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Morse-Theoretic Multiplicity Results for
Choquard Equation in Orlicz—Sobolev Spaces
Beyond Ambrosetti—-Rabinowitz Condition
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We study a nonhomogeneous superlinear Choquard equation driven by
the Ag-operator in the setting of Orlicz—Sobolev spaces. Unlike most exist-
ing studies, our analysis does not rely on the Ambrosetti-Rabinowitz con-
dition. By showing that the associated energy functional satisfies the Ce-
rami compactness condition, we employ variational techniques together with
Morse theory to compute the critical groups. As a consequence, we prove
the existence of at least three distinct nontrivial solutions. These findings
extend classical multiplicity results for local elliptic problems to the nonlocal
Choquard framework.
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1. Introduction

The Choquard equation, also known as the Schrédinger—Newton equation,
plays a central role in mathematical physics. It arises in several physical models,
including quantum polarons, Bose-Einstein condensation, and self-gravitating
systems. From a mathematical point of view, it constitutes a nonlinear and non-
local elliptic problem, where convolution-type nonlinearities interact with local
differential operators.

A classical starting point in this direction is the p—Laplacian Choquard prob-
lem, obtained by considering

Apu = div(\Vu|p_2Vu), p>1,

that is, ¢(t) = p|t|P~2t in our framework. In this case, the equation becomes

1

—Apu+ |ufP~u = <|‘u * F(u)) flu), we Wol’p(Q).
T

This model has been extensively investigated. Existence of ground states

was first proved in the whole space by Lieb [14] for p = 2, and later extended by

Lions [16]. Multiplicity results for p-Laplacian Choquard equations were obtained
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via variational methods such as the Mountain Pass Theorem, the Nehari manifold,
and genus theory (see Ackermann [1], Cingolani-Clapp—Secchi [7], Gao—Yang
[12]). Regularity and qualitative properties were studied by Moroz and Van
Schaftingen [20,21], who established existence, symmetry, and decay estimates
for solutions in R¥.

In most of these works, the Ambrosetti-Rabinowitz (AR) condition is imposed
to ensure the boundedness of Palais—Smale sequences and to overcome compact-
ness difficulties. However, the (AR) condition is restrictive and excludes many
nonlinearities of physical relevance. To relax this assumption, several authors
(see Figueiredo-Miyagaki-Ruf [8], Biswas-Tiwari [4]) developed new compact-
ness tools and obtained results without relying on (AR).

On the other hand, numerous physical models involve operators with non-
standard growth, going beyond the p-Laplacian. Examples include the (p,q)-
Laplacian, as well as operators arising in nonlinear elasticity, plasticity, and
minimal surface theory. All these operators can be unified within the general
framework of the ®-Laplacian, whose natural functional setting is provided by
Orlicz—Sobolev spaces. These spaces extend the classical Sobolev spaces and al-
low one to treat very general growth conditions (see Donaldson—Trudinger [10],
Fukagai-Ito—Narukawa [11], Mihailescu—Repovs [19]).

Motivated by these developments, in the present paper we study the following
general nonlocal Choquard equation driven by the ®-Laplacian in a bounded
smooth domain Q C RV:

— % F(u)) f(u) in Q,
u =0 on 0,

(1.1)

where 0 < p < N, the function ¢ satisfies suitable structural assumptions en-
suring monotonicity and controlled growth between two indices [, m, and f is a
Carathéodory nonlinearity with superlinear growth. This setting encompasses, as
particular cases, the p-Laplacian, the (p, ¢)-Laplacian, and more general operators
occurring in elasticity and plasticity.

The main objective of this work is to establish the existence of multiple non-
trivial weak solutions for this general problem without assuming the Ambrosetti—
Rabinowitz condition.

This introduces two major analytical challenges:

e The absence of (AR) makes it harder to prove the compactness of Cerami
sequences, a key step in variational methods.

e The lack of (AR) also creates difficulties in the computation of critical groups
at infinity, which are essential in Morse-theoretic arguments.

To overcome these obstacles, we rely on the Hardy—Littlewood—Sobolev inequality
and a refined analysis of the associated energy functional.
Our contribution can be summarized as follows:
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e We prove that the functional satisfies the Cerami compactness condition de-
spite the lack of (AR).

e Using variational methods, we establish the existence of at least two weak
solutions with constant sign.

e By applying Morse theory and computing the critical groups, we further prove
the existence of a third nontrivial weak solution.

Thus, our results extend the known theory for Choquard equations beyond the
p-Laplacian, covering a much broader class of nonlocal problems in the Orlicz—
Sobolev framework, while simultaneously relaxing the usual growth restrictions
such as the Ambrosetti—-Rabinowitz condition.

H(f): Hypotheses on the nonlinearity f. We assume that f: QxR —
R is a Carathéodory function such that f(x,0) = 0 for a.a. = € 2, and that the
following conditions hold:

m

(i) (Subcritical growth). There exist constants C' > 0 and p,q > % such
that
|flz. ) <C (|t +[t97") foraa z€Q, teR.

(ii) (Superlinear growth at infinity). There exists v > m such that

F
lim (z,2)
lt|—oo  [t]V/2

= 400 uniformly for a.a. x € €,

where F(z,t) = [ f(x,s)ds.
(iii) (Refined superlinearity). There exist 7 > 0 with m < 2p, 2¢ < 7 < [*
and By > 0 such that

. F(z,t)f(y,2)z — FF (2, 0)F(y, z)
iminf

>
|(£.2)] o0 (£, 2)|7 2 fo

uniformly for a.a. (z,y) € Q x Q.

Remark 1.1.

e (Superlinearity): Hypothesis H(f)(ii) assumes that the primitive F'(z, ) grows
faster than |t|*/2 as |t| — +o0, thereby ensuring a v/2-superlinear behavior of
the nonlinearity.

e (Ambrosetti-Rabinowitz (AR) condition): A classical growth assumption re-
quires that there exist constants > 0 and M > 0 such that

0 < pF(x,z) < f(x,z)z foraa. xeQ, |z| > M. (1.2)
From this we obtain a weaker inequality
crlz|t < F(x,z) fora.a. x €, |z| > M, (1.3)

with some constant ¢; > 0. This, in turn, implies the weaker growth condition

F(z,2)

m
|z| =00 ‘Z|V/2

= 400 uniformly for a.a. z € Q.
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Hence, condition (1.3) is weaker than the Ambrosetti-Rabinowitz condition
(1.2). Moreover, if the (AR) condition holds, the hypothesis H(f)(iii) is also
satisfied.

Indeed, choosing p > 7, and using the inequality |(z,t)| > |z|[t], for |z| >
1 and |¢| > 1, we obtain

F(.%', Z)f(yvt)t _ %F(:UVZ)F(y:t)

(2, )7
— F(IL‘, z)f(y,t)t—uF(:c,z)F(y,t) (,LL— %)F(m,z)F(y,t)
(2, 6)[7 (2, )7
> 2 e e

which shows that the hypothesis is fulfilled.

H(¢): Hypotheses on the function ¢.

(i) (Monotonicity). For all ¢t > 0, ¢(t) > 0 and (t¢(t))" > 0.

(ii) (Two-sided growth control). There exist constants 1 <! < m < N with

m < [* = % such that

[ < <m forallt>0,

where ®(t) := Aﬂ sp(s)ds.
In the present paper, the Hardy—Littlewood—Sobolev type inequality [15],

which will be stated below, constitutes a key ingredient of our analysis and pro-
vides the analytical foundation of our approach.

Proposition 1.2 (Hardy-Littlewood—Sobolev inequality). Let t,r > 1, 0 <
p < N with 1/t + /N +1/r = 2, g € LY(RY), and h € L"(RY). Then there
exists a sharp constant C(t, N,r, u), independent of g, h, such that

Lo [ dndy < 060Nl Vil oy

The paper is organized as follows. In Section 2, we recall some basic notions
on Orlicz—Sobolev spaces and introduce the concept of critical groups, together
with preliminary hypotheses. In Section 3, we develop the variational framework
of the problem and apply the Mountain Pass Theorem to establish the existence
of two weak solutions with constant sign (Theorem 1.3). Finally, in Section 4, we
use Morse theory to compute the critical groups and to prove our main result,
namely the existence of three distinct weak solutions (Theorem 1.4).

Our main result in this paper is the following.

Theorem 1.3. Assume that conditions H(f) and H(¢) are satisfied. Then
problem (1.1) has at least two weak constant-sign solutions.

Theorem 1.4. Assume that conditions H(f) and H(¢) are satisfied. Then
problem (1.1) has at least three nontrivial solutions.
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2. Mathematical background and hypotheses

2.1. Basics on Orlicz—Sobolev spaces. A continuous function ® : R —
[0, +00] is called an N-function if it satisfies the following conditions:
(i) @ is convex,
(i) ( )=0<1t=0,
(¢ D(t
(iii) li Q =0and lim o) = 400,
t~>0 t t—+oco
(i

v) @ is even.

Let 2 be an open subset of RV and ¢ be a real-valued function defined in [0, +00)
with the following properties:

e ¢ is nondecreasing,
o 3(0) =0, ¢(t) > 0if t >0,
e lim ¢(t) = oo, ¢ is right continuous, i.e, lim ¢(s) = ¢(t).

t—4o00 s—tt

The function ® defined by

is called an N-function.

As-condition and Orlicz spaces. An N-function ® satisfies the Ao-
condition if there exist ty > 0 and k£ > 0 such that

O(2t) < kP(t), t > to. (2.1)
We suppose that the function
t — ®(\/t) is convex in (0, 400). (2.2)
We define the Orlicz space associated with ® as

L*(Q) = {u € LL.(9): / (’)\‘) dx < 400 for some A\ > 0}
Q

This space is a Banach space equipped with the Luxemburg norm

||u|]q>:inf{)\>0:/<l><| |>daz<1}
Q A

The complementary function d associated with ® is defined by its Legender
transformation

D(s) = Ht1>a§({st —®(t)} for s > 0.
Young’s inequality relates ® and ® as follows:
st < O(t) + B(s) for s,t > 0.
Using this, we derive a Holder-type inequality:

‘/ uv dr
Q

< 2ulle|v]g for all uc L2(Q) and v € L¥(9).
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Orlicz—Sobolev spaces. For an N-function ®, the Orlizc—Sobolev space
WL®(Q) is defined as

Whe(Q) = {u e L2(Q) - (‘3—“ eL®(Q), i=1,... ,N}.
€T
This space is equipped with the norm
ull = lulle + [Vulle.

It is reflexive Banach space under the assumptions of H(¢)(ii). The completion
of C§°(Q) in W1®(Q) is denoted by Wol’(b(Q) and it can be equivalently renormed
by

[ull = [[Vulle

via a Poincaré-type inequality
ulle < Ko||Vulls, ueWy*(Q), (2.3)

where Ky > 0. For more details, see [11].

Unlike the Sobolev spaces, the Orlicz—Sobolev spaces are neither separable nor
reflexive in general. The Ag-condition (2.1) plays a central role in this regard: it
guarantees the separability of both L®(2) and I/VO1 () (see [2]). Furthermore,
conditions (2.1) and (2.2) ensure that L®(Q) is uniformly convex and hence re-
flexive (see [18]); consequently, T/VO1 () is also a reflexive Banach space.

In addition, assumption H(¢) (i) implies that W, ®(Q) is continuously embed-
ded into the classical Sobolev space W{(£2). As a result, WO1 () is continuously
and compactly embedded into the Lebesgue space L1(Q2) for all 1 < ¢ < I*, where

NI
2 il < N,
Fo{N-1 (2.4)

+o00 if I > N.

We now state the following lemma, which will play a crucial role in our argu-
ments.

Lemma 2.1 ([5,9,18]). Let
&(t) = min {¢',#™}, t>0,
& (t) = max {¢', t™}, t>0,
&) =min {7 ¢™}, >0,
&) =max {¢" ™}, t>0.
The following inequalities hold:
Eo(r)@(t) < @(rt) < & (r)®(t), rt>0, (2.5)

and
Eo(Jlull) < / &(|Vu|)dz < &([[u]), ue Wy Q). (2.6)
Q
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2.2. Critical groups. In this section, we briefly recall some basic notions
and properties of Morse theory. Let X be a Banach space and X* be its topo-
logical dual. We denote by (-, -) the duality pairing between X* and X. Consider
a functional I € C'(X,R) and let ¢ € R. We say that I satisfies the Cerami
condition if any sequence {u, } C X such that

I(up) = ¢ and (14 |lupl) I (un) =0 in X*, (2.7)

as n — 0o, admits a convergent subsequence in X.

This compactness condition is generally weaker than the classical Palais—
Smale condition. However, it is still sufficient to establish a deformation theorem
from which the minimax characterization of certain critical values of I can be
derived. In particular, the following result, usually referred to in the literature
as the Mountain Pass Theorem, holds.

Theorem 2.2. If I € C'(X,R) satisfies the Cerami condition, ug,u; € X
are such that ||uy —uo|| > h > 0, and

max{I(up),(u1)} < inf{I(u): ||lu—wo|| =R} =nn, c= ig%tr.él[a% I(v(t)), (2.8)

where
I = {yeC'([0,1]; X) : 7(0) = uo,7(1) = w1},
then ¢ > n and ¢ is a critical value of 1.

Now, let I € C1(X) and let ¢ € R. We introduce the following notation:
I°={ue X :I(u) <c},
Kr={ueX:I'(u)=0},

Ki={ueKy: I'(u) = c}.

Let (Y1,Y2) be a topological pair with Y5 C Y7 C X. For every integer k > 0, we
denote by Hy (Y1,Y2) the k-th relative singular homology group.

The critical groups of I at an isolated point v € K with I(u) = ¢ are defined
as

Co(l,u) == Hy (I°NU, (I°NUN{u}), keN,

where U is any neighborhood of u such that Ky N I°NU = {u}. By the excision
property of singular homology, this definition is independent of the particular
choice of U.

Assume now that I € C'(X) satisfies the Cerami condition and that I(K;) >
—o0. For ¢ < inf I(K7), the critical groups of I at infinity were introduced by
Bartsch-Li [3] as

Cr(I,0) := H, (X, I, keN. (2.9)

By the second deformation lemma, the right-hand side of (2.9) is independent of
the particular choice of ¢ < inf I(K7j). For further details on Morse theory, we
refer the reader to [6,17]. Assume that K7 is finite. We set

M(t,u) =Y rank Cp(I,u)tF, teR, ue K,
k>0
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P(t,00) = Zrank Cr(I,0)tF, teR.
k>0

Proposition 2.3 (Morse inequalities). Consider a Banach space X and a
functional I € C1(X,R) satisfy the Cerami condition. Then

> M(k,u)tt = P(t,00) + (1 +£)Q(t), (2.10)

00
k=0

where Q(t) = Y reo axt® with ai, € N.

Critical groups allow us to distinguish critical points, while Morse inequalities
provide information on the existence of additional ones.

Proposition 2.4. Consider a Banach space X and a functional I € C*(X,R)
satisfy the Cerami condition. Assume further that I has finitely many critical
points. Then

1. IfCk(I,00) # 0 for some k € N, then I has a critical point w with Cy(I,u) #
0.

2. Ifu=0 is an isolated critical point of I and Cy(I,0) # Cy(I,00) for some
k € N, then I admits a nontrivial critical point.

3. Mountain Pass Approach to two weak constant-sign solu-
tions

3.1. Variational setting. We define the energy functional I associated
with problem (1.1) by

I(u) = J(u) — %K(u), we W),

where

J(u) = /Q<I>(]Vu\)d9c

K(u) = /Q (@*F(u)) Fu) ds = /Q /Q d (“g)ji ?Z(y” da dy.

The functional I belongs to C' with derivative given by

and

(7 (u), v) = /Q S(|Vu)) Vuvo + /Q S(u)uv dz

[ [ Pttt
QJo |z — y|~ ’

for all u,v € VVO1 ’(D(Q). Hence, the critical points of I correspond to weak solutions
of (1.1).
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3.2. Cerami condition

Proposition 3.1. Under hypotheses H(f) and H(¢), the functional I satis-
fies the Cerami condition.

Proof. Let {u,} C VVO1 () be a Cerami sequence for the functional I, that
is,
I(up) = e, (T4 Jupl) I (un)|ls = 0 as n — . (3.1)
Equivalently,

I(un):J(un)—%K(un)%c and ](1’(%),1))‘35”%, (3.2)

where v € W&’(I)(Q) and £, — 0 as n — oo.
From this, one immediately obtains

I(up) =c+o0(1), (I'(up),un) =o(1), (3.3)
with o(1) — 0 as n — oco. Which is equivalent to

! F(2, un(2)) Fy, un(y)) _
[ 209+ @ o — 5 [ [ T ) gy c+((;<2

and
— | T 0V + Dl ) i
/ / Bl @) 71y ) iny) drdy =o(1). (3.5)

Ix —yln

Applying H(¢)(ii) to (3.5) gives
Cm </ (@ V) [Vt + B[] 11 ]?) dm)
Q
/ / (@, un ()1 (Y, un(y))n(y) dx dy < o(1). (3.6)

Iw —yln

Multiplying (3.4) by m and adding it to (3.6), we obtain

//F(x,un(w)) (f(y, un(y))un(y) — BF(y, un(y)))

|z — y|~

drdy < c+o(l). (3.7)

Using H(f)(iii) and (3.7) shows that there exist 8; € (0, 5p) and a positive
constant Cq such that

yl”

So, we have

51/ / : unlx —;|uy My < e+ 1) 4+ 0(1) < 1 (39)
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By H(f)(i) and (3.9), it follows that

Iw - yl“
(Jun (@) + fun(@)17) (Jun )1 + [ (1))
< (9 // o=y dx dy
(un (@), un ()P + | (un (@), un ())1%)°
SCQ/Q/Q |z —yl~ drdy
(1 (n (@), un ()P + |(un (), un(y))*7)
</, T
| [ (02 0 ()P + V@) ) P)
* | @ myi<1 |z —y|*
(1 (@), wn @) + | (), un())1*)
" /(Un(x)vw(y))lzl |I’ - y|# & dy
[t (), ()"
< C4+C5/ |>1 2z — g dx dy

M
L< M, (3.10)
A

< Cy+Cy // ‘ Un@) un D" 3 < 04+ oM
\af - y\“
It follows from (3.4), (3.10) and Lemma 2.1 that

e / B (Jun) +q><|un|>yun|2dx

Pz, un(2)) F(y, ua(y))
// ya;_y|u drdy +c+o(1) < Mz, (3.11)

Consequently, the sequence {u,} is bounded in I/VO1 ’CI)(Q). The Banach space
Wol’q)(Q) is reflexive. Thus, there exists u € Wol’q’(ﬂ) such that, passing to a

subsequence still denoted by {u,}, and by the Sobolev embedding theorem, it
follows that

Up — U in W&’Q(Q),
Up —> U in LP*(Q), L?(2) and, Lg(Q),
Up () = u(x) a.e. in Q.

Let v, = u, — u. From condition H(f)(i), the boundedness of {F(-,un(-))},
Proposition 1.2, and Hoélder’s inequality, it follows that

$ Un y,un(y))v
Iﬂf —yl~

< 1| F (@, un (@) 2o(c [( / un!psd:::) ’ ( / |vn\mdx>”
9]

[ig

n(®) 4 dy‘
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g=1 1
q q
+ </ |y, |78 dx) (/ |vn|qsdx>
Q Q
<C (p—1)s s (g—1)s s 0
< Co ([ G 28 o lm ) + Nl 55 0l gy ) =
as n — +00. Then
ngrfoo(K (un),vn) = 0.
In the same way, since u,, — u in WO1 "P(Q), we obtain
lim (K (), 1) = 0.
Therefore,
ngrfoo<K (un) — K (uw),vy,) = 0.
Moreover, by (3.2), we also have
HEIEOO(I (un) — I (u),v,) =0. (3.12)
Combining (3.2) and (3.12), it follows that
lim |u, —ul|| =0. (3.13)

n—-+o00

We now prove the existence of two nontrivial smooth solutions of problem
(1.1), one positive and the other negative, by introducing the positive and nega-

tive truncations of f(z,-). More precisely, for every ¢ € R, we define

¢* = max{£¢, 0},
fe(z,0) = f(z,£¢F), (,¢) € QxR

For u € VVO1 ’Q(Q), we define the positive and negative parts by
ut = u()E.
Then, u* € Wol’q)(Q), and we have
u=u"—u", |ul=u"+u".

We also define ;
Fele,Q)i= [ falwr)ar.
0

(3.14)

(3.15)

So, we consider the C'-functionals I : WO1 ?(Q) — R, defined for every u €

Wy ®(Q), by

I (u) ::/Q(ID(]VuDdx;/Q/QFi(x’ufx)_)Fi(y’u(y)) dz dy.

xr—ylr

(3.16)
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Lemma 3.2. We have I € C’l(WOI’q)(Q),R) and the following holds:

(i) Ifuce W&’CD(Q) is a critical point of I, then £u(x) > 0 a.e. in Q and u is
a critical point of I.
(ii) The function u =0 is a local minimizer of both I+ and I.

(iii) If hypotheses H(f) and H(¢p) hold, then the functionals I+ satisfy the Cerami
condition.

Proof. We consider I, noting that the argument for /_ is analogous. By
hypothesis H(f)(i), we have f(x,0) = 0 a.e. in , so the mapping (z,t) —
f(x,t") is Carathéodory and satisfies a growth condition analogous to H(f)(ii).
Consequently, I, € Cl(WOl’q)(Q) R) with derivative given for all u,v € VVO1 *(Q)
by

/

(w.0) = [ (19u) TS0+ o(fuluo da
//F z, ut (z))f (y, u™ (y))v(y) d dy
E |

—ylr

To prove (i), let u € W&’@(Q) be a critical point of I.. We test the derivative
of I, with v = —u~ € W) "*(Q) yielding

/

(7. =u) = = [ S(Tu)TuTu + o(fulu do
// Fla, ut @) Fy v @)u™() 500 g
ST |

Since f(y,u™ (y))u~ = 0 a.e. in £, this simplifies to

[ 19 DT + 6 de =0,
The properties of ¢ and Lemma 2.1, then implying v~ = 0 a.e. in €2, show that
u is nonnegative a.e. Therefore u is a critical point of I.

To establish (ii), let u € VV0 ®(Q). By hypothesis H(f)(i), Proposition 1.2
and the continuous embeddings VVO1 ®(Q) < L*5(Q) for k = p,q, we have

/ F(z, u|x7yw u(y)) dl,dy‘

< CULFI- 0 < o [ (" +ufe) )

< Cy (1l Py + lulFhey ) < Co (ull? + lul?) . (317)

where C1,C9,C3,Cy > 0 are constants independent of uw. From Lemma 2.1, it
follows that for any u € Wol’q)(Q) with ||ul| < p < 1 we have

Io(u) = / &(|Vul) + (Jul) 33// “+|x_y‘(g’ W) g gy
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> Csmin { ull", jul™ } = C1/2 (Jul® + ul]?)
> Crlull™ = Co (Ilul? + [lul™) (3.18)

where C; > 0,7 =1,2,..., are constants independent of u. For a sufficiently small
€ (0,1), noting that 2p,2q > m, we have

Ii(u) >0 for all u such that ||ul| < p. (3.19)
Hence, v = 0 is a local minimizer of 1. O
Define U = {u e WhP(Q) : |Jul| = 1} .

Proposition 3.3. Assume that conditions H(f) and H(¢) hold, and let u €
U. Then
t£+moo I(tu) = —oc0 and t£+moo Ii(tu) = —o0.
Proof. We consider I, noting that the argument for I is analogous. Let u €
U. By hypothesis H(f)(iii), there exist C1,Co > 0 such that

F(z,z) > Ci|z|2 = Cy for a.a. 2 € Q, and all z € R.

Since v > m, then K(|u|2) < co and L(u) == [, [, ‘U(Tm)pyffdy < 0o. Therefore,
1 F F
I(tu) = / B(|Vtul) + d(|tu]) dz — / / (”’t“fj)_) y?g’t“(y» dx dy
)7 |u(y)|? dady

< 616 ull) + () — o [ [ OO0

—|—2C’3t2//’u 2dacdy // dz dy
|z —y|# qlr =yl

< tm( + Scp C5t”K(\u] ) + 2C’3t2]L(u) — C4K<1) — —00,

. [Vul
as t — 400, and Sp = inf, 10 )\ 0y Tully )

Consider the sets
Ay ={ueKr:u>0u#0} and A_ ={ue K;:u<0, u##0},
where K = {u € Wol’q)(Q) Yo € Wol’q)(Q) (I' (u),v) = 0}.

Theorem 3.4. Assume that hypotheses H(f) and H(¢) hold. Then problem
(1.1) possesses at least two distinct nontrivial smooth solutions of constant sign,
namely ug € Ay and uyp € A_.

Proof. From Lemma 3.2(ii), there exists a small number v € (0,1) such that

u o Hlul|l=y
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Moreover, for any u € W(}’@(Q)\{O}, Lemma 3.3 yields limy_, oo Iy (tu) = —o0.
Consequently, there exists ¢t > 0 large enough such that

Le(tu) < 1 (0) =0 <ty [ftull > ns (3.21)

From (3.20) and (3.21), together with the fact that the functional I satisfies
the Cerami condition (see Lemma 3.2(iii)), we can apply the Mountain Pass
Theorem 2.2. Hence, there exists ug € I/VO1 7 (£2) such that

up is a critical point of I+ and I4(ug) > n4 > 0. (3.22)
Moreover, by Lemma 3.2(i) and (3.22), it follows that
ug is a nontrivial critical point of I, with ug > 0 and ug # 0. (3.23)

Therefore, uy € Ay. By an analogous argument as that applied to I_, we obtain
another constant-sign smooth solution vy € A_. O
4. Three weak solutions for problem (1.1) via Morse theory

4.1. Computation of critical groups.

Proposition 4.1. Under the assumptions H(f) and H(¢), it follows that
Cr(I,0) =0 and Cip(ly,00)=0, keN.

Proof. We prove the result for I, the case for I is analogues. Since I satisfies
the Cerami condition (see [13]), we can compute Cy (I, 00).
There exists 7 > 0 with m < 2p,2q < 7 < [* such that

o P t)fy,2)z — %F(x, t)F(y, 2)
lim inf
|(t,2) | —++00 (¢, 2)|"

> Bo uniformly for a.a. (z,y) € QxQ.

Define

A=K(1)__max |F(w,u)f(y,u)u— 2 F (@) F(y,u)| +1
QxQx[—M,M] 2

and choose L4
v < min{ inf I(u),_} .

flull<1 m

Fix u € U. By Proposition 3.3, there exists top > 1 with I(tu) < ~ for all ¢t > tg.
By H(f)(iii), there exist 51 € (0, 5p) and M > 0 such that

Fle.t)f(y.2)z = 5 F(@,)F(y,2) 2 Bil(t,2)]" (4.1)

for a.a. (z,y) € Q x Q and all |(¢,z)| > M, where m < 2p,2q < 7 < [*.
Combining (4.1) with H(¢)(ii), we deduce

t%[(tu) I (tu), ) = (I (), tu) = /Q¢>(|va)|vw|2 + o(Jtu])|tul? de
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m// (z, tu‘m_y‘g,tu( de dy+// (z, tu|x_y|g,tu(y)) d dy
// (z,tu(x)) f(y, tu(y))tu(y )dacdy

!w —y|#
<m (/ (\wu\)yvm\? + @(]tu!)tuzd:c) m/ / (=, tu’(x)j];%’tu(y))dmdy
// F(, tu(@)) F(y, tu(y)) — F(z, tu(@)) f (y, tu(y))uly) ,
|z — y|~ Y
< mli(tu)
// 5 F(z, tu(z)) F(y, tu(y)) —F(%tU(ﬂf))f(yth(y))U(y)dxdy
|z —y|»
< mli(tu)
+/ 5 (z, tu(z))F(y, tu(y)) —F(%W(fﬂ))f(y,tU(y))U(y)dxdy
|(tu(a) tu(y))| <M |z —yl#
+/ 5 F (x, tu(x))F(y, tu(y)) —F(:r,tU(w))f(y,tu(y))u(y)dxdy
|(tu(z) tu(y))| >M |z — y[~
Bil(tu(z), tu(y))|”
m A—-1-— dx d 0.
=t /|<tu<x),tu<y>>zM [z —yl v=
L , dxdy .
<my+A-1-/M /(tu(ac),tu(y))|2M P— dx dy < 0. (4.2)

By the implicit function theorem, there exists a unique function p € C(U) satis-
fying
H(u(wu) =7, weD

Define
1

[l

_ N U w 1,® '
i) = o (5 )+ w € WER@NO)
Then @ € C(Wol’cb(ﬂ)\{O}) and

I(F(uyu) =, ue Wy (Q)\{0}.

If I(u) = 7, we have fi(u) = 1. Define

o i) <,
pilw) = {,u(u) if I(u) > ~. (43)

Clearly, i € C(Wy®(©)\{0}). The homotopy h : [0,1] x Wy (Q)\{0} —
Wol’q)(Q)\{O} can be defined by h(t,u) = (1 —t)u+tu(u)u. Then h is continuous
and

h(0,u) =w, h(l,u)=p(u), wel,
h(t,u) =u, te][0,1], uel.
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Since I7 is a strict deformation retract of VVO1 ’q)(Q)\{O}, it is easy to see that U
is a retract of WO1 ’(D(Q)\{O}, U and I7 are homotopy equivalent. Therefore,

H, (W&"I’(Q),U) — H, (WOL‘I’(Q), ﬂ) , keN,
and, consequently,
C%U}x):fh(wﬁégnio, keN.
As U is an absolute retract of I/VO1 2(Q) (see [22]), it is contractible, and thus
Hkﬁw@@mm)za k€N,

yielding
Ck(I,OO)ZO, ke N.
By analogous arguments, defining
Ei:{UEU:ui#O},
Dy = {u € Wol’q)(Q) s ut £ O},

we obtain

Cr(Iy,00) =0, keN. O

Corollary 4.2. Assume that hypotheses H(f) and H(¢p) hold. Then problem
(1.1) admits at least one nontrivial solution in Wol’q)(Q).

Proof. By Lemma 3.2(ii), we have C(/,0) = 6;0Z. Combining this with

Propositions 2.3, (3.1) and (4.1), it follows that problem (1.1) possesses one

nontrivial solution in I/VO1 2(Q). O

4.2. Proof of Theorem 1.4. It follows from Theorem 3.4 that the problem
admits two distinct nontrivial solutions of constant sign denoted by ug € A4 and
vop € A_. Let 6,7 € R be such that

0 <0=1,(0) << Ii(uo). (4.4)
For convenience, we denote
K[ = {0, uo, 1}0} .

We first claim that K7, = {0,uo}. If u € Kr,, then by Lemma 3.2(i), we
have u > 0, u # 0, and w« is a critical point of I. Consequently, v € K and hence
u = ug. Let 6 and v be such that (4.4) holds and consider the triple of sets

I crcwy®Q) =w. (4.5)
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One can obtain the long exact sequence of homological groups corresponding to
the above triple of sets

Here i, denotes the homomorphism, induced by the inclusion
(w.12) - (w.12),

and 0O, is the boundary map.
Since § < 0, K7, = {0,up}, and in view of (4.4), it follows that we have

H(W,19) = C(I4,00), k€N, (4.7)

and
Hp (W, I]) = Cr (I+,uw), keN. (4.8)

By Proposition 4.1, one has
H,(W,1%) =0, keN. (4.9)

Now, choose v > 0 in such a way that the only critical value of I in the interval
(0,7) is 0. Then

Hy (11, Ii) = C1(I4,0) = 0p_1,0Z = 041 Z, k€N (4.10)
By the exactness of (4.6) and using (4.10), one obtains
H(W, 1)) = Hy (I, 19) = 612, keN.

Hence
Cr(Iy,u0) = 6p1Z, keN.

In a similar way, for a critical point vy of I_, we obtain
Cr(I-,v9) = 0k1Z, keN. (4.11)
Consider now the homotopy
[0,1] x Wy P(Q) = R(t,u) — h(t,u) = (1 —t)I(u) + tI(u). (4.12)
By the homotopy invariance of critical groups, we deduce
Cr(I,ug) = Cp(I+,u0) = 012, keN, (4.13)

and likewise,

Ck(I,'Uo) = Ck(f_,’l)()) = 5k,1Z7 ke N. (4.14)

Furthermore, by Lemma 3.2(ii), the function v = 0 is a local minimizer of I,
and hence
Ck(f, 0) = 5k’0Z, keN, (4.15)
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while Proposition 4.1 gives
Cr(I,00) =0, keN. (4.16)
We denote by
My (I,u) =rank Cx(I,u), keN, ue Ky,
the Morse number of I at a critical point u.
From (4.15), (4.13) and (4.14), we have
My(1,0) =1, Mi(I,up) =1, Mi(I,v) =1,

while all other M (I,u) vanish. Therefore, the alternating sum of the Morse
numbers is

> (=D Mp(Lu) = (1) 1+ (- 1+ (-1)' 1= -1

UEK[
keN

On the other hand, by Proposition 2.3 (Morse inequalities), the contribution at
infinity is zero and, by the Morse relation, the above sum must vanish. This
contradiction shows that I admits at least one additional critical point w € Kj.
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PesynbraTtu kpatHocti B Teopii Mopca a5 piBHAHHS
IMTokapa B mpocropax Opaiua—CoboJsieBa mo3a ixHiMU
Mexkamu ymoBu Ambpocerti—PabiHoBuua

Hamza Serestou, Abdeslam El Yahyai, Elmostafa Bendib, and Mustapha
Khiddi

Mu jocaimKyemMo HeogHOpigHe cynepJiniiine pisusaas [Tlokapa 3 Ag-
orteparopoM y npocropax Opsiga — CobosieBa. Ha Binminy Bin 6isbmrocti
YUHHUX JIOCJJPKeHb, HAIl aHaJi3 He CHUPAEThCA Ha yMOBY AMOpocerTi—
Pab6inosuua. JloBiBim, mio BiAIOBiIHWIT eHepreTUYHU (DYHKI[IOHAT 3810~
BOJIBHSIE YMOBY KOMMIAKTHOCTI Yepami, MU 3aCTOCOBYEMO BapiariiiHi MeTo-
au pa3oM i3 Teopiero Mopca mjst 00YmMCIIeHHsT KpUTUIHUX T'PyI. K Haci-
JIOK, MU JIOBOJIIMO ICHYBaHHS ITIOHAMEHIIIE TPhOX PI3HUX HETPUBIAIBHUX
po3B’a3kiB. Ili pe3yabTaru po3MUPIOOTh KJIACHYIHI TBEP/2KEHHS PO Kpa-
THICTH JJIsT JIOKAJIBHAX eJIIITUIHIX 33/1a49 Ha HEBUNAJKOBUIT (HEJOKAIbHN)
KoHTeKCT piBHAHB [Ilokapa.

KirouoBi csiopa: piBasiausa Illokapa, npoctip Opiiga—Cobosnesa, As-
yMmoBa, Teopis Mopca
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