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In this work, we study the existence and uniqueness of positive solutions
to the equation A,u = f(|z|)/u(z), * € RN, where N > p > 2. More
precisely, under certain assumptions concerning the function f, we provide
an answer to the question of global existence formulated in [14] by using the
theory of invariant manifolds in dynamical systems and the energy method.
In addition, we perform a detailed analysis of the asymptotic behavior of
solutions by using logarithmic transformations.
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1. Introduction

The objective of this paper is to study the positive solutions of the following
equation:

Apu= f(\a:|)7 z e RY, (1.1)

where N > p > 2.
Throughout our study, we contemplate the subsequent radial equation

(\u/]p_2u')/ (r) + ?h/]p%u'(r) = 1{2:;, r >0, (1.2)

where N > p > 2 and f is a continuous and strictly positive function on [0, +00).

In the context, where p = 2 and f(r) = 1, equation (1.2) pertains to the study
of singular minimal hypersurfaces exhibiting symmetry. For further details, refer
to [21,23] and the corresponding citations therein. In general, equations with
negative exponents have garnered substantial attention in recent years, partic-
ularly in numerous studies within the realm of micro-electromechanical systems
(MEMS), as evidenced by the works [4,5,8,12,15-20] and references therein.

In the case of a non-constant function for f, we encounter a model rele-
vant to micro-electromechanical systems with variable dielectric permittivity.
This specific model has attracted considerable attention in recent years. For
a comprehensive explanation of its derivation, we direct the interested reader
to [6,7,9-11,22,24], as well as the citations therein for further references.
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In [14], H.X. Guo, Z.M. Guo, and K. Li studied the existence of the solutions
of the equation

u'(r) = f(ryut(r), >0, (1.3)

where N > 3.

Furthermore, they provided explicit equivalents to regular solutions « which
satisfy lim, ,ou(r) > 0. However, they left open the question of the global
existence of singular solutions w, that is, those that satisfy lim,_,ou(r) = 0,
which is one of the objectives of this work.

If p>2and f(r) = K, with K being a strictly positive constant, then (1.2)
has an explicit solution in the following form:

u(r) = (N[; 1>_1/p r, W(r) = (ngl)_l/p.

In this paper, we generalize equation (1.3) to a p-Laplace equation with p >
2 and f being not constant. We study the existence and uniqueness of regular
and singular solutions. We also describe their behavior near the origin and at
infinity. So, we are interested in the following limit problem:

N -1

(ol =2ty )+ X ppary = s,
Q) T u(r)

lim u(r) = A,

r—0
where N > p > 2, A > 0 and f is a continuous and strictly positive function on
[0, +00).

During our study, we separately approach the two cases, A > 0 and A =0. In

other words, we address two distinct problems.

Problem (Pj1): Determine a function u defined on [0,+o00) such that
|u'[P~2u' € C1([0,4+00)) and verify

u —2u/ "(p N-1 o —2u/ r) = f(?“) r
- (P72 () o+ = = P2y = 5 >0,
}i_I)T(l)'LL(T’) = A,

where N > p > 2, A > 0 and f is a strictly positive continuous function on
[0, +00).

Problem (P3): Determine a function u defined on (0, +00) such that u €
C1(0, 400),|u' [P~ € C1(0,4+00) and verify

o P2 (r N-ot P2 (r) = 1) r
v (WP 20) (1) + Sl 2l) = 2. >0,
}ii%u(r) =0,

where N > p > 2 and f is a strictly positive continuous function on [0, +00).
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Due to some preliminary results, we show that if A > 0, then we have
lim «/(r) = 0 and if A = 0, then we have lim r«/(r) = 0.
r—0 r—0

The structure of this article is as follows. In Section 2, we establish certain
preliminary results. In Section 3, we delve into the question of the existence
and behavior of positive solutions for problem (P;) at infinity. In Section 4, we
undertake a more in-depth analysis of singular positive solutions of (1.2), in other
words, we address problem (P,). Finally, in Section 5, we present a conclusion
for this paper and discuss a future direction.

2. Preliminaries

First, we introduce the lemma, which provides evidence that if problem (Q)
possesses a solution, then it must exhibit strict monotonicity on (0, +00).

Lemma 2.1. Let u be a solution of problem (Q). Then

Additionally, u/'(r) > 0 for all r > 0.

Proof. Recalling equation (1.2), we have

("M PR) () = ur) (2.1)
Given that f > 0 on (0, +00), we can deduce that r¥ ~!|u/|P~2u/ strictly increases
for all » > 0. Thus, we have lim,_,o 7V~ |u/[P=24/(r) € [~o0, +00). Suppose now,
by contradiction, that lim, 07" ~1|u/[P=2u/(r) # 0. We will consider two cases.
Suppose that there is My > 0 such that

N7 P20 < — Mg for small r.
That is, there is My > 0 such that
u'(r) < =My r=N/=D " for small .,

We integrate the last inequality over (r,79) for small ro and let 7 — 0. We obtain
v’ € LY(0,7g) (because u € C'*(0, +-00) and lin% u(r) = A > 0), but r(=N)/-1) ¢
r—

L(0,70) for small rg, leading to a contradiction.
If there is My > 0 such that

NP > My for small v
then there is M3 > 0 such that
W' (r) > Mg r(=N/e=D for small r.

We can continue in the same manner as in the previous case to arrive easily at a
contradiction.

We deduce that lim,_,o V=1 |u/[P=24/(r) = 0. Moreover, integrating inequality
(2.1) over (0,r), we conclude that u/(r) > 0 for all r > 0. O
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Furthermore, we present the next proposition.

Proposition 2.2. Suppose that infg .y f(r) > 0. Let u be a solution of
problem (Q). Then

infiy o 1/p
u(r) >r <1n[0N)f(1“)> for each r > 0. (2.2)
Proof. By integrating relation (2.1), we obtain
'[P~ 20/ () = rl_N/ sV F(s)uTL(s) ds. (2.3)
0

Since v’ > 0 on (0, +00), then (2.3) implies

inf 1/(p—1)
u/(r) > <1n [0’0;7) f(r)) P/ (=1 u_l/(p_l)(r) for any r > 0. (2.4)

Thus we get

» 1p-1)
(w/o-nY > (mwc;)f@”)) (/@) foranyr>0. (25

Upon integrating inequality (2.5) over the interval (0,7), for each r > 0, we
derive (2.2). N

Proposition 2.3. Suppose that f is bounded for large r. Let u be a solution
of problem (Q) such that

Then the function @ is strictly increasing for large r.

Proof. Let

S(r) =ru(r) —u(r) = r? <“(T))/ r > 0. (2.6)

r

Since lim, 4 u(:) = 400, it is enough to demonstrate that it is monotone for

large r, that is to say, according to (2.6) that S(r) # 0 for large r.
Since u/(r) > 0 for any r > 0, then u”(r) exists for any » > 0. Thus, by
equation (1.2), we have

(p—1)uP72(r)S' (r) = —=(N — D)uP(r) + Tufég) (2.7)

Assume by absurd that there is a large 7 such that S(rp) = 0. Then

_ T _

(b= 1) u"2(r0)S'(r0) = — >~ { f(ro) = (N = )15 w(ro) b (2.8)
u(ro)

Given that lim,— 40 @ = 400, we obtain that S’(rg) < 0. This implies that

S(r) # 0 for large r. Therefore %T) is increasing for large r. O
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Proposition 2.4. Suppose that infjg ) f(r) > 0 and f is bounded for large
r. Let u be a solution of problem (Q). We have the following:

(i) /(r) is bounded for r large enough.
(ii) There is a constant Ko > 0 such that

u(r) < Kor  for large r. (2.9)
(iii) There is a constant K3 > 0 such that
u'(r) > Kz for large r. (2.10)

Before proving the last proposition, we introduce the following logarithmic
transformation. Define for each r > 0,

o(t) = —, (2.11)

Y/(t) + (N —1)Y(t) - f(p((i)) —0, (2.12)
where
Y(t) = |K[P2K(t) (2.13)
and
K(t) = ¢'(t) + o(t) = u'(r). (2.14)

Now we give the proof of Proposition 2.4.

Proof of Proposition 2.4. (i) By employing the transformation (2.11) and
considering relation (2.14), we show that K (t) = «/(r) is bounded when ¢ is large
enough. Assume, for contradiction, that K (t) is unbounded when ¢ is large, which
means that Y (¢) is unbounded when ¢ is large enough. Then we distinguish two
cases.

Case 1. Let limy_,;~ Y (t) = +oo. In this case, we have lim;, o K(t) =
+00, which yields that lim, . /(1) = 400. Since lim, o u(r) = 400 by
Proposition 2.2, then we get by the Hopital’s rule,

Recalling Proposition 2.3, we know that S(r) > 0 for large r. Therefore, we have
ru'(r) > u(r) for large r. This implies

WP (r) u(r) > r7PuP(r)  for large 7. (2.15)

On the other hand, using relation (2.7) and taking into account the fact that

lim, 4 o0 “(:) = +oo and (2.15), we conclude that lim, w = 400.

Therefore, S’'(r) = ru”(r) becomes negative for large . As a result, we conclude




Elliptic Equation with a Singular Term 165

that lim,_, ;o u/(r) exists and it is finite (due to the positivity of «'(r)). This,
however, contradicts the assumption that lim, 1 u/(r) = +o0.

Case 2. Let limsup; , . Y(t) = +oo. Then there is a sequence {;} that
tends to +o0o when i goes to infinity, where Y’(&;) = 0 and lim; Y (&) =
+00. Referring to (2.12), we get

i
(V- 1yig) = L) (2.16)

o(&)

Taking the limit as i — 400 in relation (2.16) and considering the boundedness
of f and o~ !(t) when t is large enough (Proposition 2.2), we arrive at a contra-
diction. We deduce that Y (¢) is bounded for large ¢, and thus «/(r) is bounded
for large t.

(ii) Through (i), there is K > 0 such that

0<u(r)<K; forlarge r. (2.17)
By integrating inequality (2.17) on (R, r) for large R, we get
u(r) —u(R) < Ky (r— R) for large r. (2.18)

As a result, there is another positive constant K5 > 0 such that

0 <u(r) < Kyr for large r. (2.19)
(iii) Utilizing (2.4) taking into consideration that @ remains bounded for
large r enough, we can easily deduce (2.10). O

Remark 2.5. Suppose that [inf)f(r) > 0 and f is bounded for large r. Bringing
0,00
together the two Propositions 2.2 and 2.4, we have

infio o 1/p
< (mmm) < ulr) < Ky for large r (2.20)
N T
and
0< K3 <u'(r) <Ky forlarger, (2.21)

where K5, K3 and K, are strictly positive constants.
Additionally, we bring to mind this classical result.

Lemma 2.6 ([13]). Let Z be a positive differentiable function verifying
(i) tjoo Z(t)dt is finite when tg is large enough.
(il) Z'(t) is bounded when t is large enough.

Then Z(t) goes to 0 as t — 4o0.
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3. Study of problem (P,)

In this section, we are focused on solving problem (P;). More precisely, we
establish that (P;) has a unique solution and examine its behavior as it approaches
infinity. For this, we assume that f satisfies the following conditions:

(F1) f€CY0,00), f'(r) >0 for any r > 0 and EI_P flr)=foo > 0.
(F2) There is p > 1 such that lim r”f'(r) = 0.

r—-+00

Theorem 3.1. Assume that (F1) and (Fa) hold. It follows that for any A >
0, problem (P1) possesses a unique solution u = u) that satisfies

N_1>1/p. (3.1)

foo
We begin with the following proposition which establishes that for all » > 0, prob-

lem (P1) has a unique global solution. This proposition draws upon principles
and concepts originating from [2].

T T u'(r)z(

r—+oo T T—+00

Proposition 3.2. Assume that [énf)f(T) > 0. Then, for any X\ > 0, problem

(P1) possesses a unique entire solution denoted as u = uy. In addition, we have
(i) lim/(r) =0.
r—0
0
(i) (=2 (0) = T

Proof. The proof will be conducted in three steps.

Step 1. We establish the existence of a maximal solution u for(Pq). Let r; >
0 be an arbitrary value such that u(r;) = A; and «/(r1) = Ag. If 11 > 0 and as
Ay > 0 (because u is strictly increasing), then, by transforming equation (1.2)
into a first-order system, we readily obtain the existence and the uniqueness
of solution for equation (1.2) in the vicinity of 1 from the theory of ordinary
differential equations [1]. Now, if r belongs to the interval (0,7n) for a small 7,
then, by integrating equation (2.1), we can derive

u(r) = A+ /OT h(j(u)(s))ds, (3.2)

where -
h(s) = |s|*=1s, seR (3.3)
and j is defined as follows:

jlu)(s) = st /S M) um(2) dz. (3.4)

0

Next, for n > 0 and A > K > 0, we define the complete metric space

Exxn={9€C(0,n) : llg = Allo < K} (3.5)
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In this context, C([0,n]) is a Banach space of continuous functions defined on
[0,7]. We define the mapping x on the set E) x , as follows:

@) () = A+ /0 " h(i(g)(s)) ds. (3.6)

To begin, we demonstrate that x maps F) , into itself. Let g € E) i, and r €
[0,7]. Then x(g)(r) € C(]0,7n]). Consequently, we obtain the following:

X(@)(r) = A < /0 @) j(g)(s) ds. (3.7)

Given that g(r) € [A — I, A + K] and based on our assumptions regarding f, we
establish that there exist two constants, d* and d., such that 0 < d,. < f(r) < d*
for all € [0,n]. Consequently, it becomes apparent that for any s € [0, 7],

di s < j(g)(s) < dzs, (3.8)
where di = & (A +K) " 1d, and dy = & (A — K) "1 d*.
Thus, for each r € [0, 7], we have

X(0)(r) = A < Py PO/, 39

Therefore, by choosing 1 small enough, we can ensure that |x(g)(r) — \| < K.
Next, we establish that y is a contraction. Consider two functions, g and 1,
both belonging to Ej i,

IX(9)(r) = x(9)(r)| < /OT h(3(9)(s)) — h(5(9)(s))| ds, (3.10)

where j(g) is defined by (3.4). Let us denote ¢ = min(j(g)(s),j(9)(s)). Then we
have

= .
IX(9)(r) = x(9)(r)] < /0 ¢r=11j(9)(s) —3(9)(s)| ds. (3.11)
But, by combining the expression of j with (3.11), we deduce that

pP-1A-K)?
p N

[X(9)(r) = x(0) ()] < dif P @0 lg — ). (3.12)

In summary, we can choose a suitably small value for r to ensure that y
is a contraction. Subsequently, by using the Banach fixed point theorem, we
confirm that y has a unique fixed point, which corresponds to a unique solution
to problem (Pyq).

Step 2. Let Rpax = 40o. Assume, for the sake of contradiction, that
Rmax < +o0. Integrating relation (2.1) over the interval (0, ) and using the fact
that lim, o rN=0/®=1) 4/(r) = 0, we obtain

PNl P2y — / "N (s)um(s) ds. (3.13)
0
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As w is strictly increasing and f is bounded on the interval (0, Ryax), we can
conclude that there is d3 > 0 such that

-1
WPt < %r. (3.14)

In other words, for every r within the interval (0, Rmax),

RY/®=1), (3.15)

max

)\_ldg 1/(p—1)
! <
ol < (252

Hence we obtain
lim  |u/(r)| < +o00.

r—Rpax
However, this implies a contradiction.
Step 3. Let 7!1_1)1% u'(r) =0 and (]u’\pfzu')/ (0) = %. By employing relation
(3.14) and the fact that u/(r) > 0, we get easily }13% u'(r) = 0. Returning to
equations (1.2) and (2.3), we derive

-2,/
(120 () — 1 W) F(0)
A Y

Thus we have completed the proof. O
Now we give the proof of Theorem 3.1.

Proof of Theorem 3.1. First, notice that the hypothesis (F;) implies that
inf)f(r) > 0 and f is bounded for large r. Drawing upon Proposition 3.2, we
,00

have proven the first portion of Theorem 3.1. Consequently, our focus now shifts
towards understanding the behavior of the solution to P at infinity, a task for
which we will draw upon insights from [3].

To facilitate our analysis, we define the following energy function related to
equation (2.12):

Ji(t) =R KOF =Y (0)e()+5¢" (1) — f(e') In(e(t)). (3.16)

Because ¢, K and Y are bounded when ¢ is large enough (as indicated by Propo-
sition 2.4), it follows that J; is also bounded for large ¢. The remaining portion
of the proof will be done in three distinct steps.

Step 1. LetJ;(t) converge as t — +oo. If we derive Ji, we get

Ji(t) = =NZy(t) — €' f'(e") In(p(t)), (3.17)

where
Zi(t) =[IK@OP~ = P O] [[K ()] = ¢(1)]- (3.18)
Subsequently, by integrating (3.17) over the interval (to,t) for large to, we obtain
Ji(t) = Ji(to) — N Ry (t) — / e® f'(e®) In(yp(s)) ds, (3.19)

to
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where

t
Ri(t) = / Zi(s)ds. (3.20)
to
Exploiting the property that the function z — zP~! is increasing, we deduce that
Z1(t) > 0. Consequently, we can deduce that the function R;(t) is positive and

increasing. Furthermore, based on relation (3.19), R;(t) is equivalent to

o J (t ) J (t) 1 ! spelf s
1N0 - 17 "N, f'(e*) In(gp(s)) ds. (3.21)

Given that ¢ is bounded between two strictly positive constants for large t (as
indicated by Propositions 2.2 and 2.4) and considering the hypotheses (F7) and
(F2), we can conclude that there is a constant e > 0 such that

t t
/ e® f'(e®) In(p(s)) ds < e/ 1793 ds < 400,

to to

which gives that R;(t) is bounded for large ¢. Thus, ftj;oo Z1(s) ds exists, which
is equivalent to Rp(t) that converges as t — +o0o. Consequently, by ¢ tending
to 400 in (3.19), we show that J;(t) converges as t — 400 and we note J; =
limt%Jroo Jl (t)

Step 2. Let limy 400 ¢'(t) = 0. Since K(t) > 0 if ¢ is large, then based
on relations (2.14) and (3.18), it is enough to show that lim;, . Zi(t) = 0.
Furthermore, recalling Lemma 2.6, it is also necessary to show that Z](¢) is
bounded for large t¢.

Notice that Z;(t) can be rewritten as

Zi(t) =YD (1) =Y (Op(t) = (D¢ (). (3.22)
Hence we get
Z1(1) = T3 KWY'() = Y (02 (1) = o(0)Y ()
— (p— D" 291 — " ()¢ (1). (3.23)

As ¢(t), K(t), and Y (t) are bounded when ¢ is large enough, then combining this
information with (2.14) and (2.12), we can conclude that both ¢'(t) and Y'(¢)
are bounded if ¢ is large. It still remains to establish that ¢”(¢) is bounded when
t is large enough. Using (2.14), we have

o(t) = K'(t) — ¢'(t). (3.24)

Since ¢'(t) is bounded for large t, it remains to show that K’(¢) is bounded for
large t. By (2.13), we have

K'(t) = —— (K())* PY'(¢). (3.25)
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Thus, by (2.10), we have K(t) > K3 for large t. In other words, (K (¢))*7? is
bounded for large values of ¢. Consequently, K'(t) is bounded for large ¢, and
based on (3.24) and (3.23), we can conclude that Z{(t) is bounded for large t.
This yields that lim;— 1 Z1(t) = 0 as stated in Lemma 2.6.

Step 3. Let ¢(t) converge as t — +o00. Since ¢(t) is bounded for large ¢,
we consider the assumption that (¢) is oscillating for large ¢. In this case, there
exist two sequences, a; and (3;, that go to +oo as ¢ tends to +o0o such that «;
and f3; are respectively local minimum and local maximum of . These sequences
satisfy the conditions «; < 5; < ;41 and

0< ltlglﬁ&f(p(t) = iilinoocp(ai) =« (3.26)
<limsupe(t) = lim ¢(B;) =B < +oo. (3.27)
t—+o00 1—+00
Let
x1(s) = Np_ ! s? — foo In(s), s>0. (3.28)

Given that ¢'(a;) = ¢'(8;) = 0, we can use (3.26), (3.16), (2.13), and (2.14) to

derive

lim Ji(ei) = x1(a) et lim Ji(Bi) = x1(8). (3.29)
i——400 1—4-00
As limyy 400 J1(t) = J1 (by Step 1), then

xi(a) = x1(8) = Ji. (3.30)

Hence, we can find v1 € (o, 8) and t; € (ay, 5;) such that ¢(t;) = 11, xj(11) =
0, and x1(»1) # Ji1. However, by Step 2, lim; 40 ¢'(¢;) = 0. This in turn
implies, based on (2.14), that lim;, . K(t;) = v;. Consequently, we have
lim; o0 J1(ti) = x1(v1) = Ji, which leads to a contradiction. Therefore, we
deduce that ¢(t) converges as ¢ — +oo. If we denote lim; 4 () = [, then
using the fact that lims 1 ¢'(t) = 0 and relations (2.14) and (2.13), we have
respectively limy 1o K (t) = [ and lim;_, o0 Y (t) = P71, Since lim;_s 400 @(t) =
[ >0 by (2.11), (2.20) and hypothesis (F1), then, by equation (2.12), Y'(¢) con-
verges necessarily to 0 when t — +oco. Hence, (N — 1)P~! — f%" = 0, which

. . N—-1 —1/p .
implies that [ = <f?) . This concludes the proof. O

4. Study of problem (P,)

In this section, we focus on studying the singular solutions u of (1.2) that
satisfy lim,_,ou(r) = 0. Specifically, we aim to establish both the uniqueness
and the existence of solutions defined over the interval (0, 400) to problem (P),
while also describing their behavior in the vicinity of both infinity and the origin.

Theorem 4.1. Suppose that (F1) and (F2) hold. Then problem (P3) has a
unique solution, denoted as u = ug, which verifies (3.1) and

ou(r)y ., (N-1 —1/p
}%T = }1_r>r(1)u (r) = <f(0)> . (4.1)
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Before giving the proof of this theorem, we need the following proposition.

Proposition 4.2. Suppose that infjy ) f(r) > 0. Let u be a solution of
problem (P3). Then:

(i) limrd/(r)=0,
r—0
(ii) o/(r) is bounded if v is sufficiently small,

(iii) % is bounded if v is sufficiently small.

Proof. (i) Let

N—p ’
o1 u(r) +ru'(r), r>0. (4.2)

S(N-p)/p-1)(T) =

Since /(1) > 0, then by equation (1.2), we have

(p— 1)u’p*QSEN7p)/(p71)(r) =r ur)’ r > 0. (4.3)

Since N > p, u(r) > 0, «/(r) > 0 and f(r) > 0 for any r > 0, then we

have S(x_p)/(p—1)(r) > 0 and SEN_p)/(p_l)(r) > 0 for any r > 0, which yields

lim, 0 S(nv—p)/(p-1)(r) € [0, +0c[. Since lin%u(r) = 0, then, by (4.2), ru/(r)
r—

converges when r tends to 0 and necessarily lim,_,or /() = 0.
(ii) We introduce the following change for any r > 0:

po(t)=—>, t=—Inr (4.4)

Then equation (1.2) is equivalent to

N I
w'(t) — (N — 1) w(t) 2000) =0, (4.5)
where
w(t) = [h(#)P2h(t) and  h(t) = @o(t) — po(t) = —u/(r). (4.6)

Assume, for the sake of contradiction, that «' is unbounded for small . Then,
by relation (4.6), we have that h(t) is unbounded for large ¢. It follows that w(t)
is unbounded for large t. Two cases arise.

Case 1. limy o |w(t)] = +00. Therefore, using relation (4.5) and consid-
ering the boundedness of ¢ ! for large t (as per Proposition 2.2), we can derive

w'(t)
im —= =
t——+o00 w(t) t——+o00
Then, by Hoéspital’s rule, we obtain

lim In |w(t)] B

t—-+o00
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By choosing p — 1 < § < N —1 (since N > p), we get
In|w(t)| > 6t for large ¢.

Hence,
lw(t)] > e for large t.

As a result, using relation (4.6), we can deduce that
e P=D|p()) > 1 for large t.
However, this contradicts the fact that

lim e %®=V|p(t)] = lim r/ P14/ (7)) = 0,
t—+o0 r—0
because p%l > 1 and lim,_oru/(r) = 0.

Case 2. limsup;_, |, |w(t)| = +o00. This gives the existence of a sequence s;
that tends to 400 as i — 400, such that w'(s;) = 0 and lim;_, 4 o |w(s;)| = +0o0.
Using equation (4.5), we obtain

fle™™)

(N =Dl = 55— oo

However, this cannot occur as ¢y *(¢) is bounded if ¢ is large enough (as stated
in Proposition 2.2). Then there exists a constant C' > 0 such that

0<u'(r)<Cy for small r. (4.7)

(iii) Integrating (4.7) on (rg,r) for small r and letting o — 0, we get easily that

ugfq) is bounded when 7 is small enough. This ends the proof. O

Inspired by the previous proposition, we will study now the asymptotic be-
havior of the connecting orbits of a 1-dimensional ordinary differential equation
(ODE). This analysis will help us deduce the asymptotic behavior of UTT) and
provide the proof for Theorem 4.1.

Proof of Theorem 4.1. Interestingly, the behavior of solutions of problem
(P2) at infinity is similar to that of the solutions of problem (P71), as shown in
Theorem 3.1. Thus, to complete the proof, we need to examine the behavior of
these solutions near the origin. To do this, we introduce the following change:

A =" )= wp-u (),

Ct)y=r, t=—lInr. (4.8)
From equation (1.2), we obtain the system
A=A pYoe-b,

B'=(N-1)B- f(C)A™, (4.9)
C'=-C,
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where A' = 44 B’ = 4B anq ¢’ = 4C.

Since t = —In(r) and ¢ tends to +oo as r approaches 0, our analysis now
focuses on examining the behavior of (4.9) as t — 400 to understand the behavior
of solutions of (P3) near the origin. In the set (A > 0, B > 0, C > 0), we discover

that (4.9) possesses a unique fixed point

e ((1\;(())1>1/p7 (J\}(O;)(zol)/p7 0) |

Furthermore, at the point E, the linearized equation for (4.9) yields

( —2
1 N —1 (p—2)/p
p—1\ £(0)
N_

2/p
f(0)1> X+(N=1)Y,

v < f0) < (4.10)

7'=-27.

A straightforward phase-plane analysis shows that system (4.10) has three eigen-

values: 1 = —1, pg, and ps, which satisfy quadratic equation
N-—-1
L YD
p—1

Since —1 is a strictly negative eigenvalue of system (4.10), equation (4.9) exhibits
a one-dimensional stable manifold denoted as Wg . This manifold is tangent to the
eigenvector (0,0, 1) associated with the negative eigenvalue of —1. Because Wg
is 1-dimensional, according to the theory of dynamical systems, we can deduce
that it forms an orbit of system (4.9). Denoting W (t) = (A(t), B(t), C(t)), and
using (4.8), we can derive a positive function denoted as u = ug. This function
serves as a solution to (1.2) for small 7. Since W3 (t) converges to the fixed point
E as t — 400, we obtain (4.1).

Now we demonstrate that the local solution of (1.2) can be extended to each
r > 0. Let u be a maximal solution defined in (0, 7yax) such that u(r) > 0 for
any r € (0, 7max). Assume by contradiction that rya < 400, then

Ii — i "(r)] = .
ngaXIU(r)l ; ;ggaxlu (1)] = +o0

By using Pohozaev’s identity, we have

N —p [W/[P~2u u

r

G(r) =V <p;1 '[P + — f(r) ln(u)> . (4.11)

Since /(1) > 0 in (0, 7max) by Lemma 2.1, then

—p |/ Pt n(u
G<r>eru<r>(N p ] —f<r>”>>,

P r u
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which yields that lim G(r) = 400 (because N > p).

T—Tmax

On the other hand, for any r € (0, 7max), we have

G'(r) = V-1 Np_ pf(r) — Nf(r) In(u) —rf'(r) In(u)| , (4.12)

Since f is positive and increasing by hypothesis (F7), then lim G'(r) = —oco,

T—>Tmax
which is impossible.

Finally, we have to show the uniqueness of the solution u. Suppose
that U is another solution of (P2). Replacing v by U in (4.8) and refer-
ring to Proposition 4.2, we have Ay(t), By(t) and Cpy(t) are bounded for
large t. Therefore, according to the Poincaré-Bendixson theory, we can con-
clude that (Ay(t), By(t),Cu(t)) converges to E as t — +o0o. Consequently,
(Au(t), Bu(t), Cuy(t)) lies on the stable manifold W5. Since W3 is a one-
dimensional manifold and considering the uniqueness of solutions to (4.9), we
can deduce that there is some T > 0 such that

Ay(t)=A(t+T), Bylt)=B@t+T), Cylt)=C{t+T),

which gives that

U(r) = : (4.13)

where § = e~T. To prove that U = w, it suffices to show that 7" = 0. Suppose
this is not the case, then 6 # 1. Now, using the expression (4.13), we see that u
satisfies the following equation:

N-l 1/ (0r) [P~/ (0r) = ) : (4.14)

(' (@r)P > (0r))" + =5 (6

As w is a singular solution of equation (1.2), then

_ N -1 - f(6r)
10r)|P—2y/ ! / p—2, .1 _ . 4.1
(WO (0n)) + =gl Ol = L0 (1)
By comparing (4.14) and (4.15), it becomes clear that we must have
flr)=f(r), r>0. (4.16)

By taking r» = 7 and by iteration, we deduce from (4.16) that f(0™r) = f(r)
for any 7 > 0 and m € N. Hence, if 0 < § < 1, then letting m — 400, we obtain
f(r) = f(0) for any r > 0 due to the continuity of f at 0. On the other hand, if
0 > 1, we get that f(r) = foo when m — +oo. Therefore, we obtain that f(r) =
f(0) = foo and (1.2) can be expressed in the following form:

N — 1|u,‘p_2u/(T) _ @ (4.17)

P2 ! r
(I [P=2a) () + 0
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We show that (4.17) has a unique solution
N -1\ /P
u(r) = —— T 4.18
= (Tar) s

To establish this, we require the transformation (2.11). Then ¢ satisfies the
equation

f(0)
Y't)+(N-1)Y(t) — =% =0. 4.19
() +( )Y (1) o(0) (4.19)
Furthermore, we introduce the following energy function associated with (4.19):
_p-1 p N »
B(t) = — (KO =Y (t)e(t) + e () = £(0) In((2)). (4.20)
Hence,
F'(t) = =N Z(t), (4.21)

where Z;(t) > 0 is given by (3.18).
According to relations (2.11), (4.1) and (2.14), we get

lim (1) = (é;&bl>_4/p and  lim Axt)::<fv"1>_dﬁi

Also, by (3.1), we have

nm¢@:<N_ﬁ]m and mlmw:<

t——+o0o foo

Since f(r) = f(0) = fw, then
~1/
lim @(t) = lim @(t) = (N_1> ’

t——00 t— 400 (O)
and Y
. . N—-1\""?
Jm K@) = Iim K(t) = (f(())> :

It follows that
lim F(t) = lim F(¢).

t——o00 t—-+o0

Then we get that F'(t) is a constant function since F' is decreasing by (4.21) and
the fact that Z; > 0. This implies that F(¢t) = 0 for any ¢t € (—oo, +00), that
is, Z1(t) = 0 for any t € (—o0,+00) and it follows that ¢'(¢t) = 0 for any ¢ €
(=00, +00). Consequently, we necessarily have ¢(t) = ((N —1)/£(0))"? for
any t € (—oo,400). In other words,

1\ VY
u(r) = (j\j[”(())1> pr for any r > 0.

Therefore, U(r) = u(r) for any r > 0, which contradicts the assumption that the
period T' # 0. Thus the solution u is unique, which finishes the proof. ]



176 Arij Bouzelmate, Hikmat El Baghouri, and Fatima Sennouni

5. Conclusion

In this paper, we proved the existence and uniqueness of the solution of equa-
tion (1.2) under specific assumptions about the function f. Furthermore, we
conducted a detailed analysis of the asymptotic behavior of regular and singular
solutions by employing the theory of invariant manifolds in dynamical systems
and the energy method. As a prospect for future research, we propose delving
into the same equation exploring its dynamics by reducing the assumptions on
the function f.
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JlonatHi po3B’sI3KM HEJIHINHOTO eJIiINTUYHOrO PiBHSHHS,
10 MiCTUTH CUHTYJISSPHUI YJIeH

Arij Bouzelmate, Hikmat El Baghouri, and Fatima Sennouni

VY miit poboTi MU JTOC/IZKYEMO ICHYBAHHS Ta €IWHICTH JOJATHUX PO3-
B'askip pisagnna A,u = f(|z|)/u(z), 2 € RN, ne N > p > 2. Tounime,
3a TMEeBHUX MPUIYIIEHb MOa0 PYHKINI f MU JAEMO BiAIOBiIbL Ha TTHTAHHS
npo riobanbHe icHyBaHHsI, cOpMyIboBaHe B poboTi [14], BukopucToByroun
TEOPito IHBapiaHTHUX MHOTOBU/IIB Y JUHAMIYHUX CUCTEMAX Ta €HEPreTUYHUI
MeToj. KpiM TOro, Mu mpoBOIUMO JeTaJbHUI aHaJIi3 aCUMIITOTUYIHOI MTOBE-
JIHKY PO3B’SI3KIB 3a OMOMOIOK JOrapudMIiYHUX T€PETBOPEHb.

Kmro4oBi ciioBa: icHyBaHHSI, €IUHICTD, TOJATHNN PO3B’ 30K, aCUMIITOTH-
YHa TIOBEJIIHKA, TOTOXKHICTh [loxokaeBa, JMHAMITHA CUCTEMA
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