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On a Nonclassical Boundary Problem for the
Laplace Equation in a Cracked Plane

Mykola Krasnoshchok

We consider the Laplace equation in a cracked plane with nonclassical
boundary conditions. This problem arises as a model of the flow in the
fractured media. The main result is the theorem of existence and uniqueness
of a solution in weighted Sobolev spaces.
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1. Introduction

Consider the plane containing a crack ¥ = {(z1,22) : 1 < 0,29 = 0}. Let us
denote by v and y_ the trace operators on X from the upper and lower sides
of 3 respectively. This paper is concerned with the problem of finding a pair
(p(x),q(x1)) such that

Ap(z) =0 in Q=R%\ X%, (1.1)

Y4p+7-Pp—2q=0 on Y, (1.2)

V+(K1Pz, —P) + V- (K1Pz, +P) =0 on X, (1.3)
—dayzy, — K2(V4Pay — V-DPa,) = f on ¥, (1.4)
4z, (0) =0, (1.5)

p,q—0 as |x| — oo, (1.6)

where k1 > 0 and kg > 0.

We may consider (1.1)—(1.6) as a model problem for the flow in the fractured
media (cf. system (4.1) in [22] with parameter £ = 1/2). In this context, q is the
pressure of a fluid in the fracture 3 and p is a pressure in the surrounding media
Q (cf. [1]).

Different aspects of the theory of linear elliptic boundary value problems in
non-smooth domains were discussed in [5,12,17,20,26] and, in a more special case
of cracks, in [2,6,8,14-16,23]. The papers [19,24,25] are devoted to the application
of the potential theory to the third boundary problem for the Laplace equation
on a bounded planar domain with inside crack.

In [28], the authors undertook a detailed study of the Poisson equation in
infinite planar angle under the Dirichlet boundary condition on the one side of
the angle and the oblique derivative boundary condition with a complex param-
eter on the other side of the angle. Using the Mellin transform, they reduced
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that problem to a first-order difference equation in the complex plane. Their
approach provides a unified way of treating a whole variety of elliptic problems
with nonhomogeneous symbol in corner domains (see [3,4,9,13,29] and references
therein). Our argument is an adaptation of some ideas in [3,28]. We give the
material from [28] without proof, thus making our exposition self-contained. We
emphasize that the main difficulty is in verifying boundary condition (1.5).

The main result of this paper is the following theorem (see Section 2 for the

definitions of the weighted Sobolev spaces H/]j(Q), H5+1/2(E)).
Theorem 1.1. Let k > 0, p € R, and

1
0<p—k-1<g. (1.7)

Let f € H,IEH/Q(E) and, additionally,

0
/_ f(.%'l) da:l =0. (1.8)

Then there exists a unique solution (p(z),q(x1)) to the problem (1.1)—(1.6) such
that

|’pHHﬁ+2(Q) + HqHHﬁ‘w/Q(Z) + quHHﬁ+3/2(2) < CHfHHﬁ‘H/Q(E)a (19)
where C' does not depend on f.

The paper is organized as follows. In Section 2, we define functional spaces
and give some auxiliary results. The proof of the main result is split into two
parts. Section 3 is devoted to the integral representation of the solution and
estimate (1.9). In Section 4, we verify that the obtained solution satisfies the
boundary condition (1.5). Appendices contain the proof of some technical results.
Boundary conditions (1.2)—(1.4) are verified in Appendix A. Appendix B contains
the proof of a key estimate, which we use in Section 4.

Throughout the paper, the symbol C denotes a generic positive constant
depending only on the structural quantities of the problem.

2. Functional spaces. Auxiliary results

Let us define the functional spaces used below (cf. [11,17,18,26]). For k € N,
we define the Hilbert space H¥(—m,7) with the norm

k 2 %
HuHHk(—ﬂ’,T() = (Z/ ‘ da) :
=077

Define the space H l’f(Q) as the closure of infinitely differentiable functions defined
in ©, vanishing near the origin and for large |x|, with respect to the norm (k €
NUO,u € R),

d'u ()
d o

1
2
> /QIwIQ(“_““')ID‘;‘p(:E)Fdx) : (2.1)

| <k

HpHHﬁ(Q) = (
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Passing to polar coordinates (r > 0, 6 € (—m, 7)),
xy =rcosl, my=rsinf, p(x)=p(r0), (2.2)

we define the norm

N

2

dr | (2.3)
Hk=l(—7 7)

RICTRSTRCN AVAY
— 2(p—k)+1 -
b= | [0S () v

which is equivalent to the norm (2.1) (see formula (6.1.4) in [18]).

Define also H, ﬁﬂ/ 2(R+) as the closure of C'"*° functions with compact support
in the norm

HhH k+1/2 (Z/ 2p—ht)—

where

_ o) o T
. (/0 o

Let us say that a function h(x;), defined on X, belongs to HﬁH/Q(Z) if h(r) =
h(—r) belongs to H5+1/2(R+).
Define the Mellin transformation and its inverse

dlh 2 2
(1) dr+|’h|’Lﬁ+1/2(R+)> . (2.4)

Cdrl

d*h(r + p) B d*h(r)
drk drk

1
2 2
dp
=1 . 2.5
p2> (2.5)

h(s) = / T h(r)dr, s = s +iso,
0

51+100 .
hr) = —— / r~Ti(s) ds (2.6)

270 J gy —ico

(see [28,30] for theoretical background).
We will use the Parceval formula

00 1 a+ico d
/0 B (r) 22 dr = — 7(s)]? = (2.7)

271 Jy—ioo 1

and the Mellin convolution formula

c+ioco

/0°° i <t> hat )Cfft gim r=*ha(s)ha(s) ds (2.8)

c—100

(see (3.1.15) and (3.1.13) in [27]).
Integrating by parts, one can prove that for any h € C§°(R),

(j’“’;) (5) = (=1 (s = 1) -~ (s — k)(s — k), (2.9)
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—~—

2\"* ~
<T8r> h| (s) = s*h(s). (2.10)
k+1/2 . .
For h € H," /“(Ry), we have (see Proposition 3.2 in [28]):

p—k+ioco d
2 s
) [ TR P < I s
7

—k—ioco ?

—k+ioco _ S
el [T @ADL, an
m

—k—ioco

where 0 < ¢1(p) < ca(p)-

3. Integral representation of the solution and its estimate

Let us set
q(r) =a(=z), [f(r)=1(-=). (3.1)
Next, we rewrite (1.1)—(1.6) by adopting polar coordinates (2.2) and (3.1),

Prr + %Pr + T%Pee =0, r>0,0¢(-mm), (32)

p(r,m) + p(r,—m) — 2q(r) = 0, r >0, (3.3)

“po(rym) + p(rm) + o —m) —p(r—m) =0, >0, (3.4)
e (1) + 2 (pa(r,7) = polr, =) = f(1), 7 >0, (3.5)

¢:(0) =0, (3.6)

p,q — 0, r — 00. (3.7)

The Mellin transformation with respect to r and formulas (2.9), (2.10) leads
(3.2)—(3.5) to the system

5(& 9) + 825(8, ) =0, (38)
5(57 7'[') + ﬁ(sv —71') - 2(7(8) =0, (39)
r1[po(s —1,m) +pg(s — L, —m)] + p(s,m) — p(s, —m) = q(s), ~ (3.10)
—(s—1)(s —2)q(s — 2) + ra[Po(s — 1,7) — Py(s — 1, —m)] = f(s).  (3.11)

It seems appropriate to seek for p, ¢ in the form

- cos s6 -
p(s,0) = n Sﬂ_d(s)7 q(s) = cot smd(s), (3.12)
with unknown d(s). We have

p(s, £7m) = cot smd(s),

Bo(s.0) = — s i), (3.13)

sin s
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Po(s, £m) = Fsd(s).

This allows us to satisfy (3.8)—(3.10) simultaneously and convert (3.11) to the
following difference equation:

—(s—=1)(s —2)cot(s — 2)md(s — 2) — 2ka(s — 1)d(s — 1) = f(s). (3.14)

Set
Ko = 2K2,5 = A+ 2,w(\) = Acot A, (3.15)

Then equation (3.14) takes the form

A+2
rod(A+1) + wNd() = —LAF. (3.16)
A+1
This equation was extensively studied in [28] in a more general situation. Let us
sum up some key results.
One of the solutions to the homogeneous equation

kod(A + 1) + w(\)d(X\) = 0 (3.17)
do(X) = exp(iAm) (rkom) V22K (N), (3.18)
where
S T(—2+NT(n+1-)) n \*!
KX _g F(nj—%—/\)I‘(n—l—)\) <n—1/2) : (3.19)

and I'(+) is the Euler gamma function. The function I'(\) has the simple poles at
A =—m, m € NUO, and, for example, I'(A\)T'(A 4+ 1) have the simple pole at A =
0 and the pole of the second order at A = —1. Therefore, K(\) has the poles of
order m+1 at A = —%—m, A =2+ m and the zeroes of order m+ 1 at A = %—1—
m, A=—1—m, m € NUO. Thus K(\) is analytic in the strip (see Figure 3.1),

1

'
r3

320 -1 -2 32 2 5/2 3

® L @ o

Fig. 3.1: Poles (black circles) and zeroes (white circles) of K.
The function ﬁ is analytic in the strip (see Figure 3.2),

—1<Re/\<g. (3.21)

The function Ky(A) is analytic in the strip (see Figure 3.3),

_ 1
= DR

1
—1<Re/\<§. (3.22)
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Fig. 3.2: Poles (black circles) and zeroes (white circles) of 1/K.

-2 -3/2 -1 172 1 3/2 2 5/2 3

Fig. 3.3: Poles (black circles) and zeroes (white circles) of K.

Corollary to Proposition 5.1 in [28, p. 222] states the convergence of the
infinite product K (\) except the poles of I'(n — 2 + A) and I'(n+ 1 — \) for n €

N. Proposition 5.2 in [28] gives the following asymptotic formula:
K(\) = w2 exp(—Agargw(A) +71(N)), A= A1 +ids,
where 71(\) = O(1) in the strip
1
—3 < Re\ < 2.

By definition (3.15), we have (cf. (6.7) in [28]):

sin 2\ . sinh 2 o7

w(A) =N\ +i)\2){

Rew()\) _ A1 sin 2 17 + Ao sinh 2 o7
cosh 2 \gm — cos 27

. )\2 sin 2/\171’ — )\1 sinh 2)\27T

~ cosh2)\om — cos 2\

Imw(\)

Hence, by consecutive steps, we obtain

™

Rew(A) >0, |argw(N)| < 5

)\2 sin 271')\1 — )\1 sinh 271'/\2
A1 sin 271 + Ao sinh 27w )\s’

argw(\) = arctan

C
arew(\)| < —
(V)] <

for sufficiently large |\a| (see [28, §6, p. 228, §7, p. 231-232]).

cosh 2 \gm — cos 2 \im B Zcosh 29T — COS 21T

(3.23)

b

(3.24)

(3.25)

(3.26)

(3.27)

Remark 3.1. We emphasize that, as opposed to [28], there is a simple pole

at A = —1 in the right-hand side of (3.16).

As in [28], the solution of (3.16) is sought in the form

di(A) = do(A)y(N).

(3.28)
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Substitution of (3.28) in (3.16) gives

A+2
rodo\-+ 1y -+ 1) + o) doy(y) = ~ T2,
FOA+2
Kodo()\ + 1)y()\ + 1) — Hodo()\ + 1)y()\) = _f()\—i-l)
and, to this end,
FOA+2)
A+1) —y(A) =h(A), h(A)=- . 3.29
VAT —y) = h(), ) =~ e (329
Let £;., 1 = —1,0, be the contour in the complex plane consisting of three parts

Lir={Red=1 e<ImA<oo}U{ReA>1 A= =¢}
U{Red=1[,—0o <ImA\ < —¢}.

Remark 3.2. The function h(\) is analytic in the strip (3.22) instead of
—2 < ReA < 3 in [28].

Taking into account this observation, we can apply Corollary to Proposition
6.1 in [28] to conclude that the function

1

YO = o /L B(A + C)[eot Cr + 4]dC (3.30)

is a solution of equation (3.29) for all A such that
Re ) € (0,1/2), (3.31)

instead of Re A € (—1/2,1/2) in [28] (see Remark 3.2). Here we use the same
argument as in Statement 6.1 in [28]. We consider the difference y(A+1) —y(A),
change the variable in the integral for y(A + 1) and verify that h(A + {) is an
analytic function with respect to ¢ in a domain bounded by the contours £_1 .

and Lo .. Finally, we use the Cauchy residue theorem.
By (3.28), (3.30), we find a solution of (3.16),

di(A) = do(MNy(A)

_ 1 do(X) oy .
=5 L HO(A+C+1)d0(A+C+1)f()\+C+2)[COt<7r+Z]dC' (3.32)

One can see that y(\) and therefore d; () are analytic in the strip

3
(MG%A<§ (3.33)

(cf. (3.20)).
Estimate (7.3) in [28] gives us (see also (2.11)):

/ dy(V[2(1 + A2 A
Re A=p—k—1 4
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FOA+1)?

<
<C \

(1+’)\’) k+1)+1d)‘
7

ReA=p—k—-1

dA
<C [FOA DI (14 A=
ReA=p—k—1 1

dA
<C OO A+ < Ol g

(3.34)
Re A=p—k R+)

It should be mentioned that the right-hand term in (3.24) is f(()\)\:f)) instead of

g(A+1) in the corresponding equation (4.7) in [28].
A general solution of (3.29) has the form

da(A) = di(A) + Do(X),

where Dg()) is a general solution of homogeneous equation (3.17). We check at

once that
Do(A+1) _ w(NDo(A) _ Do()

do(A+1) — w(N)do(X) — do(N)’

ie., E(A\) = 5008)) is a periodic function with period one. One can show that an
entire periodic function with period 1 is either constant or grows no slower as
exp(2m|Im A|) as Ay — £oo (see Theorem 4.10 in [21]). Thus the integral

/ IDe(N)P(L + A2+ 92
Re A=p—k—1 1

is bounded only if E(A) =0 (cf. (3.34)). In the same way as in [28, p. 228-229],
this proves that d; is a unique solution of (3.16) (see also Lemma 3.1.7 in [13]).
Next, we return to the functions (3.12). We set

(s, 0) = — dyi(s), q(s) = cot swdy(s). (3.35)

Clearly, these functions are analytic in the strip 0 < Res < %
Let us turn to estimate (1.9). First, we will estimate norms of the function q.
Let us notice that

ReA=pu—k—1 (3.36)
By (2.11) and (3.34), we have
pn—k— l—Hoo d\
ol e, <€ TN+ ARV <O Ly
k—1—ioco (Ry)
(3.37)

1
From equation (3.5) one can expect at least that g, € H5+2 (Ry). By (A.2) (see
Appendix A), we have

~(po(r, =) — polr,m))
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1 1
== rATINL (V) dh = — P AN = 1)di (A — 1) dA.
Re A=p—k—1 T JRe A\=p—k

Therefore, the Mellin transform of

~(polr, ) — po(r, )

is 2(A — 1)Ad1 (A —1). By (3.34) and (2.11), we obtain

pu—k+ico d\
/ = Dy (A — P+ 2 2
VA

pn—k—ioco
pu—k—141ic0 o(k 1 1d)\
<C |d1 (A)[2(1 4 [A])2RHD < C||f] @,y
—k—1—ico 2(Ry)
and hence
~ (py(r, =) — po(r, ) < cllf (3.39)
- —7) — T ) )
P Pox Ry T HE Ry
1
y (3.5), (3.38), we deduce that g, € H,]jJrQ (Ry) and
- , <C . 3.39
ol et < O ity (3:39

3
We are to prove that ¢, € H, e 2(Ry), as it is asserted in (1.9). In fact, definition
(2.4) and estimate (2.11) give
2
dr + ‘

2

k+1
+ dl+1q(7')

g 2R 2/ pAeko 1
=/' Pk g, () dr
0

k

oo
+Z/ P2kl 1) -1
0

=0

dk+2q
drk+2

L/ *(R+)

d2q(r)
drit2

dk+2q

drkt2

dr+’

L/ (®y)
o0
= 2p—k—1)-1 2d 2 : 3.40
| )P + el 12 (3.40)

The Hardy inequality (see (0.32) in [20]) gives

| o <€ [ g )P < Clan s,
0 0 u +)

(3.41)
for 2(p—k)—1>1,ie,pu—k—1>0 (see (1.7)). Then (3.40) and (3.41) lead to

2 2
HQr|’H5+3/2(R+) = C||f”H5+1/2(R+)- (3.42)
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Now, consider the norm (2.3). Notice that 2(u —k—2)+1=2(u—k—1) —
1. The Parceval formula (2.7) and (2.10) give

k+2 2

" AN ko
IP1% 12 = Z/ 2p—h= 2“/ <T8r> oS 2 D p(r, 0)| do dr
k+2
d i _ 2
=> / “ / s a2 ”ﬁ(s,e)) d. (3.43)
1—0 Y Res=p—k-1 tJx

We use (3.35) and (3.34) to obtain

2 : 2
||p”k+2u < C/ ‘2l|dl( )‘st/ | |2(k+2—l) | C0889|. + |SlIl98| do
Res=p—k—1 -7

| sin s7r|?

2 : 2
<C ‘3‘2(k+1)’d ( )|2d5/ | |2|COS 89| + ’S;n50| do.
Res=p—k—1 -7 | Sin S7T|

By estimate (see p.230 in [28])

T 92 : 02
/ |S|2|coss |.+|s1ns | d6 < C(1+ |s))
. | sin s7r|2
and (3.34), (2.11), we get
ds
1Pl 12, < C/ (1 [s])PEFDd (s )IP= < ClfI2 Ly (3.44)
Res=p—k—1 2(R4)

Summing up (3.37), (3.42), and (3.44), we deduce estimate (1.9).

4. Boundary conditions

Boundary conditions (1.2)—(1.4) are considered in Appendix A. This section
is devoted to (1.5).

In brief outline, here are the main steps of the proof. First, we split ¢ into
two terms ¢; and g2 (see (4.2), (4.6) below). Second, we prove that g;,(0) = 0
under assumption (1.8). Third, the term g, (see (4.15) below) is estimated by
the Cauchy inequality (see (4.18) below). Here we use that f € H,’f+l/2(R+), and
hence

LR o < 1

To this end, we use the appropriate changes of the contour of integration with
respect to s in order to estimate integrals with the kernel ®(s,(). The kernel
(s, () itself is estimated in Appendix B.

We proceed by converting (3.30) to a more appropriate form. The Cauchy
residue theorem gives

_ 1 FO+¢+2) .
y(\) = 2@'/[;0 0(A+C+1)d0(A+C+1)[COtCW+Z]dC
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fA+C+2)
+WE%H“A+C+1MMA+C+D

1/ FO+¢+2)
21 £0’8 Ko()\ + C + 1)(10()\ + C + 1)

JA+2)
koA + 1)do(A+ 1)’

cot (,

[cot ¢ + i]d(

+ (4.1)

where Re A € (0, 3). By (3.12), (3.17), (3.30), and (3.32), we have

fA+2)
AA+1)

G0 = cot TAd(\) = cot TAdp(A)y(A) = —’W()(A”l)y(x) _

1 do(A + 1) f(A+ ¢ +2)

o Lo MA+C+1)do(A+ ¢ +1)

[cot ¢m +4]dC = q1(A) + @2(A).  (4.2)

Formula (3.18) yields

1 do(A+1) )
— t
% O C Ddo(h + c 1) corem il
KO\ +1) 1
= < 4
om) R CH DR+ C 1) et — et (4D
Set KO\ .
(N, () = ¢ : —. 4.4
(A, ¢) = (ko) A+ OKA+0) eim¢ — p—im¢ ( )
Then we get
- 1 =
BN = [ o0+ LOFO+ 2+ de (4.5)
EU,E
Set lp = u — k — 1, and then [y € (0,1/2). By (2.6), we have
1 e
q(r) = — r () dX
) 270 JRe =1y )
1 e 1 e
= — A)d\+ — A)dA
270 JRe =1y AN o Re A=lo TR
= q1(r) + q2(r). (4.6)
Consider q;,(r) and g2 ,(r) separately. For the first term we have
1 o fA+2) 1 o f(s+1)
r\T) = s— —td\= — s ds. (4.7
@, (T) 211 /Re A=l " A + 1 21 Re s=lo+1 " S y ( )

It is clear that if u(r) = rf(r), then u(s) = f(s + 1). By formula (7.1.2)
in [10], if 9(s) = s7%, Res > 0, then

1, O0<z<l,
v(r) =
0, 1<z
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The Mellin convolution formula (2.8) gives

Ly ey dt o
(=1 =f(=)—= dp. 4.
a0 =[5 (5T = [ 1wa (4.8)
By virtue of (1.8), we conclude that
01,(0) = 0. (49)

Next, we consider g (7). Substituting (4.5) into (4.6), we have

1 S .
Q2 (1) = 57 Re)\:lor d)\/c()@ PN+ 1,O)f(A+2+¢)dC. (4.10)

The point A = 0 is not a singular point of the last expression (compare with
(4.5)). Therefore we are able to deduce

1 . ~
G,r(r) = 5 S r—°ds /5075 D(s,()f(s+1+¢)dC
1 -
N 277” Res:lo 74_8 ds /LO,E Q(S, C) (S + 1 + C) dC (411)

Remark that ®(s,() in (4.11) is analytic with respect to s if Res € (lp,lp + 1),
¢ € Lo, and ¢ is sufficiently small (e < % —lp). Let us notice that demanding of
smallness of € was implicitly presented in [28, p. 228]. Below we will change the
contours of integration with respect to s, ¢, keeping ®(s, () away from singular
points. However, we need to be sure that

1
, —=<Res< §, (4.12)

0<Re(<1, O0<Re(s+()< 5 5

| W

(cf. (3.20)—(3.22)).
Set s =0 +ir, ( =9 +in. Fix any a € (1,2) and put
a—1

I =lo+—5—. (4.13)

This choice will be explained below. Then

a—1 3

0<9<1, 0<'l9+l0:2l()+T<§, (414)
i.e., (4.12) holds for I = Re s, § = Re (. Hence we get
1 -
Q. (r) = / T‘SdS/ O(s,Q)f(s+1+¢)dC. (4.15)
270 JRe s=lo Re (=0

By the Mellin convolution formula (2.8), we deduce

o (1) = ;m/omit/m:ﬁ af (g) (g)l+< 5@ (s, ) ds
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=i OO () e
- [T () v w10
where - o
G(t,9) = 271”/0o (Z) dn/ReS:l 750 (s, 9 + in) ds (4.17)

The Cauchy inequality yields

lg3(r)] < C U ’f( )) (t>2(1+19) a=2 dt]é [/Ooog(t,ﬂ)y%—adt :
< CIfI;. (4.18)

Following the choice of ¢ in (4.13), we obtain

we [ G e

a—2
rd B o0 o
_/ £ (p) P?orte <> Y=t 1/ If (p) 22— 1F L gp

=t [Tl @ BRI g < e R (4.19)
0 H, 2 (R

+)

The second integral I can be split into a sum of two integrals

00 1 ]
I :/ |G (t,0) |2t~ dt :/ IG(t, 9[>t dt+/ IG(t,0)|*t* dt.
0 0 1
Let o1, o2 be chosen to satisfy (compare with (4.12)),

3 1 3 3
01>0,O<—01+19<§ —5 <~ 01< , 0<oe+19 < = 0<02<§. (4.20)

+00
/ dn/ |®(s, 0 +in)|ds
—00 Res=—o01

“+o00
/ dn/ |® (s, + in)|ds
—00 Re s=o02

206,01 < COL . Dexp (T l) | s oo (<511)| a22)

Then we derive

1
|2 < C</ g
0
00
+/ t72027a
1

We claim that

2
dt

: dt). (4.21)

under assumptions (cf. (4.12)) that

1
v € (0,1), O<Res+19<;, —§<Res<g. (4.23)
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The proof of (4.22) is given in Appendix B. Estimate (4.22) yields

—+00
/ dn/ |D(s,0 +in)|ds < C(op,?) (4.24)
—00 Re s=0¢

for any o9 = Re s and ¢ satisfying (4.23).
In addition to (4.20), we need

201 —a>—1, —205—a<-1. (4.25)

It can be easily checked that (4.20), (4.24), and (4.25) guarantee the convergence
of integrals in (4.21).

Now we proceed to the choice of o1, 09. Let us remind that 6 is already
chosen. It is easily seen that any

o9 € <0, g — 19) (4.26)

satisfies both (4.20) and (4.25). The parameter o; satisfies (4.20) and (4.25) if

a—1 1
<oy, 01< ¥, o < —. (4.27)
2 2
We check at once that
a—1 1 a—1 a—1

i.e., the interval (O‘Tfl, min{%, 19}) is not empty. Hence we can take any

o1 € (O‘;l,mm{;,ﬁD . (4.28)

This allows us finally to conclude
12 S 0(0'1,0'2,9). (4.29)

Substitution (4.19) and (4.29) in (4.18) gives

a—1
) < O U R ey (4.30)
Iz +

Combining (4.9) and (4.30), we can assert that ¢,(0) = 0, which justifies (1.5).
The proof of Theorem 1.1 is finished.

Remark 4.1. Let fbe a polynomial of degree m,

Fla) = fuak.
k=0
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One can easily check that

m

. fi
q(z1) = qo0 + qrz1 — kZ::O i+ 1)?k n 2)$If+27

. - f .

p(x) = qo + q1r1y — kzo W]ka Re |:(33]_ + ’ll’2)k+2]

satisfy (1.1)-(1.4). In this context, it might be the subject of a future paper to
consider problem (1.1)—(1.6) without artificial condition ff)oo f(z1)dzy = 0, in

weighted Sobolev spaces with nonhomogeneous norms (cf. [7], [29], [26]).

A. Appendix
We have immediately from (3.35),

1
zxr,e>=:t/“ LI NN
Re \=lg

oI sin Am
1 Y
q(r) = — r~ " cot Awdy () dA,
( 278 JRe A=l W

where [ = u—k —1 € (0,1/2). Then it follows that

p(r,m) + p(r, —m) — 2q(r)
1

= r~AMeot A 4 cot A — 2 cot Amr]dy (A)dA = 0.

270 JRe A=l

This gives (1.2).
Direct computation shows that

1 sin \@
0) = —— —A Ad1(\) d\
po(r,0) 5 ReA:lOr S 1(A) dA,
1
po(r, £7) = F-— rANd1 () dA
270 JRe A=l

and
p(?”, 7T) - p(ra _ﬂ-) =0.

(A.1)

(A.2)

This gives (3.4) and hence (1.3). Let us notice that, as it is easily seen, pg(r,7) —

po(r, —m) # 0. Thus, equation (3.5) is not reduced to —g,-(r) = f(r).

Next, we proceed to condition (3.5). According to the definition, we have

K
Bp,a)(r) = —Ger(r) + == (po(r, m) = py(r, =)
1 -2
= —— T cot ATA(A + 1)d(A) dX
pel A A+ 1) (V)

2
_ P~ IAdr (A) dA.
270 JRe A=1o
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Since dj(A) solves (3.16), we can continue

2

Blp,g)(r) = —— /R 2

o [T—H(A F1D)di(A+ 1)dA — r—*—lAdl(A)} X
270 JReA=1o

1

278 JRe A=lg+2

+ 0 { / P2 Idy (A) dA — / P2 Idy () d)\] - f(r),
210 [ JRe x=lp+1 Re A=l

A F(A) dA

where the expression in the square brackets is equal to zero since d; () is analytic
in the strip
ReX € (lp,lp+ 1)

(cf. (3.33)). This gives (3.5) and hence (1.4).

B. Appendix

Preliminarily, in the plane (n,7) we consider the sets:
2
Q={n<o, —2m<rfuln>0 r>-In},

ng{n§0,7'<—gv7}u{n>0, T<—277},

3
2
Q3 = {7’>0, —§77<7'< —217},
2
Q4 = {T<0, —m <7< _577}' (B.1)

It follows immediately that

T <2n+7], (n,7) € Q1UQq,
[ >2n+7], (n,7) € Q3UQy. (B.2)

To deal with estimates of ®(s, (), we partition the plane (n,7) into the fol-
lowing sets (see Fig. B.1):

Bo={(n,7): |n| <3M, |7| <2M},
By ={(n,7): n>3M, |r| <2M},

3
Biyi=q(n7): =57 <, 7< —2M},

(my7):n >0, 7>2M},

n,7T) —%<n<0, T>2M},
n,7T) : M—T<—%, T>2M},
Bso={(n,7): - M —7 <M —71, 7> 2M},
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3
B3z =4(n,7): —§T<T]<—M—T, T>2M},

{
By = {(77,7) i< —gT, T > QM},

By ={(n,7): n <=3M, |r] <2M},

Byo={(n,7): n<0, 1< —-2M},
Bys=1<(n,7): 0<77<—%, T<—2M},
(n,7): —%<7]<—T—M,T<—2M},

Byo={(n,7): —1—-M<n<M—-71, 7 < -2M},

3
(n,7): M—7'<17<—57, T<—2M}.

Here we choose M > 0 sufficiently large to neglect r1(\) in (3.23) and use (3.27).

This construction was motivated by [4,9].

bt
B3.3
BZ.l Bl,Z
M
B, 3M B, B, n
Z ol = : 3 =
3M
-2M
Bl.l
BZAZ BZ3
B4.3
Fig. B.1
By assumptions (4.23), we clearly have
(s,0)| < C(M,9) in By, (B.3)
Now estimate (4.22) will follow from the four lemmas below.
Lemma B.1. Under conditions (4.23), we have
|®(s,()| < C(M,9)exp(—m|n|) in By, Bs. (B.4)
Proof. 1t is clear that
1
|K(s)] < C(M), T < C(M,9) exp(—n]) (B.5)
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with fixed ¢ € (0,1) in By, B2. Now (3.23) and (B.5) give

[@(5,¢)] < C(M,9)|s + ¢|7 2777 exp((r + ) argw(s + () = 7|n]) in By, B,

(B.6)
Notice that |7+ n| — oo, when |n| — oo, and, by (4.23), (3.27), we get
exp((T +n)argw(s + () < C(M),
s+ ¢[7270 < o). (B.7)
From the above there follows (B.4). O

Since |7] is bounded in By, Ba, (B.4) implies (4.22) in these sets.

Lemma B.2. Under conditions (4.23), we have

|®(5,¢)| < C(M,0,9)7 " exp(—(m — €)|n|) in Bi1, Bi.2, B1.3, Ba1, Basg, Bas,

(B.8)

where € is sufficiently small and depends on M.

Proof. Our proof starts with observation that, by definition,
lT+n >M (B.9)
and, by (B.2),
1 2
< = in Bia, Big, Bi3, Baa, B2, Bas. (B.10)
[T+ = |7]

We consider separately the set Bj o, where sgn 7 = sgnn, and the set By 3, where
SgnT = —sgnm.
From (3.23), we deduce that

w(s) o-1/2 1
|®(s,¢)] < C(M,ﬁ)exp(—w\n\))w(8+g) (s T o
x exp(—Targw(s) + (7 + n) argw(s + ()). (B.11)

We have

exp(—Targw(s) + (7 +n) argw(s + ¢))
= exp(nargw(s + ¢)) exp(r(argw(s + () — argw(s))). (B.12)
We claim that [pargw(s + )| and |7(argw(s + ¢) — argw(s))| are uniformly

bounded in Bj s, Bj3.
For the first expression, estimate (3.27) implies

Inargw(s + )| < C(M) ’7I|Z|T| in Bi o, B1s. (B.13)
In By, we get
-y (B.14)

In+7] —
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since sgn7 = sgnn. In By 3, we have |n| < % and use (B.10) to obtain

il < |7| Sm:
47 = 2n+1| T |7

1. (B.15)

In order to estimate |T(argw(s 4+ ) — argw(s))|, we use the formula

1+ab

arctana — arctan b = arctan

(B.16)

and (3.27). Then

Pi(s) V(s +¢)
W(s)’ Ua(s+¢)’
Uy(s) = 7sin2wo — osinh2n7,  Wa(s) = osin2nwo + 7sinh 277, (B.17)

argw(s) = arctan argw(s + ¢) = arctan

Along this way, in Bj.o, Bi.3, we deduce

argw(s + ¢) — argw(s) = arctan ¥o(s, s + (),

L W(s)Wa(s 4+ ¢) — Wi(s+ () Wa(s)
Pols,s +¢) = W (s)W1(s+C) + Ui(s)Wa(s + () i

A detailed analysis of the function (s, s+ () shows that the following estimate
holds:

|Wo(s,s+¢)| < 01(M,a,19)|(0+19)7 —o(t+n| Co(M,o,9)

|7ll7 + ] 7]
1 Co(M, 0,9
< Cy(M,0,9) [ L ] L GOLad) gy
[T +nl 7l 40l ]
In ¥}, we have 7 > 2M, n > 0 and therefore
1 M,o,9 M
Wy (s, s+ )| < C(M,0,0) [+ il }+02( 0:9)  CWM,0.7) g o
Il Illnl 7] 7]
By (B.2), we have ﬁ < % in ¥ and, besides, —|n| > —@. Thus we get
2 M, 0,9 M
Wy (s, s+ Q)| < Cy(M,0,0)— [1+’”‘] L CMo.9)  C(Mov7) g o)
7] 7] 7] ]
Combining of (B.18)—(B.20) yields
|T(argw(s + () —argw(s))| < C(M,0,9) in Bja, Bis. (B.22)
From (B.12), (B.14), (B.15), and (B.22), we obtain
|exp(—rargw(s) + (7 + ) arge(s + ) < C(M,0,0).  (B.23)

Taking into account (B.11) and (B.23), we conclude that (B.8) is valid in Bj o,
Bi 3. In a similar way, one can consider the sets By 1, Ba.1, Boo, Bas. O



On a Nonclassical Boundary Problem for the Laplace Equation 287

Lemma B.3. We have

s ™ .
(s, )| < C(M, 0,9) exp(=(5; —¢)ln]) exp(=|7l) in Bs.1, Ba3, Buy, Baas,
(B.24)
under assumptions (4.23).

Proof. In Bsi, Bss, By1, Bys, the inequality |7| < 2|n 4 7| no longer works
as in the previous lemmas, but we can still suggest that |7], n, |7 + 7| are large
and use asymptotics (3.23),

[nl—/?
w(s + Q)1+
x exp(—Targw(s) + (7 +n)argw(s + ¢)). (B.25)

@ (s, Q)| < C(M, 0,9) exp(—ln])

With the help of calculations as above, we infer

|(T+n) argw(s + ¢) — argw(s)| = [(T+n)(argw(s+() — Targw(s)) + nargw(s)|

i I
<C(M,o0,9
<cto o+ |pl

< C(M,o0,9) (1 + :77|) . (B.26)
T
By definitions of considered sets, we have
3
7 < S el < cOones (1), (B.27)
-

Applying (B.25)—(B.27) gives
(5,0l < C(M, 0, 9) |l exp (=l ) exp (=T 71)
< C(M, 0, 9)| exp (~(5 —)lnl) exp (=Flrl).  (B.28)
This completes the proof of (B.24). O
Lemma B.4. Let o, ¥ satisfy (4.23). Then
®(s,0)| < C(M, 0,0 exp(~(5 — )l exp(=S[nl) i By, Bio.  (B.29)
Proof. We observe that |7+ n| < M in Bsa, By, or, in more details,

—M —|r| < —=[n| <M —|r| in By,
|| =M < |n| <M +|7| in By, (B.30)

and, consequently,
exp(—[n|) < C(M) exp(—|r]). (B.31)
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By (3.23), (3.25), it can be easily verified that
|@(s, Q)| < C(M, 0,9) exp(—ln|)|w(s)|”* exp(—T argw(s))

< O(M,0,9) exp (%my) exp (,(g - e)|7|) (B.32)

Summing up estimates (B.3), (B.4), (B.8), (B.24), and (B.29), we finish the
proof of (4.22).
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Hexknacuuna rpanndHa 3agada JiJjist piBHsaHHA Jlarmmaca
Ha ILIOINMMHI 3 po3pi3zomMm
Mykola Krasnoshchok

Posrnsaemo pisusausa Jlamraca Ha MIoMuHI 3 po3pi3oM 3 HEKJIACHIHU-
MU IPAHUYIHUMHU yMoBaMu. Taka 3ajada BUHMKAE sIK MOJIEJIb IIOTOKY Y Tpi-
muHyBaTOMy cepenoBuiii. OCHOBHMM pe3yJIbTaATOM € TeopeMa iICHyBaHHS Ta
€IMHOCTI pO3B’s3Ky y Baroux mpocropax CoboJiesa.

KurrouoBi cjioBa: anpiopHi oninku, TpinuHa, Barosi npocropu CobosieBa
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