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Multiple Solutions for Problems Involving
p(z)-Laplacian and p(z)-Biharmonic
Operators
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In this paper, we consider the following p(z)-biharmonic problem with
Hardy nonlinearity:

) - |u|P(#) =24 )
Ayt — Apayu = AW + f(z,u) in €,
u=20 on 012,

0
|Vu\p(x)_28—z = g(z,u) on 99,

where Q@ C RY (N > 3), A, is the p(z)-Laplacian and Ai(m) is the p(x)-
biharmonic operator. More precisely, under some appropriate conditions
on the nonlinearities f and g, we combine the variational methods with the
theory of the generalized Lebesgue and Sobolev spaces to prove the existence
and the multiplicity of solutions.
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1. Introduction

In this paper, we are interested in the existence and the multiplicity of solu-
tions for the following p(z)-biharmonic problem:

) L ufp@) 2y _
Apaytt = Bpayu = ()T + f(z,u) inQ,
u=20 on 012, (1.1)
\Vu]p(x)_Qa—Z = g(x,u) on 09,

where @ ¢ RV, N > 3, is a bounded domain, a% is the outer unit normal
derivative, 6(x) denotes the Euclidian distance from z to the boundary 0f2,
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Ai(.)u = A(JAu[PO)=2Ax) is the p(-)-biharmonic operator, and (—A)
— div(|Vul|P™®)=2Vu) is the p(-)-Laplacian operator. B
Hereafter, we assume that p is a continuous function on (2 satisfying the

inequality

p(x)¥ =

T =supp(x) < E (1.2)

1<p =infp(x) <p
Q Q 2

Also, we assume that 0 < A < Cpy, where Cy is a positive constant in the
p(-)-Hardy inequality given by

y ((N(p- ST (N<p+—1><zv—2p+>>’“+>.

Cy = — min

pt (p~)? (p7)?
We recall that the p(-)-Hardy inequality is given by
| Au(z) ) Ju(z) P)
——dx>C ————————dx 1.3
L5512 0, e )

for all u € W02 #(@) (), where I/VO2 P (I)(Q) is defined in Section 2 below.

We note that the p(z)-biharmonic and p(z)-Laplacian operators present a
more complicated non-linearity. Additionally, problems involving these types of
operators have been widely studied. This is due to their important applications
in several fields such as non-Newtonian fluids, viscous fluids, and chemical het-
erogeneous. For more information, we refer readers to the references [7,16,22].

Very recently, problems like (1.1) attracted a considerable attention from sev-
eral researchers. See, for example, the papers [1,8,11,13-15,17-19,21]. In partic-
ular, in [15], the authors proved the existence result for the following eigenvalue
problem:

A2 u = Al R
€ §(x)2(@)

u=20 on Of).

+ plulP® =2y in Q, (1.4)

Later, by using a variational approach and the symmetric mountain pass theorem,
n [12], M. Jennane proved that the problem

Ai(x)u — Appyu = a(@)|ul®® 2y + A <b1 () (2)|u|P) 2y — bg(x)yu\V(x)—2u>
in €,
vy on 0f)

admits infinitely many solutions.

Motivated by the above-mentioned works, we will use the mountain pass the-
orem to prove the existence of a nontrivial solution for problem (1.1). Moreover,
we will use the Zo-mountain pass theorem to prove that under additional assump-
tions, problem (1.1) possesses infinitely many weak solutions.

The rest of this paper is organized as follows. In Section 2, we recall some
notions and basic results on the generalized Sobolev and Lebesgue spaces. In
Section 3, we state and prove the main results of this paper.
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2. Preliminaries and variational setting

In this section, we recall some necessary properties of variable exponent
Lebesgue and Sobolev spaces. For more details, see [10,23].
Let Q be a bounded domain in R, N > 3. We consider the set

Ci(Q)={peC(Q)|Vz e p(z)>1}.

For all p € CL(Q) , we define the variable exponent Lebesgue space by

LP@)(Q) = {u Q>R

u is measurable and / |u(z)[P@) dx < oo} .
)

p(x)
/ de <153,
Q

Lr() (©) becomes a separable and reflexive Banach space if and only if

Equipped with the Luxemburg norm

u(z)
I

|| p(z) = inf {u >0

1<p <ph<oo.
Moreover, in the following proposition, we see that the Holder inequality holds.

Proposition 2.1 ([10,23]). For any u € LP®)(Q) and v € L' @)(Q), where

1 1
) + T = 1, we have
< (1 S )\U\ v
=\p W) p(z) IVIp' (z)

/ uv dx
Q

A very important role in manipulating generalized Lebesgue spaces with vari-
able exponents is played by the modular of pp,) : LP@)(Q) — R, which is defined

by
pp(:]c / |u |p(x

Proposition 2.2 ([10,23]). For allu € LP)(Q), we have:

Uulpz) <1 (=1,> 1) & pp(u) < Lrespectively, =1,>1).
+

u) < July

|u‘p( >1= |u|p(z <pp (
Uulp@y < 1= \u|7’(x < Pp(ay (W) < Jul)

Another interesting property of the variable exponent Lebesgue space is given
in the proposition below.

Proposition 2.3 ([10,23]). Let p and q be measurable functions such that
q € L¥RN) and 1 < p(x),q(z) < oo for all z € RN, Let u € LP@®)(RN) with
U ;é 0, then we have:

b <12 100w < 1P @) < 1ol
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+
Nl 2 1= g < 1@l < a0

For u € LP(z)(0N2), we put

po(w) = | fula)Pdo,
o0
Proposition 2.4 ([10,23]). For all u € LP®)(9Q), we have:

|u‘Lp(z) (092) >1= |u|ip(ac) (6Q) < ;08( ) < |U|Lp(ac) (09)°

Now, the generalized Sobolev space Wk’p(x)(Q) is defined for any positive
integer k by

a1+ Fan
WhP@) () = {g@ e LPW(Q) ‘ aofx aai e LPW(Q Z a; < k}
1 DY n

In this space, we introduce the norm

kp(z) = Z

ay+-+an<k

8061+"'+05n90

8a1x1 . aanxn

lellx

p(z)

We recall that (Wk’p ( )s |l -

Moreover, the closure of C§°(Q) in W*P@)(Q) denoted by W: P (w)(Q) is also a
separable and reflexive Banach space.
In the rest of this paper, we will deal with the generalized Sobolev space

|k,p(z)) 15 & separable and reflexive Banach space.

E =w2r0@) nw (@)
equipped with the norm
Hqu(x) = |Au|p(m) + |vu|p(ac)

We note that the norms [[ul|,(,) and |Aul,,) are equivalent. Moreover, the norm

/ ’Au(:c) 7 der <1
Ql H o

is also equivalent to [|ull,) and [Aul,qg)

p(z) N ‘Vu(av)

|lu|| = inf {,u >0
,u

Theorem 2.5 ([10,23]). We hawve:
1. If ¢ € C(Q) with q(z) < p*(z), for any x € Q, then the embedding from E
into LI®)(Q) is compact and continuous, where
Np(zx) :
————— ifp(x) < N,
p*(gj) = N — 2]9(16) ( )
00 if p(x) > N.
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2. If q € C(09) with q(x) < p«(x), for any x € O, then the trace embedding
from E into LI®)(9Q) is compact and continuous, where

& = Dpx)
00 if p(x) > N.
Lemma 2.6 ([12])
1. A2( ¥ (Q S W _2’p( )(Q) is a mapping of type ST, i.e., if u, — u

)
weakly in I/V0 )(Q and lim supn_mO(A;(;B) (un),un —u) < 0, then up, — u
strongly in VV0 p( )(Q)

2. Ay Wol’p( )(Q) - Wy 1’p/(m)(Q) is a mapping of type ST.

For simplicity, we denote

IXu):L/|Aup@)+|VuW@)
(9]

Proposition 2.7 ([9,15]). For u € E, we have:
L IfT(u) > 1, then [[ufP” < T(u) < [uf?".
LT <1, then [ul]P" < T(u) < [lul]?”.
3. T(w)>1(=1,<1)& |u]| >1(=1,<1).

We recall now the mountain pass theorem and the Zs-mountain pass theorem
that will be used in the proofs of our results.

Definition 2.8. Let E be a Banach space and x € C'(E,R),c € R. We say
that y satisfies the (P.S). condition if any sequence u,, C E such that

X(up) —c and X'(up) =0 in X' as n— oo,

contains a subsequence converging to a critical point of .
In what follows, we write the (PS). condition simply as the (PS) condition if
it holds for every level ¢ € R for the Palais—Smale condition at level c.

Finally, from [2], we recall the following theorems that we will be used in the
proofs of our main results.

Theorem 2.9 (mountain pass theorem). Let E be a Banach space. Let x €
CY(E,R) satisfy the following conditions:

L x(0) = 0;

2. x satisfies the Palais—Smale condition;

3. there exist positive constants n and o such that if ||u|| = n, then x(u) > o;

4. there exist e € E with |le|| > n such that x(e) < 0.
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Then x possesses a critical value ¢ > o which can be characterized as

= inf t
c i%rfélﬁ}ﬁX(V( )

where
I = {y € C([0,1], B) | 7(0) = 0,7(1) = e}.

Theorem 2.10 (Zg-mountain pass theorem). Let E be an infinite dimen-
sional real Banach space. Let x € C1(E,R) satisfy the following conditions:

1. x is an even functional such that x(0) = 0;

2. x satisfies the (PS) condition;

3. there exist positive constants n and o such that if ||u|| = n, then x(u) > o;

4. for each finite-dimensional subspace X1 C E, the set {u € Xy, x(u) > 0} is
bounded in E.

Then x has an unbounded sequence of critical values.

3. Main results

In this section, we will state our main results. For this aim, we put

f(z,u) = dr(x)i(u) and gz, u) = ga(2)a(u),

where ¢1, 11, ¢2 and Y9 are measurable functions satisfying some integrability
conditions. Precisely, we assume the following hypotheses:

(A7) There exist ¢ > 0, a, S € C () such that for all (z,u) € Q x R, we have

S(x)
g1 € LIE@(Q),  an(u) < clul*
and
Pt <a(z) < S(@) <p'(). (3.1)
(Az) There exist M; > 0,67 > p* such that for all z € Q, we have

0 < 11 (2)P1(u) < dr(z)r(wu, [ul > M,

where ¥y (t) = fg 1(s) ds.
(A3) There exist ¢ > 0, 5,T € C(0R) such that for all (z,u) € IQ x R, we
have

T(x)
¢y € LT@-5@ (),  ho(u) < |ul?@ 1,
and
pt < B(x) < T(x) < pa(2). (3.2)
(A4) There exist My > 0, f3 > pT such that for all x € 9Q, we have
0 < Oago(7)Wa(u) < po(x)h2(u)u, |u| > Ma,

where Wy (t) = fot o(s) ds.
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(As) For all z € Q and for all y € 99, we have

Y1(—z) = —1(z) and Pa(—y) = —a(y).

Definition 3.1. A function u € E is a weak solution for problem (1.1) if for
any v € E we have

‘u‘p(z)72uv

5(2) @)
/ é1(x)h1 (w)v(z) doe — o B2 (x) 2 (u)v(z) dz = 0.

/ | AuP@ =2V de + / IVulP@=2vuVo de — /
Q 9]

Now we are ready to state our main results.

Theorem 3.2. Under hypotheses (A1)—(A4), there exists \* > 0 such that
for any X € (0, \*), problem (1.1) has nontrivial weak solutions.

Theorem 3.3. Under hypotheses (A1)—(As), there exists \* > 0 such that
for any X € (0, \*) problem (1.1) has infinitely many solutions.

The energy functional associated with problem (1.1) is defined as follows:

\AU(&“)” IVU(JU)I”(“" _ Ju(z) [P
o) ’\/ p(2)0(z )2p( @)

p(z)
—/Q<Z>1($)\1’1 dl’—/ P2(z) Vo (u

Remark 3.4. From hypotheses (A;), (A4), the Holder inequality, Proposition
2.2 and Proposition 2.7, we can see that x € C1(E,R). Moreover,

dzx

(X’(u),v>:/Q|Au\p(x)_2Vqud:U+/ \Vu[P®) =2 VuVo dx

(z)—2
N ’%’p “ / o1(x)P1(w)v(z)de — [ go(x)Pa(u)v(z) du.
0 o0

Hence, if u € E is a critical point of the functional y, then u is a weak solution
of problem (1.1).

Lemma 3.5. Under (A1), (A3) and for all 0 < A\ < Cq, there exist n,0 > 0
such that for u € E,

Jull =7 = x(u) = o
Proof. By (A1) and (As), for all z € Q, we have

$1(2) W1 (u) < /0 (@) s]"@ 1 ds < ﬁ@wmuuw (3.3)
$o(z)Ws(u) < c /0 |¢2<x>||s|ﬂ<$>—1dss@wmnu\ﬂ@ (3.4)



242 Abdelhakim Sahbani, Abdeljabbar Ghanmi, and Rym Chammem

Also, by (1.3), we have

A [ |Au(z)P) / Ju()[P)
— ——dx > A ——dx
Cu /Q p(z) — " Ja p(x)d(x)@)
This implies that

| Au(z) [P / Ju(a) [P ( A > / | Au(z)P)
——dr—A | ———5—=dx>|1—— ————dz. (3.5
/Q p(z) o p(a)d(x)?@) Cu)Jo  px) (35
Let uw € E with [Ju]| < 1. By (3.5) and by using the fact that 0 < A < Cp, we
have
|Au(a) ) [Vul)
oz (1 ) [
> ( e (o)

/¢>1 )0y (u dx—/ 62(2) U (u) da

/¢1 Wi(u)de — [ ¢a(2)Va(u) da. (3.6)
[o9)

By (3.6), (3.3), (3.4), Holder inequality and Proposition 2.4, there exist con-
stants ¢, ¢ > 0 such that

1— 2 .
N G-/ M = i@l de == [ st da

p+
(-d)
C1
> %T(u)—ilqﬁl\ 5() |[ul*)] s
P LS@)—a(@) (Q) L) (Q)
!d> | [lul } T(x)
LTG = e =) (8Q2) =) (592)

Z<1_CH)F()— Lol

a” ot
p+ (ac) a @) (Q) max (|U‘LS(I)(Q)’ |u’LS(z)(Q))

Golal n s (ful o oy el o ony)

Using 1 < S(x) < p*(z), 1 < T(z) < p«(x), by Proposition 2.2, there exist
c1, ¢y > 0 such that

[ulps@ @) < erllulland - Julpre) a0y < collul- (3.7)

By (3.7), we obtain

11— =
X(U)Z(p)H P -l sl

@-a(@ (0)

= | 62| HUHB

LT@ 5@ 69)
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A
> [lull” (-&) gl
= - 1 S(z)
+ o LS@)

zfozr(Q

[

2] 1w o uuuﬂ‘p*>

LT@)—-B(=) (90

A
pT (1 B CH) min(a~—p*,87—p™")
> ||ull e k| [ul] ’

where

C1
k= —|¢1] s |¢2\
(8]

L3@—a(@) () LT(T) 5(?) (aQ)

Since a~, 3~ > p* and 0 < A < Cpy, we can choose ||u|| = n small enough such
that

A
7(1 p+CH) — ﬁnmin(a*—er”B*—p*) > 0'
Then
+ (1 - CL) in(a——pt.8— —p*
X(u) = " (P = TP = g > 0, O
p

Next, denote ¢’ : E — E* defined by

a2

o S(ymm @) dr

(¢'(w),v) =

Lemma 3.6 ([15]). The functional ¢’ is sequentially weakly-strongly contin-
uous, namely,

(un = u in E) = (¢ (un) = ¢'(u) in E¥).

Lemma 3.7. Assume that (A1)—(A4) are satisfied. Then there exists 0 <
X* < Cy such that for any X € (0, \*), x satisfies the (PS) condition.

Proof. Suppose that {u,} C E such that
X(un) = ¢, X'(up) =0 in E* as n — oo,

where c is a positive constant. Then, for n large enough, there exists M; > 0
such that
X (un)| < M. (3.8)

Also, since x/(uy,) — 0in E*, we have (X' (uy), u,) — 0. In particular, {x'(uy), un)
is bounded. Thus, there exists Mo > 0 such that

‘(X/(un)vun” < M2- (39)
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We claim that the sequence {u,} is bounded. If it is not true, by passing a
subsequence, if necessary, we may assume that ||u,| — oco. Without loss of
generality, we can also assume that ||u,| > 1. So, from (3.8) and (3.6), we get

1 P4
My > x(un) > (pf)F(un) - /Q @)1 do = [ oa(a)Walu,) do

From (3.9), we obtain

My > _<X/(Un)>un> = —I'(uy) ‘1'/(2@51(@’)@[’1(“%)“71 dr + . $2(z)h2 (un)un dz.

By virtue of assumptions (Az) and (A4), we have

9M1+M22<<1—C);{>0—1>F( )

+ /Q(¢1 (@)1 (un)un — 0¢1(2) W1 (un)) da
" /89(%(90)1/12(%)“11 — O2(2) U2 (un))dz

(=) )t = (1= ) 1) Il G0

where § = min(6,,62).
+
Now, let \* = (1 — ])9) Cpy. Then, by the fact that § > p* for all X €

(0, A*), one has
A 6
1- )2 1
(1-2) s -1>0.

So, by letting n tend to infinity in equation (3.10), we get a contradiction. We
conclude that {w,} is bounded in E. So, there exists a subsequence {u,} and u
in E such that {u,} converges weakly to u in E. Using Proposition 2.2 and the
fact that S(z) < p*(z), we conclude that the sequence {u,} converges strongly
touin L5®)(Q) .

Now, we will show that {u,} converges strongly to u in E. We know that

<Xl(un) <A2( )( )7 Un — u> - <Ap(m)7 (un)un - u> - >‘<901(un)7 Un — u>

/ 61 ()1 () (tn — ) dr — [ Ga(@)bouun) (un —w) do. (3.11)
o0

Using hypothesis (A1), the Holder inequality, Proposition 2.2 and Proposition
2.7, we have

/ 61 ()1 (1) (un — )i < / Clér (@) un|*@ " fuy, — u] de
Q Q

< Clun — ulps@ |¢1(z)] s [t | ) \

LSz —a(x) 1
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z)—a(x)

+_ +_
< Ofun — ulgsolr(@)| sy max (funl®” " psco, funl*” s

+_ +_
< Clun —ulpsiolbr(@)] _se mae ([lunll 7 fun|*)
L

x)—a(x

for some constants C' > 0 and C’ > 0.
From the last inequalities, we deduce that

lim qﬁl( Y1 (up) (U, — w) de = 0. (3.12)

n—oo

Similarly, we can obtain

n—oo

lim o2 () o (up) (uy — u)do = 0. (3.13)
o0

Next, by Lemma 3.6, we will show that

li_)m (o' (up), up —u) = 0. (3.14)

Indeed, since, (x'(un),u, —u) — 0, then by equations (3.12), (3.13) and (3.14),
we conclude that

(o) (n) un = ) = (Bp(e), (un)un = u) = 0.

Finally, since AZ(I) — Ap(y) is of type (S), (see Lemma 2.6), we conclude that
u, — u strongly in E. Therefore, y satisfies the (PS) condition. O

Lemma 3.8. Assuming (A1)—(A4), there exists us € E such that |u.| > n
and x(us) < 0, where n is given by Lemma 3.5.

Proof. By (Az) and (A4), there exist two positive constants m; and mg such
that

G1(x)U(t) > my |t|” for all (z,t) € O x R. (3.15)
ba(2)Us(t) > ma |t|®  for all (z,t) € 0N x R, (3.16)

Let e € E with [, |e|%dz > 0,4 =1,2 and let t > 1. Then we have

_ [ 1Age)P® \te\p |V (te) P®) te yp(ff
9= S, e e

/le )i (te) dZE—/ P2 (x)Wo(te) d

We deduce from (3.15) and (3.16) that
p+

x(te) < t/ (|A(e)|p(x) + \V(e)\p(w)) dz — myth / et dz — m2t92/ le|%2 dux.
p Q Q o0N

Since min(fy, 62) > pT, then we get
x(te) - —oco as t — oc.

We can choose tg > 0 such that the function u, = tpe satisfies ||u.| > 7, and
X(uy) < 0. O
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Now we are ready to prove the first main result of this paper.
Proof of Theorem 3.2. By Lemma 3.5, we have

”iﬁlf x(u) > 0> 0= x(0).
ul|=n

On the other hand, Lemma 3.8 implies the existence of u, € E such that |lu.| >
n, for some n > 0, and
X(ux) < 0= x(0). (3.17)

By Lemma 3.7, we know that y is a C' function satisfying the Palais-Smale
conditions. Hence, from Theorem 2.9, y has a critical point, which is a weak
solution for problem (1.1). Finally, due to (3.17), we see that u, is nontrivial. [J

Next, we prove the second main result of this paper. Actually, we need to
prove the following lemma.

Lemma 3.9. Under hypotheses (A1)—(Ay), if X is a finite dimensional sub-
space of E, then the set

H={ueX|x(u) =0}
1s bounded in FE.

Proof. Let uw € H. Firstly, we have

() < 1/ ]Au|p(””)dx+1/ \vu|1’<wdx—/¢1(x)qfl(u)dx.
b Q b Q Q

Then, by (3.15), (3.16) and Proposition 2.3, we have

1
x(u) < —TI'(u) — ml/ lu|?* da — mg/ u|? da
p Q o0
L 0 1 + - 0
< —T(u) —=malulph, < —(llull” +[lull”) = mi|ul ).
p p
Since X is a finite dimensional subspace, then |- |;¢; and || - || are equivalent.

Hence, there exists a positive constant C' such that

[ 0
[ull™ < Cluls, -
Then

1 + - mi, e
< p p _ 1,
x(u) < p= (el + el ) = Ml
Using the fact that p~ < p™ < 61, we deduce that the set H is bounded in E. [

Proof of Theorem 3.3. It is clear that x(0) = 0. On the other hand, from
hypothesis (Ajs), we see that x is an even functional. So, from Lemma 3.5, Lemma
3.7 and Lemma 3.9, we conclude that all conditions of Theorem 2.10 are satisfied.
Hence x has an unbounded sequence of critical values which are an unbounded
sequence of nontrivial solutions for problem (1.1). O
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MHO>XKUHHiI PO3B’A3KHM [JIsI 3a/1a4, [0 MICTATh
p(z)-mannacian i p(x)-6irapmoniynuii orrepaTop
Abdelhakim Sahbani, Abdeljabbar Ghanmi, and Rym Chammem

Y poboti posrisinyTo Taky p(x)-6irapMOHIUHY 3ajady 3 HeJiHIAHICTIO
Tlapgi:

9 _ ‘u|p(w)_2u .
Ap(z)u — Ap(m;)u = )\W —+ f(x,u) 1n Q,
u=20 on 01},
|Vu\p(z)_28—z =g(z,u) on 011,

ae Q CRY (N > 3), Apy) € p(z)-nannacianom i Ai(m) € p(x)-6irapMOHiYHIM
onepaTopom. Tounirie, i1 TOBEACHHS iICHYBAHHS 1 MHOXKUHHOCTI PO3B’sI3KiB
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Bapialiitai MeToayu CKOMOIHOBAHO 3 TEOPI€0 y3arajpbHeHuX mpocropi Jlebera
i CoboneBa 3a BiAmoBimHUX yMOB Ha HejiHifiHOCTI f 1 g.

Kurrouosi ciosa: p(z)-6irapmoniunmit onepaTop, p(x)-namiaciad, Teopema
PO CUMETPUYHUI IMpChKUil miepeBasi, y3arajibaenuii npocrip CoboJieBa
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