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A Note on p-Adic Schrodinger Equations
with Nonlocal Potentials
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We consider the p-adic Schréodinger equation id;u = (D*+V (¢))u with a
time-dependent nonlocal potential V defined on the field of p-adic numbers
Qp. We construct a solution u in the space H = L?(Q,) by approximating
it with a sequence of functions that solve analogous equations in finite-
dimensional subspaces En C H.
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1. Introduction

This work concerns problems belonging to the field of p-adic quantum mechan-
ics, which is a branch of p-adic mathematical physics [12,28] initiated in the 1980s
by Volovich [26,27,29,30]. Mathematical physics in a p-adic setting has developed
very rapidly to this day. Let us mention here, for example, works on pseudodiff-
erential operators [14, 35], stochastic processes in the field of p-adic numbers,
the ring of finite adeles, and the complete ring of adeles [1,5-7,22-25, 32, 37],
modelling of hierarchical structures of complex systems [5, 6], some of the recent
papers on the porous medium equation [4, 11], energy landscapes [16, 36], image
processing [33], and on p-adic Laplacian on graphs [9, 10].

Recently, some results have been published on the connections between p-
adic quantum mechanics (analysis of Schrodinger operators) on the one hand
and quantum networks and quantum computing on the other [34,38-40]. Cer-
tain p-adic Schrodinger equations have been identified with continuous limits of
continuous-time quantum walks (CTQWs) [38], including those constructed using
adjacency matrices on graphs [39,40].

All of the facts and examples listed above demonstrate that p-adic quan-
tum mechanics is not only an elegant and mathematically interesting theory, but
also—and perhaps above all—has physical meaning.

In this note, we investigate Schrodinger operators with nonlocal potentials.
Specifically, we consider the Cauchy problem for the Schrédinger equation with a
nonlocal potential over the field of p-adic numbers Q,. Interest in such equations
and operators stems from their utility in simplifying the scattering of a projectile
by a many-body target into a one-particle model.
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Let T > 0 be fixed and let v be a Borel measure on Q. In L*(Q,), we
consider the following Cauchy problem for the Schrodinger equation

iwu(t) = (DY +V(@)u(t), 0<s<t<T,
u(s) = us,

where D, o > 1, is the Vladimirov operator and V is a nonlocal time-dependent
potential of the form

V(t)o(z) = / V(t)(z —y)(o(z) — o(y)) dv(y).
p

The purpose of this note is to construct a solution u to the aforementioned Cauchy
problem by approximating it with a sequence {uy }n>1 of solutions to analogous,
truncated problems in finite-dimensional subspaces FEy. Specifically, we provide
a sequence of Faedo—Galerkin approximations. Each solution to the truncated
equation is expressed as the limit of increasingly long products of unitary evolu-
tion operators Uy (tn,tn—1), where t,_1 < t,.

This representation of the solution corresponds to the generalized Chernoff
formula for evolutions [20, 31], which extends the Trotter product formula for
semigroups [18] to a more general setting.

A key component in the proof of our main result is the existence of an or-
thonormal wavelet basis ¥ = {t;}; of L?(Q,), consisting of eigenfunctions of the
Vladimirov operator D®. This basis was originally constructed by Kozyrev [16].
For a more comprehensive overview of wavelets in p-adic spaces, we refer the
reader to [2,3,8,13].

The work of Kozyrev and Khrennikov [17] characterizes the structure of non-
local potentials, enabling the definition of appropriate finite-dimensional sub-
spaces Fy.

The construction of the sequence {ux} C Ey follows the methodology es-
tablished by Petersen and Vuillermot [19]. Their work concerns a class of non-
autonomous Schrodinger equations which, unlike our current setting, are treated
in the Archimedean context.

Although our proof follows the main steps from [19, Theorem on p. 619],
our final result is fundamentally different because it deals with non-Archimedean
analysis.

Finally, the form of the solutions to the corresponding Cauchy problem fa-
cilitates their use in numerical simulations. The reason is that in our basis, the
operator D¢ is diagonal and V(t) is finite-diagonal, which simplifies the compu-
tation of their operator exponentials.

1.1. Statement of the results
1.1.1. The Vladimirov operator

Definition 1.1 (The Fourier transform). The Fourier transform operator F
is defined by the following integral,

Fo(€) = / ©(Ex)o(z) d.

P
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where x(z) = e?™{#}» is the additive character on Qp and dx denotes the Haar
measure on (Q, normalized so that Z, has measure 1.

Definition 1.2 (The Vladimirov operator). For a function ¢ : @, — C and
«a > 1, define the multiplication operator M, by

Mag(z) = |z[;¢(z).

Let D(Qp) be the Bruhat-Schwartz space of complex-valued functions on Q.
The Vladimirov operator D is defined initially on D(Q,) by the formula

Dp(x) = (F MaF)()- (1.1)
The following construction is due to Kozyrev [15].

Definition 1.3 (L?(Q,)-basis of eigenfunctions). The orthonormal com-
plete basis of eigenfunctions of the Vladimirov operator D% was constructed by
Kozyrev [15].

Let

wvnj (3?) = piv/ij (p’yx - n)u
where x € Qp, v € Z, and

-1
ne@p/Zp7 ’I?,:anpz, nie{oala"'7p_1}7ﬁezf7
i=p

and
V(@) = x(p~ j2)Q(|zlp), i=0,1,...,p—1,

with

1, f <t<1
Q(t):{’ or 0<t<1,

0, fort>1.

We denote the set of all {t)yn;} by V.

Remark 1.4. Note that the support of ¥,;,

supp(Yynj) ={z € Qp | [P’z —nlp <1} ={z € Qp ||z —pnl, <p™7}
is the ball with center a = p~"n and radius r = p~7.

Theorem 1.5 (Kozyrev [15, Theorem 2]). The functions ~,; where v € Z,
n € Qp/Z, and j =0,1,...,p—1, are eigenfunctions of the Viadimirov operator
on Q, with eigenvalues

Ay = p*a(’vfl)

and form a complete system of vectors in the space LQ(Qp).
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1.1.2. The Schrodinger equation. Let T > 0 be fixed. We consider the
following Cauchy problem for the Schrodinger equation

iowu(t) = (DY+V(t)u(t), 0<s<t<T,
u(s) = us (1.2)

defined in a complex Hilbert space H = L? (Qp), where V is a nonlocal potential.

Definition 1.6 (Nonlocal potential [17, p. 210]). By the nonlocal potential
we mean the following operator

Vo(z) = . V(e —y)(¢(z) — ¢(y)) dv(y), (1.3)
D
where v is a Borel measure and V(z — y) is a complex-valued integral kernel such
that V(z) = V(—=z) and V is a locally constant function at x # y. Moreover, V
satisfies the following properties:

(i) The function V is absolutely integrable at infinity; i.e.,
/ V(@) du(z) < +oo0
lz|p>r

for some r > 0.

(ii) The domains where V' is locally constant can be described as follows: on the
spheres of radius R centered at zero, T is constant on the balls of diameter
p R, where k > 1. Thus, in each of these concentric spheres, there are
p¥(1 — p~1) subballs on which V is a constant.

Remark 1.7. We consider the action of these operators in the space Dy(Qp)
of mean zero test functions.

Moreover we will work under the following

Assumption 1.8. The function V : Ry x Q — R is a real-valued bounded
function of the form

V(t,q) = a(t)v(q),
where and a is a bounded and Lipschitz continous function, i.e. there is a constant
C' such that for all t,t' >0

la(t) —a(t)] < Clt —t|. (1.4)

The collection of all balls with positive diameter in Q, is denoted as 7(Q,).
This collection forms a partially ordered set (poset) under the relation of set
inclusion. We can treat this poset as a graph, where each ball is a vertex. In this
graph, an edge exists between two vertices I and J if and only if one ball is the
immediate predecessor (a maximal subball) of the other, ensuring no other ball
exists between them in the inclusion hierarchy.

From now on, we will identify tree 7(Q),) with the set of its vertices. So we
will say that 7(Qp) is a tree, but when we write that I € 7(Q,), we mean that
T(Qp) is a set of vertices. This will not lead to misunderstandings.
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Theorem 1.9 ([17, Corollary 1)). The matriz of the operator V given by
(1.3) in a wavelet basis is finite-diagonal; i.e., its elements are nonzero on a
finite number of main diagonals. Specifically, for wavelets 1y and 1 supported
in balls I and J, respectively, the matriz element (17, Vibr) is nonzero only for
|IJ| < 3k—3 (k is from Definition 1.6), where |I.J| is the distance between I and
J in the tree T(Qp) (the number of edges along the path joining the tree vertices
corresponding to the balls).

Remark 1.10. If £ = 0 (the integration kernel V' is constant on spheres
centered at zero) then it follows from remark after [17, Theorem 1] that the
wavelets are the eigenfunctions of the operator V.

Let £(H) stands for the algebra of all linear bounded operators on H. Under
our assumptions, our Schrodinger operator is an additive perturbation of D% by
a bounded operator V(t) (see Lemma 2.1) there is a unitary evolution system
U(t,s) € L(H),0<s<t<T, onH such that

u(t) = U(t, s)us

solves (1.2) (see, e.g., [18, Ch. 3, Sec. 1, Theorem 1.1]).

1.1.3. The truncated version of (1.2). We denote by O the root of the
tree 7(Qp) which corresponds to the set (ball) of radius 1, i.e. O = Z,,. Let, for
N e NU {0},

Ky = {1 € T(@,) | [01] < N}.

Remark 1.11. Notice that it follows from Remark 1.4 that there is one-to-
one correspondence between vertices I of the tree 7(Q)) and supports of ¢.,; €
. If supp(vynj) = I we will often use the notation 1y = ;.

Using Remark 1.11 we can define, for each N € N, , a finite dimensional
subspace of L?(Q,),

En = {wwnj €Y ’ Supp(%nj) =1, ‘OI| < N}
Now we consider the truncated version of (1.2),

ipun (t) = (DY + Vn(#)un(t), e (0,77,

un(s) = o, (1.5)

where D}, and V y(t) are linear bounded self-adjoint restrictions of D and V (t)
to En(Qp, C), respectively, and uy s stands for the orthogonal projection of w,
onto the subspace En(Qp,C). Clearly, there is an evolution system Un(t,s) €
L(Ey) such that un(t) = Un(t, s)us N

We have the following convergence in L%(Q,):

U(t,s)¢ = lim Un(t,s)on for ¢ € L*(Qp).
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1.1.4. The main theorem. Let
W e(s,h) = (Vn(s + Ch) + V(s + (£ + 1)h)) /2
Point (a) below is the Dyson expansion for the evolution (see [21, Theorem X.69]).

Theorem 1.12. Let h = (t — s)/n.
(a) Define, for every N € Ny, the operators Un(t,s), s,t € [0,T] in the space
En(Qp,C) by the formula (the Dyson expansion)

UN(t, 8) =1y

_Z)k/t dﬁ.../m_ldm (D% + Vn(r1))... (DY + V().

where Iy is the identity operator and 19 = t. Then, each Un(t,s) is unitary
and satisfies

UN(t, t) =1y,
Un(t,s) = Un(t,r)Un(r,s)

for allr,s,t € [0,T]. Moreover, the functions uy : [0,T] = En(Qp, C) given
by

(Y (t) =Un (tv S)US,N
are continuous, once continuously differentiable on (0,T] and satisfy (1.5)
identically, thereby providing a sequence of Faedo—Galerkin approzimations

o (1.2).

Furthermore, for every N € Ny and all s,t € [0,T] with t > s, the following
statements hold:

(b) We have
0
Un(t,s)= ][] exp(—ihD)exp (—ihVy(s+ h)) + On(h)
{=n—1
0
= [] exp(—ihD%)exp (—ihWy (s, h)) + On/(h) (1.6)
l=n—1
as h — 0.
(c) We have
UN(t, 8)

0

. . h?
H exp (—ihD%;) exp (—ihW i ¢(s, h)) exp <2[DN,WN7g(s,h)]>
l=n—1

4+ On (hQ)

0
H exp <—z DN> exp (—igWN,é(S, h)) exp <—ZZD%> + On(h?).



A Note on p-Adic Schrédinger Equations with Nonlocal Potentials 391

2. Proof of Theorem 1.12
2.1. Some lemmas. By Assumption 1.8, V() = a(t)v, where

vo(z) = / oz — ) (6(z) — 6(y)) dv(y).

P

Lemma 2.1. The operator V is bounded on L?(Q,) with operator norm
IVIizesrz < 2|vlly(an)-

Proof. By Minkowski’s integral inequality and triangle inequality

[voll > S/ [o(w)(@(-) = ¢(- = y))l| L2 dv(y)

p

< / ()] 16() — (- — 4) 22 di(y) < 2 /Q OZOIC ..

P

Lemma 2.2. The operator V is symmetric on L*(Qy).

Proof. We write

(g, Vior) = /Qp V() (/@

Expanding the terms inside the integral, we obtain:

(7, Vi) = / /Q V(@ — y)s (@)r (z) du(y) do(z)

P

V(e —y)(r(x) = ¢1(y)) dV(@/)) dv(z).

- / / V(e — )@y de(y)dv().  (2.1)

Since we assumed that the kernel is symmetric, V(z —y) = V(y — x), we rewrite
the above integrals interchanging x and v,

(67, Vi) = / / V(@ — ) ()i (y) dv() dv(y)
/ V(@ — y)s ()i () dv(z) dv(y) (22)

We now sum (2.1) and (2.2) and divide by 2 to maintain the equality,

woven =5 [ [ Ve (6@ s i
— 0s(@)r(y) = (W) ()) dv(e) du(y).

Finally, we get equality

Wy, Vipr) = / / (z — ) (r(x) — 91 (y)) (1 () — $r(y)) dz) du(y)

(2.3)
from which symmetry follows. O



392 Roman Urban

Lemma 2.3. Let [Vy(t)1,5] be the matriz of the operator Vn(t) : Exy — En
in the basis {¢r}rery -
(i) We have VN(t)LJ = a(t)(VN)LJ, 1,J € Ky, where [(VN)LJ] is the matrix
of v in the basis {{r}reky -
(ii) The matriz of the operator V is symmetric, i.e. VN(t)r g =Vn(t) 1.
(iii) For every N € N, there is Cn > 0 such that for all I,J € Kn, |[VN(t)r1,5| <
Cn and ||V (t)||;2—p2 < Cn uniformly in t € [0,T].

Proof. (ii) follows from Lemma 2.2. (i) and (iii) are obvious. O
Immediately from Theorem 1.5 we get the following lemma.

Lemma 2.4. Let [((D%),5] be the matriz of the operator DY, : En — En in
the basis {11} 1eicy - Then there exists cy > 0 such that for all I,J € Ky,

(DX)rg = Ardr,y and DYl < ey
uniformly in t € [0,T].

2.2. Proof of Theorem 1.12. For every ¢ € {0,...,n — 1}, define the
operators

UN7g7n(t,8) = UN(S + (ﬁ + 1)h,8 —I—fh) =1y

o . s+(l+1)h Th—1
+Z(—Z) / dTl/ di(D(]XV—‘rVN(Tl))(D?V—FVN(T]C)) (24)
=1 s+th s+Ch

with 79 = s + (£ + 1)h. Clearly,
0
Un(t.s) = [] Unenlt:s). (2.5)
{=n—1

Lemma 2.5. For alln, N € Ny and all s,t € [0,T] with t > s the following
statements hold:

(a) We have

Unon(t,s) = exp (—ihD%) exp (—ihV § (s + (h)) + On(h?) (2.6)
= exp (—ihDY) exp (—ihW (s, h)) + Oy (h?) (2.7)

as h — 0, uniformly in ¢ € {0,...,n—1}.
(b) We have

. ) h. ~
Un,n(t,s) = exp (—ihD%) exp (—ihW i ¢(s, h)) exp <z2[HO,NWNvg(s, h)])
+ On(R?) (2.8)

= exp (—zZD?{,) exp (—ithW ¢(s, h)) exp (—zZD%) + On(h?) (2.9)

as h — 0, uniformly in ¢ € {0,...,n—1}.
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Proof. We split (2.4) as

s+(l+1)h
Unin(ts) =Ty — i / a7 (DY) + Vi (n)) + Ul enltis),  (2.10)
s+¢th
where
UJ/V,E,n(t7 8)
o N s+(0+1) Th—1
= (—1) / dTl.../ dry(DY + VN(71)) ... (DY + VN (7r)).
s s+Lh s+th

By Lemma 2.3 and Lemma 2.4,

IUN 2.0 (t: )22

0 S—‘r(f—‘rl)h Tk—1 k

-y / ar ... / ar JTUDS e + [V (7))
5 s+th stth o)

=> ;7 (2en)F = On (h?) (2.11)
k=2

as h — 0. From (2.10), (2.11) we get

Unen(t,s) — exp (—ihD%) exp (—ihV n (s + (h))
= Unyn(t,s) — (In — ih(D% + V(s + £h)) + On(h?))

+(+1)h
_ / dr(Va(s + 0h) — Va(r) +On(h2)  (2.12)
s+¢lh

=Z(h)
as h — 0. Now we estimate Z(h),
(t+1)h
IZ(A) |22 S/ dr|[Vn(s +h) = V(s + 7) |22
Lh
(t+1)h
<ON Z / dT‘VN(Sﬂ-fh)KL—VN(Sﬂ-T)KL’
K,LEKN
By Lemma 2.3, [Vn(s + (h)k — VN(s+ T)k.n| = |[Vk.Ll|la(s + Ch)—a(s + 7).
Thus, by the Lipschitz continuity of a,
(¢+1)h
IZ(h)ll sz < On(1) |VK,L|/ dr|th — 7| < On(1)R%. (2.13)
K,LeKy th

Now, equation (2.6) follows from (2.12) and (2.13).
In order to show (2.7) we replace V(s +¢h) by Wy (s, h) in (2.12) and get

Unen(t,s) —exp (—ihD%) exp (—ihW ¢(s, b))
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s+(l+1)h

—i / A (Wi o(s,h) — V() 0N (R2).  (2.14)
s+Lh

=J(h)
Similarly to the previous case we write

1T (W) l2yee < ON(1) D

K,LeKn

=0n(1) > [|viLl

K,LeKn

(¢+1)h
/ dT(WN,Z,m,m’(Sy h) - VN,m,m’(S + T))
Lh

A (¢+1)h
Q(a(s+€h)+a(s+(E—Fl)h))—/m dra(s+7)] .

By the trapezoidal rule estimate for integration we get that J(h) = On(h?).
Thus, (2.7) holds.
Now we are going prove (2.8). Exactly in the same way as in [19] we get

2

L a . h* .
Un,en(t,s) —exp (—ihD%) exp (—ihW (s, h)) exp <2[DN, W e(s, h)])
(+1)h
y / (W g(s,h) = V(s + 7))
Lh
=7

(L+1)h T
+/ dr( ?V+VN(5+T))/ Ao (W (s, 1) — V(s + o))
th th

=J

(+1)h
+ /gh ’ dr(t — Eh)(WNj(s, h) = Vn(s+71))(D% + WNvg(S, h))

+ On(h3). (2.15)

The first integral on the right-hand side above is is Oy (h3) since it is 7 (h) from
(2.14). In the same way as J (h) one bound J = O ((7 — ¢h)?®). By Lemma 2.3
and Lemma 2.4 [|[D} + V(s + 7)|[2_p2 < C. Thus,

(t+1)h ((+1)h
T < On) [ drlTlee <On) [ drir — ) = Ox (i)
Llh Lh

uniformly in ¢. Finally, for the third term in (2.15) we use trapezoidal rule as
previously, and get the bound Oy (h?), uniformly in £. Thus, (2.8) is proved. The
proof of (2.9) is the same. O

Proof of Theorem 1.12. For details see [19]. The point (a) is very well known
Dyson formula (see [21, Theorem X.69] for details). So we go to other points.
Let us begin with (1.6). By (2.5), we have

0
Un(t,s) = ][ exp(—ihD%)exp (—ihV (s + (h))
l=n—1
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0
= [ Unin(t,s) - exp(—ihD%)exp (—ihVy(s + Ch)).  (2.16)
l=n—1

Since the operators in the product above are unitary with respect to the £ — ¢2-
norm, from (2.16) and (2.6), we get

0
Un(t,s) — H exp (—ihD%;) exp (—ihV y (s + ¢h))

t=n—-1 22
n—1

< NUn et s) = exp (—ihDR) exp (—ihV (s + L)) o_y o
/=0

=nOn(h?) = On(h)

since the estimates of Lemma 2.5 are all uniform in ¢. The proofs of the remaining
parts of Theorem 1.12 is similar. ]
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Horarka npo p-amu4Hi piBusuHs IlIpeainrepa 3
HEeJIOKAJIbHUMU ITOTEHIIaJIaMu

Roman Urban

Mu posrasimaemo p-agmuane pisastans [Ipeniarepa i0;u = (D* + V(t))u
i3 3aJeKHUM BiJ] YaCy HEJIOKAJIHLHUM IOTEHIaI0oM V, BU3HAUEHUM HA TOJIi
p-agmannx aucesn Q,. Mu Gyayemo poss’szok u y npoctopi H = L3(Q,),
AIPOKCUMYIOYH HOr0 TOC/IITOBHICTIO (DYHKITIH, siKi 33/I0BOJIbHSIIOTH aHAJIOTI-
9HI PIBHSAHHSA Y CKIHYEeHHOBUMIpHUX Mignpoctopax By C H.

KirrowoBi cioBa: oneparop BiaguMuposa, HeTOKAILHUN TTOTEHITIAN, PiB-
ugaunas [{Ipeainrepa, CKIHIEHHOBUMIPHI alrpoOKCAMAITil



	Introduction
	Statement of the results

	Proof of Theorem 1.12
	Some lemmas.
	Proof of Theorem 1.12.


