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The Initial-Boundary Value Problem for the

General Matrix NLS Equation on a Finite

Interval via Fokas Method

Jian Xu and Yixiong Zhang

In this paper, we analyze the initial-boundary value problem for the in-
tegrable general matrix nonlinear Schrödinger (NLS) equation with a 4× 4
Lax pair on a finite interval, utilizing the original Fokas unified transform
method. The generalizations include the defocusing matrix NLS system,
the focusing matrix NLS system and two mixed-sign matrix NLS equations,
which are less explored in the literature. We treat the corresponding 4 ×
4 matrix Lax pair equations as 2 × 2 block matrix problems, performing
spectral analysis on both components of the Lax pair simultaneously. By
analyzing the algebraic connection between the spectral functions associated
with appropriately normalized solutions of the Lax equations, we derive a
“global relation”. This relation is crucial for characterizing the unknown
boundary values in terms of the given data. This approach allows the sys-
tematic investigation of non-linearized boundary conditions and character-
izing the mapping between the Dirichlet and Neumann boundary values. It
is also proved that as the interval length L tends to infinity, the solution
formula for the initial-boundary value problem on a finite interval reduces
to that on the half-line.
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1. Introduction

In 1967, Gardner, Greene, Kruskal, and Miura first proposed the inverse
scattering transform (IST) [22]. They successfully applied it to solve the ini-
tial value problem for the KdV equation by relating it to the one-dimensional
linear Schrödinger equation. Subsequently, the IST was employed to solve nu-
merous integrable nonlinear evolution equations possessing Lax pairs. In the early
1990s, Deift and Zhou [10] developed the IST by introducing a powerful nonlinear
steepest-descent method for the analytical study of long-time asymptotics of the
Cauchy problem for (1+1)-dimensional integrable nonlinear evolution equations,
such as the mKdV and nonlinear Schrödinger (NLS) equations. In the late 1990s,
Fokas [13, 14] further extended this framework by proposing a unified transform
method for studying initial-boundary value problems of linear and nonlinear in-
tegrable equations with Lax pairs. This approach analyzes initial-boundary value
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(IBV) problems by performing spectral analysis on both components of the Lax
pair simultaneously and by utilizing the global relations that connect the result-
ing spectral functions. This differs from the classical IST, which involves spectral
analysis of only one part of the Lax pair. The Fokas method effectively integrates
the key ideas of IST with the framework of the Riemann–Hilbert problem [14,34].

As a novel and effective method, the Fokas method has been applied to study
the initial boundary value problems for linear partial differential equations with
2 × 2 Lax pairs and some integrable nonlinear evolution equations on the half-
line and in finite intervals, such as the NLS equation [13, 18–20, 25], the sine-
Gordon equation [16,33], the KdV equation [17,37], the modified KdV equation
[3–5, 7, 8, 15, 21, 27, 30, 31]. Recently, Lenells [28] further developed the Fokas
method to analyze the IBV problems of integrable nonlinear evolution equations
with 3 × 3 Lax pairs on the half-line. Subsequently, the improved method was
applied to the IBV problems for other integrable nonlinear evolution equations
with 3×3 Lax pairs on the half-line or in finite intervals, such as the Degasperis–
Procesi equation [6,9,29], the Sasa–Satsuma equation [39], the Manakov equation
[2,23,41], and the Ostrovsky–Vakhnenko equation [42]. Yan [43] explored the IBV
problem for an integrable spin-1 Gross–Pitaevskii system with a 4 × 4 Lax pair
on the finite interval by extending the Fokas unified transform approach.

In recent years, based on the research work of Deift and Zhou [10], Guo et
al. [24], and Geng et al. [23] have respectively applied the nonlinear steepest
descent method to a 3 × 3 spectral problem model and studied the long-time
asymptotic behavior of the solution. Fan et al. [40] investigated a derivative
NLS model with a gradient initial value condition and obtained the long-time
asymptotic properties. Wang et al. [38] examined the NLS model under non-
zero boundary value conditions and also obtained the corresponding long-term
asymptotic properties. In addition, Tian et al. [36] analyzed the Gerdjikov–
Ivanov-type derivative nonlinear Schrödinger equation and analyzed the long-time
asymptotics of the solution to its initial-boundary value problem.

In the past two decades, multi-component Bose–Einstein condensates (BECs)
have been a very active field of research. These systems can be analyzed within
the framework of mean-field theory, with the static and dynamic properties of
their nonlinear excitations well described by the coupled Gross–Pitaevskii equa-
tions [12, 26, 32, 35], which are a variant of the so-called defocusing vector NLS
equation [1, 11]. For F = 1, spinor BECs can be described by the matrix NLS
equation,

iQt +Qxx − 2vQQ†Q = 02×2. (1.1)

We generalize the above matrix NLS equation, that is,

iQt +Qxx − 2QΣQ†ΩQ = 02×2, (1.2)

where Q = Q(x, t) is a 2 × 2 complex symmetric matrix-valued function and
Q† denotes the Hermitian conjugate of Q. For any 2 × 2 Hermitian matrix Σ
and Ω, equation (1.2) is integrable. The latter can be chosen in the standard
form without loss of generality, that is, the diagonal and off-diagonal terms are
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equal to 0 or ±1. Since we are interested in a fully coupled system rather than
a triangular system, we assume that Σ and Ω are 2 × 2 diagonal matrices with
elements ±1. Let Σ = diag(σ11, σ22), Ω = diag(ω11, ω22), and let σ2

11 = σ2
22 =

ω2
11 = ω2

22 = 1. The compatibility requirement for the off-diagonal terms in the
system (1.2) is σ11ω22 = σ22ω11.

Case 1:
Σ = Ω = I2

(or equivalently, Σ = Ω = −I2), which yields:
i∂tq1 + ∂2

xq1 − 2q1

[
|q1|2 + 2|q0|2

]
− 2q2

0q
∗
−1 = 0,

i∂tq−1 + ∂2
xq−1 − 2q−1

[
|q−1|2 + 2|q0|2

]
− 2q2

0q
∗
1 = 0,

i∂tq0 + ∂2
xq0 − 2q0

[
|q1|2 + |q0|2 + |q−1|2

]
− 2q1q

∗
0q−1 = 0,

which is a matrix NLS system of defocusing type.
Case 2:

Σ = −Ω = I2

(or equivalently, Ω = −Σ = I2), which yields:
i∂tq1 + ∂2

xq1 + 2q1

[
|q1|2 + 2|q0|2

]
+ 2q2

0q
∗
−1 = 0,

i∂tq−1 + ∂2
xq−1 + 2q−1

[
|q−1|2 + 2|q0|2

]
+ 2q2

0q
∗
1 = 0,

i∂tq0 + ∂2
xq0 + 2q0

[
|q1|2 + |q0|2 + |q−1|2

]
+ 2q1q

∗
0q−1 = 0,

which is a matrix NLS system of focusing type.
Case 3:

Σ = Ω = σ3

(or equivalently, Σ = Ω = −σ3), which yields:
i∂tq1 + ∂2

xq1 − 2q1

[
|q1|2 − 2|q0|2

]
− 2q2

0q
∗
−1 = 0,

i∂tq−1 + ∂2
xq−1 − 2q−1

[
|q−1|2 − 2|q0|2

]
− 2q2

0q
∗
1 = 0,

i∂tq0 + ∂2
xq0 − 2q0

[
|q1|2 − |q0|2 + |q−1|2

]
+ 2q1q

∗
0q−1 = 0.

Case 4:
Σ = −Ω = σ3

(or equivalently, Σ = −Ω = σ3), which yields:
i∂tq1 + ∂2

xq1 + 2q1

[
|q1|2 − 2|q0|2

]
+ 2q2

0q
∗
−1 = 0,

i∂tq−1 + ∂2
xq−1 + 2q−1

[
|q−1|2 − 2|q0|2

]
+ 2q2

0q
∗
1 = 0,

i∂tq0 + ∂2
xq0 + 2q0

[
|q1|2 − |q0|2 + |q−1|2

]
− 2q1q

∗
0q−1 = 0.

Let Σ̃ = diag(1, β), Ω̃ = diag(α, αβ) (α2 = β2 = 1), then the equations can
be written as

i∂tq1 + ∂2
xq1 − 2αq1

[
|q1|2 + 2β|q0|2

]
− 2αq2

0q
∗
−1 = 0,

i∂tq−1 + ∂2
xq−1 − 2αq−1

[
|q−1|2 + 2β|q0|2

]
− 2αq2

0q
∗
1 = 0,

i∂tq0 + ∂2
xq0 − 2αq0

[
|q1|2 + β|q0|2 + |q−1|2

]
− 2αβq1q

∗
0q−1 = 0

(1.3)
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with the IBV condition

Initial data:

qj(x, 0) = q0j(x), 0 < x < L,

Dirichlet boundary conditions:

qj(0, t) = f0j(t), qj(L, t) = g0j(t), 0 < t < T,

Neumann boundary conditions:

qjx(0, t) = f1j(t), qjx(L, t) = g1j(t), 0 < t < T,

for j = 1, 0,−1 in the finite region,

Ω̄ = {(x, t) | x ∈ [0, L], t ∈ [0, T ]}. (1.4)

If L > 0 and T > 0 are fixed finite length and time, then the initial data q0j(x),
j = 1, 0,−1, and the boundary data f0j(t), f1j(t), j = 1, 0,−1, are sufficiently
smooth and compatible at the point (x, t) = (0, 0). Among them, the initial data
q0j(x), j = 1, 0,−1, and the boundary data fsj(t), gsj(t), s = 0, 1, j = 1, 0,−1, are
respectively sufficiently smooth and compatible at the points (x, t) = (0, 0), (L, 0).

The IBV condition is written in matrix form as follows:

Initial data:

Q(x, 0) = Q0(x), 0 < x < L,

Dirichlet boundary conditions:

F (0, t) = F0(t), G(L, t) = G0(t), 0 < t < T,

Neumann boundary conditions:

Fx(0, t) = F1(t), Gx(L, t) = G1(t), 0 < t < T.

(1.5)

This paper focuses on the IBV problem for the four cases mentioned above
by employing the Fokas method. This method was previously applied to scalar
integrable NLS equations with a 2×2 Lax pair defined on a finite interval in [19].
Although the authors of [43] investigated the same problem for the integrable
spin-1 Gross–Pitaevskii equations, several distinctions exist between their work
and the present paper. First, the equations studied in [43] correspond to Cases 1
and 2 in this paper, namely the focusing and defocusing matrix NLS equations.
In contrast, we additionally address Cases 3 and 4, i.e., the mixed-sign matrix
NLS equations. Second, we decompose the 4 × 4 matrix into 2 × 2 block form
and then proceed within the framework of the original Fokas unified transform
method, which constitutes a distinct strategy from that adopted in [43]. Finally,
via analysis of the global relations, we examine nonlinear boundary conditions,
construct the mapping between Dirichlet and Neumann boundary data, derive a
full characterization of such data, and further represent the spectral functions as
solutions to a system of nonlinear integral equations jointly constrained by the
prescribed initial and boundary data.

The remainder of this paper is structured as follows. In Section 2, we intro-
duce the 4 × 4 Lax pair associated with equation (1.3) and conduct its spectral
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analysis, including eigenfunctions, jump matrices and global relations, and ex-
hibit the associated 4 × 4 matrix RH problem. Section 3 demonstrates how the
global relations induce the mapping between Dirichlet and Neumann boundary
values. In particular, the formulas derived for finite-interval boundary value prob-
lems reduce to those defined on the half-line as the interval length approaches
infinity.

2. A Riemann–Hilbert problem formulation

2.1. The general matrix NLS equation and its Lax pair. As is well-
known, the matrix NLS equation corresponds to the compatibility condition as-
sociated with the Lax pair of the potential matrix Q(x, t). Consequently, the
integrable system (1.3) admits the following 4× 4 Lax pair:{

ψx + ikσ4ψ = U(x, t)ψ,

ψt + 2ik2σ4ψ = V (x, t, k)ψ,
(2.1)

where ψ ≡ ψ(x, t, k) is a 4 × 4 matrix-valued function, k ∈ C is a spectral
parameter, and

U(x, t) =

(
02×2 Q
R 02×2

)
, σ4 =

(
I2 02×2

02×2 −I2

)
,

V (x, t, k) = 2kU(x, t) + iσ4(Ux − U2)

=

(
iQR 2kQ+ iQx

2kR− iRx iRQ

)
, (2.2)

where

Q(x, t) =

(
q1(x, t) q0(x, t)
q0(x, t) q−1(x, t)

)
, R = Σ̃Q†Ω̃ =

(
αq1(x, t) αβq0(x, t)
αβq0(x, t) αq−1(x, t)

)
. (2.3)

We introduce the new eigenfunction µ(x, t, k) defined by

µ(x, t, k) = ψ(x, t, k)ei(kx+2k2t)σ4 . (2.4)

Then the Lax pair (2.1) can be expressed as:{
µx + ik[σ4, µ] = U(x, t)µ,

µt + 2ik2[σ4, µ] = V (x, t, k)µ.
(2.5)

Denote σ̂4µ = [σ4, µ] = σ4µ− µσ4. It is known that eσ̂4µ = eσ4µe−σ4 . Then the
Lax pair (2.5) can be written in the total derivative form:

d
[
ei(kx+2k2t)σ̂4µ(x, t, k)

]
= W (x, t, k), (2.6)

where W (x, t, k) is explicitly defined as follows:

W (x, t, k) = ei(kx+2k2t)σ̂4 [U(x, t)µ(x, t, k)dx+ V (x, t, k)µ(x, t, k)dt]. (2.7)
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Fig. 2.1: The contours γj (j = 1, 2, 3, 4) exhibited in the finite region Ω̄.

2.2. Eigenfunctions and their relations. For any point (x, t) ∈ Ω̄ =
{(x, t) | x ∈ [0, L], t ∈ [0, T ]}, we introduce a family of contours {γj}41. Each γj
links one vertex of the rectangular domain Ω̄, namely (0, T ), (0, 0), (L, 0), (L, T ),
to the interior point (x, t) (see Fig. 2.1). Then for all (ξ, τ) ∈ γj , j = 1, 2, 3, 4,
the following identities along these contours are satisfied:

γ1 : x− ξ ≥ 0, t− τ ≤ 0,

γ2 : x− ξ ≥ 0, t− τ ≥ 0,

γ3 : x− ξ ≤ 0, t− τ ≥ 0,

γ4 : x− ξ ≤ 0, t− τ ≤ 0. (2.8)

We assume the system (1.3) possesses smooth complex-valued solutions qj(x, t)
for j = 1, 0,−1 throughout Ω̄. Based on the Lax pair (2.5), we introduce four
sectionally analytic functions µj(x, t, k) defined on the contour family {γj}41:

µj(x, t, k) = I +

∫
γj

e−i(kx+2k2t)σ̂4Wj(ξ, τ, k)

= I +

∫ (x,t)

(xj ,tj)
e−i(kx+2k2t)σ̂4Wj(ξ, τ, k), j = 1, 2, 3, 4. (2.9)

In terms of the Volterra integral equation (2.9), where I = diag(1, 1, 1, 1), and
the integration is performed along a piecewise smooth curve connecting (xj , tj)
to (x, t). The function Wj(x, t, k) is specified in equation (2.7) by substituting
µj(x, t, k) for µ(x, t, k). As Wj(x, t, k) admits a closed-form expression, µj(x, t, k)
is path-independent. When the integration path is chosen parallel to the x- and
t-axes. Equation (2.9) reduces to the simplified form:

µj(x, t, k) = I +

∫ x

xj

e−ik(x−ξ)σ̂4 (Uµj) (ξ, t, k)dξ

+ e−ik(x−xj)σ̂4

∫ t

tj

e−2ik2(t−τ)σ̂4 (V µj) (xj , τ, k)dτ, j = 1, 2, 3, 4. (2.10)

Equation (2.10) indicates that each of the two columns of µj(x, t, k) involves the
exponential expressions listed below:

[µj(x, t, k)]s : e2i[k(x−ξ)+2k2(t−τ)], s = 1, j = 1, 2, 3, 4, (2.11a)

[µj(x, t, k)]s : e−2i[k(x−ξ)+2k2(t−τ)], s = 2, j = 1, 2, 3, 4. (2.11b)
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Fig. 2.2: The regions {Dj}41 separating the complex k-plane.

To characterize the boundedness domains of the eigenfunctions {µj(x, t, k)}41,
we introduce the curve K = {k ∈ C | (<f(k))(<g(k)) = 0, f(k) = ik, g(k) = ik2},
which separates the complex k-plane into four distinct regions (see Fig. 2.2):

D1 = {k ∈ C|<f(k) < 0 and <g(k) < 0},
D2 = {k ∈ C|<f(k) < 0 and <g(k) > 0},
D3 = {k ∈ C|<f(k) > 0 and <g(k) < 0},
D4 = {k ∈ C|<f(k) > 0 and <g(k) > 0}. (2.12)

This indicates that D1 and D3 (D2 and D4) are symmetric about the origin of
the complex k-plane.

Therefore, from equations (2.8), (2.11), and (2.12), the regions where the
different columns of eigenfunctions µj(x, t, k) are bounded and analytic on the
complex k-plane are as follows:

µ1(x, t, k) : (f− ∩ g+, f+ ∩ g−) =: (D2, D3),

µ2(x, t, k) : (f− ∩ g−, f+ ∩ g+) =: (D1, D4),

µ3(x, t, k) : (f+ ∩ g−, f− ∩ g+) =: (D3, D2),

µ4(x, t, k) : (f+ ∩ g+, f− ∩ g−) =: (D4, D1), (2.13)

where f+ := <f(k) > 0, f− := <f(k) < 0, g+ := <g(k) > 0, g− := <g(k) < 0.

The eigenfunctions µj(x, t, k) are related to one another via three matrices
s(k), S(k), and SL(k) as follows:

µ3(x, t, k) = µ2(x, t, k)e−i(kx+2k2t)σ̂4s(k), (2.14a)

µ1(x, t, k) = µ2(x, t, k)e−i(kx+2k2t)σ̂4S(k), (2.14b)

µ4(x, t, k) = µ3(x, t, k)e−i[k(x−L)+2k2t]σ̂4SL(k), (2.14c)
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and

µ1(0, T, k) = I, µ2(0, 0, k) = I, µ3(L, 0, k) = I, µ4(L, T, k) = I. (2.15)

Evaluating equation (2.14a) at (x, t) = (0, 0) yields s(k) = µ3(0, 0, k). From
equation (2.14b) evaluated at (x, t) = (0, 0), we have S(k) = µ1(0, 0, k). Evalu-
ating the same equation at (x, t) = (0, T ) gives S(k) = e2ik2T σ̂4µ−1

2 (0, T, k). For
equation (2.14c), evaluation at (x, t) = (L, 0) leads to SL(k) = µ4(L, 0, k), while
evaluation at (x, t) = (L, T ) yields SL(k) = e2ik2T σ̂4µ−1

3 (L, T, k). Evaluating
equations (2.14a) and (2.14c) together, we arrive at the relations below:

µ4(x, t, k) = µ2(x, t, k)e−i(kx+2k2t)σ̂4(s(k)eikLσ̂4SL(k))

= µ2(x, t, k)e−i(kx+2k2t)σ̂4S(k), (2.16)

where

S(k) = s(k)eikLσ̂4SL(k). (2.17)

From the above, we conclude that

S(k) = µ1(0, 0, k) = e2ik2T σ̂4µ−1
2 (0, T, k), (2.18a)

s(k) = µ3(0, 0, k) = eikLσ̂4µ−1
2 (L, 0, k), (2.18b)

SL(k) = µ4(L, 0, k) = e2ik2T σ̂4µ−1
3 (L, T, k), (2.18c)

S(k) = µ4(0, 0, k) = ei(kL+2k2T )σ̂4µ−1
2 (L, T, k). (2.18d)

These matrices satisfy certain symmetry properties, so they can be expressed as

s(k) =

(
s22(k) s12(k)

αs12(k) s22(k)

)
, S(k) =

(
S22(k) S12(k)

αS12(k) S22(k)

)
,

SL(k) =

(
SL22(k) SL12(k)

αSL12(k) SL22(k)

)
, S(k) =

(
S22(k) S12(k)

αS12(k) S22(k)

)
. (2.19)

From the properties of µj(x, t, k), it is known that the functions S(k), s(k), SL(k),
and S(k) have the following boundedness:

S(k) is bounded for k ∈ (D2 ∪D4, D1 ∪D3),

s(k) is bounded for k ∈ (D3 ∪D4, D1 ∪D2),

SL(k) is bounded for k ∈ (D2 ∪D4, D1 ∪D3),

S(k) is bounded for k ∈ (D4, D1). (2.20)

2.3. The global relation. Based on the definitions of the spectral functions
s(k), S(k), SL(k), and S(k) introduced above, one can readily see their mutual
connections. Combining equations (2.14) with equation (2.16), we obtain the
following relations:

µ4(x, t, k) = µ2(x, t, k)e−i(kx+2k2t)σ̂4S(k)
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= µ2(x, t, k)e−i(kx+2k2t)σ̂4
[
s(k)eikLσ̂4SL(k)

]
= µ1(x, t, k)e−i(kx+2k2t)σ̂4

[
S−1(k)s(k)eikLσ̂4SL(k)

]
. (2.21)

Evaluating equation (2.16) at (x, t) = (0, T ) and substituting µ1(0, T, k) = I,
we obtain the global relation

c(T, k) = e−2ik2T σ̂4
[
S−1(k)s(k)eikLσ̂4SL(k)

]
. (2.22)

where c(T, k) = µ4(0, T, k).
This relation plays a vital role in expressing the unknown boundary values via

the prescribed boundary and initial data. Using this method, we can systemat-
ically analyze nonlinear boundary conditions and describe the mapping relation
between Dirichlet and Neumann boundary data in Section 4.

2.4. Symmetry of eigenfunctions. Let

Ũ(x, t, k) = −ikσ4 + U(x, t, k), Ṽ (x, t, k) = −2ik2σ4 + V (x, t, k), (2.23)

since

P±Ũ
†(x, t, k̄)P± = −Ũ(x, t, k), P±Ṽ

†(x, t, k̄)P± = −Ṽ (x, t, k), (2.24)

where

P± =

(
±Σ̃ 0

0 ∓Ω̃

)
, P 2

± = I. (2.25)

Proposition 2.1. The eigenfunction ψ(x, t, k) of the Lax pair (2.1) and
µj(x, t, k) of the Lax pair (2.5) both possess the same symmetry relation

ψ−1(x, t, k) = P±ψ
†(x, t, k̄)P±,

µ−1
j (x, t, k) = P±µ

†
j(x, t, k̄)P±, j = 1, 2, 3, 4. (2.26)

Moreover, in the domains where µj is bounded, we have

µj(x, t, k) = I +O

(
1

k

)
as k →∞, j = 1, 2, 3, 4, (2.27)

and
det[µj(x, t, k)] = 1, j = 1, 2, 3, 4, (2.28)

since the traces of the matrices U(x, t) and V (x, t, k) are zero.

2.5. The jump conditions. Let M(x, t, k) be defined by

M+ =
(
[µ2]1, [µ4]1S−1

22 (k)
)
, arg k ∈

[
0,
π

2

]
,

M− =
(

[µ1]2d−1(k̄) [µ3]2s
−1
22 (k)

)
, arg k ∈

[π
2
, π
]
,

M+ =
(

[µ3]3s
−1
22 (k̄), [µ1]3d

−1(k)
)
, arg k ∈

[
π,

3π

2

]
,
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M− =
(

[µ4]4S−1
22 (k̄), [µ2]4

)
, arg k ∈

[
3π

2
, 2π

]
. (2.29)

where the matrices d(k) and S(k) are defined in (2.35) and (2.36). These defini-
tions imply

detM(x, t, k) = 1. (2.30)

and

M(x, t, k) = I +O

(
1

k

)
as k →∞. (2.31)

Proposition 2.2. Let M(x, t, k) be defined by equations (2.29), where
µj(x, t, k) are defined by equations (2.10). Then M satisfies the jump condition

M−(x, t, k) = M+(x, t, k)J(x, t, k), k ∈ R ∪ iR, (2.32)

where the 4× 4 block matrix J is defined by

J =



J2, arg k = 0,

J1, arg k =
π

2
,

J4 ≡ J3J
−1
2 J1, arg k = π,

J3, arg k =
3π

2
,

(2.33)

and

J1 =

(
I2 − αγ(k)S12(k̄)d−1(k̄) −γ(k)e−2iθ

αS12(k̄) · d−1(k̄)e2iθ I2

)
,

J2 =

(
I2 − αS12(k)S−1

22 (k)S12(k̄)S−1
22 (k̄) −S12(k)S−1

22 (k)e−2iθ

S12(k̄)S−1
22 (k̄)e2iθ I2

)
,

J3 =

(
I2 − αS12(k)d−1(k)γ(k̄) −S12(k)d−1(k)e−2iθ

αγ(k̄)e2iθ I2

)
(2.34)

for θ(x, t, k) = kx+ 2k2t,

S22(k) = s22(k)SL22(k) + αs12(k̄)SL12(k)e2ikL,

S12(k) = s12(k)SL22(k) + s22(k̄)SL12(k)e2ikL, (2.35)

d(k) = S22(k)− αs12(k̄)s22(k̄)S12(k),

γ(k) = S12(k)S−1
22 (k)− s12s

−1
22 . (2.36)

Proof. Writing equations (2.14a), (2.14b), and (2.16) in vector form, we find

[µ3]3 = [µ2]1s
−1
22 (k̄) + [µ2]4αs12(k̄)e2iθ, (2.37a)

[µ3]2 = [µ2]1s12(k̄)e−2iθ + [µ2]4s22(k), (2.37b)
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[µ1]2 = [µ2]1S
−1
22 (k̄) + [µ2]4αS12(k̄)e2iθ, (2.37c)

[µ1]3 = [µ2]1S12(k̄)e−2iθ + [µ2]4S22(k), (2.37d)

[µ4]4 = [µ2]1S−1
22 (k̄) + [µ2]4αS12(k̄)e2iθ, (2.37e)

[µ4]1 = [µ2]1S12(k̄)e−2iθ + [µ2]4S22(k). (2.37f)

By rearranging equation (2.37f) and substituting it into equation(2.37e), the
jump condition J2 at arg k = 0 can be obtained.

To derive the jump condition J1 at arg k = π
2 , we first eliminate [µ2]4 by using

equations (2.37f) and (2.37c):

[µ1]2 = [µ2]1

(
d(k̄)− αγ(k)S12(k̄)

)
+ [µ4]1αS−1

22 (k)S12(k̄)e2iθ. (2.38)

We then eliminate [µ2]4 by using equation (2.37f) and (2.37b):

[µ3]2 = −[µ2]1γ(k)s22(k)e−2iθ + [µ4]1S−1
22 (k)s22(k). (2.39)

By further utilizing equations (2.38) and (2.39), the jump condition J1 at arg k =
π
2 can be derived.

Finally, from equation (2.37a), we have

[µ2]1 = [µ3]3s
−1
22 (k̄)− [µ2]4αs12(k̄)s−1

22 (k̄)e2iθ. (2.40)

Substituting equation (2.40) into equation (2.37d) yields

[µ2]4 = [µ1]3d
−1(k)− [µ3]3s

−1
22 (k̄)S12(k)d−1(k)e−2iθ. (2.41)

Finally, substitute equations (2.40) and (2.41) into equation (2.37e), we get

[µ4]4 = [µ3]3s
−1
22 (k̄)

(
I2 − αS12(k)d−1(k)γ(k̄)

)
S22(k̄)

+ [µ1]3d
−1(k)γ(k̄)S22(k̄)e2iθ. (2.42)

From equations (2.41) and (2.42), the jump condition J3 at arg k = 3π
2 can be

derived.

2.6. The residue conditions. Let us prove the following proposition.

Proposition 2.3. Let S22(k) and d(k) be the spectral functions defined by
equations (2.35) and (2.36) in Proposition 2.1, and s22(k) be the spectral function
defined by the equation (2.19). Assume that

• |S22(k)| has simple zeros {νj}, arg νj ∈ (0, π2 ), and has no zeros at arg k = 0
and arg k = π

2 ;

• |d(k)| has simple zeros {λj}, arg λj ∈ (π, 3π
2 ), and has no zeros at arg k = π

and arg k = 3π
2 ;

• none of the zeros of |S22(k)| for arg νj ∈ (0, π2 ) coincides with any of the zeros
of |s22(k)|;
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• none of the zeros of |d(k)| for arg λj ∈ (π, 3π
2 ) coincides with any of the zeros

of |s22(k)|.
Let [M ]1 and [M ]2 denote the first and the second column of the matrix M .

Then

Resk=vj [M(x, t, k)]1 = c
(1)
j e−2ivjx−4iv2j t[M(x, t, vj)]2, (2.43a)

Resk=vj [M(x, t, k)]2 = αc
(1)
j e2iv̄jx+4iv̄2j t[M(x, t, vj)]1, (2.43b)

Resk=λj [M(x, t, k)]1 = c
(2)
j e2iλjx+4iλ2j t[M(x, t, λj)]2, (2.43c)

Resk=λj
[M(x, t, k)]2 = αc

(2)
j e−2iλ̄jx−4iλ̄2j t[M(x, t, λj)]1, (2.43d)

where

c
(1)
j =

[s22(vj)S12(vj)− s12(vj)S22(vj)] s
∗
22(vj)

|Ṡ22(vj)||s22(vj)|
,

c
(2)
j =

αs∗22(λj)S12(λ̄j)

|ḋ−1(λ̄j)||s22(λj)|
, (2.44)

and X∗ is the adjoint matrix of matrix X, |X| = det(X) is the determinant of
matrix X, and it holds that XX∗ = X∗X = |X|I2.

Proof. Decompose the jump matrix J1(x, t, k) defined by equation (2.34) as

J1(x, t, k) =

(
I2 −γ(k)e−2iθ

0 I2

)(
I2 0

αS12(k̄)d−1(k̄)e2iθ I2

)
. (2.45)

Using the decomposition (2.45), the jump condition M− = M+J1 becomes the
following:(

[µ1]2d−1(k̄), [µ3]2s
−1
22 (k)

)( I2 0

−αS12(k̄)d−1(k̄)e2iθ I2

)
=
(
[µ2]1, [µ4]1S−1

22 (k)
)(I2 −γ(k)e−2iθ

0 I2

)
. (2.46)

Evaluating the second column of this equation at k = νj , we find that

0 = [µ4]1(vj)S−1
22 (vj)s22(vj)− [µ2]1(vj)

(
s22(vj)S12(vj)S−1

22 (vj)− s22(vj)
)
e2iθ(vj),

(2.47)
where for the convenience of notation we have suppressed the x and t dependence
of [µ2]1, [µ4]1, and θ. Hence,

Resk=vj [M(x, t, k)]1 =
[µ4]1(vj)

|Ṡ22(vj)|

=
[µ2]1(vj) [s22(vj)S12(vj)− s12(vj)S22(vj)] s

∗
22(vj)

|Ṡ22(vj)||s22(vj)|e2iθ(vj)
. (2.48)
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By using [µ2]1(νj) = [M(x, t, νj)]2 we find equation (2.43a).

Similarly, evaluating the first column of equation (2.46) at k = λj , we find

0 = [µ1]2(λj)d−1(λ̄j) + [µ3]2(λj)αs
−1
22 (λj)S12(λ̄j)e

2iθ(λj)d−1(λ̄j). (2.49)

Hence,

Resk=λj [M(x, t, k)]1 =
[µ1]2(λj)

|ḋ−1(λ̄j)|
=

[µ3]2(λj)αs
∗
22(λj)S12(λ̄j)e

2iθ(λj)

|ḋ−1(λ̄j)||s22(λj)|
, (2.50)

which yields (2.43c).

Equations (2.43b) and (2.43d) follow from equations (2.43a) and (2.43c) using
symmetry considerations.

3. Existence under assumption that the global relation is valid

3.1. The spectral functions. The analysis of Section 2 motivates the
following definitions and results for the spectral matrix functions. The relevant
rigorous analysis can be found in [18].

Definition 3.1 (The spectral matrix functions s22(k), s21(k)). Given the
smooth matrix function Q0(x), define the vector φ(x, k) = (φ1, φ2)† as the unique
solution of 

φ1x + 2ikφ1 = Q0(x)φ2,

φ2x = Σ̃Q†0(x)Ω̃φ1, 0 < x < L, k ∈ C,
φ(L, k) = (0, 1)†.

(3.1)

Given φ(x, k), define the matrix functions (s22(k) and s21(k) by

s22(k) = φ2(0, k), s21(k) = φ1(0, k), k ∈ C. (3.2)

Properties of s22(k) and s21(k):

• s22(k), s21(k) are entire matrix functions;

• |s22(k)|
∣∣∣s22(k̄)

∣∣∣− λ |s21(k)|
∣∣∣s21(k̄)

∣∣∣ = 1, k ∈ C;

• s22(k) = I2 +O
(

1+e2ikL

k

)
, s21(k) = O

(
1+e2ikL

k

)
as k →∞.

In particular,

s22(k), s21(k), s22(k̄)e2ikL, s21(k̄)e2ikL are bounded for arg k ∈ [0, π]. (3.3)

We shall also assume that |s22(k)| has at most simple zeros {kj} for Im kj >
0 and has no zeros for Im k = 0.

Remark 3.2. Definition 3.1 gives rise to the map

S : {Q0(x)} → {s22(k), s21(k)}. (3.4a)
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The inverse of this map,

Q : {s22(k), s21(k)} → {Q0(x)} (3.4b)

can be defined as follows:

Q0(x) = 2i lim
k→∞

(kM (x)(x, k))12, (3.5)

where M (x)(x, k) is the unique solution of the following RH problem:

•

M (x)(x, k) =

{
M

(x)
− (x, k), Im k ≤ 0,

M
(x)
+ (x, k), Im k ≥ 0,

is a sectionally meromorphic function with unit determinant;

•
M

(x)
− (x, k) = M

(x)
+ (x, k)J (x)(x, k), k ∈ R,

where

J2 =

(
I2 − αs12(k)s−1

22 (k)s12(k̄)s−1
22 (k̄) −s12(k)s−1

22 (k)e−2ikx

s12(k̄)s−1
22 (k̄)e2ikx I2

)
;

•
M (x)(x, k) = I4 +O

(
1

k

)
as k →∞.

It can be shown (see, for example, [18]) that

S−1 = Q. (3.6)

Definition 3.3 (The spectral functions matrix S22(k), S21(k)). Let

V (0)(t, k) = 2k

(
0 F0(t)

Σ̃F †0 (t)Ω̃ 0

)
− iσ4

(
0 F1(t)

Σ̃F †1 (t)Ω̃ 0

)
− iσ4

(
0 F0(t)

Σ̃F †0 (t)Ω̃ 0

)2

. (3.7)

Given the smooth functions G0(t), G1(t), define the vector Φ(t, k) = (Φ1,Φ2)† as
the unique solution of

Φ1t + 4ik2Φ1 = V
(0)

11 Φ1 + V
(0)

12 Φ2,

Φ2t = V
(0)

21 Φ1 + V
(0)

22 Φ2, 0 < t < T, k ∈ C,
Φ(0, k) = (0, 1)†.

(3.8)

Given Φ(t, k), define the functions S22(k) and S21(k) by

S22(k) = Φ2(T, k̄, S21(k) = −Φ1(T, k)e4ik2T . (3.9)
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Properties of S22(k) and S21(k):

• S22(k), S21(k) are entire matrix functions;

• |S22(k)|
∣∣∣S22(k̄)

∣∣∣− λ |S21(k)|
∣∣∣S21(k̄)

∣∣∣ = 1, k ∈ C;

• S22(k) = I2 +O
(

1+e4ik
2T

k

)
, s21(k) = O

(
1+e4ik

2T

k

)
as k →∞.

In particular,

S22(k), S21(k) are bounded for arg k ∈
[
0,
π

2

]
∪
[

3π

2
, 2π

]
.

We shall also assume that |S22(k)| has at most simple zeros, {Kj}, for argKj ∈(
0, π2

)
∪
(
π, 3π

2

)
and has no zeros for arg k = 0, π2 , π,

3π
2 .

Remark 3.4. Definition 3.3 gives rise to the map

S(0) : {G0(t), G1(t)} → {S22(k), S21(k)}. (3.10a)

The inverse of this map,

Q(0) : {S22(k), S21(k)} → {G0(t), G1(t)} (3.10b)

can be defined as follows:G0(x) = 2i lim
k→∞

(kM (0)(x, k))12,

G1(x) = 4 lim
k→∞
{(k2M (0)(x, k))12 + 2iG0(t)(kM (0)(x, k))22},

(3.11)

where M (0)(x, k) is the unique solution of the following RH problem:

•

M (0)(x, k) =

{
M

(0)
− (x, k), arg k ∈

[
0, π2

]
∪
[
π, 3π

2

]
,

M
(0)
+ (x, k), arg k ∈

[
π
2 , π

]
∪
[

3π
2 , 2π

]
,

is a sectionally meromorphic function with unit determinant;

•
M

(0)
− (x, k) = M

(0)
+ (x, k)J (0)(x, k), k ∈ R ∪ iR,

where

J2 =

(
I2 − αS12(k)S−1

22 (k)S12(k̄)S−1
22 (k̄) −S12(k)S−1

22 (k)e−4ik2x

S12(k̄)S−1
22 (k̄)e4ik2x I2

)
;

•
M (x)(x, k) = I4 +O

(
1 + e2ikL

k

)
as k →∞.

It can be shown (see, for example, [18]), that(
S(0)

)−1
= Q(0). (3.12)
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Definition 3.5 (The spectral matrix functions S22(k), S21(k)). Let Q(L)(t, k)
be defined by an equation similar to (3.7) with F0(t), F1(t) replaced by G0(t),
G1(t). Given the smooth functions G0(t), G1(t), define the vector Ψ(t, k) by
equations similar to (3.8) with Q(0)(t, k) replaced by Q(L)(t, k). Given Ψ(t, k),
define S22(k) and S21(k) by

S22(k) = Ψ2(T, k̄), S21(k) = −Ψ1(T, k)e4ik2T . (3.13)

Properties of S22(k) and S21(k): Identical to those of S22(k), S21(k).

Remark 3.6. Definition 3.5 gives rise to the map

S(L) : {G0(t), G1(t)} → {S22(k), S21(k)}. (3.14a)

The inverse of this map,

Q(L) : {S22(k), S21(k)} → {G0(t), G1(t)} (3.14b)

is defined exactly as in Remark 3.4, using the notation

M (L)(t, k), J (L)(t, k) instead of M (0)(t, k), J (0)(t, k). (3.15)

In analogy with equation (3.12) we find(
S(L)

)−1
= Q(L). (3.16)

3.2. The Riemann–Hilbert problem.

Proposition 3.7. Let Q0(x) be a smooth function. Suppose that the set
of functions F0(t), F1(t), G0(t), and G1(t) is admissible with respect to Q0(x).
Define the spectral functions s22(k), s12(k), S22(k), S12(k), S22(k), and S12(k) in
terms of Q0(x), F0(t), F1(t), G0(t), and G1(t) according to Definitions 3.1, 3.3,
and 3.5. Assume that

• |s(k)| has at most simple zeros at points {kj} for Im kj > 0 and has no zeros
for Im k = 0;

• |S(k)| has at most simple zeros at points {Kj} for argKj ∈
(
0, π2

)
∪
(
π, 3π

2

)
and has no zeros for arg k = 0, π2 , π,

3π
2 ;

• |S22(k)| has at most simple zeros at points {Kj} for argKj ∈
(
0, π2

)
∪
(
π, 3π

2

)
and has no zeros for arg k = 0, π2 , π,

3π
2 ;

• |d(k)| has at most simple zeros at points {λj} for arg λj ∈
(
π
2 , π

)
and has no

zeros for arg k = π
2 and arg k = π;

• none of the zeros of |s(k)| for arg k ∈
(
π
2 , π

)
coincides with a zero of |d(k)|;

• none of the zeros of |d(k)| for arg k ∈
(
π
2 , π

)
coincides with a zero of

∣∣∣S(k̄)
∣∣∣

or a zero of
∣∣∣S(k̄)

∣∣∣.
Define M(x, t, k) as the solution of the following 4× 4 matrix RH problem:
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• M is sectionally meromorphic in C \ (R ∪ iR), and has unit determinant ;

•
M−(x, t, k) = M+(x, t, k)J(x, t, k), k ∈ R ∪ iR. (3.17)

where M is M− for arg k ∈
[
π
2 , π

]
∪
[

3π
2 , 2π

]
, M is M+ for arg k ∈

[
0, π2

]
∪[

π, 3π
2

]
, and J is defined in terms of s22, s12, S22, S12, S22, S12, by equations

(2.33) and (2.34);

•
M(x, t, k) = I4 +O

1

k
as k →∞; (3.18)

• residue conditions (2.43).

Then M(x, t, k) exists and is unique. Define Q(x, t) in terms of M(x, t, k) by

Q(x, t) = 2i lim
k→∞

(kM(x, t, k))12 (3.19)

Then Q(x, t) solves the NLS equation (1.3) with

Q(x, 0) = Q0(x), Q(0, t) = F0(t), Qx(0, t) = F1(t),

Q(L, t) = G0(t), Qx(L, t) = G1(t). (3.20)

4. Nonlinearizable boundary conditions

The main conclusion of this article exhibits the unknown boundary condition
on basis of the prescribed boundary condition and the initial condition in terms
of the solution of a system of nonlinear integral equations.

By evaluating equation (2.16) at the point (x, t) = (0, t) and using t instead
of T in equation (2.18c), we find

c(t, k) = µ2(0, t, k)e−2ik2tσ̂4
[
s(k)eikLσ̂4e2ik2tσ̂4µ−1

3 (L, t, k)
]

= µ2(0, t, k)
[
e−2ik2tσ̂4s(k)

] [
eikLσ̂4µ−1

3 (L, t, k)
]
. (4.1)

Let µ2(0, t, k) = (Φij(t, k))2×2 and µ3(L, t, k) = (Ψij(t, k))2×2. By using symme-
try, equation (4.1) can be expanded as

[c(t, k)]r1 =
(

Φr1(t, k)s11(k) + Φr2(t, k)s21(k)e4ik2t
)(

Σ̃Ψ†11(t, k̄)Σ̃
)

−
(

Φr1(t, k)s12(k)e−4ik2t + Φr2(t, k)s22(k)
)(

Ω̃Ψ†12(t, k̄)Σ̃
)
e−2ikL,

r = 1, 2. (4.2a)

[c(t, k)]r2 =
(

Φr1(t, k)s12(k)e−4ik2t + Φr2(t, k)s22(k)
)(

Ω̃Ψ†22(t, k̄)Ω̃
)

−
(

Φr1(t, k)s11(k) + Φr2(t, k)s21(k)e4ik2t
)(

Σ̃Ψ†21(t, k̄)Ω̃
)
e2ikL,

r = 1, 2. (4.2b)

Thus, the column vectors [c(t, k)]r1 are analytic and bounded in D4 away from

the possible zeros of det(S22(k̄)) and of order O
(

1+e−2ikL

k

)
as k → ∞, and the

column vectors [c(t, k)]r2 are analytic and bounded in D1 away from the possible

zeros of det(S22(k)) and are of order O
(

1+e−2ikL

k

)
as k →∞.
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4.1. The asymptotic behaviors of eigenfunctions. It follows from the
Lax pair (2.5) that the eigenfunctions {µj}41 possess the following asymptotics as
k →∞:

µj(x, t, k) = I +

2∑
l=1

1

kl

(
µ

(l)
j,11 µ

(l)
j,12

µ
(l)
j,21 µ

(l)
j,22

)
+O

(
1

k3

)

= I +
1

k

(∫ (x,t)
(xj ,tj) ∆

(1)
11 − i

2Q

i
2R

∫ (x,t)
(xj ,tj) ∆

(1)
22

)

+
1

k2

(∫ (x,t)
(xj ,tj) ∆

(2)
11 µ

(2)
j,12

µ
(2)
j,21

∫ (x,t)
(xj ,tj) ∆

(2)
22

)
+O

(
1

k3

)
. (4.3)

where we have introduced the following functions:

∆
(1)
11 =

i

2
QRdx+

1

2
(QRx −QxR) dt,

∆
(1)
22 = − i

2
RQdx+

1

2
(RQx −RxQ)dt,

µ
(2)
j,12 =

1

4
Qx −

i

2
Qµ

(1)
j,22 =

1

4
Qx −

i

2
Q

∫ (x,t)

(xj ,tj)
∆

(1)
22 ,

µ
(2)
j,21 =

1

4
Rx +

i

2
Rµ

(1)
j,11 =

1

4
Rx +

i

2
R

∫ (x,t)

(xj ,tj)
∆

(1)
11 ,

∆
(2)
11 =

[
1

4
QRx +

i

2
QRµ

(1)
j,11

]
dx

+

[
i

4
(QxRx −QRQR) +

1

2
(QRx −QxR)µ

(1)
j,11

]
dt

=

[
1

4
QRx +

i

2
QR

∫ (x,t)

(xj ,tj)
∆

(1)
11

]
dx

+

[
i

4
(QxRx −QRQR) +

1

2
(QRx −QxR)

∫ (x,t)

(xj ,tj)
∆

(1)
11

]
dt,

∆
(2)
22 =

[
1

4
QRx +

i

2
QRµ

(1)
j,22

]
dx

+

[
i

4
(QxRx −QRQR) +

1

2
(QRx −QxR)µ

(1)
j,22

]
dt

=

[
1

4
RQx −

i

2
RQ

∫ (x,t)

(xj ,tj)
∆

(1)
22

]
dx

+

[
− i

4
(RxQx −RQRQ) +

1

2
(RQx −RxQ)

∫ (x,t)

(xj ,tj)
∆

(1)
22

]
dt, (4.4)

where the matrix-valued functions {µ(i)
jl = µ

(i)
jl (x, t)}2l=1, i = 1, 2, are independent

of k.



442 Jian Xu and Yixiong Zhang

We introduce the matrix-valued function µ2(0, t, k) = (Φij(t, k))2×2 as follows:

µ2(0, t, k) =

(
Φ11(t) Φ12(t)
Φ21(t) Φ22(t)

)
= I +

2∑
l=1

1

kl

(
Φ

(l)
11 Φ

(l)
12

Φ
(l)
21 Φ

(l)
22

)
+O

(
1

k3

)
. (4.5)

By the asymptotic expansion in equation(4.3) and the boundary data at x = 0,
we find

Φ
(1)
12 = − i

2
F0(t), Φ

(2)
12 =

1

4
F1(t)− i

2
F0(t)Φ

(1)
22 . (4.6)

Thus, we have the Dirichlet–Neumann boundary data at x = 0 by using the
spectral function:

F0(t) = 2iΦ
(1)
12 , F1(t) = 4Φ

(2)
12 + 2iF0(t)Φ

(1)
22 . (4.7)

Similarly, we assume that the asymptotic formula of µ3(L, t, k) = (Ψij(t, k))2×2

is of the form

µ3(L, t, k) =

(
Ψ11(t) Ψ12(t)
Ψ21(t) Ψ22(t)

)
= I +

2∑
l=1

1

kl

(
Ψ

(l)
11 Ψ

(l)
12

Ψ
(l)
21 Ψ

(l)
22

)
+O

(
1

k3

)
. (4.8)

We find
G0(t) = 2iΨ

(1)
12 , G1(t) = 4Ψ

(2)
12 + 2iG0(t)Ψ

(1)
22 . (4.9)

For the vanishing initial values, it follows from equations (4.2) that we have
the following asymptotics of c12(t, k) and c21(t, k).

Proposition 4.1. Let the initial and Dirichlet boundary data be compatible
at points x = 0 and x = L (F (0, 0) = F0(0) at x = 0 and G(L, 0) = G0(0) at x =
L), respectively. Then, the global relation (4.1) in the vanishing initial data case
implies that the large k behaviors of c12(t, k) and c21(t, k) can be given as follows:

c12(t, k) =
Φ

(1)
12

k
+

Φ
(2)
12 + Φ

(1)
12 Ω̃Ψ

†(1)
22 Ω̃

k2
+O

(
1

k3

)
−

[
Σ̃Ψ
†(1)
21 Ω̃

k
+

Σ̃Ψ
†(2)
21 Ω̃ + Φ

(1)
11 Σ̃Ψ

†(1)
21 Ω̃

k2
+O

(
1

k3

)]
e2ikL as k →∞,

(4.10a)

c21(t, k) =
Φ

(1)
21

k
+

Φ
(2)
21 + Φ

(1)
21 Σ̃Ψ

†(1)
11 Σ̃

k2
+O

(
1

k3

)
−

[
Ω̃Ψ
†(1)
12 Σ̃

k
+

Ω̃Ψ
†(2)
12 Σ̃ + Φ

(1)
22 Ω̃Ψ

†(1)
12 Σ̃

k2
+O

(
1

k3

)]
e−2ikL as k →∞.

(4.10b)

Proof. It follows from the global relation (4.1) under the vanishing initial
data that:

[c(t, k)]12 =
(

Φ11(t, k)s12(k)e−4ik2t + Φ12(t, k)s22(k)
)(

Ω̃Ψ†22(t, k̄)Ω̃
)
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−
(

Φ11(t, k)s11(k) + Φ12(t, k)s21(k)e4ik2t
)(

Σ̃Ψ†21(t, k̄)Ω̃
)
e2ikL,

(4.11a)

[c(t, k)]21 =
(

Φ21(t, k)s11(k) + Φ22(t, k)s21(k)e4ik2t
)(

Σ̃Ψ†11(t, k̄)Σ̃
)

−
(

Φ21(t, k)s12(k)e−4ik2t + Φ22(t, k)s22(k)
)(

Ω̃Ψ†12(t, k̄)Σ̃
)
e−2ikL.

(4.11b)

From s(k) = µ3(0, 0, k) and (4.3), we conclude that(
s11 s12

s11 s22

)
=

(
I2 0
0 I2

)

+
1

2ik

(
2i
∫ (x,t)

(xj ,tj) ∆
(1)
22 (0, 0) Q(0, 0)

−R(0, 0) 2i
∫ (x,t)

(xj ,tj) ∆
(1)
22 (0, 0)

)
+O

(
1

k2

)
.

Then, combining with (4.5) and (4.8), the proof can be completed.
Recalling the t-part of the Lax pair (2.5)

µt + 2ik2[σ4, µ] = V (x, t, k)µ. (4.12)

It follows from equation (4.12) that the first column of this equation with µ =
µ2(0, t, k) = Φ(t, k) isΦ11,t(t, k) = −iF0Σ̃F †0 Ω̃Φ11 + [2kF0 + iF1] Φ21,

Φ21,t(t, k) =
(

2kΣ̃F †0 Ω̃− iΣ̃F †1 Ω̃
)

Φ11 + iΣ̃F †0 Ω̃F0Φ21 + 4ik2Φ21.
(4.13)

The second column of equation (4.12) with µ = µ2(0, t, k) = Φ(t, k) yieldsΦ12,t(t, k) = −iF0Σ̃F †0 Ω̃Φ12 + [2kF0 + iF1] Φ22 − 4ik2Φ21,

Φ22,t(t, k) =
(

2kΣ̃F †0 Ω̃− iΣ̃F †1 Ω̃
)

Φ12 + iΣ̃F †0 Ω̃F0Φ22.
(4.14)

We suppose(
Φ11

Φ21

)
=

(
ε0(t) +

ε1(t)

k
+
ε2(t)

k2
+ · · ·

)
+

(
η0(t) +

η1(t)

k
+
η2(t)

k2
+ · · ·

)
e−4ik2t,

(4.15)
where vector functions εl(t) and ηl(t)(l ≥ 0) are independent of k. To determine
these coefficients, we substitute the above equation into equations (4.13) and
(4.14) and use the initial conditions

ε0(0) + η0(0) = (I2, 02×2)T , ε1(0) + η1(0) = (02×2, 02×2)T .

We find (
Φ11

Φ21

)
=

(
I
0

)
+

1

k

(
Φ

(1)
11

Φ
(1)
21

)
+

1

k2

(
Φ

(2)
11

Φ
(2)
21

)
+O

(
1

k3

)



444 Jian Xu and Yixiong Zhang

+

[
1

k

(
0

− i
2 Σ̃F †0 (0)Ω̃

)
+O

(
1

k2

)]
e4ik2t, (4.16a)(

Φ12

Φ22

)
=

(
0
I

)
+

1

k

(
Φ

(1)
12

Φ
(1)
22

)
+

1

k2

(
Φ

(2)
11

Φ
(2)
21

)
+O

(
1

k3

)
+

[
1

k

(
i
2F0(0)

0

)
+O

(
1

k2

)]
e−4ik2t. (4.16b)

Similarly, at x = L, the function µ(x, t, k) = µ3(L, t, k) satisfies the t-part of the
Lax pair (2.5). Therefore, when µ = µ3(L, t, k) = Ψ(t, k), the two columns of
equation (4.12) are{

Ψ11,t(t, k) = −iG0Σ̃G†0Ω̃Ψ11 + [2kG0 + iG1] Ψ21,

Ψ21,t(t, k) =
(

2kΣ̃G†0Ω̃− iΣ̃G†1Ω̃
)

Ψ11 + iΣ̃G†0Ω̃G0Ψ21 + 4ik2Ψ21,
(4.17a)

{
Ψ12,t(t, k) = −iG0Σ̃G†0Ω̃Ψ12 + [2kG0 + iG1] Ψ22 − 4ik2Ψ21,

Ψ22,t(t, k) =
(

2kΣ̃G†0Ω̃− iΣ̃G†1Ω̃
)

Ψ12 + iΣ̃G†0Ω̃G0Ψ22.
(4.17b)

Similarly, we can find the asymptotic formulas of Ψ(t, k)(
Ψ11

Ψ21

)
=

(
I
0

)
+

1

k

(
Ψ

(1)
11

Ψ
(1)
21

)
+

1

k2

(
Ψ

(1)
11

Ψ
(1)
21

)
+O

(
1

k3

)
+

[
1

k

(
0

− i
2 Σ̃G†0(0)Ω̃

)
+O

(
1

k2

)]
e4ik2t, (4.18a)(

Ψ12

Ψ22

)
=

(
0
I

)
+

1

k

(
Ψ

(1)
12

Ψ
(1)
22

)
+

1

k2

(
Ψ

(1)
11

Ψ
(1)
21

)
+O

(
1

k3

)
+

[
1

k

(
i
2G0(0)

0

)
+O

(
1

k2

)]
e−4ik2t. (4.18b)

Substituting these formulas into equations (4.11a) and (4.11b), and assuming
compatibility at x = 0 and x = L, we obtain the asymptotic results (4.10a) and
(4.10b) for c(t, k) as k →∞.

4.2. The map between Dirichlet and Neumann problems. In what
follows, we prove that that the functions S(k) and SL(k) can be expressed through
the solutions of integral equations, using the given Dirichlet and Neumann bound-
ary conditions as well as initial conditions. For simplicity, we define the following
symbols:

W±(t, k) = W (t, k)±W (t,−k); ∆± = ∆±(k) = e2ikL ± e−2ikL. (4.19)

The symbol ∂Dj , j = 1, . . . , 4, denotes the boundary of the j-th quadrant Dj , and
the direction of ∂Dj is such that Dj lies on the left. ∂D0

3 denotes the boundary
contour that does not contain the zeros of ∆−(k), and ∂D0

3 = −∂D0
1.
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Proposition 4.2. Let Q0(x) = Q(x, t = 0) ∈ C∞[0, L] be the initial condition
of equation (1.3) in the finite interval x ∈ [0, L] with T <∞.

For the Dirichlet problem, the boundary conditions F0(t) and G0(t) on the
interval t ∈ [0, T ] need to be sufficiently smooth and compatible with the initial
condition Q0(x) at the points (x2, t2) = (0, 0) and (x3, t3) = (L, 0), i.e., F0(0) =
Q0(0), G0(0) = Q0(L).

For the Neumann problem, the boundary conditions F1(t) and G1(t) on the
interval t ∈ [0, T ] need to be sufficiently smooth and compatible with the initial
condition Q0(x) at the points (x2, t2) = (0, 0) and (x3, t3) = (L, 0), i.e., F1(0) =
∂xQ0(0), G1(0) = ∂xQ0(L).

Let det(S11(k)) have no zeros in the domain D1. Then the spectral functions
S(k) and SL(k) are defined by

S(k) =

(
Σ̃Φ†11(T, k̄)Σ̃ Σ̃Φ†21(T, k̄)Ω̃e4ik2T

−Ω̃Φ†12(T, k̄)Σ̃e−4ik2T Ω̃Φ†22(T, k̄)Ω̃

)
, (4.20a)

SL(k) =

(
Σ̃Ψ†11(T, k̄)Σ̃ Σ̃Ψ†21(T, k̄)Ω̃e4ik2T

−Ω̃Ψ†12(T, k̄)Σ̃e−4ik2T Ω̃Ψ†22(T, k̄)Ω̃

)
, (4.20b)

and the complex-valued functions {Φij(t, k)}2i,j=1 can be expressed using the fol-
lowing system of integral equations

Φ11(t, k) = I2 +

∫ t

0

{
−iF0Σ̃F †0 Ω̃Φ11 + [2kF0 + iF1] Φ21

}
(τ, k)dτ,

Φ12(t, k) =

∫ t

0
e−4ik2(t−τ)

{
−iF0Σ̃F †0 Ω̃Φ12 + [2kF0 + iF1] Φ22

}
(τ, k)dτ,

Φ21(t, k) =

∫ t

0
e4ik2(t−τ)

{[
2kΣ̃F †0 Ω̃− iΣ̃F †1 Ω̃

]
Φ11 + iΣ̃F †0 Ω̃F0Φ21

}
(τ, k)dτ,

Φ22(t, k) = I2 +

∫ t

0

{[
2kΣ̃F †0 Ω̃− iΣ̃F †1 Ω̃

]
Φ12 + iΣ̃F †0 Ω̃F0Φ22

}
(τ, k)dτ.

(4.21)
The functions {Ψij(t, k)}2i,j=1 satisfy the same integral equations as in (4.21)

with {Fs, F †s ,Φij} replaced by {Gs, G†s,Ψij}, i, j = 1, 2, s = 0, 1.

(i) For the given Dirichlet boundary data, the unknown Neumann boundary data
F1(t) and G1(t) can be obtained as

F1(t) =
1

π

∫
∂D0

3

[
2∆+

i∆−
(kΦ12− + iF0)− 4

i∆−

(
kΣ̃Ψ†21−Ω̃ + iG†0

)]
dk

+
1

π

∫
∂D0

3

{
4k

i∆−

[
Φ11s12

(
Ω̃Ψ†22Ω̃

)
e−4ik2t

+ Φ12

(
s22Ω̃Ψ†22Ω̃− I2

)]
e−2ikL

}
−
dk

− 1

π

∫
∂D0

3

{
4k

i∆−

[(
Φ11s11 + Φ12s21e

4ik2t − I2

)
Σ̃Ψ†21Ω̃

]}
−
dk
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+
1

π

∫
∂D0

3

2F0Φ22−dk (4.22)

and

G1(t) =
1

π

∫
∂D0

3

[
−2∆+

i∆−
(kΨ12− + iG0) +

4

i∆−

(
k̃ΣΦ†21−Ω̃ + iF †0

)]
dk

+
1

π

∫
∂D0

3

{
4k

i∆−

[(
Ψ11Σ̃s†11Σ̃− I2

)
Σ̃Φ†21Ω̃

+ Ψ11Σ̃s†21Φ†22Ω̃e−4ik2t

]}
−
dk

− 1

π

∫
∂D0

3

{
4k

i∆−

[
Ψ12

(
Ω̃s†12Φ†21Ω̃e4ik2tΩ̃s†22Φ†22Ω̃− I2

)
e2ikL

]}
−
dk

+
1

π

∫
∂D0

3

2G0Ψ22−dk. (4.23)

(ii) For the given Neumann boundary data, the unknown Dirichlet boundary data
F0(t) and G0(t) can be found as

F0(t) =
1

π

∫
∂D0

3

(
∆+

∆−
Φ12+ −

2

∆−
Σ̃Ψ†21+Ω̃

)
dk

+
1

π

∫
∂D0

3

{
2

∆−

[
Φ11s12e

−4ik2t + Φ12

(
s22Ω̃Ψ†22Ω̃− I2

)]
e−2ikL

}
+

dk

− 1

π

∫
∂D0

3

{
2

∆−

[(
Φ11s11 + Φ12s21e

4ik2t − I2

)
Σ̃Ψ†21Ω̃

]}
+

dk (4.24)

and

G0(t) =
1

π

∫
∂D0

3

(
−∆+

∆−
Ψ12+ +

2

∆−
Σ̃Φ†21+Ω̃

)
dk

+
1

π

∫
∂D0

3

{
2

∆−

[(
Ψ11Σ̃s†11Σ̃− I2

)
Σ̃Φ†21Ω̃

+ Ψ11Σ̃s†21Φ†22Ω̃e−4ik2t

]}
+

dk

− 1

π

∫
∂D0

3

{
2

∆−

[
Ψ12

(
Ω̃s†12Φ†21Ω̃e4ik2t + Ω̃s†22Φ†22Ω̃− I2

)
e2ikL

]}
+

dk,

(4.25)

where Φrj = Φrj(t, k),Φ†rj = Φ†rj(t, k̄) and other functions have similar ex-
pressions.

Proof. We can verify equations (4.20a) and (4.20b) by replacing T with t
in equations (2.18a) and (2.18c), i.e., S(k) = e2ik2tσ̂4µ−1

2 (0, t, k) and SL(k) =

e2ik2tσ̂4µ−1
3 (L, t, k). Then, by using the symmetric relation (2.26), we can ob-

tain equations (4.20a) and (4.20b). In addition, the equation (4.21) for Φij(t, k)
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(i, j = 1, 2) can be represented by the Volterra integral equation of µ2(0, t, k).
Similarly, the expression for Ψij(t, k), i, j = 1, 2, can be obtained from the
Volterra integral equation of µ3(L, t, k).

In the following we will prove equations (4.22)–(4.25).
(i) Applying Cauchy’s theorem to equation (4.5), we find

− iπ
2

Φ
(1)
22 (t) =

∫
∂D2

[Φ22 − I]dk =

∫
∂D4

[Φ22 − I]dk,

− iπ
2

Φ
(2)
12 (t) =

∫
∂D2

[kΦ12 +
iF0

2
]dk =

∫
∂D4

[kΦ12 +
i

2
F0]dk. (4.26)

We further find

iπΦ
(1)
22 (t) = −

(∫
∂D2

+

∫
∂D4

)
[Φ22 − I]dk =

(∫
∂D1

+

∫
∂D3

)
[Φ22 − I]dk

=

∫
∂D3

[Φ22 − I]dk −
∫
∂D1

[Φ22 − I]dk =

∫
∂D3

Φ22−dk, (4.27)

iπΦ
(2)
12 (t) =

(∫
∂D1

+

∫
∂D3

)[
kΦ12 +

iF0

2

]
dk

=

∫
∂D3

[
kΨ12 +

iF0

2

]
−
dk

=

∫
∂D0

3

{
kΦ12 +

iF0

2
+

2e−2ikL

∆−

[
kΦ12 +

iF0

2

]}
−
dk + C1(t)

=

∫
∂D0

3

∆+(k)

∆−(k)
(kΦ12− + iF0)dk + C1(t), (4.28)

where we have introduced the function C1(t) in the form

C1(t) = −
∫
∂D0

3

{
2e−2ikL

∆−

[
kΦ12 +

iF0

2

]}
−
dk.

We use the global relation (4.11a) to further reduce C1(t) as

C1(t) = −
∫
∂D0

3

{
2e−2ikL

∆−

[
kΦ12 +

iF0

2

]}
−
dk

=

∫
∂D0

3

{
2e−2ikL

∆−

[
Φ

(1)
12 − kc12(t, k)− Σ̃Ψ

†(1)
21 Ω̃e2ikL

]}
−
dk

−
∫
∂D0

3

{
2e−2ikL

∆−

[(
kΣ̃Ψ†21Ω̃− Σ̃Ψ

†(1)
21 Ω̃

)
e2ikL

]}
−
dk

+

∫
∂D0

3

{
2ke−2ikL

∆−

[
Φ11s12(Ω̃Ψ†22Ω̃)e−4ik2t + Φ12(s22Ω̃Ψ†22Ω̃− I2)

]}
−
dk

−
∫
∂D0

3

{
2ke−2ikL

∆−

[
(Φ11s11 + Φ12s21e

4ik2t − I2)Σ̃Ψ†21Ω̃e2ikL
]}
−
dk.

(4.29)
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By applying Cauchy’s theorem and asymptotic form (4.10a) to equation (4.29),
we find that the term on the right side of equation (4.29) has the following form:

C1(t) = −iπΦ
(2)
12 −

∫
∂D0

3

[
+

2

∆−

(
kΣ̃Ψ†21−Ω̃− iG†0

)]
dk

+

∫
∂D0

3

{
2k

∆−

[
Φ11s12(Ω̃Ψ†22Ω̃)e−4ik2t + Φ12(s22Ω̃Ψ†22Ω̃− I2)

]
e−2ikL

}
−
dk

−
∫
∂D0

3

{
2k

∆−

[
(Φ11s11 + Φ12s21e

4ik2t − I2)Σ̃Ψ†21Ω̃
]}
−
dk. (4.30)

It follows from equations (4.28) and (4.30) that

Φ
(2)
12 (t) =

1

π

∫
∂D0

3

[
∆+

2i∆−
(kΦ12− + iF0)− 1

i∆−
(k̃ΣΨ†21−Ω̃ + iG†0)

]
dk

+
1

π

∫
∂D0

3

{
k

i∆−

[
Φ11s12(Ω̃Ψ†22Ω̃)e−4ik2t + Φ12(s22Ω̃Ψ†22Ω̃− I2)

]
e−2ikL

}
−
dk

− 1

π

∫
∂D0

3

{
k

i∆−

[
(Φ11s11 + Φ12s21e

4ik2t − I2)Σ̃Ψ†21Ω̃
]}
−
dk. (4.31)

From equation (4.27), we obtain

Φ
(1)
22 (t) =

1

iπ

∫
∂D3

Φ22− dk. (4.32)

Substituting equations (4.31) and (4.32) into the second formula of equation (4.7),
we obtain (4.22).

To derive equation (4.23), we first need to find the functions Ψ
(1)
22 (t, k) and

Ψ
(2)
12 (t, k), and then use the second formula in (4.9). Applying Cauchy’s theorem

to equation (4.8), we have

Ψ
(1)
22 (t) =

1

iπ

∫
∂D3

Ψ22− dk (4.33)

and

iπΨ
(2)
12 (t) =

∫
∂D3

[
kΨ12 −Ψ

(1)
12

]
−
dk

=

∫
∂D0

3

[
kΨ12 −Ψ

(1)
12 −

2e2ikL

∆−

(
kΨ12 −Ψ

(1)
12

)]
−
dk + C2(t)

=

∫
∂D0

3

−∆+

∆−
[kΨ12− + iG0] dk + C2(t),

(4.34)

where we have introduced the function C2(t) in the form

C2(t) =

∫
∂D0

3

{
2e2ikL

∆−

(
kΨ12 −Ψ

(1)
12

)}
−
dk.
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We apply Cauchy’s theorem, asymptotic (4.10b), and the global relation (4.11b)
to C2(t) to have

C2(t) =

∫
∂D0

3

{
− 2

∆−

[
kΣ̃c†21(t, k)Ω̃− Σ̃Φ

†(1)
21 Ω̃ + Ψ

(1)
12 e

2ikL
]}
−
dk

+

∫
∂D0

3

{
2

∆−

[
+
(
kΣ̃Φ†21Ω̃− Σ̃Φ

†(1)
21 Ω̃

)]}
−
dk

+

∫
∂D0

3

{
2k

∆−

[(
Ψ11Σ̃s†11Σ̃− I2

)
Σ̃Φ†21Ω̃ + Ψ11Σ̃s†21Φ†22Ω̃e−4ik2t

]}
−
dk

−
∫
∂D0

3

{
2k

∆−

[
Ψ12

(
Ω̃s†12Φ†21Ω̃e4ik2t + Ω̃s†22Φ†22Ω̃− I2

)
e2ikL

]}
−
dk

= −iπΨ
(2)
12 +

∫
∂D0

3

[
+

2

∆−

(
kΣ̃Φ†21−Ω̃ + iF †0

)]
dk

+

∫
∂D0

3

{
2k

∆−

[(
Ψ11Σ̃s†11Σ̃− I2

)
Σ̃Φ†21Ω̃ + Ψ11Σ̃s†21Φ†22Ω̃e−4ik2t

]}
−
dk

−
∫
∂D0

3

{
2k

∆−

[
Ψ12

(
Ω̃s†12Φ†21Ω̃e4ik2t + Ω̃s†22Φ†22Ω̃− I2

)
e2ikL

]}
−
dk.

(4.35)
It follows from equations (4.34) and (4.35) that we find

Ψ
(2)
12 (t) =

1

π

∫
∂D0

3

[
− ∆+

2i∆−(k)
(kΨ12− + iG0) +

1

i∆−
(k̃ΣΦ†21−Ω̃ + iF †0 )

]
dk

+
1

π

∫
∂D0

3

{
k

i∆−

[(
Ψ11Σ̃s†11Σ̃− I2

)
Σ̃Φ†21Ω̃

+ Ψ11Σ̃s†21Φ†22Ω̃e−4ik2t

]}
−
dk

− 1

π

∫
∂D0

3

{
k

i∆−

[
Ψ12

(
Ω̃s†12Φ†21Ω̃e4ik2t + Ω̃s†22Φ†22Ω̃− I2

)
e2ikL

]}
−
dk.

(4.36)

Substituting equations (4.33) and (4.36) into the second formula of equation (4.9),
we obtain (4.23).

(ii) We now derive the Dirichlet boundary data (4.24) at x = 0 from the
known Neumann boundary value problem. From the first equation in (4.7), we

know that F0 can be expressed by Φ
(1)
12 . Applying Cauchy’s theorem to equation

(4.5), we can obtain:

iπΦ
(1)
12 (t) =

(∫
∂D1

+

∫
∂D3

)
Φ12dk =

∫
∂D3

Φ12−dk

=

∫
∂D0

3

[
Φ12− +

2

∆−
(e−2ikLΦ12)+

]
dk + C3(t)

=

∫
∂D0

3

∆+

∆−
Φ12+dk + C3(t), (4.37)
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where we have introduced the function C3(t) in the form

C3(t) = −
∫
∂D0

3

[
2

∆−
(e−2ikLΦ12)+

]
dk

=

∫
∂D0

3

− 2

∆−

[
c12(t, k)e−2ikL + Σ̃Ψ†21Ω̃

]
+
dk

+

∫
∂D0

3

{
2

∆−

[
Φ11s12e

−4ik2t + Φ12

(
s22Ω̃Ψ†22Ω̃− I2

)]
e−2ikL

}
+

dk

−
∫
∂D0

3

{
2

∆−

[(
Φ11s11 + Φ12s21e

4ik2t − I2

)
Σ̃Ψ†21Ω̃

]}
+

dk

= −iπΦ
(1)
12 −

∫
∂D0

3

2

∆−
Σ̃Ψ†21+Ω̃dk

+

∫
∂D0

3

{
2

∆−

[
Φ11s12e

−4ik2t + Φ12

(
s22Ω̃Ψ†22Ω̃− I2

)]
e−2ikL

}
+

dk

−
∫
∂D0

3

{
2

∆−

[(
Φ11s11 + Φ12s21e

4ik2t − I2

)
Σ̃Ψ†21Ω̃

]}
+

dk. (4.38)

It follows from equations (4.37) and (4.38) that we find

Φ
(1)
12 =

1

2iπ

∫
∂D0

3

(
∆+

∆−
Φ12+ −

2

∆−
Σ̃Ψ†21+Ω̃

)
dk

+
1

2iπ

∫
∂D0

3

{
2

∆−

[
Φ11s12e

−4ik2t + Φ12

(
s22Ω̃Ψ†22Ω̃− I2

)]
e−2ikL

}
+

dk

− 1

2iπ

∫
∂D0

3

{
2

∆−

[(
Φ11s11 + Φ12s21e

4ik2t − I2

)
Σ̃Ψ†21Ω̃

]}
+

dk. (4.39)

Substituting equation (4.39) into the first formula of equation (4.7), then we
obtain (4.24).

We now derive the Dirichlet boundary data (4.25) at x = L from the known
Neumann boundary value problem. By applying Cauchy’s theorem to equation
(4.8), we obtain

iπΨ
(1)
12 (t) =

(∫
∂D1

+

∫
∂D3

)
Ψ12dk =

∫
∂D3

Ψ12−dk

=

∫
∂D0

3

[
Ψ12− −

2

∆−
(e2ikLΨ12)+

]
dk + C4(t)

=

∫
∂D0

3

−∆+

∆−
Ψ12+dk + C4(t), (4.40)

where we have introduced the function C4(t) in the form

C4(t) =

∫
∂D0

3

[
2

∆−
(e2ikLΨ12)+

]
dk
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=

∫
∂D0

3

2

∆−

[
−Σ̃c†21(t, k̄)Ω̃ + Σ̃Φ†21Ω̃

]
+
dk

+

∫
∂D0

3

{
2

∆−

[(
Ψ11Σ̃s†11Σ̃− I2

)
Σ̃Φ†21Ω̃ + Ψ11Σ̃s†21Φ†22Ω̃e−4ik2t

]}
+

dk

−
∫
∂D0

3

{
2

∆−

[
Ψ12

(
Ω̃s†12Φ†21Ω̃e4ik2t + Ω̃s†22Φ†22Ω̃− I2

)
e2ikL

]}
+

dk

= −iπΨ
(1)
12 +

∫
∂D0

3

2

∆−
Σ̃Φ†21+Ω̃dk

+

∫
∂D0

3

{
2

∆−

[(
Ψ11Σ̃s†11Σ̃− I2

)
Σ̃Φ†21Ω̃ + Ψ11Σ̃s†21Φ†22Ω̃e−4ik2t

]}
+

dk

−
∫
∂D0

3

{
2

∆−

[
Ψ12

(
Ω̃s†12Φ†21Ω̃e4ik2t + Ω̃s†22Φ†22Ω̃− I2

)
e2ikL

]}
+

dk.

(4.41)

It follows from equations (4.40) and (4.41) that we find

Ψ
(1)
12 =

1

2iπ

∫
∂D0

3

(
−∆+

∆−
Ψ12+ +

2

∆−
Σ̃Φ†21+Ω̃

)
dk

+
1

2iπ

∫
∂D0

3

{
2

∆−

[(
Ψ11Σ̃s†11Σ̃− I2

)
Σ̃Φ†21Ω̃ + Ψ11Σ̃s†21Φ†22Ω̃e−4ik2t

]}
+

dk

− 1

2iπ

∫
∂D0

3

{
2

∆−

[
Ψ12

(
Ω̃s†12Φ†21Ω̃e4ik2t + Ω̃s†22Φ†22Ω̃− I2

)
e2ikL

]}
+

dk.

(4.42)

Substituting equation (4.42) into the first formula of equation (4.9), then we
obtain (4.25).

4.3. The effective characterizations. For given Dirichlet boundary data
{F0(t), G0(t)}, substituting equations (4.22)–(4.25) into equation (4.21), and the
similar expressions for {Ψij(t, k)}2i,j=1, we obtain a system of coupled nonlinear

integral equations for {Φij(t, k),Ψij(t, k)}2i,j=1. This system effectively character-
izes the spectral functions {Φ(t, k),Ψ(t, k)} for the given Dirichlet problem. In
the following, we use the method of perturbation expressions to represent them
in detail.

Substituting these perturbation expressions:

Φij(t, k) = Φ
[0]
ij (t, k) + εΦ

[1]
ij (t, k) + ε2Φ

[2]
ij (t, k) + · · · , i, j = 1, 2,

Ψij(t, k) = Ψ
[0]
ij (t, k) + εΨ

[1]
ij (t, k) + ε2Ψ

[2]
ij (t, k) + · · · , i, j = 1, 2,

sij(k) = s
[0]
ij (k) + εs

[1]
ij (k) + ε2s

[2]
ij (k) + · · · , i, j = 1, 2,

F0(t) = εF
[1]
0 (t) + ε2F

[2]
0 (t) + ε3F

[3]
0 (t) + · · · ,

G0(t) = εG
[1]
0 (t) + ε2G

[2]
0 (t) + ε3G

[3]
0 (t) + · · · ,

F1(t) = εF
[1]
1 (t) + ε2F

[2]
1 (t) + ε3F

[3]
1 (t) + · · · ,
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G1(t) = εG1(t)[1](t) + ε2G1(t)[2](t) + ε3G1(t)[3](t) + · · · , (4.43)

into equations (4.13) and (4.14), where ε > 0 is a small parameter, we obtain the
O(1) and O(ε) order terms of Φij(t, k) as follows:
O(1):

O(1) :

Φ
[0]
jj = 1, j = 1, 2,

Φ
[0]
ij = 0, i, j = 1, 2, i 6= j,

(4.44)

O(ε) :



Φ
[1]
11(t, k) = Φ

[1]
22(t, k) = 0,

Φ
[1]
12(t, k) =

∫ t

0
e−4ik2(t−τ)(2kF

[1]
0 + iF

[1]
1 )(τ, k)dτ,

Φ
[1]
21(t, k) =

∫ t

0
e−4ik2(t−τ)(2kΣ̃F

†[1]
0 Ω̃ + iΣ̃F

†[1]
1 Ω̃)(τ, k)dτ,

(4.45)

and other O(εs) (s > 1) order terms of Φij(t, k), which are omitted here. Similarly,
through the boundary values at x = L, we can also obtain similar expressions

for {Ψ[s]
ij (t, k)}2i,j=1, s = 0, 1. If we assume that det(S22) has no zeros, then we

expand equations (4.22) and (4.23) to obtain the following:

F
[1]
1 (t) =

1

π

∫
∂D0

3

[
2∆+

i∆−
(kΦ

[1]
12− + iF

[1]
0 )− 4

i∆−

(
kΣ̃Ψ

†[1]
21−Ω̃ + iG

†[1]
0

)]
dk

− 1

π

∫
∂D0

3

{
4k

i∆−

[
Φ

[1]
21e
−2ikL +

(
Φ

[1]
21s

[1]
21e

4ik2t − I2

)
Σ̃Ψ
†[1]
21 Ω̃

]}
−
dk,

G
[1]
1 (t) =

1

π

∫
∂D0

3

[
−2∆+

i∆−
(kΨ

[1]
12− + iG

[1]
0 ) +

4

i∆−
(kΣ̃Φ

†[1]
21−Ω̃ + iF

†[1]
0 )

]
dk

− 1

π

∫
∂D0

3

{
4k

i∆−

[
Σ̃Φ
†[1]
21 Ω̃−Ψ

[1]
12

(
Ω̃s
†[1]
12 Φ

†[1]
21 Ω̃e4ik2t − I2

)
e2ikL

]}
−
dk.

(4.46)

According to equation (4.45), we further derive

Φ
[1]
12−(t, k) = 4k

∫ t

0
e−4ik2(t−τ)F

[1]
0 (τ, k)dτ,

Φ
[1]
21−(t, k) = 4k

∫ t

0
e−4ik2(t−τ)Σ̃F

†[1]
0 Ω̃(τ, k)dτ. (4.47)

Similarly can be obtained

Ψ
[1]
12−(t, k) = 4k

∫ t

0
e−4ik2(t−τ)G

[1]
0 (τ, k)dτ,

Ψ
[1]
21−(t, k) = 4k

∫ t

0
e−4ik2(t−τ)Σ̃G

†[1]
0 Ω̃(τ, k)dτ. (4.48)

Therefore, the unknown Neumann boundary value problem can be solved by
the perturbation method as follows. For the given det(S22) with no zeros and
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the Dirichlet boundary data F
[1]
0 and G

[1]
0 at x = 0, we can find the functions

{Φ[1]
12,−,Φ

[1]
21,−,Ψ

[1]
12 ,Ψ

[1]
21} according to equations (4.47) and (4.48). Then, we can

obtain F
[1]
1 (t) and G

[1]
1 (t) from equation (4.46). Finally, we obtain Φ

[1]
ij from

equation (4.45). Similarly, we can also find Ψ
[1]
ij .

If we assume that det(S22) has no zeros, then we expand equations (4.24) and
(4.25) to obtain

F
[1]
0 (t) =

1

π

∫
∂D0

3

[
∆+

∆−
Φ

[1]
12+ −

2

∆−
Σ̃Ψ
†[1]
21+Ω̃

]
dk

− 1

π

∫
∂D0

3

{
4k

i∆−

[
Φ

[1]
21e
−2ikL +

(
Φ

[1]
21s

[1]
21e

4ik2t − I2

)
Σ̃Ψ
†[1]
21 Ω̃

]}
−
dk,

G
[1]
0 (t) =

1

π

∫
∂D0

3

[
− ∆+

i∆−
Ψ

[1]
12+ +

2

∆−
Σ̃Φ
†[1]
21+Ω̃

]
dk

− 1

π

∫
∂D0

3

{
4k

i∆−

[
Σ̃Φ
†[1]
21 Ω̃−Ψ

[1]
12

(
Ω̃s
†[1]
12 Φ

†[1]
21 Ω̃e4ik2t − I2

)
e2ikL

]}
−
dk.

(4.49)

According to equation (4.45), we further derive

Φ
[1]
12+(t, k) = 2i

∫ t

0
e−4ik2(t−τ)F

[1]
1 (τ, k)dτ,

Φ
[1]
21+(t, k) = −2i

∫ t

0
e−4ik2(t−τ)Σ̃F

†[1]
1 Ω̃(τ, k)dτ. (4.50)

Similarly,

Ψ
[1]
12+(t, k) = 2i

∫ t

0
e−4ik2(t−τ)G

[1]
1 (τ, k)dτ,

Ψ
[1]
21+(t, k) = −2i

∫ t

0
e−4ik2(t−τ)Σ̃G

†[1]
1 Ω̃(τ, k)dτ. (4.51)

Thus, the unknown Dirichlet boundary value problem can now be solved by
the perturbation method as follows: For the given det(S22) with no zeros and the

Neumann boundary data F
[1]
1 and G

[1]
1 at x = L, we can determine the functions

{Ψ[1]
12,+,Ψ

[1]
21,+,Φ

[1]
12 ,Φ

[1]
21} from equations (4.50) and (4.51). In addition, we can

further find F
[1]
0 (t) and G

[1]
0 (t) from equation (4.49). Finally, we can obtain Ψ

[1]
ij

from equation (4.45).
In fact, the recurrence formulas obtained above can be extended infinitely.

We assume that they hold for all 0 ≤ j ≤ n − 1. Then, for n > 0, substituting
equation (4.43) into equations (4.22) and (4.23) will yield terms of order εn:

F
[n]
1 (t) =

1

π

∫
∂D0

3

[
2∆+

i∆−
(kΦ

[n]
12− + iF

[n]
0 )− 4

i∆−

(
kΣ̃Ψ

†[n]
21−Ω̃ + iG

†[n]
0

)]
dk

− 1

π

∫
∂D0

3

{
4k

i∆−

[
Φ

[n]
21 e
−2ikL +

(
Φ

[n]
21 s

[n]
21 e

4ik2t − I2

)
Σ̃Ψ
†[n]
21 Ω̃

]}
−
dk
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+O(κn),

G
[n]
1 (t) =

1

π

∫
∂D0

3

[
−2∆+

i∆−
(kΨ

[n]
12− + iG

[n]
0 ) +

4

i∆−
(kΣ̃Φ

†[n]
21−Ω̃ + iF

†[n]
0 )

]
dk

− 1

π

∫
∂D0

3

{
4k

i∆−

[
Σ̃Φ
†[n]
21 Ω̃−Ψ

[n]
12

(
Ω̃s
†[n]
12 Φ

†[n]
21 Ω̃e4ik2t − I2

)
e2ikL

]}
−
dk

+O(κn), (4.52)

where O(κn) stands for the result involving known terms of lower order. The
terms of O(εn) for Φij in equation(4.21) and the similar equations for Ψij yield

Φ
[n]
12 (t, k) =

∫ t

0
e−4ik2(t−τ)(2kF

[n]
0 + iF

[n]
1 )(τ, k)dτ +O(κn),

Φ
[n]
21 (t, k) =

∫ t

0
e−4ik2(t−τ)(2kΣ̃F

†[n]
0 Ω̃ + iΣ̃F

†[n]
1 Ω̃)(τ, k)dτ +O(κn),

Ψ
[n]
12 (t, k) =

∫ t

0
e−4ik2(t−τ)(2kG

[n]
0 + iG

[n]
1 )(τ, k)dτ +O(κn),

Ψ
[n]
21 (t, k) =

∫ t

0
e−4ik2(t−τ)(2kΣ̃G

†[n]
0 Ω̃ + iΣ̃G

†[n]
1 Ω̃)(τ, k)dτ +O(κn), (4.53)

which leads to

Φ
[n]
12−(t, k) = 4k

∫ t

0
e−4ik2(t−τ)F

[n]
0 (τ, k)dτ +O(κn),

Φ
†[n]
21−(t, k) = 4k

∫ t

0
e−4ik2(t−τ)Ω̃F

[n]
0 Σ̃(τ, k)dτ +O(κn),

Ψ
[n]
12−(t, k) = 4k

∫ t

0
e−4ik2(t−τ)G

[n]
0 (τ, k)dτ +O(κn),

Ψ
†[n]
21−(t, k) = 4k

∫ t

0
e−4ik2(t−τ)Ω̃G

[n]
0 Σ̃(τ, k)dτ +O(κn). (4.54)

From the system of equations (4.54), for the known Dirichlet boundary data F
[n]
0

and G
[n]
0 , we can obtain Φ

[n]
12 , Φ

[n]
21 , Ψ

[n]
12,−, Ψ

[n]
21,− at each step. In this way, we can

find the Neumann boundary data F
[n]
1 at x = 0 and the Neumann boundary data

G
[n]
0 at x = L through equation (4.52).

Similarly, substituting equation (4.43) into equations (4.24) and (4.25) will
yield terms of order εn:

F
[n]
0 (t) =

1

π

∫
∂D0

3

[
∆+

∆−
Φ

[n]
12+ −

2

∆−
Σ̃Ψ
†[n]
21+Ω̃

]
dk

− 1

π

∫
∂D0

3

{
4k

i∆−

[
Φ

[n]
21 e
−2ikL +

(
Φ

[n]
21 s

[n]
21 e

4ik2t − I2

)
Σ̃Ψ
†[n]
21 Ω̃

]}
−
dk

+O(κn),

G
[n]
0 (t) =

1

π

∫
∂D0

3

[
− ∆+

i∆−
Ψ

[n]
12+ +

2

∆−
Σ̃Φ
†[n]
21+Ω̃

]
dk
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− 1

π

∫
∂D0

3

{
4k

i∆−

[
Σ̃Φ
†[n]
21 Ω̃−Ψ

[n]
12

(
Ω̃s
†[n]
12 Φ

†[n]
21 Ω̃e4ik2t − I2

)
e2ikL

]}
−
dk

+O(κn). (4.55)

We find

Φ
[n]
12+(t, k) = 2i

∫ t

0
e−4ik2(t−τ)F

[n]
1 (τ, k)dτ +O(κn),

Φ
†[n]
21+(t, k) = −2i

∫ t

0
e−4ik2(t−τ)Ω̃F

[n]
1 Σ̃(τ, k)dτ +O(κn),

Ψ
[n]
12+(t, k) = 2i

∫ t

0
e−4ik2(t−τ)G

[n]
1 (τ, k)dτ +O(κn),

Ψ
†[n]
21+(t, k) = −2i

∫ t

0
e−4ik2(t−τ)Ω̃G

[n]
1 Σ̃(τ, k)dτ +O(κn). (4.56)

From the system of equation (4.56), according to the known Neumann boundary

data F
[n]
1 at x = 0 and G

[n]
0 at x = L, we can determine Φ

[n]
12,+, Φ

[n]
21,+, Ψ

[n]
12,+, Ψ

[n]
21,+

at each step. In this way, we know that we can obtain the Dirichlet boundary

data F
[n]
0 at x = 0 and G

[n]
0 at x = L through equation (4.55).

4.4. The large L limit. The formulae for F0(t), G0, F1(t), and G1 of
Proposition 4.2 in the limit L→∞ can be reduced to the corresponding ones on
the half-line. In the case of L→∞, we have

G0 → 0, G1 → 0, Ψij → Iij , sij → Iij ,
∆+(k)

∆−(k)
→ 1 as k →∞. (4.57)

According to equation (4.57), the L → ∞ limits of equations (4.22)–(4.25) for
the given Dirichlet boundary data, the unknown Neumann boundary data have
the form

F1(t) = − 1

π

∫
∂D0

3

[2i (kΦ12−(t, k) + iF0)− 2F0Φ22−(t, k)] dk, (4.58)

G1(t) =
1

π

∫
∂D0

3

[2i (kΨ12−(t, k) + iG0) + 2G0Ψ22−(t, k)] dk (4.59)

for the given Neumann boundary data, the unknown Dirichlet boundary data
have the form

F1(t) = − 1

π

∫
∂D0

3

[2i (kΦ12−(t, k) + iF0)− 2F0Φ22−(t, k)] dk, (4.60)

G1(t) =
1

π

∫
∂D0

3

[2i (kΨ12−(t, k) + iG0) + 2G0Ψ22−(t, k)] dk. (4.61)

Acknowledgments. This work was partially supported by Natural Science
Foundation of China under grant No. 11971313 and Shanghai natural science
foundation under project No. 19ZR1434500.



456 Jian Xu and Yixiong Zhang

References

[1] M.J. Ablowitz, B. Prinari, and A.D. Trubatch, Discrete and Continuous Nonlinear
Schrödinger Systems, Cambridge University Press, 2004.

[2] G. Biondini and A. Bui, On the nonlinear Schrödinger equation on the half line with
homogeneous Robin boundary conditions, Stud. Appl. Math. 129 (2012), 249–271.

[3] A. Boutet de Monvel, A.S. Fokas and D. Shepelsky, The mKDV equation on the
half-line, J. Inst. Math. Jussieu 22 (2003), 1–27.

[4] A. Boutet de Monvel, A.S. Fokas, and D. Shepelsky, Integrable nonlinear evolution
equations on a finite interval, Comm. Math. Phys. 263 (2006) 133–172.

[5] A. Boutet de Monvel and V. Kotlyarov, Scattering problems for the Zakharov–
Shabat equations on the semi-axis, Inverse Problems 16 (2000) 1813–1837.

[6] A. Boutet de Monvel, J. Lenells, and D. Shepelsky, Long-time asymptotics for the
Degasperis–Procesi equation on the half-line, Ann. Inst. Fourier. 69 (2019), 171–230.

[7] A. Boutet de Monvel, D. Shepelsky, The modified KdV equation on a finite interval,
C. R. Acad. Sci. Paris, Ser. I. 337 (2003), 517–522.

[8] A. Boutet de Monvel and D. Shepelsky, Initial boundary value problem for the
mKdV equation on a finite interval, Ann. Inst. Fourier, Grenoble 54 (2004) 1477–
1495.

[9] A.Boutet de Monvel and D. Shepelsky, A Riemann-Hilbert approach for the
Degasperis–Procesi equation, Nonlinearity. 26 (2013), 2081-2107.

[10] P. Deift and Z. Zhou, A steepest descent method for oscillatory Riemann–Hilbert
problems, Bull. Amer. Math. Soc. 20 (1992) 119–123.

[11] B. Dodson, Defocusing Nonlinear Schrdinger Equations, Cambridge University
Press, 2019.

[12] L. Erdos, B. Schlein, and H.T. Yau, Rigorous Derivation of the Gross–Pitaevskii
Equation, Phys.rev.lett. 98 (2007), Paper No. 040404.

[13] A.S. Fokas, A unified transform method for solving linear and certain nonlinear
PDEs, Proc. R. Soc. Lond. Ser. A 453 (1997) 1411–1443.

[14] A.S. Fokas, A Unified Approach to Boundary Value Problems, SIAM, Philadelphia,
2008.

[15] A. S. Fokas, The generalized Dirichlet-to-Neumann map for certain nonlinear evo-
lution PDEs, Comm. Pure Appl. Math. 58 (2010), 639–670.

[16] A.S. Fokas and A.R. Its, An initial-boundary value problem for the sine-Gordon
equation, Theoret. Math. Phys. 92 (1992) 388–403.

[17] A.S. Fokas and A.R. Its, An initial-boundary value problem for the Korteweg-de
Vries equation, Math. Comput. Simulation 37 (1994) 293–321.

[18] A.S. Fokas and A.R. Its, The linearization of the initial-boundary value problem of
the nonlinear Schrödinger equation, SIAM J. Math. Anal. 27 (1996) 738–764.

[19] A.S. Fokas and A.R. Its, The nonlinear Schrödinger equation on the interval, J.
Phys. A: Math. Theor. 37 (2004) 6091–6114.

[20] A.S. Fokas, A.R. Its, and L.Y. Sung, The nonlinear Schrödinger equation on the
half-line, Nonlinearity 18 (2005) 1771–1822.



RHP for the gMNLS on the Finite Interval 457

[21] A. S. Fokas and J. Lenells, The unified method: I. Nonlinearizable problem on the
half-line, J. Phys. A: Math. Theor. 45 (2012), Paper No. 195201.

[22] C.S. Gardner, J.M. Greene, M.D. Kruskal, and R.M. Miura, Methods for solving
the Korteweg-de Vries equation, Phys. Rev. Lett. 19 (1967) 1095–1097.

[23] X. Geng, H. Liu, and J. Zhu, Initial-boundary value problems for the coupled non-
linear Schrödinger equation on the half-line, Stud. Appl. Math. 135 (2015), 310–346.

[24] B. Guo and N. Liu. Long-time asymptotics for the Kundu–Eckhaus equation on the
half-line, J. Math. Phys. 59 (2018), Paper No. 061505.

[25] S. Kamvissis, Semiclassical nonlinear Schrödinger on the half line, J. Math. Phys.
44 (2003) 5849–5868.

[26] P.G. Kevrekidis, D.J. Frantzeskakis, and R. Carretero-González, Emergent Nonlin-
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Початково-крайова задача для загального
матричного нелiнiйного рiвняння Шредiнгера на

скiнченному iнтервалi за допомогою методу Фокаса
Jian Xu and Yixiong Zhang

У цiй роботi ми аналiзуємо початково-крайову задачу для iнтегров-
ного загального матричного нелiнiйного рiвняння Шредiнгера (НРШ) з
пари Лакса розмiром 4 × 4 на скiнченному iнтервалi, використовуючи
оригiнальний єдиний метод перетворення Фокаса. Узагальнення вклю-
чають дефокусуючу матричну систему НРШ, фокусуючу матричну си-
стему НРШ та двi матричнi системи НРШ зi змiшаними знаками, якi
менше дослiдженi в лiтературi. Ми розглядаємо вiдповiднi рiвняння па-
ри Лакса у виглядi 4 × 4 матриць як проблеми з блочними матрицями
розмiром 2 × 2, виконуючи спектральний аналiз обох компонент пари
Лакса одночасно. Аналiзуючи алгебраїчний зв’язок мiж спектральними
функцiями, пов’язаними з вiдповiдним чином нормованими розв’язками
рiвнянь Лакса, ми виводимо “глобальне спiввiдношення”. Це спiввiдно-
шення є вирiшальним для характеристики невiдомих крайових значень
через заданi данi. Такий пiдхiд дозволяє систематично дослiджувати
нелiнiаризованi крайовi умови та характеризувати вiдображення мiж
крайовими значеннями Дiрiхле та Неймана. Також доведено, що ко-
ли довжина iнтервалу L прямує до нескiнченностi, формула розв’язку
початково-крайової задачi на скiнченному iнтервалi зводиться до фор-
мули на напiвпрямiй.

Ключовi слова: загальне матричне нелiнiйне рiвняння Шредiнгера,
початково-крайова задача, задача Рiмана–Гiльберта, глобальне спiввiд-
ношення, метод Фокаса
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