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1. Introduction

The principal aim of this note on three-coefficient regular Sturm—Liouville op-
erators is a clarification of the following seemingly elementary-sounding question:
“Under which circumstances are eigenvalues simple or twice degenerate?”

To set the stage we recall that three-coefficient regular Sturm—Liouville dif-
ferential expressions are of the form

_ d d f b CR 1.1

= —%p(x)% +q(z)| for a.e. x € [a,b] C R, (1.1)
where the coefficients p, ¢, r satisfy the integrability conditions listed in Hypothe-
sis 2.1. All self-adjoint L?((a, b); r dx)-realizations associated with 7 then require
separated or coupled boundary conditions involving the two interval endpoints,
a and b.

Explicitly (see Theorems 2.4 and 2.5), the separated boundary conditions
for elements g in the domain of the underlying self-adjoint operator T, g in
L?((a,b);rdx) are of the form

sin(a)g!(a) + cos(a)g(a) = 0,
sin(8)gM (b) + cos(B)g(b) =0, @, B € [0,7), (1.2)

(see (2.2) for the definition of g[l]), and all corresponding self-adjoint operators
T,.r in L*((a,b);rdz) with coupled boundary conditions are of the type

o0\ _ o [ 90)
(dﬂ(b)) —o <g“1<a>> | o
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where ¢ € [0, 7], and R is a 2 X 2 matrix with real-valued entries and detcz2(R) =
1, that is, R € SL(2,R).

Floquet theory in this second-order context, that is, the theory of second-
order periodic differential equations with periodic coefficients p, ¢, 7 on R with
period w > 0 is then naturally associated with the special case ¢ € [0,7], R =
I, a=0,and b =w in (1.3) (see, e.g., [6, Sect. 7.5]).

Next, introducing

90(2,.%',@) (ﬁo(Z,l‘,Cl)

Yo(z,2,a) =
oz 0] (95”<z,:c,a> o0 (z, 2, a)

), z€C, x € [a,b], (1.4)

with 0y(z, -,a), ¢o(z, -,a) a fundamental system of solutions of 7y(z, -) =
zy(z, - ), normalized by

Yo(z,a,a) = Iz, and satisfying detc2(Yp(z,z,a)) =1, z € C, = € [a,b], (1.5)
the analog of the well-known Floquet discriminant can be defined by

AR(z) = trez (R_IYO(A,b, a))/2

= [R171(25[01} (Z, b, (l) + R27290(2, b, CL) — R271(Z50(Z, b, a) — RLQ@([)” (Z, b, CL)] /2,
R = (Rj,k)lgj,k§2 S SL(Q,R), z € C. (1.6)

The principal results of this note then read as follows (see Theorems 3.1
and 3.2):

(i) For any a,p € [0,7) and any ¢ € (0,7), R € SL(2,R), the eigenvalues
of Ty g and T, r are simple. (In particular, all eigenvalues in the case of
separated boundary conditions are simple.)

(ii) For A € R to be a twice degenerate eigenvalue of T;, g, the latter must be of
the form Ty r or Ty g for some R € SL(2,R).

(iii) The following items (a)—(c) are equivalent:
(a) A € Ris a twice degenerate eigenvalue of T g.
(b) Ar(A) =1 and Ar(\) = 0; in this case, Ag(\) < 0.
(¢) Yo(A\,b,a) = R.

(iv) The following items (a)—(c) are equivalent:
(a) A € Ris a twice degenerate eigenvalue of T} g.
(b) Ar(\) = —1 and Ag()\) = 0; in this case, Ar(\) > 0.
(¢) YoM\, b,a) = —R.

In Section 2 we recall the necessary background on regular three-coefficient
Sturm-Liouville operators. The above results (i)—(iv) on multiplicities of eigen-
values are then contained in our principal Section 3.
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Notation. The inner product in a separable (complex) Hilbert space H is
denoted by (-, - )y, and it is assumed to be linear with respect to the second
argument. If 7" is a linear operator mapping (a subspace of) a Hilbert space
into another, then dom(7") denotes the domain of 7. The resolvent set and the
spectrum of a closed linear operator in H will be denoted by p(-) and o(-),
respectively. The Banach space of bounded linear operators on H is denoted by
B(H). For p € [1,00), the corresponding ¢P-based trace ideals will be denoted by

Bp(H) with norms abbreviated by || - ||5,(%). Finally, we abbreviate C. = {2 €
C|Im(z) = 0}.

2. Background material on regular Sturm—Liouville operators

The following summary of background information on regular three-coefficient
Sturm-Liouville operators is taken from [6, Ch. 4].

Throughout this paper, we suppose that 7 is regular, that is, we assume the
following hypotheses:

Hypothesis 2.1. Let [a,b] C R be a compact interval and suppose that p,
q, v are (Lebesgue) measurable functions on (a,b) such that the following items
(i)—(iil) hold:
(i) >0 a.e on (a,b), r € L'((a,b);dr).
(ii) p>0 a.e. on (a,b), 1/p € L'((a,b);dz).
(iii) ¢ is real-valued a.e. on (a,b), ¢ € L*((a,b); dz).

To describe minimal and maximal L?((a, b); rdx)-realizations associated with
the regular three-coefficient differential expression 7 on the compact interval
[a,b] C R, where

for a.e. x € [a,b] C R, (2.1)

we recall our notation for the first quasi-derivative,
gMN(z) = p(z)d' (z) for ae. z € (a,b), g€ ACie((a,b)). (2.2)

Definition 2.2. Assume Hypothesis 2.1.

(i) The differential expression 7 of the form (2.1) is called regular on [a, b].

(ii) The maximal operator Tyay in L?((a,b);rdzr) associated with 7 is defined
by

Tmaxf = Tf7
f € dom(Tmax) = {g € L*((a,b); rdx) |
9,91 € AC([a,b)); Tg € L*((a,b);rdx)}.  (2.3)

The minimal operator Ty, in L?((a,b); rdz) associated with 7 is defined by

Thinf =71,
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f € dom(Timin) = {g € L*((a,b);rda) | g, g € AC([a,b]);

g(a) = g (a) = g(b) = g (b) = 0; 7g € L*((a,b); rdx)}.
(2.4)

One recalls the relations,
Itlin = Tmax; Tmin = Trtlax' (25)
In addition, Ty, is symmetric, but T« is not.

Lemma 2.3. Assume Hypothesis 2.1 so that T is reqular on [a,b]. Fir z4 €
C4, then the deficiency indices of Tmin are given by
N (Tmin) = dim(ker(7};, — 24+1)) = dim(ker(Tpax — 2+1))

= dim ([ran(Tyin + 22 1)) = 2. (2.6)

Thus, Tmin has a real four parameter family of self-adjoint extensions. In addi-
tion, Tmin s bounded from below, that is, there exists C' € R such that

Tmin > CI7 (27)

that is,
(fs Tinf) 2 (@ byirdz) = ClF 22 ((@pyranys | € dom(Tinin)- (2.8)

Consequently, all self-adjoint extensions of T in L?((a,b);rdx) are bounded
from below.

All self-adjoint extensions of Tini, in L?((a,b); rdr) can be characterized as
follows:

Theorem 2.4 (See, e.g., [6, Theorem 4.3.6]). Assume Hypothesis 2.1 so that
7 is reqular on [a,b]. Given A, B € C?*2, one introduces the operator Ta g in

L?((a,b);rdr) via
Taf=1f,

fedom(Typ)= {g € dom(Tnax)

Then the following items (i)—(iil) hold:
(i) Ta,p is a self-adjoint extension of Tin if and only if A and B satisfy

rank(A B) =2, AJA*=BJB* J= <(1) _01> . (2.10)

(ii) For A, B satisfying (2.10) and z € p(Ta,B), the resolvent of T p is of the
form

b
((TA,B - z[)_lf)(x) = / r(@)dz' Gap(z,z,2') f(2), fe€ L%((a,b);rdz),



On FEigenvalue Multiplicities of Regular Sturm—Liouville Operators 467

where the Green’s function Ga g(z, -, -) is given by
S m g (2)ui(z k(2 2), a<z<a <b
Gaplz,z,a) =4 " ’ e / " (2.11)
Zj7k:1 mj7k(Z)Uj(Z,[L‘)Uk(Z,J,‘ )’ a<T LT < b’

with {u1(z, - ),u2(z, - )} a fundamental system of solutions of Tu = zu and
mji’k(z), 1 <4,k <2, appropriate constants.
(iii) For A, B satisfying (2.10) and z € p(Ta,B),

(Ta,p — 21)~' € Bi(L*((a,b); rdx)), (2.12)

and hence T p has purely discrete spectrum (i.e., 0ess(Ta,B) = @) with
eigenvalues of multiplicity at most two. Moreover, if o(Ta,B) = {\a,B,j}jeN,
then

Z H/\A,BJ’ + 1]71 < 0. (2.13)
JjeN

Turning to the important special cases of separated and coupled boundary
conditions which together describe all self-adjoint extensions of Ty, one obtains
the following facts:

Theorem 2.5 (See, e.g., [6, Theorem 4.3.9]). Assume Hypothesis 2.1 so that
T is reqular on |a,b]. Then the following items (i)—(iii) hold:
(i) Al self-adjoint extensions Top of Tmin in L*((a,b);rdz) with separated
boundary conditions are of the form
Ta,Bf :Tf) O[,ﬁ € [0771'),
f € dom(T, 5) = {g € dom(Tinax) | sin(e)g!"(a) + cos(a)g(a) =
sin(B)g1l (b) + cos(8)g(b) =

In this case one can choose

ao (e S (0 DY e

in connection with (2.9), (2.10).
Special cases: o =0, g(a) =0 is called the Dirichlet boundary condition
at a; a = 3, gl (a) = 0 is called the Neumann boundary condition at a
(analogous facts apply to the endpoint b).
(ii) All self-adjoint extensions Ty g of Twin in L*((a,b); rdz) with coupled bound-
ary conditions are of the type

Tg&,Rf = va

fedom(T, r) = {g € dom(Tiax)




468 Fritz Gesztesy, Roger Nichols, and Maxim Zinchenko

where ¢ € [0,7], and R is a 2 x 2 matriz with real-valued entries and
dete2(R) =1, that is, R € SL(2,R). In this case one can choose

A=¢¥R, B=1I (2.17)

in connection with (2.9), (2.10).
Special cases: ¢ = 0, R = I, g(b) = g(a), g (b) = g"(a) are called
periodic boundary conditions; similarly, ¢ = 0, R = —Is (equivalently,
o =m, R=1)), gb) = —g(a), g(b) = —gll(a) are called antiperiodic
boundary conditions.
(iii) Ewery self-adjoint extension of T is either of type (i) (i.e., separated) or
of type (ii) (i.e., coupled).

Remark 2.6. In connection with coupled boundary conditions in Theorem
2.5(ii) one notes that the (¢, R)-pairs, (0, —R) and (7, R), R € SL(2,R), describe
the same self-adjoint extension, hence one could use the restriction ¢ € [0, ).
However, in certain circumstances, such as in connection with Floquet theory, it
is advantageous to fix R and then vary ¢ € [0, 7).

In the following we describe the characteristic equations determining the
eigenvalues of self-adjoint regular Sturm—Liouville problems. For this purpose
we assume that ¢o(z, -,a) and 6y(z, -, a) constitute a fundamental system of so-
lutions of Tu = zu, which, for fixed x € [a,b], are entire with respect to z € C,
and satisfy the following initial conditions at = = a,

oo(z,a,a) = 0([)1](2, a,a) =0,
Oo(z,a,a) = El](z,a,a) =1, zeC (2.18)
Next, we introduce

F, 5(z) = cos(a) [sin(ﬂ) gl](z, b, a) + cos(B)po(z, b, a)]

— sin(a) [sin(ﬁ)@él](z, b,a) + cos(8)0o(z,b,a)], «,B€0,7), 2z €C,
(2.19)

and

Fcp,R(z) - _ei‘p [R1,1¢£)1] (Za ba a) + R2,290(za ba CL) - R2,1¢0(z7 b7 a)
— R 20 (2,b,a) — 2cos(¢)], ¢ € [0,7], R € SL(2,R), z € C, (2.20)

and recall the following connection between T, g, T, r and appropriate Fredholm
determinants and traces of resolvents.

Theorem 2.7 (See, e.g., [6, Theorem 12.3.2]). Assume Hypothesis 2.1 and
denote by T, g and T, g the self-adjoint extensions of Tmin as described in cases
(i) and (ii) of Theorem 2.5, respectively.
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(i)  Suppose zg € p(Ta ), o, B € [0, ), then

detr2((q,b);rda) (I — (2= 20)(Top — Zof)_l)
= Fop(2)/Fap(20), z€C. (2.21)

In addition,

e 2(apprae) (Do — 21)7Y) = —(d/d2) In(Fop(2)), = € p(Tap). (2:22)

(i) Suppose zy € p(Ty,r), ¢ € [0,7], R € SL(2,R), then

det 2 (a,pyrar) (1 = (2 = 20)(Tpr = 201) ")
= Fyr(2)/Fpr(20), z€C. (2.23)

In addition,
trr2((apyrdr) (Tp,r — 21) 1) = =(d/dz) n(F, r(2)), 2 € p(Ty,r). (2.24)
Thus, one confirms that for all a, 5 € [0,7),
X € 0(Typ) if and only if F, g(A) =0. (2.25)
Moreover,

if (2.25) holds, X is a simple (necessarily discrete) eigenvalue of T, 3

: (2.26)
and F, g(A\) # 0.

Indeed, by Theorem 2.7(i), Fy, 53(2)/Fa,g(20) is the Fredholm determinant associ-
ated with the trace class operator (z —z0)(Tn g —20l) "1, 2 € C, 20 € p(Ta ), and
hence the multiplicity of every zero of Fy, g(-) coincides with the multiplicity of
the underlying eigenvalue of T, g and thus is necessarily simple. The latter claim
can be shown as follows: The assumption of two linearly independent eigenfunc-
tions yg, k = 1,2, of T, gy = Ay for some A € 0(T, g), and the constancy of the
Wronskian W (y1,y2)(x), © € [a,b], permits one to compute the Wronskian at
T = a, say, and hence yields the contradiction

Wyt y2)(a) = fi(a) fi(a) — f(a) fo(a)
_ [ i@)[=cot(@))fa(a) + cot(a) fi(a) fala), a € (0,m),
0- £a) - f(a) -0, a=0
=0.

Thus, the eigenvalue A € o(Tn ), o, 8 € [0,7), is necessarily simple. For an
alternative and a bit shorter argument for this fact, see the proof of Theorem
3.1(iv).

The eigenvalue equation Fy, g(-) = 0 is also called the characteristic equation
associated with separated self-adjoint boundary conditions.
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Next, we turn to the analogue of (2.25), (2.26) for the case of coupled bound-
ary conditions, that is, with T, g, o, 8 € [0,7), replaced by Ty, g, ¢ € [0,7], R €
SL(2,R). One then confirms that for all ¢ € [0, 7], R € SL(2,R),

A € o(Ty r) if and only if F, r(A\) =0, (2.27)

and all (necessarily discrete) eigenvalues of T, g have multiplicity equal to one
or two (once again, since T, p is self-adjoint and 7 has order two). Moreover,

if (2.27) holds and ¢ € (0,7), then X is a simple eigenvalue of T, r
and F, p(\) #0.  (2.28)

Indeed, by Theorem 2.7(ii), F,, r(2)/F, r(20) is the Fredholm determinant asso-
ciated with the trace class operator (z — z0)(Tp,r — 20l) ™', 2 € C, 29 € p(Ty.R),
and hence the multiplicity of every zero of Fi, r(-) coincides with the multiplicity
of the underlying eigenvalue of T, r and thus is necessarily simple for ¢ € (0, )
as the following elementary Wronskian argument, assuming the existence of two
linearly independent eigenfunctions yi, & = 1,2, of T, gy = Ay for some \ €
o(Ty,Rr), shows:

: y1(a) ; y2(a)
W (y1,y2)(b) = detce ((e = (yﬁ] (a)> o (y&(a)) ))
= e2%detee | R " (a) y2(a) ))
' ( <y£” (@) 4@

i Yy (a) Y (CL)
= e?Pdetca(R) detc ( (yﬁ] (a) yﬁ] (a)> )

= W (y1,y2)(a) = W (y1,2)(b), (2.29)

employing detcz(R) = 1 and the constancy of the Wronskian of y; and y, on
[a,b]. Thus,
[1—€e*?] W(y1,y2)(b) =0, (2.30)

implying the contradiction W (y1,y2)(-) = 0 on [a,b] for ¢ € (0,7). Thus, the
eigenvalue A € o(T, r), ¢ € (0,7), R € SL(2,R), is necessarily simple. Once
again, for an alternative and a bit shorter argument for this fact, see the proof
of Theorem 3.1(v).

Once more, the eigenvalue equation Fi, g(-) = 0 represents the characteristic
equation associated with coupled self-adjoint boundary conditions.

Remark 2.8. As an interesting example of coupled boundary conditions we
briefly mention the case of the Krein—von Neumann extension. In this case one

has
90(0767 CL) ¢0(07b) CL)
=0, Rrx=1 n ] : (2.31)
0, (0,b,a) ¢;'(0,b,a)
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and one confirms that
For, (2) = —2[Dk(z) — 1], z€C, (2.32)
where
Dk (2) = [651(0,b,0)80(2, b, a) + 60(0,b, a)pl) (2, b, a) — ¢o(0, b, a)6} (2,b, a)
—010(0,b,a)¢0(2,b,0)] /2, z€C. (2.33)

3. On eigenvalue multiplicities

In this, our principal section, we now take a close look at multiplicities of
eigenvalues of all self-adjoint regular Sturm—Liouville operators.

We will break the discussion into two parts, Theorems 3.1 and 3.2.

To set the stage, we recall the operator T4 g in (2.9) and introduce the quan-
tity

da,B(z) = detc2 (A — BYy(z,b,a)), ze€C. (3.1)

Here Y abbreviates a particularly normalized fundamental system matrix of so-
lutions of

Yz )=Cl ylz ), ylz )= (y‘?ﬁ?z;,'.)» ’

(3.2)
Clz,-) = <q —Ozr 1ép> a.e. on (a,b), z € C,
given by
Yo(2,2,a) = (99[(1)](2,17,(1) <25[(1)](Z,33,a)) , z€C, x€a,b], (3.3)
o (z,z,a) ¢ (2,2, a)
that satisfies
Yo(z,a,a) = Iz, dete2(Yo(z,2,a)) =1, 2€C, z € [a,b]. (3.4)
One notes that (3.2) is equivalent to
—(py' (2, ) +[q—2r]y(z, -) =0 a.e. on (a,b), z € C. (3.5)

More generally, for y, € C, k=0, 1,

(i) = () wee oo

- (py,(za )), + [q - zr]y(z, ) =0 a.e. on (avb)7
y¥l(z,a) = yp, k=0,1; z € C.

is equivalent to
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Moreover, any A € o(T4,p), which is necessarily a real and discrete eigenvalue
of Ty p (see the first paragraph in the proof of Theorem 3.1 below), has a corre-
sponding eigenfunction y(\, -), that is,

= (py' (N, ) +la = ArJy(A, ) =0, y(A +) € dom(Tsp), (3.7)

if and only if

Y\ ) =C(\ Dy, +) ae on (a,b), y(A )= < y(X, ) >

y[l]()‘> ) (3.8)

Ay(A,a) — By(A\,b) = [A — BYy(\, b,a)]y(A,a) = 0.

With these preliminaries out of the way, we can proceed to the following
result:

Theorem 3.1. Assume Hypothesis 2.1, and recall the definition of Ty g in
(2.10) and (2.9). Then the following items (i)—(v) hold:

(i) A € C is an eigenvalue of Ta g if and only if 54 B(A) = 0; in this case,
necessarily A € R.

(ii) Geometric and algebraic multiplicities of all eigenvalues of T p coincide.
The multiplicity of an eigenvalue X € o(Ta,B) of Ta,p equals the number of
linearly independent solutions Y j=1,2, of the linear algebraic system

[A— BYy(\,b,a)ly=0, yeC. (3.9)

In particular, each eigenvalue of T'a,g has multiplicity at most two.

(iii) X € o(Tap) is an eigenvalue of multiplicity two if and only if A =
BYy(\ b, a).

(iv) For anya, B € [0,7), all eigenvalues of T,, g in (2.14), that is, all eigenvalues
in the case of separated self-adjoint boundary conditions, are simple.

(v) For any ¢ € (0,7), R € SL(2,R), the eigenvalues of T, r in (2.16) are
simple.

Proof. Since Ty p has a trace class, and hence compact, resolvent, see relation
(2.12), its spectrum is purely discrete. In addition, since T4 p is self-adjoint,
o0(Tap) C R, and the geometric and algebraic multiplicity of its eigenvalues
coincide. Thus, it suffices to focus on the notion of “multiplicity” alone. The fact
that Ty p is self-adjoint and of second order implies that the multiplicity of its
eigenvalues is at most two, but this fact is also immediate from (3.9).

To prove item (i), suppose A € R is such that 64 g(A\) = 0. Then [A —
BYy(A, b, a)ly,(A) = 0 for some 0 # y (A) € C?, and hence

y'(\ ) = C(\, Jy(A, -) ae. on (a,b), y(Aa)= go()\), (3.10)

has a unique solution y(J, -) satisfying

Ay(A,a) — By(A,b) = [A — BYy(\, b,a)]y(N,a) = [A — BYy(\, b, a)]go()\) (: 0, |
3.11
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implying A € 0(T4,5). Conversely, suppose that A € (T4 g) with associated

eigenvector y(A, - ). Then y(A, -) = satisfies
genve y( ) g( ) (y[l](>\7 )

y(A,b) = Yo(A\, b,a)y(N, a) ae. on (a,b), [A— BYy(Ab,a)ly(A,a)=0, (3.12)

with y(A,a) # 0 (since y(A, -) is a nontrivial eigenfunction of Ty g). Thus,
54.58(\) = 0, completing the proof of item (i).

Regarding item (ii), suppose that [A — BYy(\, b,a)]y(A\) = 0 has either pre-
cisely one solution 0 # y,(A) € C? (up to constant multiples), or two linearly
independent solutions 0 # gj()\) € C?, j = 1,2. In either case one then solves
the first-order 2 x 2 system

YO = AN Jy(h, ) e on (@), y(\, ) = <y%?x)>)
Ay(A,a) — By(\,b) = [A — BYy(\, b,a)]y(A,a) =0, (3.13)
with either
y(\a) = gl()\), (3.14)
y(Na)=y.(\), j=12, (3.15)

J

giving rise to a solution y (A, ) = (yi (X ) ygl}(/\, ))T of (3.13), or to two

linearly independent solutions (due to constancy of the Wronskian) yj(A, ) =
(yj()\, -) yj[.l]()\, -))T, j = 1,2, of (3.13). This, in turn, gives rise to a solution
y1(A, +), or to two linearly independent solutions y;(A, - ), j = 1,2, of

—(py' (N, ) +[g—Ar]y(\, ) =0 ae. on (a,b),
Ay(A,a) — By(A,b) = [A — BYy(\, b,a)]y(A,a) = 0. (3.16)

Hence, Ty p has either a simple or a twice degenerate eigenvalue A € (T4 g).
Conversely, if Ty p has either a simple or a twice degenerate eigenvalue A, then

—(py' (N, ) + g = Mr]y(\, ) =0 a.e. on (a,b) (3.17)

has either one solution y;(A, -) or two linearly independent solutions y;(A, -),
J = 1,2, which necessarily satisfy the boundary conditions in dom(T4 p). The
latter being of the form

Ay(A,a) — By(\,b) = [A — BYy(\, b,a)]y(N, a) =0, (3.18)

giving rise to either one solution gl()\, a), or necessarily two linearly independent
solutions gj()\,a), j=1,2, of (3.18). This proves item (ii).

Next, assume that there are two linearly independent solutions y;(X, ), j =
1,2, of (3.16). Then, as in the proof of item (ii), they give rise to two lin-
early independent solutions gj()\, ), 7 = 1,2, of (3.13). Thus, Y(A, -) =
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(y, (A, ) y,(A, ) constitutes a 2 x 2 fundamental system of solutions of (3.13)
such that
[A — BYy(\, b,a)]Y (A, a) =0. (3.19)

Since Y (A, a) is invertible, this yields A — BYp(A,b,a) = 0. Conversely, if A =
BYy(\, b,a), choosing any basis Yo j = 1,2, in C?, gives rise to two linearly
independent solutions yj()\, -) of (3.13), satisfying gj()\,a) =y,J=12 and
hence again gives rise to two solutions y;(X, -), j = 1,2, of (3.16) (employing
once more the equivalence of (3.13) and (3.16)). Thus, T4 g has the eigenvalue
A of multiplicity two, completing the proof of item (iii).

Arguing by contradiction, we now fix a, 8 € [0,7) and suppose that A €
o (T, 5) has multiplicity two. In this case both (A, -, a) and ¢o(A, -, a) are eigen-
functions of T, g corresponding to the eigenvalue A. Thus, considering 6y(A, -, a),
the boundary condition for 0y(A, -, a) € dom(T, g) at x = a yields

sin(a) - 0+ cos(a) - 1 =0, implying o = /2. (3.20)

Similarly, regarding ¢o()\, -,a), the boundary condition for ¢g(A, -,a) €
dom(T, g) at = = a then yields the contradiction

1 =sin(a) -1+ cos(a) - 0 =0, since a =7/2, (3.21)

proving item (iv).

Regarding item (v) we may choose B = I and A = €0 Ry for some g €
(0,7), and Ry € SL(2,R). Arguing once again by contradiction, we assume that
X € 0(Ty,,R,) has multiplicity two. Then an application of item (iii) implies that

¥l = Ry'Yo(\, b, a). (3.22)

However, Ry U and Yy(\, b, a) have only real entries contradicting the left-hand
side of (3.22). ]

As a consequence of Theorem 3.1, Ty p can only have twice degenerate eigen-
values in the case of coupled boundary conditions and then only if T’y p is of the
form Ty r or Ty g for some R € SL(2,R).

In the following we will determine the precise circumstances under which a
twice degenerate eigenvalue becomes possible.

To set the stage, we now introduce

AR(z) = tre2 (R_lYo(z,b, a))/2
= [R171¢([)1] (Z, b, a) + RQVQGO(Z, b, a) — R271¢0(2’, b, a) — R1729([)1} (Z, b, a)] /2,
R= (R ',k)lgj,ng € SL(Q,R), A (C, (3.23)

which, for R = I5 reduces to the well-known Floquet discriminant.
For the following result we recall that we use the abbreviation = d/dz.

Theorem 3.2. Assume Hypothesis 2.1, recall the definition of T, g in (2.16),
and let ¢ € [0,7], R € SL(2,R) (c¢f. Remark 2.6). Then the following items (i)—
(iv) hold:
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(i) A e Cis an eigenvalue of T, r if and only if Ar(X) = cos(yp); in this case,
necessarily A € R.
(ii) For A € R to be a twice degenerate eigenvalue of T g, the latter must be of

the form Ty g or Tr g for some R € SL(2,R).
(iii) The following items (a)—(c) are equivalent:
(a) A € R is a twice degenerate eigenvalue of Ty g.
(b) Ap(A\) =1 and Ag()\) = 0; in this case, Ar()\) < 0.
(c¢) Yo(A,b,a) = R.
(iv) The following items (a)—(c) are equivalent:
(a) A € R is a twice degenerate eigenvalue of Ty g.
(b) Agr(N) = —1 and Ag(\) = 0; in this case, Ag(\) > 0.
(¢) Yo(A\,b,a) = —R.

Proof. Item (i) is an immediate consequence of Theorem 3.1(i), in particular,
ey () = 26%[cos(¢) — Ap(2)], 2 €C, (3.24)

and hence,
deier.1,(A) = 0 is equivalent to Ar(X) = cos(). (3.25)

Similarly, item (ii) is clear from Theorem 3.1 and hence we focus on the proof of
items (iii) and (iv). By Theorem 3.1(iii), items (iii)(a) and (iii)(c) are equivalent,
and so are items (iv)(a) and (iv)(c). Hence, it suffices to prove the equivalence of
items (iii)(b) and (iii)(c) and that of items (iv)(b) and (iv)(c), to which we turn
next.

We start by recalling the fundamental solution Yy(z, -, a) introduced in (3.2)—
(3.4) and note that the function Yb(z, -, a) satisfies the inhomogeneous equation

Y{(z, 2, a) = C(z,2)Yo(z, 2, a) + C(z,2)Yo(z, 2, a) for ae. z € [a,b],

where C(z, -) is as in (3.2) and hence

Clz,x) = <—7"(21:) 8) for a.e. z € (a,b), z € C. (3.26)

It follows that for z € C, = € [a, b],
T
Yo(z,2,a) = Yo(z,x,a)/ dz' Yo(z,2',a) 7 C(z, 2" )Yy (2,2, a). (3.27)

Then by (3.23) one has
2AR(2) = tree (R_lffo(z,b, a))

b
= tree (R_lYO(z,b,a)/ dwa(z,x,a)_lC(z,x)Yg(z,x,a)) (3.28)
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If Yo(\, b,a) = =R, then Agr(\) = £1 by (3.23) and using the cyclic property
of the trace one derives from (3.28) and (3.26) that

b
2AR(\) = :l:/ dx tre2 (%(A,x,a)_lé’()\,x)Yg()\,x,a))
b
= :I:/ dz tree (C.'()\,a:)YO(A,:U,a)Yo()\,x,a)_l)
b
=+ / dz tres (C(N,x)) = 0. (3.29)

Conversely, suppose Ag(\) = 1 and Ax(\) = 0. It suffice to show that
Q=R 'Yo(\b,a) T I (3.30)

is the zero matrix. By assumption, tre2(R™1Yy(), b,a)) = 2AR(\) = £2 and, by
(3.4), dete2(R™1Y5(\,b,a)) = 1, hence both eigenvalues of R™1Yy(), b,a) equal
+1. It follows that detc2(Q) = 0 and tre2(Q) = 0. Next, arguing by contra-
diction, assume that Q # 0. Then @ is rank one and hence there are nonzero
vectors u,v € R? such that Q = uv'. Using the cyclic property of the trace one
notes that 0 = tre2(Q) = v u so u and v are orthogonal vectors in R? and hence
v = a(ug, —uy) " for some o # 0. Thus,

Q= OZ(ULW)T(W, —uy). (3.31)

It follows from (3.3) and (3.26) that

Yo(z,2,a) C(2,2)Yy(2, x, a)
2
— r(z) <¢0(z,az,a)90(z x,a) ¢o(z,z,a) >

—Ho(z,x,a’)Q —¢o(z,x,a)0p(z,z,a)
=r(x) ((bo(z, z,a), —0y(z, z, a))T (Go(z, x,a), po(z, x, a)). (3.32)

Let

f(x) = (uz, —u1)(¢0(2, x,a),—0p(z,z, a))T
= (60(2, 7, a), ¢o(z,2,)) (u1, ug) " (3.33)

and note that f(z) is real-valued and f # 0 in L?((a, b); rdz) since ¢o(z, -, a) and
Oo(z, -,a) are linearly independent and u # 0. Then substituting (3.30)—(3.32)
into (3.28) and utilizing the cyclic property of the trace one obtains

b
0=2Ar(\) = / dx tree ((Q £ 12)Yo(z, =, a) " C(z,2)Yo(z, z, a))

b ) b
:/ dz tres (QYo(z,2,a) ' C(2,2)Yo(2,2,a)) = a/ r(z)de f(x)?, (3.34)

a contradiction. Thus, @ = 0 and hence Yy(\, b,a) = £R.
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Finally, we prove the assertions regarding Ar(\). If Ar(\) = +1 and
AR(X) = 0, then, as shown above, Yy(),b,a) = +R. Differentiating (3.28) with
respect to z and employing (3.27), Yy(\, b,a) = £R, and 6’()\, x) = 0, which is a
consequence of (3.26), one obtains

2AR(N) = =+ tree <[/ab dz Yo\ z,a) 'O\, z)Yo (A, a)} 2

b
- / dz Yo\, z,a) Yo\, 2, a)Yo(\, z,a) TC (N, 2) Yo (A, z, a)

—I—/b dx Y()()\,x,a)1C"(A,x)f/0()\,x,a)>. (3.35)

Bringing the trace under the integral in the last two terms and using the cyclic
property of the trace to rearrange the order of matrices, one notes that the last
two terms in (3.35) cancel. In addition, noting that trez(M?) = [tree (M)]? —
2detcz2 (M) for any 2 x 2 matrix M, one then obtains

2

+2AR(\) = [tr@ (/b da:YO(/\,a;,a)16.’()\,3:)1/{)()\,:6@))}

_ 2dets ( / " 2 Yo 2.a) G ) Yo a)>. (3.36)

A computation as in (3.29) shows that the first term is zero. Thus, using (3.32)
and the Cauchy—Schwarz inequality, one obtains

2

b
+AR(N) :(/a r(x)dxqﬁg()\,x,a)@o()\,x,a)>
— (/abr(a:)dx gbo()\,:c,a)2> (/abr(x)dxeo()\,x,a)2> <0. (3.37)

In fact, the inequality must be strict since ¢g(\, -, a) and y(A, -, a) are linearly
independent. Thus, Ar(\) < 0, completing the proof. O

Remark 3.3. Regarding Theorem 3.1 we refer to [17, Lemmas 3.2.2 and 3.2.3],
see also [10, Sects. 3.3, 3.4], [12, Ch. I, § 2]. Somehow, parts (b) and (b) in
Theorem 3.2 appear to have escaped notice in the pertinent literature we are
aware of. For relevant literature in connection with Theorem 3.2 we refer to
[1,5,8,9], [4, Sect. 2.3], and [17, Sects. 4.7 and 4.8]. In connection with Remark 3.4
see also [7]. For additional literature in this connection see, for instance, [15,18].

Remark 3.4. We led the reader through the scenic, but rather long, route
in connection with eigenvalues and their multiplicities in this section. A much
quicker tour, but at the expense of a number of details, relies on the Fredholm
determinant approach. For instance, in the case of coupled boundary conditions,
one infers that

Fo.r(2)/ Fp,r(20) = [AR(2) — cos(¢)]/[Ar(20) — cos(y)]
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= det2((q,b)rdz) (I — (2 — 20)(Typ.r — 201) ")

= detr((p)rar) (Tp.r — 21)(Tpr — 201) ")

_ (z>m(0;T¢,R) H < 1—(z/)) >m(>\j;T¢,R)
20 1= (20/A;)

jeJ
Aj€o(Ty,r)\{0}

\i — 2 m(Aj;Tp,R)
:H<>\-]—z0) , (3.38)
J

2

where J C N is an appropriate index set and m(\;; T, r) represents the multi-
plicity of the eigenvalue A; of Ty, g. Thus, A; is a (twice) degenerate eigenvalue
of Ty, g if and only if Fy gr(Aj) = 0 and FO,R()\]') = 0. Since T,  is a second-order
operator, 1 < m(A;; Ty, r) < 2, and thus one also concludes that Fo.r(\j) # 0.
Thus, some parts of multiplicity theory for eigenvalues of regular Sturm—Liouville
operators follow a bit quicker if one is willing to systematically invoke Fredholm
determinant theory.

Remark 3.5. Theorem 3.2 is patterned after the well-known periodic case, or,
Floquet theory, and the standard Floquet discriminant D now corresponds to the
special case R = I in (3.23), that is,

D(z) = Ap(z), ze€C, (3.39)

see, for instance, [2, Ch. 1], [3, Sect. 3.5], [4, Chs. 1, 2], and [11, Chs. I, II].
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IIpo xkpaTHicTh BJIaCHUX 3HAYEHb CAMOCIIPSIXKEHUX
perynaspaux omneparopiB IlItypma—JliyBinis
Fritz Gesztesy, Roger Nichols, and Maxim Zinchenko

Mu magaeMo BUUEpIHE JAOCIIIKEHHS KPATHOCTI BJIACHUX 3HAYEHb YCiX
camocupsizkeHux peryigapuux 3agad Lrypma—JliyBinnsg na KoMIakTHUX iH-
Tepasax [a,b] C R.

Kimrogosi ciosa: oneparopu Hltypma—JliyBinis, KpaTHicTs BIacHUX 3HA-
Y€Hb
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