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We introduce and study dynamical systems and measures on stationary
generalized Bratteli diagrams B that are represented as the union of count-
ably many classical Pascal-Bratteli diagrams. We describe all ergodic tail
invariant measures on B. For every probability tail invariant measure v,
on the classical Pascal-Bratteli diagram, we approximate the support of v,
by the path space of a subdiagram. By considering various orders on the
edges of B, we define dynamical systems with various properties. We show
that there exist orders such that the sets of infinite maximal and infinite
minimal paths are empty. This implies that the corresponding Vershik map
is a homeomorphism. We also describe orders on both B and the classical
Pascal-Bratteli diagram that generate either uncountably many minimal in-
finite and uncountably many maximal infinite paths, or uncountably many
minimal infinite paths alongside countably infinitely many maximal infinite
paths.
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1. Introduction

We have initiated the study of generalized Bratteli diagrams in a series of
recent works (see, e.g., [2,5,6,10,11]). In this paper, we focus on investigating
invariant measures and dynamics for both the standard Pascal-Bratteli diagram
and a broader class of generalized Bratteli diagrams, which can be represented
as countable unions of classical Pascal graphs.

Generalized Bratteli diagrams serve as models for Borel automorphisms of
standard Borel spaces. The tail equivalence relation on the path space of a gen-
eralized Bratteli diagram describes the dynamical properties of the corresponding
automorphisms. These diagrams feature countably infinite vertices at each level,
and their path spaces are non-compact Polish spaces. The corresponding inci-
dence matrices are also infinite. These characteristics introduce new challenges
in studying invariant measures and dynamics for generalized Bratteli diagrams
compared to the standard Bratteli diagrams typically used in Cantor dynamics.

The set of various classes of generalized Bratteli diagrams is large and signif-
icantly different from that of standard Bratteli diagrams. For example, there are
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no simple generalized Bratteli diagrams, although the tail equivalence relation
can be minimal for some diagrams.

The class of stationary standard Bratteli diagrams plays an important role
in this area, as they provide models for substitution dynamical systems on fi-
nite alphabets [12,16,19]. The set of invariant measures for stationary standard
Bratteli diagrams is fully described in [13]. However, for stationary generalized
Bratteli diagrams, the situation is much more complex. The results in [13] no
longer apply because generalized Bratteli diagrams can admit infinite o-finite
measures that assign finite values to all cylinder sets (see [10]). It was shown
in [6] that stationary generalized Bratteli diagrams serve as models for a class of
substitution dynamical systems on infinite alphabets. Substitutions on infinite
alphabets were also studied in [17,18,25]

Pascal-Bratteli diagrams (also called Pascal diagrams, Pascal graphs, Pascal
adic systems) were studied in numerous papers, see, for example, [14,20-22, 27—
31]. In [11], N-infinite and Z-infinite generalized Pascal-Bratteli diagrams were
studied, and the set of probability ergodic invariant measures for these diagrams
was completely described.

In this paper, we study ergodic invariant probability measures on standard
Pascal-Bratteli diagrams using vertex subdiagrams. We describe subdiagrams of
the standard Pascal-Bratteli diagram that are pairwise disjoint for different er-
godic invariant probability measures and can be chosen so that the corresponding
ergodic measure of their path space is arbitrarily close to 1.

We introduce stationary generalized Bratteli diagrams B, which are repre-
sented as the union of countably many standard Pascal-Bratteli diagrams, and
describe all ergodic invariant probability measures on B. Additionally, we study
various orders on both the standard Pascal-Bratteli diagram and the generalized
Bratteli diagram B, which contains infinitely many classical Pascal-Bratteli di-
agrams. We introduce an order on the standard Pascal-Bratteli diagram that
has uncountably many minimal infinite and uncountably many maximal infinite
paths, and an order that has uncountably many minimal infinite and countably
infinitely many maximal infinite paths. Conversely, we show that B can be en-
dowed with an order that has no minimal infinite or maximal infinite paths (in
which case the corresponding Vershik map is a homeomorphism), as well as with
an order that has uncountably many minimal infinite and uncountably many
maximal infinite paths and an order that has uncountably many minimal infinite
and countably infinitely many maximal infinite paths.

The outline of the paper is as follows. In Section 2, we provide all necessary
definitions and recall the procedure for measure extension from a subdiagram.
In Section 3, we describe subdiagrams X, of a standard Pascal-Bratteli diagram
such that { X} },,¢(0,1) are pairwise disjoint for different ergodic probability invari-
ant measures v, and can be chosen so that the measure v,(X,) is arbitrarily
close to 1. Section 4 is devoted to various orders on the standard Pascal-Bratteli
diagram. We construct an order on the standard Pascal-Bratteli diagram that
has a continuum of minimal infinite paths and a continuum of maximal infinite
paths. We also answer the question posed in [22] and construct an order on the
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standard Pascal-Bratteli diagram that has a continuum of minimal infinite paths
and countably infinitely many maximal infinite paths. In Section 5, we consider a
stationary generalized Bratteli diagram B which contains countably many stan-
dard Pascal-Bratteli diagrams as vertex subdiagrams. We describe all probability
ergodic invariant measures on B. Using the results from Section 4, we show that
B can be ordered so that it has a continuum of minimal infinite paths and a
continuum of maximal infinite paths, thus providing an example of a stationary
generalized Bratteli diagram which has such a property. We also construct an
order on B that has uncountably many minimal infinite and countably infinitely
many maximal infinite paths. We also demonstrate that there is an order on the
two-sided version of B that has no maximal infinite paths and no minimal infinite
paths; thus, the corresponding Vershik map is a homeomorphism.
Our main results are contained in Theorems 3.1, 4.1, 4.2 and 5.3.

2. Preliminaries

In this section, we briefly remind the reader of the definitions of main objects
considered in the paper.

2.1. Standard and generalized Bratteli diagrams Standard Bratteli
diagrams and Vershik maps on them are models for homeomorphisms of a Cantor
set [15,24, 26].

Definition 2.1. A standard Bratteli diagram is an infinite graded graph B =
(V, E) such that the vertex set V' =[], Vi and the edge set £ = | |,», E; are
partitioned into disjoint subsets V; and FE;, where

(i) Vb ={wo} is a single point;
(ii) V; and E; are finite sets for all i;

(iii) there exists a range map r: £ — V and a source map s: £ — V such that
r(E;) = Viy1 and s(E;) =V, for all ¢ > 1.

A generalized Bratteli diagram is a natural extension of the notion of a stan-
dard Bratteli diagram. Generalized Bratteli diagrams have countably many ver-
tices on each level and provide models for Borel automorphisms of standard Borel
spaces [2,6].

Definition 2.2. A generalized Bratteli diagram is an infinite graded graph
B = (V, E) such that the vertex set V' and the edge set E can be partitioned V =
L2, Vi and E = | |2, E; so that the following properties hold (there is no need
to assume that 1} is a singleton):

(i) Forevery i € Z4, the number of vertices at each level V; is countably infinite,
and the set E; of all edges between V; and V4 is countable.

(ii) For every edge e € E, we define the range and the source maps r and s such
that 7(F;) = Viy1 and s(E;) =V, for i € Z.

(iii) For every vertex v € V' \ Vo, we have |r~1(v)| < oo.
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A (finite or infinite) path in the diagram is a (finite or infinite) sequence of
edges (e; : e; € E;) such that s(e;) = r(e;—1). Denote by Xp the set of all infinite
paths that start at V. The set

[e] : ={x=(z;) € Xp:xog=eq,...,2p =€}

is called the cylinder set associated with a finite path € = (eg,...,e,). Cylinder
sets generate a topology on Xp such that Xp becomes a 0-dimensional Polish
space. Recall that for a standard Bratteli diagram, Xp is compact, while the
path space of a generalized Bratteli diagram is just a Polish space (it can be
locally compact for some special classes of generalized Bratteli diagrams).
Forn =0,1,..., let the element fqu), of the n-th incidence matrix Fj, = ( 1%),)
be the number of all edges between v € V, 11 and w € V,,. If F};, = F for all n, we
call the corresponding generalized Bratteli diagram stationary. If all incidence
matrices F, are N x N matrices, we call the corresponding generalized Bratteli
diagram B one-sided. If all F}, are Z x Z matrices, we call B two-sided.

2.2. Vershik map and tail equivalence relation To define dynamics
on Bratteli diagrams, we need the notion of an ordered Bratteli diagram. An
ordered (standard or generalized) Bratteli diagram B = (B,V,>) is a (standard
or generalized) Bratteli diagram B = (V, E) together with a partial order > on
E such that edges e, ¢’ are comparable if and only if r(e) = r(€’) (see [5,7,24] for
more details). A (finite or infinite) path e = (eg, €1, ..., ¢€;,...) is called maximal
(respectively minimal) if every e; is maximal (respectively minimal) among all
elements of r~1(7(e;)). We denote the sets of all maximal infinite and all minimal
infinite paths by Xpax and X, respectively. It is not hard to see that these
sets are closed. For brevity, we call the elements of X,,x and X, extreme
paths. Note that for a standard Bratteli diagram, the sets Xpax and Xy, are
necessarily nonempty, while for generalized Bratteli diagrams, there are orders
for which Xpin = Xmax = @ (see Section 4 in [5] or [2]).

To introduce the Vershik map, first define a Borel transformation ¢p : Xp \
Xmax — XB \ Xmin as follows: given x = (zo,z1,...) € XB \ Xmax, let k be
the smallest number such that xj is not maximal. Let y; be the successor of
7, in the finite set r~1(r(xy)). Define ©p(z) := (Y0, Y1, -+ Yk—1> Yk Thily--- ),
where (yo,...,yx—1) is the unique minimal path from s(yx) to Vp. Note that
such defined ¢p is, in fact, a homeomorphism. To extend the definition of ¢p
to Xp, we need to determine a bijection from Xy, — Xmin. It can be always
done in a Borel manner if X,,,x and Xy,;; have the same cardinality. Then
(XB,pB) is called a generalized Bratteli-Vershik dynamical system associated
with an ordered Bratteli diagram (B, >). In some cases (for example, when Xpax
and Xy, are empty sets), this extension can be made continuous, and ¢p will
be a homeomorphism of Xp. These questions have been discussed in [2,5,10]).

Two paths z = (z;) and y = (y;) in Xp are called tail equivalent if there exists
an n € Zy such that x; = y; for all ¢« > n. This notion defines a countable Borel
equivalence relation R on the path space Xp which is called the tail equivalence
relation.
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Throughout the paper, by the term measure we will mean a non-atomic posi-
tive Borel measure on a Polish space. We will use the fact that any such measure
is completely determined by its values on cylinder sets.

Definition 2.3. A measure p on Xp is called tail invariant if, for any cylinder
sets [€] and [€'] such that r(€) = r(€'), we have u([e]) = u([€]).

2.3. Measure extension from subdiagrams In this subsection, we briefly
describe the procedure of measure extension from a vertex subdiagram of a Brat-
teli diagram. This procedure works in the same way for both standard and
generalized Bratteli diagrams. For more details, see [1,8,10].

Let B be a standard or generalized Bratteli diagram. A vertex subdiagram B
of B is a (standard or generalized) Bratteli diagram such that the set of vertices
W is formed by nonempty proper subsets W,, C V,, and the set of edges consists
of all edges of B whose source and range are in W,, and Wy, 1, respectively. In
other words, the incidence matrix F,, of B has the size |W,41| x |W,,| (it may
be 0o X 00), and it is represented by a block of Fj, corresponding to the vertices
from W,,+1 and W,,. Note that for a generalized Bratteli diagram B, we consider
both standard and generalized Bratteli subdiagrams B, i.e., |W,| can be finite or
infinite.

Let B be a standard or generalized Bratteli diagram and B be its vertex
subdiagram. Let 1z be an ergodic tail invariant probabil/i\ty measure on Xz. Then
1 can be canonically extended to the ergodic measure 1t on the space Xp by tail
invariance: let p{”) be a measure 7i([e]) of any cylinder set [e] C X5 such that
r(€) = w € W,. Then for any cylinder set [*] C Xp such that r(e') = w € W,
we set ([e]) = 7([e]) = f)&,) Denote by XB = R(X75) the subset of all paths
in Xp that are tail equivalent to paths from Xz. Then X+ B is the smallest R-
invariant subset of Xp containing Xg7. After settlng n(Xp \X ) = 0, we obtain
an ergodic tail invariant measure [z on the whole path space Xp.

One can compute the measure fi(Xp) as follows. Let X X™ be the set of all

paths z = (z;)2 o from Xp such that the finite path (xo,...,Tn—1) ends at a
vertex w € W, of B, and the tail (z,,%n11,...) belongs to B, i.e.,

)?%” = {z = (z;) € X5 :r(xi1) € Wi, Vi > n}. (2.1)

It is clear that )A((Fn ) (§+1) and X+ 5=U, X . Moreover, we have

=5 N = A(n _ (n
H(OX) = i (X =l ZW i

S YYD fE, (22)

n=0veWy, 11 weW/,

where W,; =Vo\W,, n=0,1,2,..., and van) is the number of paths between
the vertex w € Vj, and vertices of Vy (see Theorem 3.1 in [10]). The value (X p)
can be either finite or infinite. If it is finite, then we say that & admits a finite
measure extension.
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3. Disjoint subdiagrams for ergodic invariant measures

In [9, Subection 5.2], a class of (standard) Bratteli diagrams was considered
such that every ergodic invariant probability measure can be obtained as the
measure extension from a uniquely ergodic vertex subdiagram. It was shown in [9,
Subsection 6.2] that the Pascal-Bratteli diagram does not belong to this class. In
this section, we prove that for every ergodic invariant probability measure v, on
the Pascal-Bratteli diagram, one can find a subdiagram B,, such that the measure
vp(X,) is arbitrarily close to 1, and the sets X, are pairwise disjoint, where X,
is the path space of By, 0 < p < 1.

Fig. 3.1: Pascal diagram

The vertices of the Pascal diagram can be labeled by pairs of non-negative
integers (i, 7). Each vertex (i, j) is connected by an edge to two vertices (i + 1, j)
and (4,5 + 1). Typically, this diagram is drawn expanding downwards with the
vertex O = (0,0) at the top (see Fig. 3.1). The vertices are subdivided into levels
Vo ={(i,7) € Z4 XZ4 : i+j = n}. Observe that each vertex v € V,, is connected
by an edge with one or two vertices from V,,_; for n > 1. Geometrically, it will be
useful for us to view the Pascal diagram (triangle) as a subset of Ry x Ry C R x
R. By a path in the Pascal diagram, we will mean a (finite or infinite) sequence
of edges {eg, €1, €2, ...} of the diagram such that e; connects a vertex of V; with
a vertex of Vj41 and is connected to e;y1 for each j.

Ergodic tail invariant measures on the Pascal diagram are labeled by a real
number (probability) 0 < p < 1 such that each edge of the form (v,v + (1,0))
is given weight p and each edge of the form (v,v + (0,1)) is given weight 1 —
p (see, e.g., [28]). Denote the corresponding measure on the path space of the
Pascal diagram by v,. We can formally include the values p = 0 and p = 1 in the
consideration, but this case gives atomic measures v, and is not interesting.

Theorem 3.1. For each 0 < p <1 and each € > 0, there exists a subdiagram
B, of the Pascal diagram such that
1)  vp(X,) >1—c¢ for each p, where X, is the path space of Bp;
2)  the subspaces X,,0 < p < 1, are pairwise disjoint.

Proof. Fix 0 < p < 1. We will construct by induction a sequence N; = N;(p)
such that for the sets

A; = Ai(p) = {{(wn,yn)} € Xp: ‘% —p’ <217 for all k> Ni},
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one has v((";¢; A4i) > 1 — ¢ for every j € N. Let Ny = 0.

Base of induction. Since 0 < z, < n for all n, we set Ag = Xp. One has
vp(Ao) = 1.

Step of induction. Let j € N. Assume that N; are constructed for 0 < i <
7 such that

Vp ﬂ Al >1—=.
(5]
By the law of large numbers, for v, almost all {(z,y,)} € Xp, one has
lim In _ p.
n—,oo N
It follows that for N, large enough, one can make v,(A;41) be arbitrarily close
to 1. This implies that for N;; large enough, we have

Vp ﬂ A; >1—¢,

i<j+1

and that proves the induction step.

Now, let A(p) = (V;ez, Ai(p). Introduce a subdiagram By, = (Vj, E}) of the
Pascal diagram as follows. Let V), be the set of all vertices v € Z x Z such
that there exists a path in A(p) containing v. Let E, be the set of all edges of
the Pascal diagram having both ends in V,.

Condition 1) of Theorem 3.1 is satisfied by construction. Let 0 < p # g < 1.
Then there exists ¢ such that |p — ¢| > 227, By definition, 4;(p) and A;(q) are
disjoint. This implies that condition 2) is satisfied as well. O

Remark 3.2. The subdiagrams B, are not pairwise disjoint as graphs, but
their path spaces X, are disjoint.

4. Orders on the Pascal-Bratteli diagram

The following theorem shows that there is an order on the Pascal-Bratteli
diagram for which the sets of minimal infinite and maximal infinite paths are
of the cardinality continuum. This result can also be found in [22, Example
7.2], where the authors provide a sketch of its proof. Here we provide a detailed
proof, which has an idea similar to the proof in [22], but the construction has
principal differences with the construction from [22]. The main idea of our proof
is constructing minimal paths along every direction. This is motivated in part by
Theorem 3.1, where every subdiagram is constructed along a particular direction
of the Pascal-Bratteli diagram. We hope that this second geometrical approach
will contribute to the further development of the theory.

Theorem 4.1. There exists an ordering of the edges of the Pascal diagram
into 0,1 such that both the set of minimal paths Xmin and the set of maximal
paths Xmax have the cardinality of the continuum.
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Proof. Let D be the subset of dyadic numbers of [0,1), i.e., D = {& : 0 <
p<2"—1, pyn € Z;}. We will construct inductively a countable collection of
infinite paths C,., r € D, which start at vertices v,. We set Cj to be the “left side
of the Pascal triangle”, i.e., the sequence of edges ((7,0),(j 4+ 1,0)),j € Z4. For
r € [0,1], we denote by L, the ray inside R} x Ry starting at (0,0) and making
the angle & with the real positive half-line. Thus, Lo and L are the sides of the
Pascal triangle, and, as a set of points, Cy coincides with Lg.

On the n-th step, n € Z,, given that C, are constructed for all r of the form
4=, where 0 < p < 2" — 1, we construct the paths C, for all » € D of the form
2,3%, where p is odd. Moreover, we will do it such that the following inductive
conditions hold for each of the constructed paths C;.:

1) any two paths C,,,Cy,, 71 # 72, intersect at most at one point, which
coincides with the beginning of one of them;

2) for any n,p € Z4,0 < p < 2" — 1 and r = p/2", the path C,; on+1 starts
at a vertex v, 1/on+1 of the path Cp;

3) there exists N = N(r) such that for all (z,y) € C, with x +y > N, one has
d((z,y), L) < 2.

x+y=M

L n+ 1 !
r+1/2 Lr+1/2"

Fig. 4.1: Tllustration to the proof of Theorem 4.1
For n € N, set D, = {45 : p € Z4,0 < p < 2" — 1}. Assume that C, are
constructed for all r € D, such that the inductive conditions 1) — 3) hold. Set
M = max{max{N(r) : r € D, },2"*°}.

Let Hjs be the half-plane {(z,y) : z +y > M}.
Now, fix 7 € D,. We will show how to construct the path C,q/gn+1. The
inductive condition implies that

d(Ct N HM,LT+1/2n+1 N HM) > 5 for all t € D,. (41)
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Indeed, by 3), Cy N Hy lies in the neighborhood of radius 2 of L;. Since M >
2n+5 for any two points A € Ly N Hyr, B € L, 1 /9n+1 N Hpy, one has

AB > OA -sin(1/2"1) > 2nt4 /ontl = 8

Thus, d(Lt N Hpy,y Lyyqjon+1) > 8. From the above, equation 4.1 follows.

Let (a,b) be a vertex of the part of the path C, belonging to Hj; minimizing
the distance from C, N Hy to Ly yq/9n+1 N Hyp. Starting with wo = (a,b), we
construct a sequence {wy,} of vertices of consecutive levels (i.e., wy, € Viipin)
such that wy1 is the closest to L, 1 on+1 vertex among two downward neighbors
of wy, (belonging to Voyp1n+1). We claim that the infinite path C, j9n+1 starting
with wo and passing through the sequence of vertices {w,} satisfies the inductive
assumptions.

Indeed, by the inductive assumptions 1) and 2), the graph I',, consisting of
the union of the paths Cy, t € D, is a connected planar graph forming an infinite
tree. By (4.1), C; does not intersect L, /ont1 N Hyy for all ¢ € Dy,. Observe that
Cy intersects 0H s exactly at one point A; for each ¢ € D,,. Using condition 3)
and the choice of M, we obtain that C;, N Hys, the segment A, A, /o0 C OH)yy,
and C,1/9n N Hpr bound a connected infinite domain U, which contains Hjps N
Lyyq/an+1.

Consider the ray wg + Ry = {wo + (0,s) : s € Ry}. Simple geometric
considerations show that wo + R4 intersects L, q/pn+1 at some point P. By
the choice of wy, the ray wg + Ry intersects C.. only at the point wg. Let | =
[lwoP|] (the integer part of the length of the segment joining wy and P). By
construction, the points wi,ws,...,w; are consecutive integer points on wgy +
Ry. One has d(wj, Cy4q/9n+1) < 1. Recall that for every n > [, the point wy+1
is the closest to L, /on+1 among the two neighbors of wy, in Viipini1. Using
induction, we obtain that d(wn, Cy4/gn+1) < 1 for every n > I. Using (4.1), we
derive that the path C/on+1 lies inside the domain Uy, except for the point
wp belonging to C,. From the above considerations, the conditions 1) — 3) are
satisfied for the path ./ gn+1.

Furthermore, the union

r=Jrm.=c.,

neN reh

as a graph, is a planar infinite tree such that there are no two vertices v # w
of the same level V,, which are connected by an edge of I" to the same vertex
u € Vy41. Notice that T' is a subgraph of the Pascal diagram. Set I = |J C,
reD/4
and let T be the graph symmetric to I with respect to y = x. Since Cy4
asymptotically lies in 2-neighborhood of the line y = sin(7/8)z, there exists N
such that (V,0) +C /4 does not intersect the line y = x. Then the shifted graphs
(N,0) + I and (0, N) + I do not intersect. Assign 0 to each edge of (N,0) + I’
and 1 to each edge of (0, N)+T" (except the edges on the y-axis, which are labeled
0 automatically). The rest of the edges of the Pascal diagram are numbered by
0’s and 1’s consistently in an arbitrary way.
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Finally, in addition to already constructed paths C,,r € D, for each r €
[0,1/4) \ D/4, we construct a path C, in I' (thus, giving a minimal path and a
symmetric maximal path in the ordered Pascal diagram) as follows. Write the
dyadic expansion of r and the corresponding partial sums:

0o k
r= Z 27" = Z 27" where n; € N, n;y1 > n; for each i.
i=1 =1

Set ro = ng = 0. For k € Z,, denote by T, = Tj(r) the part of the path Cr,,
joining the vertices v, and vy, . Set C = UkeZ+ T.

By construction, ((0,0), (NV,0))U((N,0)+C,),r € [0,1/4) are pairwise distinct
minimal paths of the ordered Pascal diagram. The maximal paths in the diagram
are taken symmetrically to the minimal ones with respect to y = x. This finishes
the proof. O

The following result answers Question 7.3 from [22].

Theorem 4.2. There exists an ordering of the edges of the Pascal diagram
into 0,1 such that the set of minimal paths Xnin has the cardinality of the con-
tinuum and the set of maximal paths Xmax 1S countably infinite.

Proof. We will construct in a certain way a tree of minimal paths. For each
k e N, let S, C Vyx be the set of vertices given by

Sp = {(27,4F —2j) : 1 < j < 2F}.

For each k, we connect the vertices from Si by a collection of paths Yj to the
vertices from Sy as follows. For each 1 < j < 2%, connect (27,4% — 2j) € Sy, by
a straight path to (27,41 —45), the next one connect by a straight path to (45 —
2,4k+1 _44), and the last one connect by segments of length 2 to (47, 47! —45) €
Spy1 and (45 — 2,481 — 454 2) € Sp41. Also, let T be the union of the segment

((0,0),(4,0)) and the segment ((2,0),(2,2)). Let T = (J 7Yg. Notice that T is
keZy

an infinite tree such that for any vertex (i,7) € N x N it contains at most one
of the edges ((i — 1,5), (4,7)) and ((¢,7 — 1), (¢,7)). Mark all the edges belonging
to T with 0. Regardless of how we mark the rest of the edges, T contains a
continuum of minimal paths.

Next, let ¥ be the set of edges of the form ((4,j), (¢, 7+ 1)), not belonging to
T, where (i,7) € N x Z, is such that

((Z - 17j + 1)7 (Zvj + 1))

does not belong to T either. Mark all edges from ¥ by 0 as well. In addition,
all the edges belonging to the coordinate axis (the sides of the Pascal graph) are
marked with 0 automatically. Mark all other edges by 1. We claim that such
numbering of the edges of the Pascal graph has only countably many maximal
paths.
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Indeed, observe that by construction, for each n € Z,, the line y = n (con-
taining all vertices of the form (i,n), ¢ € Z) intersects the union of edges marked
by 0 by at most one segment. Namely, when n = 4% — 45 for some k € N and 1 <
j < 2F71. Since such n is necessarily even (in fact, divisible by four), we obtain
by definition of ¥ that every edge of the form ((4,27), (¢,25 + 1)) is marked with
0 for (i,7) € Zy X Zy.

Let (i,7) € Z4 X Z4, (i,7) # (0,0) be a branching point for maximal paths,
i.e., both edges ((i,7),(i + 1,7)) and ((¢,7),(i,7 + 1)) are marked by 1. Since
((,7), (4,7 +1)) does not belong to ¥, we conclude that either i = 0 or ((i —1,7+
1), (i,7 + 1)) belongs to Y. In the latter case, j + 1 is even. By construction,
all the edges of the form ((I,j +1),(l,j +2)), | € Z, are marked with 0. Thus,
any maximal path passing through (7,7 + 1) may continue only along the line
y = j + 1 to infinity without any further branching possible. We obtain that any
maximal infinite path may contain at most two branching points. Since for any
two branching points, only two maximal infinite paths might pass through both
of them, there are only countably many maximal infinite paths. O

The following proposition about the measure of minimal and maximal infinite
paths is true from general observations for other diagrams (see [13, Lemma 2.7]),
and was proved in [22, Proposition 2.1]. To illustrate the ideas, we present here
direct calculations for the Pascal-Bratteli diagram.

Proposition 4.3. Let B be a Pascal-Bratteli diagram. Then for any ordering
on B and any non-atomic probability ergodic invariant measure w, the set of
minimal infinite paths Xmin and the set of maximal infinite paths Xpmax have
[-measure zero.

Proof. Let ji = v, where p € (0, 1) (see Section 3), be any non-atomic ergodic
probability invariant measure on B, and w be any order on B. We say that a
cylinder set is a minimal cylinder set of length n if it corresponds to a minimal
finite path of length n. Let Xr(rﬁ])a be a union of minimal cylinder sets of length n.
Then

(n)
Xmin min min"*

5 X" and X, = N x™
n=1

Since for every n € N and every vertex w € V,, there is a unique path which joins
w with Vp, for p < %, we have

n n k
pXS) =Y —p ==y <p>
k=0

n 1 nl_p
<(1-p) =(1-p) — 0

as n tends to infinity. By switching p and 1 — p, we obtain that M(ngl) tends
to 0 as n tends to infinity for p > % We also have
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Thus, for all p € (0,1), we have

(Xmin) = lim 4 <Xr(ﬂ) =0.

n—oo
Similarly, p(Xmax) = 0. O

Remark 4.4. In [23], the authors study the so-called polynomial shape Brat-
teli diagrams, which are generalizations of a Pascal-Bratteli diagram. They show
that for such diagrams, the sets of minimal infinite and maximal infinite paths
have measure zero for a fully supported ergodic invariant probability measure
(see [23, Proposition 3.6]). It is also shown that under some mild conditions,
the orbits of the sets of minimal infinite and maximal infinite paths are meager
(see [23, Proposition 2.3, Remark 2.4)).

5. Stationary generalized Pascal-Bratteli diagrams

In this section, we consider generalized Bratteli diagrams that are formed by
countably many overlapping Pascal triangles. To the best of our knowledge, these
diagrams have not been considered before.

5.1. One-sided stationary generalized Pascal-Bratteli diagram.
First, we focus on a one-sided stationary generalized Bratteli diagram B that
has infinitely many Pascal-Bratteli diagrams as vertex subdiagrams and the N x
N incidence matrix

O = = O
_ =0 o
_ oo O o

>
Il
OO ==

Fig. 5.1: A stationary generalized Bratteli diagram with infinitely many Pascal subdia-
grams

To be consistent with other papers on generalized Bratteli diagrams, we draw
it so that the vertices of consecutive levels are aligned one below another, see Fig.
5.1. Diagram B is stationary, and this property allows us to use the techniques
from the papers [5], [10]. For any ¢ € N, denote by X; the set of all paths in
Xp that start at vertex ¢ on level V. The sets {X;}ien form a clopen partition
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of Xp. Note that X; is also the path space of a vertex subdiagram B; of B
that is supported by the set of vertices W = (W,)22,, where W, = {i,...,i +
n}. Obviously, each diagram B; is the classical Pascal-Bratteli diagram. It is
well known that there are uncountably many ergodic probability tail invariant
measures u,gl), 0 < p < 1, on B; (see Section 3). In the proposition below, we
describe the invariant measures on B given by eigenpairs for the incidence matrix

(see, e.g., [3, Theorem 2.3.2]) or [5, Theorem 6.6]).
Proposition 5.1. Let A > 1 and &, = (&) be the vector such that
E=MN-1)"1 ieN

Then FTE, = A\, and the eigenpair (€5, ) defines a tail invariant measure jiy.
If 1 < A < 2, then py is finite. The measure py is infinite for A > 2.

Proof. First, we find a non-negative vector £ = (&;) satisfying F7¢ = A\, Tt
is easy to see that if £, =0, then & = 0 for all € N. Set &, = 1. Then & + & =
¢ and & = A — 1. Similarly, &3 = A(A — 1) — (A —=1) = (A — 1)? and one can
prove by induction that for all i € N,

&G=M-1)""1
Hence £ = £, is the eigenvector corresponding to A. Set
i—1
() (; :ﬁ: (A=1)
lu/\[e (Z)] )\n )\n ?

where [e(™(i)] is a cylinder set corresponding to a finite path ™ (i) which ends
at a vertex ¢ € V,,. Clearly, if 1 < A < 2, then p,) is finite and

[e'S) ' 1
Xp) = A=—1) = .
pA(XB) Zz(;( ) =5
If A > 2, then ) is infinite. ]

Lemma 5.2. Leti € N and A > 1. Then the measure pix|x . (after normal-
ization) coincides with IJS).

Proof. Let mg\i) be the normalized measure | Xp, that is,

m(i) = ! /L)\|X
AT (v— A Ee

We claim that mE\i) = },”, where p = % Indeed, let €™ (5) be a finite path from
1 to 7 € V,. Then

} _ 1yl » —1\’
0D = e = 3w = s (M)
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Let j —¢=k. Then

where

This means that mg\i) = u,()i) for p = % O
In the following theorem, we show that all ergodic invariant probability mea-
sures on B can be obtained as extensions of the measures V;(f) (see Section 2).

Theorem 5.3. For any i € N, the set of measures {ﬁ;c(,i),p € (3,1)} is (after
normalization) the set of all ergodic probability tail invariant measures on B.

Proof. Let p be any ergodic invariant measure on B. Without loss of gen-
erality, assume that p takes the value 1 on a cylinder set X, = [e(®) (u)] formed
by infinite paths that start at a vertex u € Vj. Notice that each cylinder set of
B is a standard Pascal-Bratteli diagram. Hence, the restriction of u onto X,
must coincide with one of the measures 1,. Because the measure p|x, coincides
with v, on a set of positive measures, and both measures are tail invariant, the
extensions of these measures must also coincide on the saturation of X, with
respect to the tail equivalence relation. Thus, p = 7. O

The following result is a corollary of Theorem 4.1.

Corollary 5.4. There exists a stationary generalized Bratteli diagram to-
gether with a (non-stationary) order such that both the set of minimal paths Xmin
and the set of maximal paths Xmax have the cardinality of the continuum.

Proof. By Theorem 4.1, there exists an ordering of a (standard) Pascal-
Bratteli diagram such that it has continuum minimal infinite paths and contin-
uum maximal infinite paths. Let B be a stationary generalized Bratteli diagram
with infinitely many Pascal subdiagrams. Pick any of its Pascal subdiagrams of
level 0 and enumerate the edges of the subdiagram using Theorem 4.1. All other
edges of B can be enumerated in an arbitrary way such that the order is well
defined. Then the obtained order on B has continuum infinite number of both
minimal paths and maximal paths. ]

The following result is a corollary of Theorem 4.2.

Corollary 5.5. There exists a stationary generalized Bratteli diagram to-
gether with a (non-stationary) order such that the set of minimal paths X has
the cardinality of the continuum and the set of mazimal paths Xax is countably
infinite.

Proof. By Theorem 4.2, there exists an ordering of a (standard) Pascal-
Bratteli diagram such that it has continuum minimal infinite paths and count-
ably infinitely many maximal infinite paths. Let B be the one-sided stationary
generalized Bratteli diagram with infinitely many Pascal subdiagrams. Pick its
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leftmost Pascal subdiagram, i.e., the Pascal subdiagram which starts at the ver-
tex 1 of level 0, and enumerate the edges of the subdiagram using Theorem 4.2.
Enumerate all other edges of B from left to right. Then the obtained order on
B has continuum minimal infinite paths and infinitely countably many maximal
infinite paths. O

Note that for every order on B, the leftmost vertical path is simultaneously
a minimal infinite path and a maximal infinite path, hence there is no order on
B such that the sets Xunin and Xpax are empty. Even if a generalized Bratteli
diagram has a unique minimal and a unique maximal path, it does not necessarily
follow that the corresponding Vershik map is a homeomorphism [5, Theorem
4.7]. In the following, we consider a two-sided stationary generalized Pascal-
Bratteli diagram B and show in Proposition 5.6 that there is an order on B
such that Xy, = Xmax = 9, and hence the corresponding Vershik map is a
homeomorphism.

5.2. Two-sided infinite stationary generalized Pascal-Bratteli dia-
gram. We can also consider a two-sided generalized Bratteli diagram B which
has infinitely many Pascal-Bratteli diagrams as subdiagrams. Diagram B has a
Z x Z incidence matrix (we use the boldface to indicate the entries on the main
diagonal):

B>

|
COoO O~ K ..
cCoORR MO -
O RO O -
S = I =N )
mooo o -

Diagram B is both vertically and horizontally stationary (see [4]). Corollaries
5.4 and 5.5 also hold for the two-sided generalized Bratteli diagram B. Indeed,
to prove Corollary 5.5, it is enough to pick any Pascal subdiagram B’ of level 0
and enumerate the edges of the subdiagram using Theorem 4.2. All other edges
of B which are to the right of B’ should be enumerated from left to right, and
all edges to the left of B’ should be enumerated from right to left.

In the following proposition, we show that there is an order on B that does
not admit any minimal or maximal infinite paths.

Proposition 5.6. There exists an ordering on B that does not have minimal
infinite or maximal infinite paths.

Proof. Fix an injective map G from Z x {0,1} to N. For each (n,i) € Z x
{0,1}, set K = K(n,i) =39, Forn € Z, k € Z, let n® be the n-th vertex
of the k-th level of the generalized Bratteli diagram B. Let S(n,i) be the set
of all the edges of the form ((I 4 n)5*+) (1 4 n)E+H+D) and of the form ((K +
n)EHD (K 4 n 4 1)EHAD) where 0 < | < K = K(n,i). Mark all the edges
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from S(n, i) with 4. It is not hard to see that the sets S(n,i), (n,i) € Z x {0,1},
are pairwise disjoint. Therefore, the above operation is well defined. Number all
the other edges in an arbitrary consistent way to obtain an ordering on B.

For any top vertex n(?), n € N, of the diagram B and any i € {0,1}, any
infinite path starting at n(®) passes through an edge of S(n,4). It follows that
there are no minimal or maximal paths. O

n n+l n+2 n+3 K+n K+n+1

\\\\K. N \K

\ K+1
DN I

K+3

N
N \\\ "'i\\\zzi

Fig. 5.2: Tllustration to the proof of Proposition 5.6: edges from S(n,i) are in bold

For the two-sided generalized Bratteli diagram B , for every p € (0,1), there
is a positive right eigenvector (the boldface indicates the zero coordinate of the
eigenvector):

1—p)?2 1-— 2
(U e e P )
P p 1—p (1-p)

of A = FT which corresponds to the eigenvalue \ = %. In other words, we have

x = (x;)icz and x; = (157.17)1‘ for i € Z. Indeed, for every i € Z, we have

s (55) () =5 ()

In particular, for p = %, we obtain A = 2 and x” = (..., 1, 1, 1, ...). Note
that for every p € (0, 1), the corresponding eigenvector x has an infinite sum of

coordinates and hence generates an infinite o-finite measure.
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Mipu ta gquHamika Ha gaiarpamax Ilackana—BparTesi
Sergey Bezuglyi, Artem Dudko, and Olena Karpel

Mu BBOAMMO Ta HOCTIMKYEMO AMHAMIYHI CHCTEMHA Ta MipU Ha CTAIliOHAP-
HUX y3arajabHeHuX giarpamax bparreri B, ski npeactaBieHi sK 00’ € THAHHST
3JIiYEeHHOI KiTbKOCTI KjaacwaHux jiarpam Ilackansg—Bparreni. Mu omucye-
MO BCi eprogutHi Mipu Ha B, iHBapiaHTHI BiJTHOCHO XBOCTOBOT'O BiTHOIIIEHHS
exBiBajenTnocTi. s KoxkHol fiMoBipHiCHOI iHBapianTHOI MipH V), Ha KJIacH-
gHiit giarpami Ilackama-BparTesni, Mu ampokcuMyeMo HOCIH v, TPOCTOPOM
nIaxiB migmiarpamu. Posrimsmatoun pisai mopsmaku Ha pebpax B, mMu Bu-
3HAYAEMO JMHAMIYHI CHCTEMHU 3 PI3HMUMHU BJIACTUBOCTAMH. Mu moxasyemo,
IO iCHYIOTD TOPSJIKH, JIJIsT STKUX MHOYKUHHM HECKIHYEeHHUX MAaKCUMAJbHUX Ta
HECKiHYeHHUX MiHIMAJbHUX NUIAXiB mopoxkHi. Ile osHavae, 1o BigmosigHe
Bimobpaxkenus Bepmuka € romeomopdizmom. M Tako:K OMUCYEMO TOPSIIKI
AK Ha B, Tak i na kjacuuniii miarpami [lackams—Bparresi, siki reaepyors
200 He3/IYeHHY KITBbKICTh MiHIMAJIbHAX HECKIHIEHHUX IIJISIXiB Ta HE3/IITIeHHY
KUTBbKICTh MAKCUMAJbHUX HECKIHUYEHHUX NMUIAXIB, a00 HE3/TIYeHHY KiTbKiCTh
MiHIMAJIBHUX HECKIHYEHHUX IIAXIB Ta 3JIiY€HHY HECKIHYEHHY KiIJIBKICTb Ma-
KCUMAJILHUX HECKIHUEHHUX MIJISIXIB.

KirowuoBi cioBa: GopenmiBCbKi auHaMmivnai cuctemu, mojeni bparremi—
Bepmuka, imBapianTHI Mipm, XBOCTOBE Bi/IHOIIIEHHS €KBiBaJEHTHOCT, Jia-
rpama [lackana—Bparreni
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