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A Discrete Blaschke Theorem for Convex
Polygons in 2-Dimensional Space Forms

Alexander Borisenko and Vicente Miquel

Let M be a 2-dimensional space form. Let P be a convex polygon in M.
For these polygons, we define (and justify) a curvature x; at each vertex A;
of the polygon and prove the following Blaschke-type theorem: “If P is a
convex polygon in M with curvature at its vertices x; > kg > 0, then the
circumradius R of P satisfies tay(R) < 7/(2ko) and the equality holds if
and only if the polygon is a doubly covered segment”.
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1. Introduction and the main result

We start recalling that an n-dimensional space form M} of curvature X is
a complete simply connected n-dimensional Riemannian manifold of constant
sectional curvature A. The only ones are: when A = 0, the Euclidean space R",
when A > 0, the n-dimensional sphere of radius 1/ VA in the Euclidean space
R™*! and when A < 0, the hyperbolic space of sectional curvature X that can be
visualized as the upper connected component of the Minkowski sphere of radius
1/4/])] in the Minkowski space R}t

In the book of Blaschke [1], it is proved that if " is a closed convex regular
curve in the Fuclidean plane that bounds a compact convex region §2 and the
curvature k of I' is bounded from below by some constant kg > 0, then, for every
point p € I', the circle tangent to I' at p, with radius R = % and with the unit
normal vector that points to its center pointing also to the interior of ), bounds
a disk that contains ().

This result was extended by H. Karcher [14] for other space forms, and by
A.D. Milka [15] for non regular curves. Before stating it, we recall a notation
that allows us to describe the geometry of space forms in a unified way:

(VM) ira s

I COS(\/Xt) ifA>0
SORY =0, =11 =0,
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cor(t) = (1.1)

The functions above satisfy the following computational rules:

1
ch=—Asy, sh(t)=ca(t), 3 +As3=1, —
3 (?)

sa(t+u) =sa(t)ea(u) + ex(t)sa(u) and cy(t 4+ u) = ca(t)ea(u) — A sx(t)sa(u),

=1+ Mta3(t), (1.2

where “ /7 denotes the derivative with respect to .
We shall recall also the following concept:

Given any convex closed curve I in My, the circumradius of I' is the minimal

value of R such that a disk of radius R in Mi contains the domain bounded by I'.
With this concept, the Blaschke-Karcher—Milka theorem can be stated in the
following form:

Theorem 1.1 ([15]). IfT' is a closed rectifiable curve in Mi that bounds a
compact conver region ) and with specific curvature Kk > kg > 0 is A > 0 and
Ko > V=X if A <0, then the circumradius R of T' satisfies tay(R) < =

= Ko ®

Understanding the statement of this theorem requires to explain the concept
of specific curvature used in [15]. Its definition requires the following chain of
definitions:

Definition 1.2 ([15]). Given a (non necessarily closed) polygon P in J75 s
the sum of the supplementary of the internal angles A; of P, Yo (= Ay, is
called the turning of P.

Given a rectifiable curve vy of length s in M?\, we shall denote by P, a polygon
with n vertices in «. If 7y is not closed, P, is chosen so that its endpoints coincide
with the endpoints of v. The polygon is called inscribed into ~.

Definition 1.3 ([15]). The turning 7 () of «y is the upper limit of the turnings
of inscribed polygons P, when the length of the arc-segments of v between any
pair of consecutive vertices of P, goes to zero as n — oo.

Definition 1.4 ([15]). The specific curvature of a curve v of length s is the
quotient 7(7)/s. A convex curve I is said to have specific curvature bounded
from below by some constant kg if every arc v of I' has the specific curvature no
smaller than .

Remark 1.5. It follows from these definitions that every convex closed curve,
which is piecewise C? and its C? arcs have curvature x > ko, has the specific
curvature bounded from below by k.

Further developments of related Blaschke theorems are done by obtaining
conditions under which a convex set in R™ can be included in other set [7,9,17]
or its generalization to Riemannian manifolds, where the ball is the convex set
which is included in another set [13].
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In Theorem 1.1 (and in the other cited developments), the hypothesis of
strong convexity (k > ko > 0) is necessary, the theorem is not true for x > 0.
Therefore it cannot be applied to closed convex polygons. Here we shall show
that it is possible to have a version of the theorem for polygons once we give an
appropriate definition of curvature at the vertices of a polygon. We shall take
the following one:

Definition 1.6. Let A be a vertex of a convex polygon P in a space form
Mi When A > 0, the lengths ¢; of the sides of P must satisfy £; < W/\/X Let
A be the interior angle of P at the vertex A, and let ¢1, {5 be the lengths of the
sides of P that meet at vertex A. We define the “curvature of P at A” by the
number

(x — 4)
= ) 1.3
A G (1/2) + taa(62/2) (1)
When A\ = 0, the Definition 1.3 becomes
2(r — A)
= —°=. 14
A b + Lo (14

The reasons why we have chosen Definition 1.3 are given in the next section.
The version of Theorem 1.1 that we prove for polygons is:

Theorem 1.7. Let P be a closed convexr polygon in Mi, with side lengths
less than 7/v/X if X > 0, and with curvature at each vertex A; satisfying KA, >
Ko, with kKo > 0 if X > 0 and 2ko/7 > /=X if A < 0. When X\ # 0, we also
assume that g~ > tax({;/2) for everyi. Then the circumradius R of P satisfies

tay(R) < 7/(2kKp), (1.5)

and the equality holds if and only if the polygon degenerates to a doubly covered
segment.

Remark 1.8. Let us observe that for a polygon with n vertices, it follows from
the Gauss-Bonnet formula and Definition 1.3 that k4, > k¢ implies that if we
denote by S the area of the domain bounded by the polygon P and by L its
perimeter, then

Ko D (tax(li/2) + tax(fix1/2)) < Y (7 — A;) =21 — AS.
i=1 =1

Therefore,

125 (/)
Ko 2 — \S '
If A =0, then > 7_,(¢;/2) > €, where £py := max{(1,...,¢,}, and

0

— > ly/2. 1.6

o = bt/ (16)

That is, the hypothesis “57—~ > tay(¢;/2) for every " added when A 0 is
2K0

automatically satisfied when A = 0 as a consequence of the lower bound of x4,.
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Remark 1.9. For A # 0, the hypothesis 57~ > tay(¢3/2) is satisfied if

2K0
o tax(6;/2) > @taA(ﬁM/Z), which may be is true in general.

In the literature, a curve in Mi satisfying k > kg is called kp-convex (see, for
instance, [2-4,10,12]). For kg big enough, these curves are characterized by the
fact that at any point they are contained in a disc of radius R with g = coy(R).
For polygons, Theorem 1.7 says that the concept is quantitatively different, here,
when k4, > Ko, the relation between k¢ and R is (2/m)ko = cox(R).

For the Euclidean plane, Definition (1.4) was used in [5] in the study of
approximations of surfaces by planar triangulations, and in [6] it was studied
how good this definition is for approximating the curvature of a planar curve by
a polygonal line. Other applications of this definition in the Euclidean case were
done in [8]. Related but different definitions of curvature of a polygon in the
Euclidean plane were used for other applications in [16] and [18].

Some people would prefer to take (1.4) as a definition for the curvature of a

convex polygon for every M?\, without taking into account the value of A. In the
last section of the paper we give the corresponding result (Theorem 4.1) for this
definition.

2. About Definition 1.6

If we consider a convex polygon as a limit of smooth curves approaching it
and the curvature at a vertex as the limit of the curvature of the points at the
curves whose limit is the vertex, then the curvature becomes infinite. Obviously,
this is not a good definition for many geometric properties. We use a definition
satisfying the following properties:

P1 the curvature of a vertex is bigger as the interior angle is lower;

P2 the curvature of a vertex is bigger as the lengths of the adjacent sides is
shorter;

P3 if we have a regular polygon inscribed in a circle and we take the number
of sides of the regular polygon increasing up to infinite, the curvature of the
vertices approach the curvature of the circle.

Properties P1 and P3 correspond to a natural geometric intuition. Prop-
erty P2 is related to the fact that we want to generalize Theorem 1.1 which
fails when k9 = 0 (in the Euclidean case) because with ko = 0 you may have
straight lines with arbitrary length which are the obstacle for upper bounds for
the circumradius.

It is obvious that our definition 1.6 satisfies P1 and P2. In the next propo-
sition, we shall check that it also satisfies P3.

Proposition 2.1. Let C be a circle of radius R (< ©/(2VA) if A > 0) in
Mi, and let P, be a regular polygon of n sides inscribed in C. If k, denotes the
curvature at any vertexr A, of the polygon Py, then lim, o £, = cox(R), which
is the curvature of C.
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Proof. Let us recall some trigonometric formulae of the space forms. Let A
be a geodesic triangle with sides a, b, ¢ and opposite vertices A, B,C. Let A, A,C
be the angles at these vertices. Then the following formulae hold:

cx(a) —cx(b) ex(c)
A sx(b) sa(c)

(when A = 0, the quotient in the second term of (2.1) must be understood taking
limits for A — 0, giving the standard cosine law in Euclidean plane),

Cos A =

(2.1)

sin;l\ _ sinA\ _ sin6Y
sx(a@)  sa(b)  sa(e)

Let A, B, be two consecutive vertices of the polygon bounding a side A, B, of
length ¢,,. Let M, be the middle point of A, B, between A, and B,. Let O be
the center of the circle. Consider the geodesic triangle OM, B,, and denote by
d,, the length of the geodesic OM,. One has M,, = /2. We can apply (2.1) and
(2.2) to this triangle to obtain

(2.2)

ex(R) = ca(dn)ex(n/2),  sa(dy) = sa(R)sin(A,/2).

From these two equalities and the formulae (1.2), we obtain

A(R) — 2(dy) = 1 — As2(dy) = 1 — A s2(R) sin2(A,/2)
Alnf2) T AT A /e
Then
L9, 1 co3(R) co3 (R) 1
w2 = T = (U am)
cos?(A,/2) = 1 — sin®(A,,/2) = co3(R)ta3 (£, /2),
and
tay(£n/2) = tax(R) cos(A,/2) = tay(R) sin(r/2 — A, /2). (2.3)

We apply now the definition (1.3) to the curvature &, of En,

_ (A 2An/2- A2
"7 2tar(0/2)  2tan(R)sin(r/2 — An/2)’

(2.4)

~

But lim,, o A;, = 7, then the limit of the quotient in (2.4) for n — oo is coy(R),
as claimed in Proposition 2.1. O

Definition 1.6 is not the unique one that satisfies properties P1 to P3. If we
take (1.4) as a definition of the curvature at A for any value of A, it is obvious that
it satisfies P1 and P2. Moreover, P3 follows from the same proof of Proposition
2.1, taking into account that lim, .o ta&i[%/)z) = 1. We prefer (1.3) because it
gives a clean bound (1.5) in Theorem 1.7, but some people may prefer the other
definition.
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3. Proof of the theorem 1.7

Let A1, As, ..., A, be the consecutive vertices of the polygon P. Let A; be
the angles at these vertices, and ¢1,...,4;,...,¢, be the lengths of the sides
ApAi, ... A1 A, . Ap—1 Ay, Tespectively (see Figure 3.1).

For every segment A;_1A;, we construct a segment of circle C; of radius p;
with center O; in a line orthogonal to A;_1A; in its middle point and in the ray

in the inward direction, and with boundary points A; and A;41.
Ci-1

Fig. 3.1

Each angle f3; at A; of the isosceles triangle A; 1 A4;0; satisfies 0 < 3; < 7/2,
and the analogue of (2.3) for this triangle is

tax (€i/2) = tax(p;) cos B; = tax(p;) sin(d;) (3.1)

if we take 0; = w/2 — f;.

We now take the curve obtained as the union of the segments of circle Cj.
This curve is convex if and only if, for every ¢ = 1, .., n, the tangent vectors at A;
of the circles C;_1 and C; with the curve C;_1 oriented from A;_1 to A; and the
curve C; oriented from A; to A;;41 form an angle 2 6; in the interval [0, 7]. This
angle is the same as the one formed by the normals at A; to C;_1 and C; pointing
inward. These normals are A;0; and A;O0;1, and this angle is non negative if
and only if ,67, + 5i+1 > Ai, that iS, ™ — 57, — (57;_;,_1 >m— (71' — Al),

0; + 01 < — A;. (3.2)



A Discrete Blaschke Theorem for Convex Polygons 201

For every i, let us choose p; such that tay(p;) = ﬁ. The choice is possible
because, by (1.6), we have that 5 > tay(¢;/2) for A = 0. It is a hypothesis for

A # 0, and for A < 0, 2ko/m > +/—A\ it is also a hypothesis. From the hypothesis
of k4, > Ko, by using formula (3.1), we have

~ ~

- m— A (m— Ai)
K =
0= ta,\(&/Q) + ta,\(le/Q) ta,\(pi) sin d; + ta,\(piﬂ) sin 5i+1

o 2,/1‘,0 (ﬂ' - Az)
1 sin 0; + sin 5i+l ’

then -
T —A; > 5 (sind; + sind;q1) > (0; + ix1), (3.3)

an inequality which coincides with (3.2). As a consequence, the closed curve C
formed by the union of the C; is convex and with curvature equal 2% at every
regular point. Then the specific curvature of C' is bigger than 2% (see Remark
1.5) and, by Milka’s theorem, the circumradius satisfies (1.5).

The equality holds in (1.5) if and only if equalities hold in all the inequalities
of the above argument. In particular, equality implies sin §; = %52-, which happens
if and only if §; = 7/2. The other equalities that we must have are m — A; =
¢ (sind; 4+ sind;41) = m, that is 4; = 0, and tay(¢;/2) = tax(p;) sind; = m/kp and
it is satisfied only in a doubly covered segment of length 7/kg. It is a degenerate
polygon of curvature 7/(2tay(¢;/2)) = ko. O

4. If we adopt definition (1.4)

In this section, we consider the curvature at a vertex of a convex polygon
defined by (1.4).

Let us define Ry by %0 = tay(Rp). From the inequality Tl > Ky =
cox(Rp) and the isoperimetric inequality L? — 47S + AS? > 0, (where L is the
perimeter of the polygon and S is the area of the region enclosed by it), it follows
that

2(r—A;)

L _ ¢
sx(Ro) > o > —~.
27 T
For definition (1.4) of the curvature at a vertex, Theorem 1.7 must be changed
by:

Theorem 4.1. Let P be a compact convex polygon in H?\ with kA, > Ko and
such that, if A > 0, the sides satisfy €; < 2 ¢ < w/\f)\ and, if A < 0, one has
2% >vV=Aand l; >2e¢>0. When \ # 0, we will also assume that —5— &

() 20 =
tax(¢;/2) for everyi. Then the circumradius R of P satisfies

R< =Ry if A =0, (4.1)

ta,\(R) < 5 *ta)\(Ro) if A\ #£0, (4.2)
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and the equality holds if and only if the polygon degenerates into a doubly covered
segment.
We observe that, when A < 0, we have Mﬁ < mw/(2ko) fore> 0.

4

The proof is exactly the same for A = 0. For A > 0, one has that

4;/2 ¢
;]2 = ————tay(4;/2) > tay(4;/2).
/2= i) ) = gy teat/2)
Then, if for every i we choose p; such that tay(p;) = taj(e) 2“70, we obtain
m— A (r — Ay)

ko < < : :
O /2) + (i /2) © o (tax(pi) sin b; + tax(pit1) sin diy1)
- 2%0 (7T — Az)

> S A 4.3
T sin; 4 sind;qq (4.3)
from which 7 — A; > (0; + 0;+1) as in the proof of Theorem 1.7, the union of the
arcs C; is convex, and the rest of the proof is the same as that for Theorem 1.7.

The proof for the case A < 0 follows the same steps, with the unique change
that now the function % is decreasing and we have to bound it taking the

tay
minimal value of £/2.
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uckperna Teopema Businike Ayis omykKJamx
0araToKyTHUKIB B 2-BUMipHUX ITPOCTOPAaX MOCTiifHOT
KPUBUHA

Alexander Borisenko and Vicente Miquel

Hexait M € 2-BuUMipHOIO TIJIOMIMHOIO TIOCTiIHHOI KpUBUHU, P € OMyKJIuM
6ararokyTHUKOM B M. Jlja miux 6araToKyTHUKIB JAHO BU3HAYEHHS] KPUBU-
HU K; B BepmuHax A; i moBemeHa auckperna Teopema Birsmike: “akimo P e
omyKJmit 6baraTokyTHUK B M 3 KpUBHHAMHU BepIINH K; > kg > 0, To paziyc
R Ko, OINCAHOrO HABKOJIO P, 3a/0BosibHs€ HepiBHICTD tay (R) < m/(2ko),
i piBHICTb BUKOHY€ETbCSI TO/II 1 JIUIITE TOJIi, KOJIT 6AraTOKYTHUK € 2-TIOKPUTUM
CEerMeHToM”.

Kimro4osi ciioBa: Teopema Bursitiike, KpUBUHA BEPITUHU, PA/IiyC OIICAHOTO
KOJIa, OIIYKJINI OaraToKyTHUK
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