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This article investigates a time-space fractional nonlinear superdiffusion
equation defined on the entire Euclidean space. The time-fractional deriva-
tive is the -Caputo derivative of order in (1,2), while the spatial derivative
is expressed using the fractional Laplacian of order in (0,1). The associated
Cauchy problem is analyzed by constructing both mild and weak solutions.
It is demonstrated that the mild solution also satisfies the weak formulation.
The finite-time blow-up behavior of solutions to the superdiffusion equation
is also examined.
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1. Introduction

Fractional calculus operators—mnon-integer-order integro-differential operat-
ors—have recently received growing attention. These operators are widely used
to model memory and hereditary properties of dynamical systems across var-
ious fields, including continuum mechanics [17], anomalous diffusion [20], at-
mospheric dust dynamics [25], plasma physics [3], open quantum systems [24],
electrode—electrolyte interfaces [21], and cellular biochemistry [23]. A recent re-
view [5] summarizes current research directions, emerging developments, and
open problems in fractional calculus.

The most commonly used fractional differential operators are the Riemann—
Liouville and Caputo operators [11,22], both defined using integral kernels involv-
ing monomial power functions. Another class of operators, such as the Hadamard
and Caputo-Hadamard types, employs kernels based on powers of logarithmic
functions [9]. More generally, fractional integro-differential operators can be de-
fined using arbitrary kernel functions. These generalized forms—often referred to
as -fractional integrals and derivatives—extend the classical definitions by al-
lowing the relation of one function to another through a kernel function . This
broader framework has been investigated in works such as [1, 14].

This study focuses on the phenomenon of solution blow-up for the Cauchy
problem associated with a time-space fractional superdiffusion equation, ex-
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pressed as follows:

Dot ulx,t) + (A ulx, t) = Ju(x, t)P, xR t>a,
u(x, a) = uq(x), x € RY, (1.1)
Yo u(X, a) = Ug(x), x € R%

In this formulation, the parameters satisfy a € (1,2), § € (0,1),p > 1,d €
N, and a € R. The initial values u, and 4, are elements of the space Co(Rd) =
{v e CRY | lim|y o0 v(x) = 0}. The operators CDa’tw, (—A)°, and ~y, represent
the 1-Caputo derivative with respect to the initial time ¢ = a, the fractional
Laplacian defined over the entire space R?, and the Gamma derivative operator,
respectively; these will be formally introduced in the subsequent section.

Numerous studies have investigated exceptional cases and variants of
Eq. (1.1). For instance, the earliest research on solution blow-up for the associated
Cauchy problem was reported by Fujita [7] in 1966. In Fujita’s formulation, the
temporal derivative is the classical first-order derivative, and the spatial operator
is the standard Laplacian. Since Fujita’s seminal work, this area’s research vol-
ume has significantly expanded, as comprehensively reviewed by Hu [8]. Notably,
much of this research has focused on models involving integer-order calculus.

In 2008, a semilinear heat equation incorporating nonlinear memory effects
was studied by Cazenave et al. [2], who established conditions for both finite-time
blow-up and global existence of solutions. Later, in 2012, Fino and Kirane [6]
demonstrated finite-time blow-up and provided conditions for global existence
within a generalized framework that extended beyond that of Cazenave et al. [2].
Their analysis employed a spatial derivative defined via the fractional Lapla-
cian. In 2015, Zhang and Sun [27] examined the finite-time blow-up and global
existence properties of a time-fractional semilinear heat equation. Their study
replaced the 1-Caputo derivative with the standard Caputo derivative, and sub-
stituted the fractional Laplacian with the conventional Laplacian, simplifying
Eq. (1.1) to a more tractable form aligned with their model.

In [15], the Cauchy problem for a semilinear time-space fractional diffusion
equation is formulated as:

u(x,a) = ug(x), x € RY, (12)

{CDM u(et) + (~AVulx,t) = Jule P u(x, 1), x€RY £ > a,
where a € (0,1), § € (0,1), p > 1, d € N, a € R, and the initial value u, €
Co(RY). Tt was shown that if 0 < u, #Z 0 and 1 < p < 1+ 2| then the mild
solution of Equation (1.2) blows up in finite time.

When ¢(t) =t, 6 =1, and a = 0 in Eq. (1.1), it was shown in [10] that for
ug, iy € LI(RY), with ¢ > max {dga }, the following blow-up results hold:

() Fl<p<l+ 2

blows up in finite time.

g = 0, and 0 < ug # 0, then any mild solution of
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(i) fd>1,1<p< l—i—%, 0 <@g £ 0, and ug > 0, then any mild solution of
Eq. (1.1) blows up in finite time. If d = 1 and wug, 4y > 0, then any nontrivial
solution of Eq. (1.1) blows up in finite time for every p > 1.

In this paper, we study a generalized form of Eq. (1.1), with a focus on the

finite-time blow-up behavior of its solutions. The structure of the paper is as

follows. In Section 2, we present essential definitions and preliminary results

that form the basis of our analysis. Section 3 introduces the concept of a mild

solution to Eq. (1.1) and defines weak solutions within a variational framework.

We prove that every mild solution also satisfies the definition of a weak solution.

In addition, we derive sufficient conditions that lead to finite-time blow-up. The

main results are summarized in the final section.

2. Notations and lemmas

This section presents several fundamental concepts and essential lemmas that
form the basis for the theorems established in the following two sections.

Definition 2.1 ([16,18]). Let (a,b), where —oco < a < b < oo, be a finite or
infinite interval on the real line R. Consider a strictly increasing function 1) (t)
with ¢(t) — 400 as t — 400, and assume that ) has a continuous derivative
Y'(t) on (a,b). Let f(t) € L'(a,b). The left-sided 1)-fractional integral of order
a > 0 is defined by

g —Lt'T — () f(r)dr a
L0 = o | VO @O s fndn >

Similarly, the right-sided 1-fractional integral is defined as

ay 1 ’ / a—1
L f(t)zr(a)/t PA(7) (Y(r) = ¢(8))™ " f(r)dr, t<b.

Special cases include:

e (t) = t: yields the classical left- and right-sided Riemann-Liouville fractional
integrals [11,22].

e (t) =logt with a > 0: gives the Hadamard fractional integrals [11,22].

e (t) =t with a > 0 and o > 0: corresponds to the Erdélyi-Kober fractional
integrals [11,22].

We define the function space ACT [a,b] as
ACT [a,b] = {f  [a,b] = R ] ViU f(t) € ACa, b]} ,

where the operator v, is defined recursively by

wi® = (i) O 0 =2 (720) with %50 = £00

Here, AC]a,b] denotes the space of absolutely continuous functions on [a, b].
For unbounded intervals, where a and/or b are infinite, the definition of AC]a, b]
extends in the usual way; see Definition 6.1, p. 130 in Samko et al. [22].
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Definition 2.2. Let (a,b), where —oco < a < b < 00, be a finite or infinite
interval on the real line R. Let ¢(t) € C"(a,b) be a strictly increasing function
satisfying ¢/(t) # 0 and ¥ (t) — 400 as t — +o00. Suppose that f(t) € ACY a, b].
The left-sided ¥-Caputo fractional derivative of order «, with n —1 < a < n and
n € N, is defined by

DI = For—y /w — ()" T () dr >

Similarly, the r1ght—s1ded 1-Caputo fractional derivative is defined as

_1\n b
D) = g [ WD) O A A, <

The left-sided 1-Caputo fractional derivative was originally introduced by
Kilbas et al. [11] (see Eq. (2.7.35), p. 115), although it was not explicitly named
or analyzed under the condition () — 400 as t — +o00. For specific choices of
1, the operators reduce to known fractional derivatives:

e (t) = t: yields the classical Caputo fractional derivatives [11,22];
o Y(t)= log t: gives the Caputo-Hadamard fractional derivatives [11,13];
e (t) = e': corresponds to the exponential Caputo derivatives as defined in [14].

The following fractional integration by parts formula holds under appropriate
conditions:

/ W' (t) g(t) DY f(t) dt

—/ V() (f(8) = (@(1) = ¥(@) v f(a) = f(a) “DJFg(t) dt  (2.1)

provided that the operators v, f(t) and v,g(t) are defined almost everywhere,
the fractional order satisfies 1 < «a < 2, and the boundary conditions g(T") =
Y9(T) = 0 hold for any T' > a > 0.

For a given T'> a > 0 and k > 0, define the function g(t) by

(1_W)‘W>k for t <,

Y(T) —(a)
0 fort > T.

g(t) =

A direct computation yields, for 1 < a < 2,

I'(k+1)

N a k—a
CDOM/J ( ) (k - a) ¢(t) sz)( ) > . t< T

Y(T) = (a)
(2.2)

Next, let v € S(R?), where S(R?) denotes the Schwartz space. The fractional
Laplacian (—A)? is then defined as follows [4,22]:

(B(T) — $(a)~® (1 -

(=A)’v(x) = C(d,8) P.V. / Mdy

Rd |X _ y‘d+25

1 v(x+y) = 20(x) +v(x —y) d
— QC(d,é)/Rd S dy, xeRY
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where P.V. denotes the Cauchy principal value, and the normalization constant
C(d,6) is given by

1—-cosy -t
C(d,d) = </}Rd‘y,d+251dY) vy =Yy, va) € R

For v € S(R?), we define the norm:
10113725 = 01172 ey + 1(=2)°0]172(ga)-

The fractional Sobolev space H?*(R?) is defined as the completion of S(R?) with
respect to the norm || - || y2s. By density, the fractional Laplacian (—A)% extends
uniquely to a bounded operator on H?(R%).

Since (—A)? is a self-adjoint operator [6], it satisfies the identity

[ 060 (AP ve) dx = [ 0 (-a) o) dx. (2.3

for any functions ¢,1 € H?(R%). Moreover, it is known from [6] that for any
q > 1 and for any x(x) € S(RY) with x(x) > 0, the following inequality holds:

(—A)°x(x) < gx (%) (=A)x(x). (2.4)

Let 0 <m <land 0 <n <k, with m,n,k,l € Z. For complex parameters
ay,b; € C and positive real parameters a,, 8; € R*, where v =1,... .k and j =
1,...,1, the Fox H-function H}"(z) is defined by [10,11] as

mn — pymn (alval)v"'ﬂ(aTL?an); (an+17an+1)7--'7(ak7ak)
Hkl (Z) N Hkl <Z (blaﬁl)a R (bm7ﬂm)a (bm+laﬁm+1)7 R (bla/ﬁl)>
1
= Qm/CHZZ‘"(T)ZT dr, (2.5)

where the integrand HJJ["(7) is given by

o TS T+ 857) TTey (L= a0 — au)
MU(T) = = . ) (2.6)
HV:n+1 F(all + 041/7_) Hj:m+1 F(l — bj — 6]’7_)

The function is well-defined under the condition that the poles of the gamma
functions in the numerator and denominator do not overlap. Specifically, the
poles of the form:

bA
bio= -2 7 o1 m o=0,1,2,..., (2.7)
Bj
and those of the form:
]__
= 1 u=0,12,..., (2.8)

ay
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must not coincide; that is,
ay(bj+0)#Bjla, —p—1), j=1,....m;yv=1,...,n; o,peNy. (2.9)

The contour C in (2.5) denotes a Mellin-Barnes integral path that separates
all poles 7 = bj, of the gamma functions in the numerator (to the left of C) from
all poles 7 = a,,, of the gamma functions in the denominator (to the right of C).

We first need to construct the solution to the linear and nonhomogeneous
Eq. (2.10):

DY ulx,t) + (A ulx,t) = f(x,t), xR’ t>a,
u(x, a) = ug(x), x € R%, (2.10)
Yo U(X7 a) = ua(X)7 X € Rd.

Theorem 2.3. The solution of Eq. (2.10) is given by
u(x, t) = (G () * ua) (x) + (G () * Ga) (x)
(2.11)
/ V(NG (b7 (0 +6(@) — Y(]) # F s,

where x is the convolution symbol and the solutions are as follows:

1 |x|20 (1,1); (L, )
6205:)= s P8 (50 e | 4 (801 (1.0
_ B w(t) _ ¢(a) |X|25 (17 1)’ (2,0[)
Gy (x, 1) = WH% (225(¢(t) —(a)) | (1,1), (4,6); (175)> 7
(1) — (@) [ (1,1); (@,a)
GY(x,t) = Ix[dr 2 Hys <226(¢( t) —(a)) | (1,1), (£,0); (1,5)>

Remark 2.4. The proof of Theorem 2.3 is carried out in a manner similar
to that employed in [12,15].
Lemma 2.5. For a € (1,2) and 6 € (0,1), we have
L G(x,t) >0, G (x,t) > 0 and G} (x,t) > 0.
2. I, VGY (x,1) = Gil (x,1).
Proof. 1. The proof of positivity of the functions GY(x,t), G (x,t) and
G;f (x,t) is similar to that of Theorem 1 in [19].
2. We have
2— )
Ia,ta QJJG? (Xa t)

omaw | (@) = 9(a)* o o
= las WP (225<¢<t)—w(a>>a (1, ),(3,5);(1,&)]
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_ 1 1 [ D(1+7)T(+067) r(_f)<yx|25>‘f

’X‘dﬂ'g 2w C I(a+ ar)T(—7) 926
xTa ““"( () — (@) dr
_ v —vle) 1/ (1+7)T (§+67) I(—7)
= |X‘d772 2 L2+ aT) I(—67)

" (225(¢('j‘f6¢(a»a) 4

_ ¢(t) — ¢(a) H21 < |X|26 (17 1)7 (27 CY) >
xdrs o \22((0) — () | (1,1),(5,6);(1,0)
= G¥(x,1).
Therefore, the proof is concluded. O

From this point onward, for the sake of brevity and where no confusion arises,
the notations G¥ (x, 1), G¥ (x, t), G;/ﬁ (x,t), and u(x, t) will be abbreviated as G& (t),

@f(t), G;ﬁ’(t), and u(t), respectively.

Lemma 2.6. Let o € (1,2),6 € (0,1), and uq, g € Co (R?).Then, for any
t>a, GY(t) * ug + GE(t) % g € Co (R?) , and

DY (GE) # o+ GE(E) # 10 ) = ~(=A)° (GE(1) +ua + GE(1) ) , > a

Proof. For any t > a, it is clear that G& (t) % uq + Gy (t) * iiq € Co (R?) by the
continuity of Gi (x,t), GY(x,t) and ug, iiq € Co (R?). Moreover, from (2.11) one
finds that GY(t) * uq + G¥(t) * @, is the solution of Eq. (2.10) when f = 0, and
thus it satisfies

“pey (Gg(t) s ug + GU(t) * u) = (~A)° (G}f(t) s tg + GU(t) * u) > a.
Therefore, the proof is complete. O

Lemma 2.7. For a € (1,2),6 € (0,1) and k > 1, if f € L* ((a,T),Cy (R?))
forT > a and

= [WOG) (7wl + vla) - vr)) () dr

then
t

LVt = [ ¢/(1)GY (v [ (t) + v(a) — (7)) = f(r) dr.

a

Proof. In view of Definition 2.1 and Lemma 2.5, we obtain

Lh) = sy [ GO =0 [ o)
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x G (T (r) + (a) — P(w)]) * f(w) dwdr

o [ [ —ver v ve)

><GW [W(7) + ¥(a) — p(w)]) * f(w)dr dw

W () (@)~ (w)]
T r2-a) / / (W (t) — (7)Y (w) ¢/ (2)
xG“’( ) * f(w) dzdw

— / ¥ (w) G () + (a) — p(w)]) * f(w) dw.

Therefore, the proof is complete. O

3. Blow-up of Solution to Eq. (1.1)

This section is devoted to the study of finite-time blow-up of the solution to
Eq. (1.1). We begin by introducing the definition of a mild solution to Eq. (1.1)
as follows.

Definition 3.1. Let a € (1,2), § € (0,1), p > 1, and suppose uq, U, €
Co (]Rd). A function u € C ([a,T], Co (]Rd)), with T' > a, is said to be a mild
solution of Eq. (1.1) if the following integral equation holds:

u(t) = GY(t) * ug + GV (t) * g (3.1)
t
+ [ WO6] 670 + v(@) - v * P dn (32
To study the finite-time blow-up of solutions to Eq. (1.1), we first introduce

the following definition of a weak solution.

Definition 3.2. Let o € (1,2), § € (0,1), p > 1, and assume ug, U, €
L? (RY). A function u € L? ((a,T),L* (R*)) N L* ((a,T), L* (R?)) , with T > a,
is said to be a weak solution of Eq. (1.1) if the following integral identity holds:

/ / |u|”s0+(ua+(w(t) —Y(a)) ta) CDtTga] dt dx

/Rd/ W (t godtdx+/Rd W/ (8) u ODfF o dt dx

for all compactly supported functions ¢ € C? ([a,T |,H 2‘S(Rd)) such that v,p €
C ([a,T], H®(RY)), and o(T) =0, ~yyu(T) = 0.

The relationship between the mild and weak solutions of Eq. (1.1) is estab-
lished in the following theorem.

Theorem 3.3. Let o € (1,2), § € (0,1), p > 1, and suppose uq, U, €
Co (R?).

IfueC ([a,T], Co (Rd)) is a mild solution of Eq. (1.1), then u is also a weak
solution of Eq. (1.1) for any T > a.
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Proof. In view of the assumptions and Definition 3.1, it follows that

u—ug — (P(t) — Y(a)) i, = G}f(t) * Ug + éf(t) * T — U — (P(t) — ¥(a))lq

Applying the i-fractional integral to both sides of the above equality and
invoking Lemma 2.7 yields

L (u = g — ($(t) — ¥(a))ila)
=1 (Gw ) ta + G0 * 0 — w0 — (B(0) — ¥(a))ila)
+ [ WG 0 + 6@ v <P (9
Let p € C? ([a, H25(Rd)) be compactly supported and such that ¢ €

],
(a T], H* (RY) ), = 0 and yp¢(T) = 0. Then multiplying both sides
of (3.3) by W,go(t and 1ntegrat1ng over R? yields

T (= = (600) = (@) o = T+ 11,
where
-/ Iif‘w (GW )t G0 i — g — (5(2) — (@) ) T,
7= / | G (07 0 + i) ~ 0] * u()Pdrypds.
We now begin by considering the term I. Applying Lemma 2.6 to I yields
ol = / o [ (G 0) w1t - G0 % s — 0 — (0(0) — 0(@)a) | 0
a1 (G0 o+ GO~ (000) = vl A
_ _/Rd DG (GU(0) %o + GL(1) * ) i x
[ (G20 5 wat GEO * 0 = o = (010) = vl | Fhpdx
_ /Rd(_AyS (G(t) *wa + G2 () % 1) i dx

+ [ [ (GEO » wat GEO = o = (010) = v(0))i) | o
(3.4)

The next step is to consider the term II. Then, one attains

vl = /R V(NG (0 () + () — (7)) * [ulr)Pdrye dx
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—i—/ / V' (1) W,éw 71 [(t) + Y(a) — w(r)]) % |u(7)[Pdryyep dx
- L[ e D)+ 9(a) — (7)) = () Pdr~fp

+ [ [ 06 0 00 + 6@~ 90 * () Pargp s
=11+ 1. (3.5)

Integrating (3.4) from a to T', one obtains
T T ~
/ W (t)ypIdt = / () (=A)? (fo(t) % ug + GY () * aa) pdxdt
R4

//w (t) * ug + GY(t) * g — uq — (V(t) — (a))i )CD“%dxdt
(3.6)

Next, we evaluate the integral faT Y (t)ypl1dt. Tt follows from (3.5) and
Lemma 2.7 that

[ omat = / /R 00/ (160 (07 100 + 6(0) — 0]

)P dT"}/w pdxdt

//w O YRt 3e dx dt
/ W () h(H) Dy o dx dt. (3.7)
Rd

Using the mean value theorem, one obtains that

/ vt ”th‘/ /R WOV (MG (7 00 + ) — v(D)])  (338)
7)|[PdTyy e dx dt
——/ / W (0)|u(t)|Pe dx dt
/ /R W (Y (1)GY (7 () + v (a) — (7))
7)[Pdr(—A)’p dx dt. (3.9)

As a result, combining (3.6), (3.7), and (3.8), we obtain
0= [ oo [ 0o = (000 - (e sp

:/ () (v + I I)dt
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/ /Rd ()  ua + Gy (¢ )*ﬂa) (—A)’pdxdt

y (1) (1 — g — ($(t) — (a))iia) CDfF p dx dt

[

[ [ v onopeasa

/ / / FOCE (67 () + b(a) - v(n)
P dr(—A)’pdxdt

/ / godxdt
R4

+ / W) (1 — o — ($(8) — $(a))iia) DY dx dt
a R4

[ [ ronopeasa

In other words, u is a weak solution of Eq. (1.1). This completes the proof. [

Next, we investigate the blow-up property of the solution to Eq. (1.1). As
usual, the solution u to Eq. (1.1) is said to blow up in finite time 7" if

li oo = .
T [[u(0)l] e ety = +00

The following theorem asserts that the mild solution of Eq. (1.1) blows up in
finite time, provided the initial value satisfy certain conditions.

Theorem 3.4. Let d € N, a € (1,2), § € (0,1), and p > 1. Suppose the

initial value uq, iq € Co(RY) satisfy uq, e > 0, and

/Rd Uq(x) n(x) dx > 3p-1, /Rd Ua(x) n(x)dx > 0,

where

-1
X) = </ e~ VIxP+d? dX> e~V IxP+d?
Rd
Then the mild solution of Eq. (1.1) blows up in finite time.
Proof. Let the function ¢ satisfy

Lo gl<1

and 0< ¢ <1. 3.10
0, lel>2, sé= (3.10)

¢ € Cy(R), ¢(§) = {

n

3(t) = (1—1"“)‘““))k,

Define ¢, (x,t) = n(x) ¢n(x) p(t), where ¢, (x) = ¢ (i‘) forn=1,2,..., and
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with k > max{2, ]%} and t € [a,T].
Since the mild solution of Eq. (1.1) is also a weak solution, it follows from
Definition 3.2 that

L[ [+ twa s 10) — vt ) D] atax

Re Ja
/ P(t )cpndtdx+/ Y () u CDtTcpndth. (3.11)
Rd Ja Rd Ja

Owing to the useful inequality (—A)%n(x) < n(x) (see Theorem 4.3 in [13]) and
the Lebesgue dominated convergence theorem, letting n — oo in (3.11) gives

T T

[ [ vowngaaxs [ [0 w00 - o@) ) 1D ards

Rd Ja R S,
Cro,Y
/]Rd/a 31“7(‘0—'—“77 DtT%O) dt dx. (3.12)
As n — oo, employing Jensen’s inequality in (3.12) leads to
T P
/ W' (t) ( / undx> G(t) dt
/Rd QIZ) ’LLa (¢( ) 1/)(@)) u ) CDtT (,0( )dt dx

/ / 3un<,0( ) +un DRt )) dt dx. (3.13)
Rd

Now let f(t) = [ga undx. Then, (3.13) becomes

T
/ () (£7(t) - 3£(1)) B(t) dt
a T ]
T / #(t) (f< )+ Fla) () — v(a))) ODEF B dr

/ W/ (t) £(£) ODy B(t) dt. (3.14)
Direct computation gives
[ v s@eiana= T @ ) -y 619

Using Young’s inequality yields

ap

/w DG dt<e/ () £ B(t) dt + C(e) (W(T) — (a))
(3.16)
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Substituting (3.15) and (3.16) into (3.14) gives

T
/a W) (fP(t) — 3f(t)) o(t)dt + F(Il;(f;l)a) Fla) ((T) — b(a)) =@
r(ll;(ji;i)a) Fla) (W(T) — ¥(a))> @

T ap
<e / G P F(t) At + Ce) (U(T) — b(a) 75, (3.17)

Choose € > 0 sufficiently small such that

Then, from (3.17), it follows that

op

fla) < C(W(T) —(a))* 7T, (3.18)

for some constant C' > 0.

We now proceed by contradiction. Assume that Eq. (1.1) admits a global
solution. Then letting 7" — oo in (3.18) yields f(a) = 0. However, this contradicts
the initial condition

f(a) = / ugq(x) n(x) dx > 37T,
Rd
Hence, the mild solution of Eq. (1.1) blows up in finite time. This completes the
proof. O

We now establish some further finite-time blow-up conditions. This time, we
will consider a general initial data, while the aforementioned conditions will be
expressed in terms of the semilinearity exponent. We need however to distinguish
among two cases: let us first consider i, = 0.

Theorem 3.5. Let d € N, a € (1,2), § € (0,1), and suppose 0 < u, €
Co(RY) with ug # 0. Then the mild solution of Eq. (1.1) blows up in finite time,
provided that 1 < p <1+ 27?.

Proof. Assume that the function ¢ is given as in (3.10). Define

v = (o ((w(r) - ¢<a>>%|x\))‘fpl L w(t) = (1 - W)k

where k£ > max {2, %} and t € [a,T).
In view of Definition 3.1 and Theorem 3.3, we have

T
/ / Y (t) (up X W+ Ug X CD?#W) dt dx
Rd Ja '
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/ / —A) Xw+uXCD > dt dx. (3.19)
R4 Ja
Note that

X (=AY (<)@ )] @] 77 < CL(T) — o) “xrmr  (3.20)

and
D @(t) < 6 (U(T) = h(a) Hx])

Y(t) = P(a) |\ el 1
< (1- 202U <awm - v e, G2y
where the constants C; and Cy are independent of 7. Substituting (3.20) and
(3.21) into (3.19), and taking Hoélder inequality and Young’s inequality into ac-
count, one has

T(k+1)

X" mw(ﬂ —¢(a))™

/ ¢ (H)uP oo dt dx + / P () uaxED w dt dx
Rd Ja Rd Ja ’
N T
< CET) ~ @) E [ [ e
Re Ja

As a result,

[ taxdx < Claup)(0AT) ~ oa)) ™ H 7, (3.22)

]Rd
Sincel < p < 1+2 y ,Oz—i—f—— < 0. Thus, if a global solution of Eq. (1.1) exists,

then one can arrive at u, = 0 as T' — oo in (3.22). However, this contradicts
with the assumption u, #Z 0.Hence, the mild solution of Eq. (1.1) blows up in a
finite time. O

For the case 1, #Z 0, we have the following result.

Theorem 3.6. Let d > 2. Assume that 0 < u,, i, € Co(R?) and i, # 0. If

l<p<l1l+ 20[626’ then any mild solution of Eq. (1.1) blows up in a finite time.

Proof. By an argument similar to that used in the proof of Theorem 3.5, we
obtain

/]Rd (¢ upxwdtdx—i-/ V() (ua + (P(t) — w(a))&a)chz#’wdtdx

Re Ja
N T
< CET) ~oa) “H [ [ vt diax
Rd Ja
As a result, we have

ap

/R axd < Cla, p)((T) — () (3.23)

Since 1 <p <1+ a?ﬁ;&’ -1+ 35— p— < 0 Thus, if the solution of Eq. (1.1)
exists globally, then taking 7" — oo We obtain i, = 0 by (3.23), which contradicts
Uq Z 0. O]
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the

4. Conclusion

In this study, we have investigated the blow-up phenomena of solutions to
time-space fractional superdiffusion Eq. (1.1), which involves the ¢-Caputo

fractional derivative and the fractional Laplacian. We have rigorously established

the

conditions under which solutions to Eq. (1.1) exhibit finite-time blow-up.
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CkindyenHovacoBuii BUOyX AJisi IpOOOBOTO PiBHSAHHS
cynepaudy3ii 3 yacoBoro 1oxigHom -KaryTo

Yacine Arioua and Brahim Benaissi

V 1iit cTaTTi OCTIKYETHCST 9aCOBO-IIPOCTOPOBE APOOOBE HeJliHilHE PiB-
HsiHHs cynepaudysii, po3ryisHyTe Ha BCbOMY €BKJIIOBOMY mpoctopi. JIpo-
6oBa moxizHa 3a dacoM € noxigHowo Y-Kamyro nopsaaxy 3 inrepsaiy (1,2),
TOZl K IPOCTOPOBAa IMOXi/IHA BUPAarKeHA 3a JIOIOMOrOI0 JIPOOOBOrO JIaIlIa-
ciana mopsiziky 3 iarepsaay (0,1). Tlos’szana 3amaua Komi anasmisyerses
HIIAXoM 1100y710BH siK M’sikux (mild), Tak i cinabrux (weak) poss’sizkis. Jo-
BEJIEHO, IO M’SIKUl PO3B’sI30K TAKOXK 3aI0BOJIBHSIE CIabKe (hOPMYJTIOBaHHS.
Takoxk [OCiIPKEHO TOBEIIHKY PO3B’I3KiB PiBHAHHA cynepaudysil B ymoBax
ckiHueHHOUYacoBoro Bubyxy (blow-up).

KirrouoBi cjoBa: npoboBe piBHsiHHSI cyrnepaudysii, noxigaa -KamyTo,
npoboBuit JlamraciaH, BUOyX PO3B’SI3Ky, M'SIKHIl PO3B'S30K, CIaOKuUit
PO3B’I30K
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