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The Interaction of a Countable Number of
Eddy Flows for the Bryan—Pidduck Model
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We consider the nonlinear integro-differential Boltzmann equation for
the model of rough spheres. An approximate solution is constructed in
the form of a linear combination of a countable number of the Maxwell
modes with certain coefficient functions that depend on time and spatial
coordinate. Sufficient conditions for an arbitrarily small uniform-integral
error are obtained.
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1. Introduction

We consider a model of rough spheres [2] which was firstly introduced in 1894
by Bryan [1]. The methods developed by Chapman and Enskog for general non-
rotating spherical molecules were extended to Bryan’s model by Pidduck [13] in
1922. The advantage of this model over all other models that allow a change
in the rotational state of the molecule is that it does not require any additional
variables that determine the orientation of the molecule in space.

These molecules are absolutely elastic and absolutely rough, which means the
following. When two molecules collide, the points in contact do not generally have
the same velocity. The two spheres are assumed to engage each other without
slipping. At the initial moment, the spheres deform each other, and after the
collision, the deformation energy returns to the kinetic energy of translational
and rotational motion without any loss. As a result, the relative velocity of the
spheres at the point of contact is reversed by the impact.

The Boltzmann equation for the model of rough spheres (or the Bryan—
Pidduck equation) has the form [1-3]:

D(f) = Q(f, /), (1.1)
where the differential operator D(f) is defined as follows:
0
D(f) = 8*{ + <V 8£> : (1.2)

and the collision integral Q(f, f) for the Bryan—-Pidduck model has the form

Qf. f) —/Rddvl/Rdde/dan Vi,q)
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f, Vi, w)) f(t, V x,w") — f(t,V,x,w)f(t,Vljaz,wl)] (1.3)

Here, d is the diameter of the molecule, which is associated with the moment
of inertia I by the relation

=" (1.4)

where b is the parameter, b € ( , 3] characterizing the 1sotroplc distribution of
matter inside the gas particles; ¢ is the time; x = (:c1 22, 23) € R? is the spatial
coordinate; V = (V1, V2 V3) € R? and w = (w!,w?,w?) € R? denote the linear
and angular velocities of the molecule, respectlvely, 6% is the gradient of the
desired distribution function by variable x; the unit sphere in the space R? is
denoted by X; o € R3 is the unit vector directed along the line connecting the
centers of the colliding molecules; (a,b) is the dot product of the vectors a and

b; the collision term at the integral Q(f, f) (1.3) is defined as follows:
B(V -Vi,a)=|(V-Vi,a)|—(V-W,a). (1.5)

The linear V*, V}* and angular w*,w] molecular velocities after the collision
can be expressed by the appropriate values before the collision as follows from [2]:

v V_ler1<b(Vl_V) bj[aw—i—m]%—a(a Vi — V))
Vi = V1+1<b(V1—V) bd[aw+w1]+aaV1 >
b+1 2
. 2 d
w :w+d(b+1){[a,VV1]+2(oz(w+w1, —w— wl}
2

M{[a,V—Vi]-ﬁ-Z( (W+w,a)—w-— wl)} (1.6)

where [a, b] indicates the vector product of the vectors a and b.

2. Statement of the problem

The only exact solution to equation (1.1), which is explicitly known up to
now, is an expression similar to that obtained by Maxwell [2] for the model of
hard spheres, commonly called Maxwellian [2], which makes both parts of the
Boltzmann equation (1.2) and (1.3) equal to zero.

The most general form of the local Maxwellian, which exists for the rough
sphere model, was obtained in [10]. Since any other exact solutions have not yet
been found in an explicit form, it is of interest to look for an explicit form of
approximate solutions. One of the variants of this form is a linear combination
of Maxwellians.

As the Maxwell distributions, we consider the eddy flow [10]:

3 —\2
M;(V,w,t,z) = pI3/? <iz> efﬁi((vai) +1w )7 (2.1)
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(by default, here and everywhere below the index i belongs to the set of natural
numbers) where the density of a gas flow has the form

pPi = pol'eﬁiw%r%. (22)

By poi, we denote the gas density on the axis of rotation, the parameter g; is the

inverse temperature
1

2T
w; is the angular velocity of i-th gas flow around the axis xg;, which at the initial
moment of time ¢ = 0 passes through the point

Bi = (2.3)

Toi = % [@, ‘N/l] ; (2.4)

)

the arbitrary constant vector TZ belongs to the space R3. The density axis is
the line around which the gas density of the flow is symmetrically distributed (in
detail [8]), and one of the i—th flows passes through the point
_ L. &~ _
Toi = — [wi, Vi — um} (2.5)
Wi
at the moment of time t = 0.
The distance between the molecule and the axis of rotation Ty; has the form
2 1

Ty = —5 [@,x — To; — ﬂoz‘t]2 . (26)

W
7

If we denote by g, the linear velocity of the axis xp; around which the flow
rotates, then
Uo;Lw;. (2.7)

The mass velocity of a gas flow V; has the form
V=V + @i,z — xo; — Toit], (2.8)
where YA/Z is the linear velocity of the gas flow along the axis of rotation, i.e.,
Vi || @i. (2.9)

From a physical point of view, the expression (2.1) describes a gas flow that
rotates around the x(; axis, simultaneously moves along it and flies in a direction
perpendicular to this axis. With this gas movement it forms two axes: the
velocity axis xg; and the density axis ZTp;. On the different sides of the axis Ty,
the rarefaction and compression zones appear.

In [9], a bimodal distribution with eddy-like Maxwell modes was constructed.
In [11], the infinite-modal solution of the Bryan—Pidduck equation was given.
There we considered two cases of Maxwellians: the global Maxwellian and one
of the local Maxwellians, namely, the screw. Now we would like to continue [11]
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and to construct an approximate solution of equation (1.1)—(1.3) in the following
form:

f(V,w,t,x) Z% (t,x)M;(V,w, t,x), (2.10)

namely, a countable modal hnear combmatlon of some coefficient functions
vi(t,x) and Maxwellians. As the coefficient functions ¢;(¢,x) of the distribu-
tion (2.10), we consider some nonnegative smooth functions defined in time and
space. We demand that the norm

Oh(t, z)
ot

It ) = sup (\h(t, o) + ]
(t,z)eR*

Oh(t, z)
+ ‘ ox

) (2.11)

be not equal to zero for all functions ¢;(t, x).

To estimate the approximation of the solution, we use the uniform-integral
(or mixed) error between the parts of equation (1.1), which was first proposed
in [7],

—a(y) = sw [ av [ awpn-Qunl @
(t,z)eR* JR3 R3
The aim of this paper is to find the form of the coefficient functions ¢;(¢, x)
and the hydrodynamic parameters of Maxwellian (2.1) such that error (2.12)
could be made arbitrarily small.

3. Main results

First, we give several statements that contain the main result of the present
work.

Theorem 3.1. Let the coefficient functions p;(t, x) in the distribution (2.10)
have the form L

@i(t,x) = e PPirTia(t, x), (3.1)

where ;(t,x) are nonnegative smooth functions with nonzero norm (2.11). We

also require that the functional series with common terms have one of the follow-
ing forms:

Vi ol ts ‘%ﬁz ’ ‘681/: - ‘awz‘ ’ t’@@?ﬁi ’ (3.2)
which converges uniformly on R*. Also let
Wi =wei; ", my = i (3.3)
Then there exists a function A'({8;}32,) such that
A <A, (3.4)

and one of the following forms of the low-temperature limit is true:
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a) if m; > %, then

O O
L = 1 A 7 VWla
o ;po L s (v 5 )\
+ 2md? Z poipoj |[VW; — VW;| sup (¢, 2);(t, z), (3.5)
ij=1 (t,z)eR?
i#]
where
- 1/ ~
VWi = Ui+ Vi = =i (@0, V) (3.6)
w

02

b) if m; = 3, then

o0
lim A'=L+2 i [* -,17-—*} (1, x); 3.7
Sm ; poi | |@oi, Vi — Toi (t,il)lé)R‘l Vi(t, v) (3.7)

c) form; € (%, %), we require an additional parallel condition

woi || ( - um) (3.8)

for the low-temperature limit (3.5) to remain true;
d) for the cutoff value m; = i, we change the condition (3.3) as follows:

»M»—t

Wz - WOZ zB (39)

where s; are positive constants, and we add the condition (3.8) to obtain the
low-temperature limit

lim A'=L+ — polswl sup (2|x| + || t) ¥i(t, z 3.10
Jim IZ b S (Rl Tl 06 0). (310

Remark 3.2. The notation ; — +0o means that for any value ¢ there exists
such a positive 3 that the inequality 3; > B is true, moreover 3 — +oc.

Proof of Theorem 3.1. The following inequality was obtained in [11]:

/dev/dew}D Q(f, 1) Z/dev/m a% (V,%i”)‘

d*p;
+2Z pp]%%/ dq/ dgre~—at | L _ 1

- L V-V
3,j=1 \/E \/67
i#£]

(3.11)

For further calculations, we will need the vector relation that holds for any
four vectors on R3:

([a,b],[c,d]) = (a,c)(b,d) — (a,d)(b,c). (3.12)
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To differentiate the function ;(¢, z) with respect to the time ¢, we use (3.1),

Opi _ s g 29 w22
o 8t +'¢z ( ﬁz )
= eiﬁi {awl Biti (2u01 Zt - 2&)? (l‘ - x0i7u0i))} : (313)

By using definition (2.5), the derivative takes the form

i
ot

= ¢ B} {81/1@ + 2B @2 (., To;) — 2Binpitz; ot — 2Binb; ([wz, ,} ,u01>} )

(3.14)
Next, we differentiate the coefficient function ¢;(t,z) with respect to the
spatial coordinate x,

I _ —Biwir? i o —Biw?r? . 9 . Iy S
87 =€ 7""1/}@6 _ﬁz% ([wua:_sz_qut] )

= _ﬂlw v} {awz + 2895 (Wz (@i, ) — w? (z — Toi — uOit))} : (3.15)

The derivatives found for the function ;(t, z), (3.14), (3.15) and the Maxwellian
M; (2.1) allow us to write the estimate

/ av [ dw|D(f) - Q)]
R3 RS

o] 3 _
S Z P0113/2 & / dV/ dw e_ﬁi<(v_vi)2+lw2>
; ™ R3 R3

fgf;+<v ) + 20 (52 00 - e ([ 7] )

+ 280 (V,w; (@;, ) — @7 (x — To; — Toit)) ’ + S, (3.16)

where S is as follows:

2d2 = -
pospos i /dq/ dgy e S TS /A /o RE R
'sz:l ! ’ 51 \//67 ’
i#]

Let us calculate the integral over the angular velocity w of the gas molecule
and over the linear velocity V' perform the substitution
P 1v, (3.18)
VB

whose Jacobian J is equal to 5;3/2. Then, starting from (3.16), we obtain the
inequality

/Ra v /R dw | D(f) = Q(f. f)]

V=
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8%- P — 61/}1'
< e 3/2 p2 .
S g P07 /3 dpe T + ( F@ iy 9z )

(-t ()

+ 2Bt (j%

Using (2.8) of the mass velocity V;, we can write the last inequality as follows:

[av [ as|p-aus.p|
R3 R3
<Y por ¥ / dpe ™™’ 88? + < \/%
i—1 R3 7
+ 2B, ( (z,Toi) — U202t — ([@XZ] ﬂOZ))
+ 2Bi; (‘71 + (@4, @ — z0; — Tost] , s (@4, ) — W7 (7 — Toi — Uoﬁ))

+ 2y/Bits (pwi (@i, 2) — @2 (¢ — To; — Toit)) ‘ s (3.20)

+Vi,wi (wi,x) — @2 (.7} — X — U()it)) ’ + S. (3.19)

O
i, x — xo; — Toit] , gfv)

Using the previously mentioned identity (3.12), we are ready to make the follow-
ing statement:

(177; + [@i, & — w0 — Toit] , @ (s, ) — @2 (@ — To — UOit))
= (V) @i,2) + (Vi @0, Vi - i) ) - @2 (Vi)

_of— _ 1
—w; | [Wi, z — 2o — Uoit] ,  — 0 — Uoit + —5 [Wi, Uoi
Z

- ({Z,wi) (@;, ) (Vz,x) (@i, @ — z0;i — Uoit] , w3, Wos])
= (V@) @i,2) - @2 (Viz) - 3 (& — oi — Uoit, Uoi)
— (f/z wi) (@;, ) ( ) (z,0;) ([W@,‘Z} ﬂm’) + W] gt

In its turn, applying equality (3.12), the mutual location of the vectors (2.9) and
another term with the first power j; in (3.20), we see that the terms with j; are
subtracted in the first sum on the right of inequality (3.20). That is, the following
estimate takes place:

Lo [P0 -Qunt < o [ i

oY; p oo g L s O
ot + <\/E+V;+[w“x qut] wng <w17Vz> +Vi, 83:)

+2+/Bithi (p,m (@1, x) — @2 (x — Toit) + [@-, Vi — aol} ) } +S5. (3.21)

X
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Further, in the last inequality, we make a transition to the supremum over time
and spatial coordinates, the existence of which is ensured by the condition of
uniform convergence of the series with the common term (3.2). That is, there
really exists a majorant A’ such that the estimate (3.4) holds and it has the form

oo
A= Zpom_m/ dpe?"
i=1 R3

0Y; P S _ 1 _ /= ~ O
i i, T — Upilt) — —5W; | Wy, V3 .
S + (g Tt e 77 (3.7) + )

+ 24/ Bi; (P,wi (@i, ) — @7 (x — Tgit) + [@', = ﬂm})‘

24° - 2 q Q1 7. T
+—5 D Poipoj Sup w-w-/ dq/ dgre”® 0 - —==t+Vi=Vj.
m? z]zzl ewer T re Jro Bi /B l ’

i

(3.22)

Let us apply the average angular velocity (3.3) to write the new expression for A’:

>0 2
= Z poim /2 / dpe™®
i=1 R3

;i
ot

« sup p 8%)
(t,x)ER* \/7 0

l_mi m; i —
+ 2987 (P, woi (@oi, ) B; ™ — Wi (x — oit) B; ™ + [wom Vi — umD‘

+ <VWi + 6; ™ [@os, x — Tost] +

2% &
+— pinO] Sup 1/%%/ dCI/ dgy =4
i#j
q q

X

1ﬂ + B, [wois @ — woit] — B [oj, & — Tost] + VW = VIV
J

VB B

The substitution

1
Vi 3;

in the last expression of A’ leads to the following form of the majorant:

> 2
= Z pOiﬂ'ig/Q / dp e P
i—1 R3

(3.23)

X sup
(t,z)eR*

1 o _ o =~
+ 2¢i7;m ? <p750i (@oi, 7)Y — W (T — Toit) 7 + [wou Vi— um])‘
202 &
t 7 pOiPO] Sup ?/)z%/ dQ/ dgre 0~
t,x)ER

i,j=1
7]
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x |[VW; — VWj + Q\/’% - q1\/’7j+ ’)/Zmi [wol',ﬁ —ﬂoz't] — 'y;-nj [woj,x —ﬂojt] .
(3.24)

The limiting passage ( 3; — 400 ) in the expression for A’ is equivalent to
~v; — +0. The possibility of such a transition is ensured by the continuity of the
expression (3.24) at the point 7; = 0, by the condition of uniform convergence of
series with common term of Theorem 3.1, i.e., one of the functions (3.2), and of
the obvious estimate

[vil <

=l =

in accordance to Remark 3.2. In addition, we apply the lemma from [6] on the
continuity of the supremum with respect to the parameter and the theorems on
the continuity of integral and functional series with respect to the parameter.

For values of the exponent m; greater than %, the low-temperature limit of
the majorant A’ after calculating the integral over the variable p coincides with
equality (3.5). If m; is equal to %, then an additional term appears under the
sign of the supremum

2 (p, [@or, Vi — i) ) wi(t, )

Evaluating the additional term and calculating the integral over the variable p
again, we obtain equality (3.7). In the case of values m; from the interval ( . 2)

we use the additional parallelism condition (3.8) and we get the limit value (3.5)
again. For the boundary value m; = %, we use the modification of the condition
(3.3), namely, the average angular velocity in the form (3.9) that gives

o0
A = r3/2 dpe?’
ZpOzﬂ' - 1%

8%
ot

RN

X sup
(t,x)eR

+ 27/]1312 (pvaZ (w027 ) sz ( UOZ |
S dQPinOJ -
+2 E 5 sup  ¢it; dq dq1 e
™ (t,z)eR*

i,j=1
7]

oY,
(VW + 577, [@oi, x — Uoit] + P/ i 81:i>

1

1 1
X \VWi = VWj + a7 — q1/75 + 7 8i [0, ¢ — Toit] — v} 85 [woj, @ — Uoﬂ]‘ .
(3.25)

Further, we pass to the limit in (3.25), as v; — +0 and, in view of the estimate
1247 (p, Woi (@i, &) — @y ( — Toit)) | < 2557 [p| (2]] + [woi| t) ,

we obtain equality (3.10), which exhausts the proof of all statements of the the-
orem. O



Some Countable Modal Distribution for the BPE 227

Let us formulate some sufficient conditions for minimizing the mixed error

(2.12).
Corollary 3.3. Let the function ¢;(t,x) in (3.1) have the form
77/11' (t, I’) = Cz(.TU — VWZ't) (3.26)

VYi(t,z) = D; ([x, VW;]), (3.27)

where the functions C;(-) and D;(-) satisfy the conditions of Theorem 3.1.
Let one of the following conditions be also true:

VWi = VW, (3.28)
supp¢; Nsuppy; =@ (i # j), (3.29)
d—0. (3.30)

Then the following assertions hold:

(i) Ifm; > 3, then the error (2.12) can be made arbitrarily small.

(i) If + < m; < 5 and the condition (3.8) is fulfilled, then the error (2.12) is
infinitestimally small.

(iii) For the boundary value m; = %, we additionally require

s; — +0, (3.31)
such that the error (2.12) can be made arbitrarily small.

Proof. The first sum in low-temperature limit expression (3.5) turns to zero
due to the form of arguments in (3.26), (3.27). Indeed, in case of (3.26), we have

awz o : ! aqvbz e
a (VWZ, CZ») D g C;,
while for the function v;(¢,z) in (3.27), we obtain
= = D- Z' 5
o, Y v

and hence the multiplier

sup
(t,z)eR*

o; o;
Vi (VW“ax)'

tends to zero.
For values m; > %, the second sum in (3.5) turns to zero if one of the conditions
(3.28), (3.29) or (3.30) is fulfilled. If m; € (%, 3] and the condition of parallelism

of vectors wy; and (VZ —ﬂm‘) is fulfilled, then the mixed error (2.12) for the
constructed distribution can be made arbitrarily small. For the boundary value
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m; = %, infinitesimal deviation (2.12) is achieved under the condition (3.31),
which turns the following term to zero:

4 & _ _
NG Z poisiwy; sup  (2|x| + [Tos| ) ¥i(t, x).
i1

(t,x)eR*
The statements of Corollary 3.3 are justified. O

Let us summarize: for all values of indicators m; > i from the representation
of average angular velocity @; according to (3.3), the distribution (2.10) with
coefficient functions ¢;(¢,x) of the form (3.1) is an approximate solution to the
Bryan—Pidduck equation (1.1)—(1.3) in the sense of mixed error (2.12) if we take
into account equations (3.26), (3.27) and choose special hydrodynamic parameters
of the distribution (2.1).

Consider another approach to constructing the solution of the Bryan—Pidduck
equation without introducing an auxiliary function, namely, by abandoning the
condition (3.1).

Theorem 3.4. Let all functzonal series whose common term has the form
(3.2) additionally multiplied by % ird converge uniformly in time and space. Let
the condition of parallelism of vectors (3.8) be preserved, and the condition (3.3)
be fulfilled for m; > %

Then there exists such a majorant A’ that the estimate (3.4) holds and the
following low-temperature limit holds:

i

8%’
o (VW“ ax> D

Yo S poipns [V — VIV sup_ (it Dhi(t,2)pi), (332)
ij=1 tac S

i#]

lim A"=) po sup <ul(t,a:)
Bi—400 Zz; l(tx)e]R‘l ‘

where the function u;(t,x) is defined as follows:

e[wOl‘,Z‘—uol'tF m; =
pi(t, x) = 7 ’ (3.33)

V
N[ N[

1, my;

Proof. In the obtained inequality (3.11), we write the form of Maxwellians
(2.1) substituting the form of the flow density (2.2),

= Bi\? gz
L [t -aunle Do (T) ¢
—Bs (V*V¢)2+Iw2 8(,01 8907,
x/RSdV/R?)dwe ( )‘8t+(v’8x>|

v2 3 Ty s,

1,7=1
i#£]
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q q1 54

X dq dq g0 —ai
/]R?’ R VBi \/Bj

We calculate the integral on the right-hand side of inequality (3.34) over the space
of angular velocities and make a substitution (3.18). As a result, we have the
estimate

[av [ as|pin—aus)

oo
_ 522 _
Sl

(3.34)

ai fai
o ()

- ot N 0
00 d2p p
0iP0j B;w?r2+B;w
2§ Z R 3w
+ 2 2 e 7 Jgp ©j
,j=1
i#]j

dq/ dgre —*
/]R3 R3 ' BJ

Let us move on to the supremum in terms of variables (¢, x), the existence of
which is provided by the imposed condition of Theorem 3.4 on uniform conver-
gence of functional series with common term, where one of the functions (3.2) is
additionally multiplied by the density exponent ePiir?. Using the representation
of the angular velocity of the flow (3.3) and the condition (3.8), we indicate the
form of the value of the majorant A’:

A= 3/2200 sup fi Eonas “‘MQ/ dpe™
R3

l 1 (t.’E)ER4
o _ Oy;
P [WOi,JI—UOit],%)’

5

(3.35)

Op; P
: ’ o <¢/7 RE
2m ;

+ 2 Z d IOOZpOJ Sup 6,81 mg [wm r— uolt}2+,8]1-7 ][Uoj,i—ﬂojt]Q

Z#J
X %’@j/ dQ/ dgy e~
R3 R3
q

X

5 ﬁ + VW = VW + B, [@oi, @ — Toit] — B; " [@oj, « — To;t] | -

(3.36)

Next, we perform the limit transition 8; — +o0o arguing its possibility in the
same way as in the proof of Theorem 3.1. After minor transformations, we get
that the low-temperature limit of the majorant A’ is given by (3.32) and (3.33),
which completely exhausts the verification of the statement of the theorem. [

Remark 3.5. In order to achieve an infinitesimally small mixed error (2.12) for
the constructed distribution (2.10) under condition that A’ has a low-temperature
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limit (3.32), one can apply Corollary 3.3 with minor modification. As the coef-
ficient functions ¢;(¢, x) we take the function (3.26) or (3.27). In this case, it is
necessary that the condition (3.28) or (3.30) be satisfied, or the intersection of
supports of the selected coefficient functions ¢;(t,x) and ¢;(t,x) be empty for
different indices ¢ and j.

A similar problem was considered earlier in [12] for the case of the hard sphere
model, which is a physically simpler model of particles since, unlike rough spheres,
it does not involve rotation of the molecule around its axis. The obtained results
allow us to conclude that, in general, the result for hard spheres can be transferred
to a more interesting and physically complex model of rough spheres.

4. Conclusions

In the paper, an approximate solution for the Bryan—Pidduck equation is
constructed in the form of a countable modal linear combination of Maxwellian
flows (2.10). As Maxwellians, a non-stationary, non-homogeneous Maxwellian is
considered, which describes the eddy-like motion of gas or, in short, an eddy.
Sufficient conditions are obtained under which some deviation between the parts
of the Boltzmann equation can be made as arbitrarily small as desired.

From a physical point of view, the constructed solution describes, in some
sense, the interaction of a countable number of Maxwellian flows. These flows ro-
tate around some axes and move translationally. In addition, due to the imposed
condition (3.3), the flows slow down the rotation in general simultaneously with
cooling (f; — 400). The condition (3.30) can be interpreted as a consideration
of the near-Knudsen gas flows.

Acknowledgments. The second author thanks to the Akhiezer Foundation
for the grant for young mathematicians.

References

[1] G.H. Bryan, On the application of the determinantal relation to the kinetic theory
of polyatomic gases, Rept. Brit. Assoc. Adv Sci. 64 (1894), 102-106.

[2] S. Chapman and T.G. Cowling, The Mathematical Theory of Non-Uniform Gases,
Cambridge Univ. Press, Cambridge, 1990.

[3] C. Cercignani, The Boltzmann Equation and its Applications, Springer, New York,
1988.

[4] C. Cercignani and M. Lampis, On the kinetic theory of a dense gas of rough spheres,
J. Statist. Phys. 53 (1988), 655-672.

[5] V.D. Gordevskii, A criterium of smallest of the difference for bimodal solution of
the Boltzmann equation, Mat. Fiz. Anal. Geom. 4 (1997), 46-58.

[6] V.D. Gordevskyy, Approximate Billow Solutions of the Kinetic Bryan—Pidduck
Equation, Math. Meth. Appl. Sci. 23 (2000), 1121-1137.



Some Countable Modal Distribution for the BPE 231

[7]

V.D. Gordevskyy, Explicit approximate solutions of the Boltzmann equation for the
model of rough spheres, Reports of the National Academy of Sciences of Ukraine 4
(2000), 10-13 (Ukrainian).

V.D. Gordevskyy On the non-stationary Maxwellians, Math. Meth. Appl. Sci. 27
(2004), 231-247.

V.D. Gordevskyy and A.A. Gukalov, Interaction of the eddy flows in the Bryan—
Pidduck model, Visn. Kharkiv. Nats. Univ. No. 1120, Mat. Prikl. Mat. Mekh. 64
(2011), 27-41 (Russian).

V.D. Gordevskyy and A.A. Gukalov, Maxwell distributions in a model of rough
spheres, Ukrain. Mat. Zh. 63 (2011), 629-639 (Russian).

0.0. Hukalov and V.D. Gordevskyy, Infinite-modal approximate solutions of the
Bryan—Pidduck equation, Mat. Stud. 49 (2018), 95-108.

0.0. Hukalov and V.D. Gordevskyy, The Interaction of an Infinite Number of Eddy
Flows for the Hard Spheres Model, J. Math. Phys. Anal. Geom. 17 (2021), 163-174.

F.B. Pidduck, The kinetic theory of a special type of rigid molecule, Proc. Roy. Soc.
A101 (1922), 101-110.

Received February 10, 2024, revised March 5, 2024.

Vyacheslav Gordevskyy,

V.N. Karazin Kharkiv National University, 4 Svobody Sq., Kharkiv, 61022, Ukraine,
E-mail: gordevskyy2006@gmail . com

Oleksii Hukalov,

B. Verkin Institute for Low Temperature Physics and Engineering of the National

Academy of Sciences of Ukraine, 47 Nauky Ave., Kharkiv, 61103, Ukraine,
E-mail: hukalov@ilt.kharkov.ua

Bzaemoiist 3/1iveHHOrO 4mMcjia CMepYonoaiOHNX Tediii
nas mojesi Bpaitana—Iligmaka
Vyacheslav Gordevskyy and Oleksii Hukalov

Mu posrisimaemo HestiHiliHe iHTErpo-maudepeHiiaibie piBHsAHHS Bosb-
nMaHa Jiist Mojiesii mopcerkyBatux cdep. [lodymoBano mabsmkenunit po3s’s-
30K y BUIVIS JIHIAHOT KOMOIHAINT 3/1i9eHHOI KiTbKOCTI MaKCBE/TIBCHKUX
MOJI 3 JiedKnMu KoedirmieHTHuMn (hyHKITISIME, 10 3aJ1€KaTh BijJ 9acy i mpo-
cropoBoil koopauHaTu. OepKaHo JTOCTATHI YMOBU JIOBLIBHOI MaJIu3HU PiB-
HOMIPHO iHTErpaJIbHOTO BiJIXUITY.

KrouoBi cioBa: piBuauns bpaitana—Ilinmaka, mopctkysaTi cdepn,
cMepUorIoNibHi Tedil, HeCKiHIeHHO-MOTAIbHUN PO3IIOILT
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