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Inclination of Subspaces and Decomposition
of Electromagnetic Fields into Potential and
Vortex Components

Maria Goncharenko and Evgen Khruslov

Using the notion of inclination of two subspaces L and M of a Hilbert
space H, we prove the theorem on the extension of linear continuous func-
tionals defined on the subspace L to H so that the extended functionals
vanish on the subspace M. We apply this theorem to study the question of
decomposition of the electromagnetic field in resonator with ideally conduct-
ing boundary into potential and vortex components and derive the Korn-type
inequality for vortex fields.
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1. Introduction

The present study is motivated by the following question. Let L and M be
two linear subspaces of a Hilbert space H. What conditions must these subspaces
satisfy so that any vector « € H can be represented as a sum

z =zt +a, (1.1)
where 2 € L, M € M, and the inequality is fulfilled
25| < Az, [« < Asfl2]), (1.2)

with constants A, Ay independent of x?

This is an abstract statement of a problem appearing in various natural sci-
ences. In particular, in electrodynamics it is related to decomposition of an
electromagnetic field in the domain with perfectly conducting boundary into the
vortex and the potential components [1]. Notice that for L N M = {0} the de-
composition (1.1) is unambiguous.

If the sum of subspaces L and M coincides with #H, equality (1.1) is evidently
true. On the other hand, for the inequalities (1.2) to be valid, we need additional
information about L and M and estimates for constants A; and As.
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That is why the question posed above involves, in the first place, research of
the closure of the sum L + M of subspaces L and M, and verification that its
orthogonal complement is trivial: (L + M)+ = 0.

The question of the closure of the sum of subspaces was studied earlier in a
number of papers [3-5,8-11]. In the papers [3,4] and the monograph [5], this
question was studied for Banach spaces in very general settings. The notion of
inclination yg(L, M) of two spaces L and M of a Banach space B was intro-
duced, and necessary and sufficient conditions for the closure of the sum of these
subspaces were formulated in its terms. In the case of Hilbert spaces H = B,
the corresponding inclination ~y (L, M) of the subspaces L C H and M C H is
expressed in terms of the cosine of the angle ¢(L, M) between these subspaces by
the formula 3 (L, M) = /1 — cos? (L, M). The definition of the angle (L, M)
between two subspaces of the Hilbert space was first given by K. Fridrichs for
studying the problem of the characteristic values of functions [6]. Subsequently,
the notions of inclination and angle between subspaces were further developed
and successfully applied in a number of branches of mathematics: the theory of
bases, the theory of approximation and splines, operator theory [3-13].

In this paper, we use the definition of the inclination of subspaces L, M C H,
which takes into account the Hilbert structure of the space H that is equivalent
to the definition given, for example, in [8]. In the first section, the notion of
inclination ¢(L, M) of subspaces L and M C H is used to describe conditions on
these subspaces under which representation (1.1) with estimates (1.2) holds. The
main result is formulated in Theorem 2.2.

In Section 2, the notion of inclination of subspaces is applied to the study
of the possibility of extending linear continuous functionals f € L* given on
a subspace L and vanishing on L N M to functionals f € H* that vanish on
a subspace M € H. It is proved that it is necessary and sufficient that the
inclination of subspaces L and M be less than 1 (Theorem 3.1). As a corollary
of this theorem, it is shown that conditions 1 and 2, formulated in Theorem 2.2,
as sufficient for the validity of decomposition (1.1)—(1.2), are also necessary.

We note that the results obtained in Sections 2 and 3 are proved in this paper
by quite elementary methods, although they may also be obtained as corollaries
of profound results of previous papers (for example, [8-10]). In Section 3, the
results obtained in Sections 2 and 3 are applied to the study of the decomposition
of the electric component of the electromagnetic field in a domain with a perfectly
conducting boundary into potential and vortex components. The inequality of
Korn’s type is derived for the vortex component of the field.

2. The inclination of two subspaces of Hilbert space and decom-
position of vectors into components from these subspaces

Denote by H the Hilbert space (complex) with the scalar product (u,v) and
the norm ||lu|| = (u,u)"/?, u,v € H. Let L and M be two linear subspaces in it,
@ be their intersection (the case @Q = {0} is not excluded), and L © @ and M &
@ be orthogonal complements to ) in L and M, respectively. We will assume
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that subspaces Lo @ and M & @ are non-trivial. Taking into account the Hilbert
structure of the space H, we introduce the inclination of subspaces L and M by
the formula
c¢(L,M)= supp M

ozueLoq |[ullllv]

0#£veMOQ
Obviously, 0 < ¢(L,M) <landif M L Lor (MsQ) L (LeQ), then ¢(L,M) =
0. This is the reason for the name “inclination” since for (M © Q) L (L © Q) we
can say that the subspaces L and M are not inclined to each other. We exclude
the cases M C L and L C M from consideration, since in these cases ¢(L, M)
is not defined by formula (2.1), although it is natural to assume ¢(L, M) =1 in
these cases. The definition of the inclination (2.1) actually coincides with the
definition given in [8] and expressed in terms of the angle ¢(L, M) between the
subspaces L and M by the formula ¢(L, M) = cos (L, M). We will denote by
L+ M= {a: eH:o=al+a2Mal el M e M} the sum of the subspaces L
and M in H.

(2.1)

Lemma 2.1. If ¢(L,M) < 1, then L + M is a closed set in H, and hence
L+ M is a closed linear subspace of H.

The statement of the lemma follows from Theorem 13 in [8] (see also [9,
p. 1424, Example 3.2]). But for convenience, we present it here by a simpler
elementary method, which we will use in what follows.

Proof of Lemma 2.1. Let {x,, € L+M,n =1,2,...} be a convergent sequence
of vectors z,, and
Tp,—wx€L+MCH asn— . (2.2)

Since L+ M = Q+ (Lo Q)+ (M oQ), each vector z, € L+ M can be represented
in a unique way in the form

Tp = Gn + 2L + 2N (2.3)

Here, ¢, is the orthogonal projection x,, onto the subspace @ = LN M, ik ¢ Lo
Q, M € M © Q. Therefore,

2l = lgnll? + [|2Z]]7 + || ||° + 2Re (2%, &M) . (2.4)

Taking into account (2.1), we write the inequality

|2 +et

||k #%).

(2F, 2] < e(L, M)

n

L
|

X LM
x%HSC(z)<

where ¢ is any positive number. Then from (2.4), it follows that

lall® > lgall” + 125" + 122" - 2| (&5, 221
> gl + |27 (1 = ec(L, M) + || |]* (1 — e e(L, M)).
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Hence, assuming that 0 < ¢(L, M) < 1 and setting e = ¢(L, M) or e = ¢ (L, M),
we obtain the inequalities

£l 2

V1—=c(L,M)’ V1—c(L, M)

For ¢(I, M) = 0, these inequalities are obvious since the vectors ¢, 2%, #M are
mutually orthogonal. In a similar way, we estimate the differences

19nll < llznll, 2]l < 1271l <

(2.5)

190 — Jmll < |20 — 2|

L A |20 — Zm ||
T, — I <

Jak — 2h < T
ot — ) < el

T /1=E(L,M)

Since ||z, — Tm|| — 0 as n,m — oo, from these inequalities it follows that the
sequences {g)n}zo:l, {i‘ﬁ}zo:l, {ii\{[}zo:l are fundamental in the spaces @), L © @,
M & Q, respectively. Since these spaces are complete, then

h—9€Q, ih—iteLoq, N -si"eMoq,
as n — 0o, and therefore,

Tn =G+t +iM e L+ M.

By recalling (2.2), we get © = ¢ + & + 9™ € L + M for any x € L+ M, and
hence L + M = L + M. The proof is complete. O

Let us now formulate the main result of this section.

Theorem 2.2. Let L and M be subspaces in H satisfying the conditions:
1. c=c¢(L,M)<1;
2. (L + M)+ = {0}, where (L + M)* is the orthogonal complement of L + M
n H.
Then every vector x € H can be represented as in (1.1) so that the inequalities
(1.2) hold with constants

1 1
T Ay =a +7)
V1-—¢? SRRV g
where 0 < ap <1 (k=1,2) and ar, =0 if LN M = {0}.

Ay =a1 +

Proof. By virtue of condition 1, according to Lemma 2.1, L+ M = L+ M,
that is, L 4+ M is a closed linear subspace in H, and according to condition 2, any
vector from H orthogonal to L + M is zero. Therefore, L + M = H and every
vector € H can be represented in a form similar to (2.3),

r =g+ al+iM, (2.6)
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where ¢ is the orthogonal projection of = onto the subspace Q@ = LN M, &l €
Lo Q, M ¢ M © Q. Hence, similarly to (2.5), we obtain the inequalities

EN
1—¢2

[kl
V1—¢e2’

Now we represent the equality (2.6) as (1.1),

M| <

| <

1911 < ll=[l, (2.7)

wzxL+mM,

where 2L

=il+a1ge L, ™ =2M 4499 € M, a1, as are arbitrary non-negative
numbers such that a; + as = 1.

Taking into account (2.7), we get

. 1

"1l < @lgll + = ll=ll < Arlal
A i 1

[l < dallgll + =zl < Azlall

Therefore, every x € H can be represented in the form (1.1) with estimates (1.2),

where )
Ay =ap+ —— (k=1,2),
k k 1_c2 ( )

0<ar<1,and ax =01if § =0, and, in particular, if L N M = {0}. O

Remark 2.3. Theorem 2.2 establishes the sufficiency of conditions 1 and 2,
which must be satisfied by subspaces L, M C H in order to realize for all x €
‘H decomposition (1.1) with estimates (1.2). It turns out that these conditions
are also necessary. The necessity of 2 is evident, and the necessity of condition
1 follows from Theorem 3.1 of the next section. Then Theorem 2.2 implies the
necessity of condition 1 for the closedness of the sum L + M (see Lemma 2.1).

3. On the extension of linear continuous functionals

Consider the set Fig C L* of linear continuous functionals given on the sub-
space L C H and vanishing on the subspace Q = LN M in L, i.e.,

Fo={felL": f(z)=0asz € Q}.

The following question is posed: )
Is it possible to extend f € Fg to a linear continuous functional f C Fy C H,
where

FM:{fGH*: f(z)=f(x)asz e L, f(xr) =0asz € M,

I Fll2es < Al fll, A= A(L, M) < oo does not depend on f € FQ}?

The answer is given by the following theorem.
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Theorem 3.1. In order to have an extension f € Fyy C H* for the func-
tional f € L* (i.e., a mapping Fg to Fir) it is necessary and sufficient that the
inclination c(L, M) of the subspaces L and M satisfy the inequality c(L, M) < 1.
Moreover, if f € Fa is an extension of f € Fg, then

1
V1—-¢c*(L,M)

Proof. Let ¢(L,M) < 1. Then from Lemma 2.1 it follows that the sum of
the subspaces L and M is a closed linfrar subspace of H. For a given functional
f € Fg C L*, we define an extension f € Fyy C (L + M)* by

R _ f(CL‘), xELa
f@) = {0, r e M,

/]

| fll2es <

- (3.1)

ie,forx e L+ M,z =al+2M=g+2l4+iM (QEQ:LHM, tleLoqQ,
iMe Mo Q) we assume that f (x) = f(AL . This definition is correct because
flz)=0asz € Q.

Let us estimate the norm of this functional in L + M. Using the inequality
lz]* > (1 = (L, M))[| "] (see (2.7)), we get

|/ ()] [f@h) 1 |f(=")]

1 Fllz4arys = sup = sup < sup
( ) 0#z€L+M [zl 0#zLeL+M (Bl V1—c?ileroq [kl
1 | ()]

su

1
< ——— sup < e~
2o, Tl = vzl

Now we extend the functional f € (L+ M)* to the whole space H so that f(z) =
f(z) asz € L+ M and

(3.2)

1112 = 171l (Ls-ary=- (3.3)

For the Hilbert spaces H and L + M C H, the possibility of such an extension
follows from the Riesz theorem on the general form of the linear functional [14].

Inequality (3.1) follows from (3.2) and (3.3). Thus we have proved the suffi-
ciency of the condition ¢(L, M) < 1 for the mapping Fg — F.

To verify its necessity, we use the method of proving by contradiction. Let us
suppose that ¢(L, M) = 1 and there exists a mapping F onto Fj; such that f —
£y Iflls= < A|lf]l1=, where A does not depend on f € Fg. Since ¢(L, M) = 1,
from (2.1) it follows that there exist subsequences {u,}2° ; and {v},}>° ; such that

up, € Lo, v, e MoQ, ||lu,ll = |lv,ll =1, and |(ul,,v})] — 1 as n — co. We
’
denote ¢, = arg(u,,v),), so that (u/,,v)) = |(u/,,v")|e"n, and set u, = u;e_’%n,
/

Uy = v;ei%. Then (un,v,) = e~ (ul,, v))) = |(ul,,v],)|. Consequently, there are

sequences u, € L © Q, v, € M © Q such that ||u,| = [|v,| = 1, Im(uy, v,) =0,
(up,vn) — 1 as n — oo. Therefore,

||lwn — vn||2 = ||unH2 + anH2 —2(up,vy) -0 asn — oo. (3.4)
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Let us introduce a sequence of functionals {f, € L*} assuming f,(x) = (x, up).
Then fp(un) =1forx € L, || fullz- =1 and f,(y) =0fory e Q =LNM, ie.,
fn € Fg. By assumption, there are extensions fn € Far C H* of functionals f,
to the whole space H such that f,(z) = fu(z) for z € L, fu(z) =0 for z € M
and

where the constant A does not depend on n.

Let us calculate the value of the functional fn € Fy on the vector wy, = up —
vp € H. Since u, € LOQ and v, € M © Q, fn(wn) = fn(un) fn(vn) = 1.
Therefore, taking into account (3.4), we get

[fa(@)| o 1 fn(wn)]

Lx = A< oo, (35)

an?—t = sup > — 00, N — 0.
opatn 2] [[wn]|
This contradicts (3.5), and thus ¢(L, M) < 1. O

Remark 3.2. From Theorem 3.1, it follows that condition 1 in Theorem 2.2 is
necessary. Indeed, if the decomposition (1.1) is valid for all x € H with estimates

(1.2),ie., 2 = al+aM 2t € L, M € M and ||z”| < A;||z||, then any functional
S FQ can be extended to a functional f € Fiyy by setting f( ) = f(z¥). Then
f(@) = f(z) for z € L, f(x) = 0 for x € M and |f(2)| = |f(«")] < [|f[|z- 2" <

ALl f|lp- ||z for all z € H, i.e., || fll2- < Ail|f]lL+, and therefore, f € Fys. Thus,
Theorem 3.1 implies that c(L,M) < 1.

Let us give now the simplest example illustrating the notion of inclination
and the results of Theorems 2.2 and 3.1. Let H = [?(N), where the vectors u =
{u;}22, from I?(N) are real-valued (i.e., u; € R) and the scalar product is defined

by the formula
o0
v) = Z Ui ;.
i=1

Consider two subspaces in H = [2(N),
L={v=(v1,v,...) €1*(N):vg,_1 € R, vy, =0}, (3.6)
M = {w = (wl,wg, .. ) (S l2(N) P Wop—1 € R, Wop—1 = wgnegn,
Oan, € R, 0 < |b2p] < 00}, (3.7)
The vectors from L and M have the following structures: v = (v1,0,v2,0,...),

w = (wy, w162, ws,wsby,...). Thus, @ = LN M = {0} and the inclination of
these subspaces is defined by the equality

o]
Z V2n—1W2n—1 1
c¢(L,M) = sup =l = (3.8)

- 12 / 2 (1+0)1/2
0#£veL
O;Zéng ( E U%m—l) < Z w%n—l(l + H%n)>

where 0 = inf §2 . Therefore, ¢(L, M) < 1if § > 0 and ¢(L, M) = 1 if § = 0.
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For # > 0, we have L + M = H. Indeed, any vector u = (u1,uz,...) € [*(N
can be represented in the form u = v + w, where vo,_1 = uon_1 — 92—", Vop, =
0, i.e., v € L, and wa,,—1 = 92”, Woy = Usp, 1.., w € M. Hence, we obtain the
followmg estimates for the vectors v and w:

6+1 0 + 1
loll < 4/ =5 = llull,  llwll < /== llull
Since, by virtue of (3.8),
0+1 1
L= 3.9
7 2 (3.9)

these estimates coincide with the estimates of Theorem 2.2.
Consider now the functional f € L*. By the Riesz theorem, there exists a
vector a € L, a = (a1,0,a2,0,...) € I*(N) such that

(o)
fv) = (v,a) = szn—1a2n—1 (3.10)
n=1
for v € L. .
Extension f € Fy of the functional f to the whole space H = [? can be
represented in the form
f(u) = (u,a) for all u € H, (3.11)
where G = (a1, az, . ..) € [(N), Gan_1 = aon_1, don = —a2n—105,, n=1,2, .. ..

Indeed, according to (3.6), (3.7), (3.10), (3.11), f(v) = f(v) for v € L; f(w) =
0 for w € M, and by virtue of (3.9)—(3.11), the estimate

[fll3= = llall < lall = == llall = S I£le-

0 V1 1/

holds and it coincides with the estimate of Theorem 3.1.
4. On decomposition of electric component of electromagnetic

field in domain with perfectly conducting boundary into po-
tential and vortex components

Let Q be a bounded domain in R? with smooth boundary 9Q = I'. The
electric component of the electromagnetic field in the domain €2 with a perfectly
conducting boundary I' is a vector field u(z) € Lo (Q, C3) with a finite norm

1/2
|ullo = {/ (Jrotul? + |divul® + |u]?) dﬂs} < 00 (4.1)
Q
which satisfies the condition

ur(z) =0, zel. (4.2)
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Here and below, we denote by |- | the norms of vectors from C? (or C), by (-) the
standard scalar product in C3 (C), and by u,(x) and w,(z) the tangential and
normal components of the field u(x) on the surface I' at a point 2 € I'. For non-
smooth vector functions satisfying condition (4.1), these components are defined
as elements of the space H~Y/2(I") [15], and therefore, the boundary condition
(4.2) in the general case is understood in the generalized sense:

ur =0« / (u,rotv) doe = / (rotu,v)dx for all v € Hl(Q,C3),
Q Q
or, equivalently,
fu(v) = /<U Av,u)ydl’ =0 forallve H1/2(F,(C3),
r

where v = v(z) is the unit vector of the outer normal to the surface I' at the
point = € I', A is the vector product in C3, and since u € H~/2(T'), the integral
over I is understood as a functional f, € (H1/2 (F, (C3))*.

The properties of such vector functions were studied in papers [17-20] in
connection with the study of the Maxwell operator in domains with a non-smooth
ideally conducting boundary. For domains with a smooth boundary, they were
studied in [21,22]. In particular, it was proved that in the case of a smooth
boundary of the domain, the set of vector functions satisfying conditions (4.1),
(4.2) is a closed subspace H{} (Q, C3; 7') of the Sobolev space H! (Q, (C3) of vector
functions v(x) satisfying the condition v,(x) = 0 on I'. Hence, by virtue of the
embedding theorem, u, € HY?(I'), u, € HY?(I') and condition (4.2) can be
understood in the usual sense.

Introducing in the subspace Hg(Q,C3%7) C H(Q,C?) the scalar product
(+,-)o compatible in the standard way (u,u)}z/2 = ||lul]|q with the norm (4.1), we
obtain a complete Hilbert space, which we denote by 7. Consider two linear
subspaces in it:

L ={ueH: ulx)=0, zel},
M={ueH u=Vy, pe H)Q,C), Ape Ly(Q)}.

It can be shown that these subspaces are closed in J#°, and

& ={ue Hj(QC%},
M ={u=Vep, pc H}Q,C)NH*(Q,C)},

o
where H&, H? are the standard notation for Sobolev spaces W% = H&, W22 = H?
(see, for example, [16]). For this purpose, we use the well-known equality

[Vul|7, = |[rotul, + || divul|7, for all u € Cj(9,C?),
and inequality

lellae < Ca(x)lAplz,  for all v € C3(Q),
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where C(») is a constant depending on the curvature s of the surface I' [20].

Let us show now that for H = 27, L = £, M = .#, conditions 1 and 2 of
Theorem 2.2 are satisfied, i.e., the inclination ¢(.Z, #) of subspaces £ and .#
is less than 1, and any vector u € ¢ orthogonal to the sum % + .# is zero. To
verify that condition 1 of Theorem 2.2 is satisfied, we use Theorem 3.1.

Let f € Z* be a linear continuous functional, defined on the space .Z, that
vanishes on Q = Z N, i.e., f € Fy. By virtue of the Riesz theorem, there
exists a vector function w € £ = H}(Q, C3) such that

flu) = (u,w)q = /Q{<rot u, rot w) + (div u, divw) + (u, w) } dz. (4.3)

With the help of this equality, taking into account that f(u) =0 for all u € Q =
LN ={u=Ve:pecHjQ), Vo e H}(Q,C3)}, we conclude that w(z) is a
generalized solution of the following boundary value problem:

w(z) =0, xel, (44)

{ rotrot w(z) — Vdivw(z) + w(z) = j(x), =€ Q,
where j(z) is a vector function from H~! (Q,(C3) that satisfies the equation
divj(x) = 0 in  in the sense of distributions

j(x) € J(Q) = {j € H'(Q,C%), divj(z) = 0}.
From this, it follows that w(x) satisfies the equation
— Adivw(z) + divw(z) =0, x€Q, (4.5)

and thus, [[Adivw||p,q) = || divw| 1, < oo
Denote by W (€2) the set of solutions of the boundary value problem (4.4) for
all j € J(Q2) and assume that

V di
S = sup I lvaLz(Q)

4.6
w©)  lwlla@) (46)

Apparently, this inequality indeed holds since all w(x) from W(2) belong to the
space Hi (€, C3) and satisfy equation (4.5) in the domain €.

Under this assumption, let us show that any functional f € Fgp C £ defined
on the subspace £ by formula (4.3) can be extended on the whole space .# to
a functional f € #* such that f(u) = f(u) for u € &, f(v) =0 for v € 4, and
[ £l < C(S)||f]l.2+, where C(S) does not depend on f € Fg.

We define the functional f by the formula

f(u) = /Q {(rot u, rot w) + (divu, divw) + (u,w)} dzx

— /(u, vdivw)dl' for all u € 2, (4.7)
r
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where w = w(z) is the same vector function as in the functional (4.3), v is the
unit vector of the outward normal to the surface I'. The surface integral in (4.7) is
well defined since u € H'(Q, C3,7) and divw € H! (Q, (C3) in view of assumption
(4.6). Taking this into account and using the embedding theorem for H'(2) in
Ls(T"), we obtain the inequality

/F<U>Vdi"w> dl“‘ < [ divw|| oy llunll oy < CS + Dlfwll ) llull )
Due to this inequality, from (4.7), it follows that

()] < (14 C(S + 1) llwll s (g llull a1 () (4.8)

As it follows from [21,22] (see also [17,18]), in the case of smooth boundary I" there
exists a continuous linear mapping 57 — H& (Q, C3; 7') and . — H& (Q, C3) such
that

lullis @ < Cillullr (1< Cr < o0) for all u € 2,

where the constant C; does not depend on u € 7, and
Hw||H3(Q) = ||lw||ge forallwe Z.
Moreover, according to (4.3),

[wllz = [|fll.2--

Considering all this, with the help of (4.8) we obtain

£l = sup 1L
28 Yl

< Ci(1+C(S+ )|l = CS)|fll.=, (4.9)

and thus the required inequality for f is established.
Further, according to (4.7) and (4.3), it is obvious that

f(u) = f(u) forue.¥=H;(Q,C?), (4.10)

and for u € # = {u= Vo :p € H}(Q,C)NH*Q,C)},

f(u):/Q{<A<,0,divw>+<Vg0,w>}dx—/r<gf,divw>df
:/Q<g0,Adivw—divw>dx

and, according to (4.5),

fu)=0 forue #. (4.11)

Combining (4.9)—(4.10), we conclude that any functional f € Fp C Z* (Q =.£nN
M) can be extended to the functional f € F, C #*. Therefore, according to
Theorem 3.1, the inclination of subspaces .Z and . is less than 1, i.e., condition
1 of Theorem 2.2 is satisfied.
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Remark 4.1. In a quite simple proof of this fact presented above, it was
assumed that condition (4.1) is satisfied. The proof that does not use this as-
sumption is rather cumbersome and is not given here.

Let us now show that condition 2 of Theorem 2.2 is also satisfied. Let u €
(& + M) C . Then (u,v)q =0 for all v € £ = H}(Q,C?) and (u,v)q =
0forallv € # = {v="Vp,p € H}(Q) N H*Q)}. Using these equalities and
assuming that u € H} (Q, C3; T) N H? (Q, C3), we conclude that u(x) is a solution
of the following boundary value problem:

rotrotu(z) — Vdivu(zr) + u(x) =0, =z €Q,
divu(z) =0, zel,
0, zel.

Hence, it follows that
/ {|rotul® + [divul® + [u*} dz = 0,
Q

and therefore, u = 0, and condition 2 of Theorem 2.2 is satisfied.

According to Theorem 2.2, any vector function from .57 can be represented as
a sum of two vector functions from subspaces .# and .Z with the corresponding
estimates, see (1.1) and (1.2). This representation is obviously not unique if .Z N
L+ 2.

Let us call vector functions from the subspace .# potential fields, and those
from the subspace

L =Lo(MNY),

vortex fields. It is clear from above that we can represent any vector function
from 7 as a sum of two terms from subspaces .# and .Z; this decomposition is
unique and the estimates of the form (1.2) are valid.

Note that in the physical literature the terms “potential field” and “vortex
field” are quite common, but their definitions are of a local nature that does
not take into account the boundary conditions for these vector fields (see, for
example, [23]). Our definitions of potential and vortex fields as subspaces in the
Hilbert space J# ensure that these fields have zero tangent components at the
boundary of domain §2.

In conclusion, we show that the Korn-type inequality [24] holds for vortex

fields:
1

2
U <—
Fellion < 7 — (L, M)
First, we note that according to definition (2.1) and Theorem 3.1, the inclinations
(L, M) and (L, A ) of subspaces (£, . #) and (L, #) in H are equal and

less than 1,

(IIrot el o) + lull?, g ) - (4.12)

c=c( L M) =c(L, M) <1

and
|(u, v)al < cllull v, (4.13)
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where ¢ = ¢(Z, ) for all u € £ and v € A
Let us denote by P, the orthogonal projection operator in FC onto the
subspace .#. Then for u € 2,

u,v)q
sup L9l _yp oy,
vet |[V]lr
and thus, according to (4.13),
1P ull% = / [ div Pgul® + [P gul?} de < c2|jul%. (4.14)
Q

Let us represent u € ¥ = £ © (£ N .4) in the form
u=Pyu+u, WeH(LNMA). (4.15)

Evidently, P ,u' = 0, and hence, since Vyp € .#, the equality (v, Vy)q = 0 is
true for all ¢ € H} () N H%(Q). Using this equality, we may conclude that

divu/(z) =0, z € Q. (4.16)
Taking into account (4.15), (4.16), we can rewrite inequality (4.14) in the form
/ | div u)? da +/ lu —u'|? de < / {|rotul* + | divul® + |u*} da.
Q Q Q
Whence it follows that

(1—02)/ |divu]2dx§02/ |rotu|2dx+c2/ |u|?dz.
Q Q Q

Since ¢ < 1, we rewrite this inequality in the form

/Q {|rotul? + | divul® + [u*} dz < (H rot uH%Q(Q) + HuH%Q(Q)>

1—c2
and, recalling the well-known equality
/ |Vu|* de = / {|rotul* +|divul*} dz for all u € Hj(Q,C?),
Q Q

we obtain the required inequality (4.12).
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Haxwu mimpocTopiB i po3KJIaaHHA eJIeKTPOMAarHiTHUX
MOJIiB HA MOTEHIIITHY Ta BUXPOBY CKJIAJIOBI

Maria Goncharenko and Evgen Khruslov

BukopucroByodn moHaTTsS HAXWIY JBOX Hijanpoctopis L i M rinmbbepTo-
BOT'O IIpOCTOPY H, IOBEIEHO TeOpeMy PO IMPOJOBXKEHHs JIiHIITHIX Hellepeps-
HUX QYHKIOHAJIB, BU3HAYEHNX HA miAmpocTopi L, 10 H Tak, 1o posmmpeHi
dyHKIiOHAIN JIOPIBHIOIOTH HyJsr0 Ha migmpocropi M. Mu 3acrocyBanm 11io
TeopeMy JJIs JIOCJI/I2KEHHs TUTAaHHS PO3KJIAJAHHS €JIEKTPOMATrHITHOIO II0-
JIsI B Pe30HATOPI 3 ilealIbHO IIPOBIJHOIO MeXKel Ha IIOTEHIIHY Ta BUXPOBY
CKJIaJIOBI Ta BUBEJU HEPiBHICTH TUIy KopHA JIJIT BUXPOBUX TOJIB.

KitrogoBi cioBa: rinpbepTiB mpOCTip, HAXWII MiAIPOCTOPIB, PO3IMTUPEHHS
GYHKITIOHATIB, PO3KIIAHHS €TEKTPOMATHITHOTO TTOJIS
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