2 from [1])

o(A) + 2.
By combining the above with (2.11) and (2.6), we obtain:

@ +# o(A) C o(A) N (iR) C o(A) N (iR). (2.12)
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Note that for the case o(A) N (iR) = &, we obtain here a contradiction. This

means that T
TR
t—+o00 f(t)

Now assume o(A) N (iR) # @. Let us fix A such that

A € o(A) C o(4) N (iR).

It follows from the condition (a) of the theorem that there exists a bounded curve
I") enclosing A such that

I'yNo(A) =TyNo(A) =T\No(A) =o.

Let Pr , and ]Sr , be the Riesz projections in X and X , respectively, corresponding
to the curve I'y. One can see from (2.9) that for B € X /kerl, we have

Pr,B = Pr B +kerl. (2.13)

Furthermore, the prOJectlonS PpA and PrA split the spaces X and X into direct
sums 21 + Zg and Z1 + Zg, respectively, so that

21 = ﬁrk)ﬂ(:,
Zy:=(I - Pr )X,
1= Pr X,

Zy = (I — Pp,)X.

Clearly, the spectra of the restricted operators ;ﬂ 7, and Z\ 7, are intersections of

J(A) with regions inside and outside I'y, respectively, with an analogous property
for O'(A) Now, since the set U(A) is a boundary set, it consists only of approx-
imate eigenvalues (see, e.g. IV, Proposition 1.10, [2]). This means that for the
chosen A there exists a sequence {Bk HBkH, = 1} such that

|AB), — ABy|' — 0 as k — co. (2.14)
Now, {B\k} can be split into a sequence
Bo— BY 4+ BY,

where R R R R
B eZ, BY e,

Then it follows from (2.14) that

?

| 4B - 2By

| 4B ~ABP|| 0
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as k — oo. Subsequently,
|20

since otherwise A would belong to 0(121\] 22> giving a contradiction. In conse-

quence,
~mnn 1

B 1

Hk 2

for k large enough. Furthermore, by the density of X /kerl in X and by the

boundedness of ﬁ| Z1s §1(€1) can be chosen from ISFA (X /kerl) C Z1. Subsequently,
from (2.13), we get

~

B](gl) = ﬁ[‘AEk = ﬁI‘AEk + kerl
for some sequence ék € X. Then the following estimate holds:

/

1 B D n o = ~ ~
2= HB](:) = ||Pr, Bx| = || Pry Br. + kerl|' = U(Pr, By)
. |TwPe, By
=1 T 2.15
e f(D) (2.15)

for k large enough. By integrating the equation (2.7), we obtain

ﬁFAEk :/ (AVIU’I)_Iéde:/ Ek(A*:uI)_l duzékpl‘m (2'16)
F)\ F)\
where we have used the analyticity of the resolvent operator function and the

boundedness of By, as an operator from £(X) to L(X) (treated as a multiplication
operator). Using (2.16) and the definition of 7'(t)B = BT'(t) in (2.15), we get

1 . ‘}f(t)ﬁr,\gk“ . HEkPF,\T(t)H
— <1 4 -7 2 =1 4 - 2 77
2 = o) ()
. || Bi||[| P, T (1)
<1 =0
=map [0 ’

where to evaluate the limit we have used (2.3). This yields a contradiction, thus

@R TR

t—+oo f(t) t——+o00 f(t) =

Corollary 2.2. Let the function f satisfy the conditions of Theorem 2.1. If
cf) < IT@ON < Cf(H), t=0, (2.17)

for some C,c > 0 (from here on, relation (2.17) will be denoted by ||T'(t)|| ~
f(t)), then the assertion of Theorem 2.1 takes the form of (1.5):

1T (8) Rl

—0 ast— oo.
1T
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Below we give a simple example of an unbounded Cy-semigroup with wg = 0
for which (1.5) holds, despite the fact that o(A4) N (iR) # @.

Example 2.3. Consider a separable Hilbert space H with the orthonormal
basis {ep, }nen, and put

. . . 1
T(t)eo = eeo, T(t)emr—1 = e #eg 1, T(t)ea = e~V (teg 1 + eqp)

for k = 1,2,.... The above defines a Cy-semigroup T' = {T'(t)}+>0 on H. It is
easy to see that on the invariant subspace

H, = span{eo},

the operators T'(t) and T'(t)R,, are uniformly bounded for ¢ > 0. It is less obvious
that on the complementary subspace

Hy = span{eq, ea, ...},
the norm of the semigroup behaves as follows:
17 (0] ~ ¢ (2.18)
In particular, (2.18) implies wy = 0. Also, direct computations show that
IT()R,) < M, ¢ >0,
This means that (1.5) holds despite
{i} Co(4)N(iR) # @.

Now we will give a simple example of the application of Theorem 2.1, for
which conditions (a) and (b) can be easily verified.

Example 2.4. Let {e,}>2, be the orthonormal basis of a Hilbert space H.
Define the operator A : D(A) C H — H as follows:

o i+t
where H,, = span{es,_3,e2,-2}, n = 2,3,4.... For each n > 2, consider the
curve I';, enclosing the pair of eigenvalues z(n + %) , z(n — %) Then the image of

the Riesz projection corresponding to the curve is H,. One can directly check
that .
' msin fl]

-t

.| €
0 e 'n

Since ||T'(¢)|| = sup || T (t)||, we have
n>2

1T ~ ¢ (2.19)
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It is easy to see that f(t) := t satisfies the desired conditions required by Theorem
2.1. Therefore (1.5) holds (cf. Corollary 2.2), i.e.

-1 -1
‘m M: lim HTLAH:O. (2.20)
t——+00 HT(t)H t—+o0 t

Moreover, for this simple case, we can calculate the decay rate of (2.20), namely
' : 2 _ it 2 _ oty ik
Ta(t)A, " = Lzletm (n” —1)e (n 1)271 sin - —ftzne
I=n 0 (n®+1)e"n

hence
|T(t) A7 = sup | Tn(t) 4| ~ 1, t=>0.
n>2

Due to (2.19), it follows that

1T @)l t '

3. Application of the main results to a family of semigroups
with countable pure imaginary simple spectrum

In this section, we give an example of a family of unbounded semigroups
having a countable pure imaginary simple spectrum for which our result can be
applied. For the elements of this family the eigenvectors are linearly dense but
do not form a Riesz basis, which is due to the fact that the eigenvalues are not
uniformly separated (cf. [18,19]). These semigroups were described in [23, 24].
We recall here the main steps of the construction. Let (H, ||-||) be a Hilbert space
with the orthonormal basis {ey}22,. For the sequence

Ap =tlogn, n=2,3,...,
define the semigroup 7' = {T'(t) }+>0 by
T(t)e, = ey,

Note that the eigenvalues are not uniformly separated. For a given N € N/{0},
we are able to choose a new norm || - ||y on H dominated by || - || such that:

(a) The semigroup T naturally extends to a Co-semigroup T on the completion
of (H, |- |In), say Hn;
(b) there exist constants m, M > 0 such that

mtN < |T(t)]| < MtY +1, ¢>0. (3.1)

The norm || - || x. is constructed as follows. Let (H, || - ||) be a Hilbert space with
the orthonormal basis {e,}°°,. Any element 2 € H has a unique decomposition
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Y ne o cnep for some sequence {c, } € lo. This correspondence is a bijection. Since
the basis {e,} is orthonormal, we have

o0

Izl = lenl® = I{en} -

n=2

Consider the backward difference operator A : Iy — Io:

1 0 0 0
-1 1 0 0
A=0 -1 1 0
0 0 -11

For any N € N, we define the function || - ||y on H by

3 = [|AY e, - (3.2)

It is easy to check that (3.2) defines a norm on H and that the space (H,| - ||n)
is not complete. The space (ﬁ Nyl [l ) is defined as the completion of H with

respect to the norm || - ||x. L
Now, denote the generator of T by A. It was shown in [24] that

o(A) = op(A) = | J{ilogn}. (3.3)

n>2

Clearly, the spectrum of Ais purely imaginary and the semigroup T; grows exactly
like a polynomial. We are going to check that the semigroup T with f(t) :=
MtYN 4 1 meet the conditions of Theorem 2.1 for arbitrary N € N/{0}. Indeed,
for each A, = ilogn, see (3.3), one can choose 'y, surrounding only one point of
o(A), namely, A,. Note also that, for x € H C Hy,

Az = Az,
R(\)z = R(\)z,

Ppn:L’ = Ppnl’.

Hence, due to density of H in H N,

T(t)ﬁrnf = eitlognﬁrn%’ T e ITIN.

It is easy to see that the function f(¢) := Mt 41 has the properties (2.1), (2.2),
and that the following holds:

IO P 1Bl 1B
O = f@) - My

—0 ast—o00, n>0.
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This means that the semigroup and f(t) = Mt" + 1 meet the conditions of
Theorem 2.1. Application of the presented result (see Corollary 2.2) yields

TR T'(HR T(tR
o TORN o ITOR) | ITOR,
t—otoo MtN +1  totoo N t=too | T(2)||

for any u ¢ U(ﬁ). O

If we want a more precise estimation, it is difficult even in the simplest case
of N = 1. A more accurate estimate for this case (4.1) can be found in the
appendix. For larger values of N one can only expect the calculations to be more
cumbersome. From the above considerations follows a corollary concerning the
sufficient condition for (1.5) to hold.

Corollary 3.1. Let T = {T'(t) }+>0 be a Co-semigroup with the generator A
and wo(T) = 0. If
o(A) =op(A) = [ J{M}, A€ (R),
neN

where all eigenvalues \,, are simple, and

[T ~ f(2),
for an unbounded function f(t) (see Corollary 2.2). Then the following holds

Tt)R
7H () ”H%O as t — oo,
1T()]l

for any p ¢ o(A).

4. Appendix
Here we give detailed computations of the rate of decay of

TR,

= as t — +o0,
1T @)l

where T(t) is acting on the space H;. This is the simplest case from previous
section when N = 1. The action of the generator, resolvent at the point 0 and
product of the semigroup with the resolvent are as follows:

Ae,, = ilog(n)en, n>2,

~ 1
Aley = —— > 2
n ilog(n) e =5

e eitlog(n)

T(t)A e, = >2
( ) €n Zlog(n) €n, n =z 2,
e 0 eitlog(n)
T(t)A ' = .

(A~ 3 log(n) en

n=2
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Example 4.1. Consider T : Hy — Hj, then (sce (3.2))

. : i
||5||1 = <ch+1_cn|2+|02|2> , T € Hj.

n=2

We will prove that, for this case,

T(H)R 1
IToR) 1 (L)
1T los(t)
In further considerations, we will use the following inequality
Cn > o
Z ‘ ‘ < 42 ‘CTL—&-I - Cn|2a {cﬂ}nzl C (C7 (42)
n=1

which is a special case of Hardy’s inequality:

P\
S (25a) < () S wzo

n=1 p n=1

for p = 2. To prove (4.1) we will estimate | T(t)A~1Z||2. It is given by

IT@AE] =3

n=2

ett log(n+1) et log(n)

<2 —_—

Z ntly log(n+1)

+22

The second and third elements of the right- hand side of the inequality are clearly
bounded by B(log ) |Z]|? and C(log( ) |Z]|2, B,C > 0 for t > e. We only

need to look at the ﬁrst sum then.

eitlog(n+1) eitlog(n) 2

ilog(n +1)

Cn+1 — Cn -

uflog( ) 2
T ilog(n)

o eitlog(n+1) et log(n) 2
r; Cnﬂilog(n +1) 1] log(n)

o

=2 |5

cn1 (e’ log(n) — "8 log(n))
n log(n + 1) log(n)

<QZ

Cntl n elt log(n) log(n + 1) — et log(n) log(n))
log(n + 1) log(n)

2

. 2
Crt1 7’L elt log(n) log(n + 1) et log(n) log(n))

log(n + 1) log(n)
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. . 2
N Crtl n(eztlog(n) log(n) _ itlog(n+1) log(n))

n log(n + 1) log(n)
o0 itlo 1,12
_22 cny1 mlog(l+1) 22 Cnﬂn(l_etlg(ui))
| n log(n+1)log(n) =l n log(n + 1)

The first of the above sums, due to Hardy’s inequality (see (4.2)), is bounded by

2
D||Z||?, and thus by D<@) |Z||? for t > e. We estimate the remaining sum
by splitting it into two t-dependent sums.

>

n=2

. 1 2
Cnt1 n(l . eztlog(1+ﬁ))

n log(n +1)

>

2<n<t

<2§;Q?‘Q%UY+%;
<E Y Cn,ﬂ <1og1t()>2+FZ

2<n<t n>t

<(E+G))

= Cn+1 ‘2 ( t )2

— ! n log(t) )

Where we have used the boundedness of slog(1+ 1) and 1;;w for s € RT. Thus,
again due to (4.2),

2

Crtl n(l o 6ztlog 1+

log(n +1)

Cnt1 n 1 o 6ztlog(lJr ))

n log(n + 1)

+Z

cni1 tnlog(l + %)(1 _ eitlog(pr%))
n log(n + 1)tlog(1 + 1)

2
(i)

2

Cnt1 (1 _ 6itlog(lJr%))

n tlog(l+1)

IT()AF]|, < ( B+C+D+4E+4G)% |1

og(t)
Thus
T(t) A < M 4.
H H = 010 g(t)’ (4.3)
for some My > 0 and ¢ > e. We will now prove the opposite inequality
t -
<|[|T(t)A™? 4.4
mogs < [T@A7]. (1.4

for some mg > 0. First, we observe that due to the reverse triangle inequality, it
holds that

N

_ 0 it log(n+1) itlog(n) 2
SRPUTIIN e G
|6 A™ ]|, = Z C"Hilog(n +1)

n=2

e = 2
“3 log(n) +lea]

1
o . 4 2\ 2

) (ezt log(n) log(n) _ itlog(n+1) log(n)) 2
n; i log(n + 1) log(n)

Y
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oo eitlog(n+1) it log(n) 2
- 7;2 Cn+1“0g(Tl) - Cn+1m

it log(n) 2

- ; (Cny1 — Cn)m — leal.

It follows from previous considerations that

1
2\ 2
o o0 itlog(n) |og (1) — eitlo8(n+1) Jog (1))
T(tAZ|, > n le —Cllz
H (t) le = nZQ Cntl log(n + 1) log(n) I
for some C' > 0. Thus, in order to prove (4.4), it suffices to show that
00 (eitlog(n) _ eitlog(nJrl)) ‘2 9 t 2 9
) o2t 45
Sl o | 2miigm) 1969

n=2

for some my > 0 and ¢ > e. To this end, we construct for each ¢ > e an element
in Hy in the following way

70 = (j) ch)en, JjEN,
n=1

where
n if n <2t,
c,(f) =94t —n if 2t <n <4t
0 otherwise.
Observe that
1707 < 4. (4.6)

Now, the following estimate holds (see (4.5)):

3 2

t<n<2t

¢ 2 1 eitlog(1+%)) 1
> E ——~itlog(1 + —
- (1 ) itlog(1l + %) it log n)

2 itlog(1+ 1)
t 1 —e*oeliTa)) 1
> - log(1+ =)*
- <log(4t)> Z tlog(1+ 1) o1+ 215)

2

) (eitlog(n) _ ez‘tlog(n+1)) 2 2

ntl log(n + 1)

1 — et log(l-i—%))

log(n+1)

C

2

2

1— eit log(l—l—%ﬁ))

tlog(1 + n%rt)
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for

> (ogiar) 22> (i) 37

0<n<t

t > e and some C, D > 0 independent of ¢ > e. Combining the above with

(4.5) and (4.6) gives

for

for

for

for

[1]

T(t)A- 1z
mo t SH()~ € H1
log(t) 1702
t > e. Together with (4.3) this shows that

t ~ o~ t
— < ||IT®A| < My——
oigte) < IT AT < Moy
t > e. This implies, due to (3.1), that
T(t)A~!
L IOy L (4.7)
log(t) 17| log(t)
some m(, M} > 0 and t > e or, equivalently,
[FoRd 1
IT@)|  los(t)’
t > e and arbitrary p ¢ o(A). O
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ITpo BinHOCHE 3HM>KEHHS HOPMU HEOOMEXKEHO]1 MiBrpyIu
B obJiacTi BU3Ha4YeHHs reHepaTopa

Grigory M. Sklyar, Piotr Polak, and Bartosz Wasilewski

Hocuizkyerbes acuMuToTuka Co-IIBIPYIHA B 00JIaCTi BU3HAYEHHS T'eHe-
patopa. 3okpema, Mu anamizyemo noseinky ||T(t)(A — M), xom 1ac
psIMy€ JI0 HecKiHdeHHOCTI. Harr pesynbraTé po3mupoOTh JesdKi HasgBHI
pe3yJIbTaTh Ha BUIAJIOK, KOJIU IIEPETHH CIIEKTPA FeHepaTopa 3 YsIBHOIO BiCCIO
€ nernopoxkuiMm. HaBemeno Takok KOHCTPYKTUBHUI MPUKJIA]] KJIacy HeoOMe-
»keHnx Co-HAIBIPYII 3 9UCTO YSIBHUM TOYKOBUM CIIEKTPOM, JIJIsT SIKAX HAIIA
TeopeMa MOxKe OYTH 3aCTOCOBaHA.

Kirrogosi cioBa: Cy-mliBrpyIu, aCAMITOTHYIHA TTOBEIIHKA
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