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The Initial-Boundary Value Problem for the
General Matrix NLS Equation on a Finite
Interval via Fokas Method

Jian Xu and Yixiong Zhang

In this paper, we analyze the initial-boundary value problem for the in-
tegrable general matrix nonlinear Schrédinger (NLS) equation with a 4 x 4
Lax pair on a finite interval, utilizing the original Fokas unified transform
method. The generalizations include the defocusing matrix NLS system,
the focusing matrix NLS system and two mixed-sign matrix NLS equations,
which are less explored in the literature. We treat the corresponding 4 x
4 matrix Lax pair equations as 2 x 2 block matrix problems, performing
spectral analysis on both components of the Lax pair simultaneously. By
analyzing the algebraic connection between the spectral functions associated
with appropriately normalized solutions of the Lax equations, we derive a
“global relation”. This relation is crucial for characterizing the unknown
boundary values in terms of the given data. This approach allows the sys-
tematic investigation of non-linearized boundary conditions and character-
izing the mapping between the Dirichlet and Neumann boundary values. It
is also proved that as the interval length L tends to infinity, the solution
formula for the initial-boundary value problem on a finite interval reduces
to that on the half-line.
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1. Introduction

In 1967, Gardner, Greene, Kruskal, and Miura first proposed the inverse
scattering transform (IST) [22]. They successfully applied it to solve the ini-
tial value problem for the KdV equation by relating it to the one-dimensional
linear Schrodinger equation. Subsequently, the IST was employed to solve nu-
merous integrable nonlinear evolution equations possessing Lax pairs. In the early
1990s, Deift and Zhou [10] developed the IST by introducing a powerful nonlinear
steepest-descent method for the analytical study of long-time asymptotics of the
Cauchy problem for (141)-dimensional integrable nonlinear evolution equations,
such as the mKdV and nonlinear Schrédinger (NLS) equations. In the late 1990s,
Fokas [13, 14] further extended this framework by proposing a unified transform
method for studying initial-boundary value problems of linear and nonlinear in-
tegrable equations with Lax pairs. This approach analyzes initial-boundary value

©) Jian Xu and Yixiong Zhang, 2026


https://doi.org/10.15407/mag22.03.07

RHP for the gMNLS on the Finite Interval 425

(IBV) problems by performing spectral analysis on both components of the Lax
pair simultaneously and by utilizing the global relations that connect the result-
ing spectral functions. This differs from the classical IST, which involves spectral
analysis of only one part of the Lax pair. The Fokas method effectively integrates
the key ideas of IST with the framework of the Riemann-Hilbert problem [14,34].

As a novel and effective method, the Fokas method has been applied to study
the initial boundary value problems for linear partial differential equations with
2 x 2 Lax pairs and some integrable nonlinear evolution equations on the half-
line and in finite intervals, such as the NLS equation [13,18-20, 25|, the sine-
Gordon equation [16,33], the KdV equation [17,37], the modified KdV equation
[3-5,7,8,15,21,27,30,31]. Recently, Lenells [28] further developed the Fokas
method to analyze the IBV problems of integrable nonlinear evolution equations
with 3 x 3 Lax pairs on the half-line. Subsequently, the improved method was
applied to the IBV problems for other integrable nonlinear evolution equations
with 3 x 3 Lax pairs on the half-line or in finite intervals, such as the Degasperis—
Procesi equation [6,9,29], the Sasa—Satsuma equation [39], the Manakov equation
[2,23,41], and the Ostrovsky—Vakhnenko equation [42]. Yan [43] explored the IBV
problem for an integrable spin-1 Gross—Pitaevskii system with a 4 x 4 Lax pair
on the finite interval by extending the Fokas unified transform approach.

In recent years, based on the research work of Deift and Zhou [10], Guo et
al. [24], and Geng et al. [23] have respectively applied the nonlinear steepest
descent method to a 3 x 3 spectral problem model and studied the long-time
asymptotic behavior of the solution. Fan et al. [40] investigated a derivative
NLS model with a gradient initial value condition and obtained the long-time
asymptotic properties. Wang et al. [38] examined the NLS model under non-
zero boundary value conditions and also obtained the corresponding long-term
asymptotic properties. In addition, Tian et al. [36] analyzed the Gerdjikov—
Ivanov-type derivative nonlinear Schrodinger equation and analyzed the long-time
asymptotics of the solution to its initial-boundary value problem.

In the past two decades, multi-component Bose—Einstein condensates (BECs)
have been a very active field of research. These systems can be analyzed within
the framework of mean-field theory, with the static and dynamic properties of
their nonlinear excitations well described by the coupled Gross—Pitaevskii equa-
tions [12, 26,32, 35], which are a variant of the so-called defocusing vector NLS
equation [1,11]. For F' = 1, spinor BECs can be described by the matrix NLS
equation,

iQt + Quz — 20QQTQ = 02x2. (1.1)

We generalize the above matrix NLS equation, that is,

iQr + Qua — 2QTQTQQ = 090, (1.2)

where Q = Q(z,t) is a 2 x 2 complex symmetric matrix-valued function and
Q' denotes the Hermitian conjugate of Q. For any 2 x 2 Hermitian matrix 3
and Q, equation (1.2) is integrable. The latter can be chosen in the standard
form without loss of generality, that is, the diagonal and off-diagonal terms are
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equal to 0 or +1. Since we are interested in a fully coupled system rather than
a triangular system, we assume that ¥ and ) are 2 x 2 diagonal matrices with
elements +1. Let ¥ = diag(o11,022), Q = diag(wi1,ws2), and let 03, = 03, =
w? = w3, = 1. The compatibility requirement for the off-diagonal terms in the
System (12) is 011W29 = 022W11-
Case 1:
Y>=Q=1

(or equivalently, ¥ = Q = —1Iy), which yields:

iOqn + Ooqr — 21 [|anl” + 2lq0)*] — 245¢*, =0,
i0hq_1 + 02q-1 — 2q-1 [|lg-1* + 2|qo|*] — 2434} = 0,
i0hqo0 + 02q0 — 2q0 [l + laol* + lg=1*] — 2q1¢59-1 =0,

which is a matrix NLS system of defocusing type.
Case 2:
YX=-Q=1I

(or equivalently, Q2 = —% = I3), which yields:

01 + O2q1 + 21 [|a1|* + 2lq0*] + 2454, =0,

101+ 03q-1 +2¢-1 [|a-11> + 2|90]*] + 24347 =0,

i0qo + 02q0 + 2q0 [|a1|* + |go* + |g-11%] + 2q1459-1 = O,
which is a matrix NLS system of focusing type.

Case 3:
Y =0Q=o03

(or equivalently, ¥ = Q = —o3), which yields:

O + 02q1 — 21 [|n | = 2lqol*] — 254", = 0,
i0rq—1 + 02q—1 — 2q-1 [lg-1]* — 2|0|*] — 243¢; =0,
i0hq0 + 02q0 — 2q0 [|a1 > — lao|* + |g-11%] + 2q1¢59-1 = 0.

Case 4:
Y=-0Q= o3

(or equivalently, ¥ = —Q = 03), which yields:

iOq1 + 02q1 + 21 [|a1]® — 2|q0l?] + 243¢*, =0,
i0pq—1 + 02q—1 + 2q-1 [Jq—1* — 2|qo|*] + 2¢3¢; =0,
i0q0 + 0290 + 2q0 [|1* — |ao|* + lg=11*] — 2q1¢g—1 = 0.
Let ¥ = diag(1, 8), Q = diag(o, af) (o® = 2 = 1), then the equations can
be written as
i + 0q1 — 2aq1 (|1 + 261qo]?] — 2045¢%, =0,
i0rq—1 + 02q—1 — 20q-1 [|g-1]* + 2Bq0[*] — 2ag5q; = 0, (1.3)
i0qo + 92q0 — 20qo [|q1* + Blao|® + |g-11*] — 2aBq1g5g-1 = 0
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with the IBV condition

(Initial data:
¢j(x,0) = qoj(x), 0 <z < L,
Dirichlet boundary conditions:
q;(0,8) = fo;(t), q;(L,t) = go;j(t), 0 <t <T,
Neumann boundary conditions:
0jz(0,1) = f1;(t), gja(L, 1) = g1;(t), 0 <t <T,

for 7 = 1,0, —1 in the finite region,
Q= {(z,1) |z € [0,L],t € [0,T]}. (14)

If L >0 and T > 0 are fixed finite length and time, then the initial data go;(z),

Jj = 1,0,—1, and the boundary data fo;(t), f1;(t), j = 1,0,—1, are sufficiently

smooth and compatible at the point (x,t) = (0,0). Among them, the initial data

qoj(z), 7 = 1,0, —1, and the boundary data f,;(t), gs;(t), s =0,1,j = 1,0, —1, are

respectively sufficiently smooth and compatible at the points (x,t) = (0,0), (L, 0).
The IBV condition is written in matrix form as follows:

(Initial data:
Q(z,0) = Qo(x), 0 <z <L,
Dirichlet boundary conditions:
F(0,t) = Fy(t), G(L,t) = Go(t), 0 <t < T,
Neumann boundary conditions:

Fy(0,8) = Fi(t), Go(L,t) = G1(t), 0 <t <T.

(1.5)

This paper focuses on the IBV problem for the four cases mentioned above
by employing the Fokas method. This method was previously applied to scalar
integrable NLS equations with a 2 x 2 Lax pair defined on a finite interval in [19].
Although the authors of [43] investigated the same problem for the integrable
spin-1 Gross—Pitaevskii equations, several distinctions exist between their work
and the present paper. First, the equations studied in [43] correspond to Cases 1
and 2 in this paper, namely the focusing and defocusing matrix NLS equations.
In contrast, we additionally address Cases 3 and 4, i.e., the mixed-sign matrix
NLS equations. Second, we decompose the 4 x 4 matrix into 2 x 2 block form
and then proceed within the framework of the original Fokas unified transform
method, which constitutes a distinct strategy from that adopted in [43]. Finally,
via analysis of the global relations, we examine nonlinear boundary conditions,
construct the mapping between Dirichlet and Neumann boundary data, derive a
full characterization of such data, and further represent the spectral functions as
solutions to a system of nonlinear integral equations jointly constrained by the
prescribed initial and boundary data.

The remainder of this paper is structured as follows. In Section 2, we intro-
duce the 4 x 4 Lax pair associated with equation (1.3) and conduct its spectral
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analysis, including eigenfunctions, jump matrices and global relations, and ex-
hibit the associated 4 x 4 matrix RH problem. Section 3 demonstrates how the
global relations induce the mapping between Dirichlet and Neumann boundary
values. In particular, the formulas derived for finite-interval boundary value prob-
lems reduce to those defined on the half-line as the interval length approaches
infinity.

2. A Riemann—Hilbert problem formulation

2.1. The general matrix NLS equation and its Lax pair. As is well-
known, the matrix NLS equation corresponds to the compatibility condition as-
sociated with the Lax pair of the potential matrix Q(x,t). Consequently, the
integrable system (1.3) admits the following 4 x 4 Lax pair:

{wm +ikoyp = Uz, t)b,

- (2.1)
wt + 2ik G4¢ = V(l‘, ta k)¢7

where ¢ = ¥(z,t,k) is a 4 x 4 matrix-valued function, k& € C is a spectral

parameter, and
02><2 Q I2 O2><2
U ,t = 5 == )
(2,?) (R 02><2) 74 <O2><2 —12)

V(z,t, k) = 2kU(x,t) + ioy (U, — U?)

[ iQR  2kQ+iQ,
- <2k:R—in iRQ ) ’ (22)

where

x _ (I1($7t) QO(x7t) _ vto aq (l‘,t) 04,86 (.T,t)
Q= () (i) B=sQe= (R0 D). e

We introduce the new eigenfunction p(z,t, k) defined by
e, b, k) = (x, t, k)elket2k s, (2.4)
Then the Lax pair (2.1) can be expressed as:

{ILL.’E + ik[‘ﬂhﬂ] = U(x?t)lu’a

L (2.5)
we + 2ik%[oq, p] = V(x, t, k) p.

Denote dyp = [04, p| = o4pr — poy. It is known that ey = e pue=%4. Then the
Lax pair (2.5) can be written in the total derivative form:

a [t 2070, 1 k)| = W (a1, ), (26)
where W (x,t, k) is explicitly defined as follows:

W (z,t, k) = B t22004 (17 (0 (. t, k)do + V(2 t, k) p(x, t, k)dt].  (2.7)
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Fig. 2.1: The contours v, (j = 1,2, 3,4) exhibited in the finite region (2.

2.2. Eigenfunctions and their relations. For any point (z,t) € Q =
{(z,t) | x € [0,L],t € [0,T]}, we introduce a family of contours {v;}}. Each ;
links one vertex of the rectangular domain Q, namely (0,7T), (0,0), (L,0), (L, T),
to the interior point (x,t) (see Fig. 2.1). Then for all (§,7) € v;, j = 1,2, 3,4,
the following identities along these contours are satisfied:

Mirx—=£2>0,t—71<0,
Y2ix—=§2>0,t—712>0,
Y3:x—§<0, t—712>0,
v:x—E€<0, t—7<0. (2.8)

We assume the system (1.3) possesses smooth complex-valued solutions g¢;(z,t)
for j = 1,0, —1 throughout €. Based on the Lax pair (2.5), we introduce four
sectionally analytic functions p;(z,t, k) defined on the contour family {~; M

et k) = [ e 0m e g
5

(z,t) ] .
- ]1+/ ik t2k2)oayy e 7 gy, 5 =1,2,3,4. (2.9)

(zj,t5)

In terms of the Volterra integral equation (2.9), where I = diag(1,1,1,1), and
the integration is performed along a piecewise smooth curve connecting (x;, ;)
to (z,t). The function Wj(z,t, k) is specified in equation (2.7) by substituting
wi(z, t, k) for p(z,t, k). As Wj(x,t, k) admits a closed-form expression, p;(z,t, k)
is path-independent. When the integration path is chosen parallel to the - and
t-axes. Equation (2.9) reduces to the simplified form:

pi(a,t k) =T+ / e~ EmOT (U ;) (&, ¢, k)dE
Tj

t
-l-e_Zk(w_xj)&‘*/6_22k2(t_7)&4(Vuj)(xj,T,k‘)dT, j=1,2,3,4.  (2.10)
t

J

Equation (2.10) indicates that each of the two columns of p;(x,t, k) involves the
exponential expressions listed below:

(., k)]« 2R O+2R2 =] s=1, j=1,234,  (2.11a)
(., k)], e 2FE-02R2 =] g9 1934 (2.11b)
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Fig. 2.2: The regions {Dj}‘l1 separating the complex k-plane.

To characterize the boundedness domains of the eigenfunctions {u;(z,t, k)}{
we introduce the curve K = {k € C | (Rf(k))(Rg(k)) = 0, f(k) = ik, g(k) = ik?},
which separates the complex k-plane into four distinct regions (see Fig. 2.2):

Dy ={k € CIRf(k) < 0 and Rg(k) < 0},
Dy = {k € CIRf(k) < 0 and Rg(k) > 0},
D3 ={k € CIRf(k) > 0 and Rg(k) < 0},
Dy ={k € CIRf(k) > 0 and Rg(k) > 0}. (2.12)

This indicates that D; and D3 (D2 and Dy) are symmetric about the origin of
the complex k-plane.

Therefore, from equations (2.8), (2.11), and (2.12), the regions where the
different columns of eigenfunctions p;(z,t,k) are bounded and analytic on the
complex k-plane are as follows:

pi(zt k) (f- N gy, f+ Ng-) =: (D2, D3),
po(z,t k) (f-Ng-, f+ Ng+) =: (D1, Da),
pa(z t, k) (f+ Ng—, f- Ng+) =: (D3, D2),
pa(z, b, k)« (f+ N g4, - Ng-) =: (Da, D1), (2.13)

where fi :=Rf(k) >0, f- :=Rf(k) <0, g4+ :=Rg(k) >0, g_ := Rg(k) <0.
The eigenfunctions j;(z,t, k) are related to one another via three matrices
s(k), S(k), and Sr(k) as follows:
ps(@,t, k) = po(a,t, ke R0 5 (), (2.14a)
pa(@,t, k) = pa(z, t, k)e R+ 205 5 k), (2.14b)
pa( t k) = ps(x, t, k)e @ D200 g, (g (2.14c)
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and
p1(0, T, k) =1, pe(0,0,k) =1, pus(L,0,k)=1, py(L,T,k)=L (2.15)

Evaluating equation (2.14a) at (x,t) = (0,0) yields s(k) = us3(0,0, k). From
equation (2.14b) evaluated at (x,t) = (0,0), we have S(k) = £1(0,0, k). Evalu-
ating the same equation at (z,t) = (0,7) gives S(k) = eQikQT‘f4u2_1(O,T, k). For
equation (2.14c), evaluation at (x,t) = (L,0) leads to Sr(k) = pa(L,0, k), while
evaluation at (x,t) = (L,T) yields Sp(k) = ezisz‘f‘*ugl(L,T, k). Evaluating
equations (2.14a) and (2.14c) together, we arrive at the relations below:

Ha ([IZ, t, k) = M2 (.73, t, k)eii(kx+2k2t)&4 (S(k)eikL&4 SL(k))
= pa(a,t, k)e Kot 2E0Tag (), (2.16)

where

S(k) = s(k)e*to4 S (k). (2.17)

From the above, we conclude that

S(k) = p1(0,0,k) = e>**T94,,1(0, T, k), (2.18a)
s(k) = p3(0,0,k) = *94 (L, 0, k), (2.18D)
Sp(k) = pa(L,0,k) = 2+ Tff4 pz (L, T, k), (2.18c¢)
S(k) = (0,0, k) = 200 101 T ). (2.18)

These matrices satisfy certain symmetry properties, so they can be expressed as

_ [ s22(k)  s12(k) _ [ Saa(k)  Sia(k)
S(k)_<0&912(/f) 522(145))’ S(k)_<04512(’f) Saa( >’

_( Sra2(k)  Srpia(k) [ Saa(k)  Sia(k)
Su(k) = <a5L12(/€) SLzz(k)>’ Stk) = <a812(/€) Saa( ))' (2.19)

From the properties of p;(z,t, k), it is known that the functions S(k), s(k), Sr.(k),
and S(k) have the following boundedness:

S(k) is bounded for k € (Dy U Dy, D1 U D3),

s(k) is bounded for k € (D3 U Dy, D1 U D»),

S (k) is bounded for k € (D U Dy, D1 U Ds3),

S(k) is bounded for k € (Dy, Dy). (2.20)

2.3. The global relation. Based on the definitions of the spectral functions
s(k), S(k), Sr(k), and S(k) introduced above, one can readily see their mutual
connections. Combining equations (2.14) with equation (2.16), we obtain the
following relations:

/1'4('7;7 t, k) = M2($7 t, k)eii(kx+2k2t)&4g(k)
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— /1*2(1" t, k)e—i(ka:+2k2t)&4 [S(k)eikLchSL(k)}
= i1z, t, k)e~i(ke+2k* D)o [s—l(k)s(k)eM@tSL(/@)} : (2.21)

Evaluating equation (2.16) at (z,t) = (0,7) and substituting (0,7, k) =1,
we obtain the global relation

o(T, k) = e~2iF* T4 [S’l(k)s(k)eikL&‘*SL(k)} . (2.22)

where ¢(T, k) = pa(0, T, k).

This relation plays a vital role in expressing the unknown boundary values via
the prescribed boundary and initial data. Using this method, we can systemat-
ically analyze nonlinear boundary conditions and describe the mapping relation
between Dirichlet and Neumann boundary data in Section 4.

2.4. Symmetry of eigenfunctions. Let

Ulx,t k) = —ikoy 4+ Ulx,t, k), V(z,t,k)=—2ik’c4 +V(x,t k), (2.23)

since
PO, t,k)Py = —U(x,t,k), PiVi(x,t,k)Pr=—V(z,t k), (2.24)
where -
Py = <i02 qEOQ) , P2=1 (2.25)

Proposition 2.1. The eigenfunction (x,t, k) of the Lax pair (2.1) and
wi(z,t, k) of the Lax pair (2.5) both possess the same symmetry relation

v (2, t, k) = Poypl(z,t, k) Py,
pit (k) = Peplh(a,t, k)P, j=1,2,3,4. (2.26)

Moreover, in the domains where p; is bounded, we have

1
uj(a:,t,k‘)zﬂ—i—O(k) as k — oo, j=1,2,3,4, (2.27)
and
detfp;(z, ¢, k)] =1, j=1,2,3,4, (2.28)

since the traces of the matrices U(x,t) and V(x,t,k) are zero.

2.5. The jump conditions. Let M(x,t, k) be defined by
_ r. 7
M= (lnzh, [nahiS5 (k) . argh € [0, 7],
— [T
Mo = ((2d () [psleszs () . arske [T,

My = (sl ), s ). aveke x5,
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M_ = <[:U’4]4SQ_21(]%)’ [M2]4> ’ argk € [?,QW} . (2.29)

where the matrices d(k) and S(k) are defined in (2.35) and (2.36). These defini-
tions imply
det M (z,t, k) = 1. (2.30)

and

1
M(z,t,k)=1+0 <k> as k — 0. (2.31)

Proposition 2.2. Let M(x,t,k) be defined by equations (2.29), where
wi(z,t, k) are defined by equations (2.10). Then M satisfies the jump condition

M_(z,t.k) = My (z,t.k)J(z,t, k), k€RUIR, (2.32)

where the 4 x 4 block matriz J is defined by

Jo, argk = 0,
J17 argk - gv

J = 2.33
Jy = J3J2_1J1, argk =, ( )
Js, argk = 3%,

and

812(15)82_21(15)62’9 IQ
_ (L= aSi(k)d (k)y(k) —Siz2(k)d " (k)e >
J3 = oy (R0 5 ) (2.34)
for 0(z,t, k) = kx + 2k?t,
Saa(k) = s22(k)S12a(k) + cvs1o(k)Sria(k)e™™ ",
Sia(k) = s12(k)Sraa(k) + saa(k)Sp1a(k)e*™ ", (2.35)
d(k) = 522(/6) — 04812( )822(/6)512(]@,
v(k) = S12(k)S55 (k) — 51285 - (2.36)

Proof. Writing equations (2.14a), (2.14b), and (2.16) in vector form, we find

[13]s = [u2]1s5y (k) + [uo]acsia(k)e, (2.37a)
[13)2 = [p2]1s12(k)e™ " + [polasaa (k) (2.37b)
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(]2 = [p2]1555' (k) + [nalaceSia (k)™ (2.37¢)
()3 = [p2l1S12(k)e™ ™ + [p2)aSaa (k) (2.37d)
[als = (1)1 (k) + [nalaaSa(k)e™?, (2.37¢)
[1aly = [p2]1S12(k)e™ + [ua]aSaa (k). (2.37f)

By rearranging equation (2.37f) and substituting it into equation(2.37e), the
jump condition Jy at argk = 0 can be obtained

To derive the jump condition J; at arg k = %, we first eliminate [u2]4 by using
equations (2.37f) and (2.37c):

k2 = [l (A(F) = ar(K)S1(8)) + [uahiaSzt ()Sa(B)e™.  (2.39)

We then eliminate [u2]4 by using equation (2.37f) and (2.37b):

[1s)2 = —[pal1v(k)soa(k)e " + [114]1S5; (k)22 (k). (2.39)

By further utilizing equations (2.38) and (2.39), the jump condition J; at arg k =
5 can be derived.
Finally, from equation (2.37a), we have

[2)1 = [ps]ssys (k) — [u2laasia(k)syy (k)e*. (2.40)

Substituting equation (2.40) into equation (2.37d) yields

[2)a = [p]sd ™ (k) — [us)ss5s (k) S1a(k)d ™ (k)e 2. (2.41)

Finally, substitute equations (2.40) and (2.41) into equation (2.37e), we get

(1ala = [p3]ssgy (k) (T2 — aSia(k)d™ l(k)@) Saa (k)

+ [a]sd ™" (k)y(K)Sa2(K)e™”. (2.42)
From equations (2.41) and (2.42), the jump condition J3 at argk = & can be
derived. 0

2.6. The residue conditions. Let us prove the following proposition.

Proposition 2.3. Let Sya(k) and d(k) be the spectral functions defined by
equations (2.35) and (2.36) in Proposition 2.1, and s22(k) be the spectral function
defined by the equation (2.19). Assume that

o [Sya(k)| has simple zeros {v;}, argv; € (0,%), and has no zeros at argk = 0
and arg k = ;

e [d(k)| has simple zeros {\;}, arg \; € (m,3F), and has no zeros at argk =
and argk = 37”;

e none of the zeros of [Saa(k)| for argv; € (0, 5) coincides with any of the zeros
of |s22(k)l;
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e none of the zeros of |d(k)| for arg\; € (, 37”) coincides with any of the zeros

of |s22(k)|.
Let [M]; and [M]s denote the first and the second column of the matriz M.
Then

Resyy, [M (e, £, k)]; = C§l)e—2ivjm—4iv?t[M($7 t,0)]a, (2.43a)
Res=y, [M(z,t,k)]2 = a@emﬂﬁwit[M(% £ 0], (2.43b)
Resgoy, [M (e, k)] = ¢ X7 N (M (8, 07)]a, (243¢)
Res s, (M (z 1, k)2 = acfe S = M a1, ), (2:434)
where
cg-l) _ [SQQ(Uj)SlQ('U‘j) — 512(v5)S22(v;)] 532(1’3‘)’
[Sa2(v;)]s22(v;)]
eI 045329‘3’)% (2.44)

9 0

d=1(\) 522 ()|

and X* is the adjoint matriz of matriz X, |X| = det(X) is the determinant of
matriz X, and it holds that X X* = X*X = | X|I>.

Proof. Decompose the jump matrix Ji(x,t, k) defined by equation (2.34) as

(I —y(k)e 2 I 0
Jl(x,t,k)_<02 4 )(awem 12>' (2.45)

Using the decomposition (2.45), the jump condition M_ = M, J; becomes the
following;:

([Mlbd_l(%)v [M3]252_21(k)> <—a812(k)lc21_1(k:)e2w I()2>
_ e~ 10
— (e szt (7 70T o)

Evaluating the second column of this equation at k = v;, we find that
eQiG(vj)’
(2.47)

where for the convenience of notation we have suppressed the z and ¢ dependence
of [u2]1, [pna]1, and 6. Hence,

0 = [1a]1(v;)S5; (v)s22(v;) — [m2]1(v) (s22(vs)S12(vs)S5y (v;) — s22(vy))

R k=v; [M( )t k)h ’SQQ(U]’)‘
[112]1(v)) [$22(v})S12(v5) — 512(0;)S22(v;)] 832(Uj). (2.48)

|Sa2(v;)][s22(v;)[€2(5)
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By using [u2]1(v;) = [M(z,t,v;)]2 we find equation (2.43a).
Similarly, evaluating the first column of equation (2.46) at k = A;, we find

0 = [paa(A\)d=T(N) + [msla(Ng sy (A7) S12 (X)) a-1(x;). (2.49)
Hence,

[1]2(A)) _ [3]2(Aj)assy (A )512(5\ )e20(A5)

Resp=n, [M(z,t, k)1 = =—= —=
[d=1(A))] |[d=1 (M) ]s22(A;)]

. (2.50)

which yields (2.43c).
Equations (2.43b) and (2.43d) follow from equations (2.43a) and (2.43c) using
symmetry considerations. O

3. Existence under assumption that the global relation is valid

3.1. The spectral functions. The analysis of Section 2 motivates the
following definitions and results for the spectral matrix functions. The relevant
rigorous analysis can be found in [18].

Definition 3.1 (The spectral matrix functions ss2(k), s21(k)). Given the
smooth matrix function Qo (), define the vector ¢(z, k) = (¢1, ¢2) as the unique
solution of

¢1, + 2ik¢1 = Qo() 2,
¢, = SQN ()b, 0<z<L, keC, (3.1)
¢(L. k) = (0,1)".
Given ¢(z, k), define the matrix functions (s22(k) and s21(k) by
SQQ(k) = ¢2<0, k), Sgl(k?) = ¢1(0, k), k e C. (3.2)

Properties of sq2(k) and s9;(k):

o s99(k), s21(k) are entire matrix functions;

I500(K)| ‘322(15)] ~ Alsar (B ‘321(15)] — 1, keC;

o sa(k) = T+ O (B, soi (k) = O (1975 as k — oo

In particular,
s22(k), s21(k), s22(k)e*™ L, so1(k)e? L are bounded for argk € [0,7]. (3.3)

We shall also assume that |sg2(k)| has at most simple zeros {k;} for Imk; >
0 and has no zeros for Imk = 0.

Remark 3.2. Definition 3.1 gives rise to the map

S: {QQ(IL’)} — {Sgg(k), Sgl(k)}. (3.4&)
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The inverse of this map,

Q : {SQQ(k‘), 821(]{)} — {QQ(ZC)} (3.4b)

can be defined as follows:

Qo(z) = 2i lim (kM) (2, k))12, (3.5)

k—o0

where M) (z, k) is the unique solution of the following RH problem:

[}
M (2,k), Imk <0
MO k) =4 o
M—I— (l‘,]{:), Im k > 0,
is a sectionally meromorphic function with unit determinant;
[ ]
M (@, k) = M5 (2,5) T (2,k), keR,
where
Jy = Iy — aslz(k)sal(k)slg(/;})si (k) —s12(k) 85y (k)e—2ike
512(/€)S2_21(k)62’k2’ I ’
[ J

1
M® (2, k) =144+ 0 <k> as k — oo.
It can be shown (see, for example, [18]) that
STt =qQ. (3.6)

Definition 3.3 (The spectral functions matrix Saa(k), S21(k)). Let

vO(t, k) = 2k:< 0 FO(t)) —ioy ( 0 Fl(t))

SFEI(HQ 0 SE®Q 0
| 0 R\’
— 104 <Z~JFOT (t)Q 0 > . (37)

Given the smooth functions Go(t), G1(t), define the vector ®(t, k) = (1, P2) as
the unique solution of
Oy + 4ik2®) = V@) + VD,
Oy, = V00, + V00, 0<t<T, keC, (3.8)
®(0,k) = (0, 1)T.

Given ®(¢,k), define the functions Saa(k) and Sa1(k) by

Soa(k) = ©o(T, k,  Say(k) = —® (T, k)e T (3.9)
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Properties of Sy (k) and So;(k):
e Soo(k), S91(k) are entire matrix functions;
o 122k |S22(R)| = A IS (k)] |Sn ()| = 1, k € €

k2 k2
o Syuk)=L+0 (#), s91(k) =0 <%) as k — oo.

In particular,

Saa(k), S21(k) are bounded for argk € [0, %] U {3;,271] .

We shall also assume that | S22 (k)| has at most simple zeros, { K}, for arg K; €

(O, g) U (7r7 37”) and has no zeros for argk =0, 5, 7, 37”

Remark 3.4. Definition 3.3 gives rise to the map
SO {Go(t), Gr(t)} = {Saa(k), Sar(k)}. (3.10a)
The inverse of this map,
Q) ; {Saa(k), a1 (K)} — {Go(t), G1 (1)} (3.10b)
can be defined as follows:

Go(x) = 2i lim (kMO (2, k)12,
B (3.11)
Gy(x) = 4 Jim {(k*M O (z, k)12 + 2iGo(t) (kM (2, k)22,

where M©)(z, k) is the unique solution of the following RH problem:

[
(0) s ™
M(O)(l',k’): M—O (I’,k), argke [075] U [7(',37] ,
Mi)(x,k), argk € [g,ﬂ] U [37’7,271] ,
is a sectionally meromorphic function with unit determinant;
[
MOz, k) = MO (e, k) O (2, k), ke RUIR,
where
= (T2~ aS12(k) Syt (k) S12(K) Sy, (k) —S1a(k) Sy (k)e ke
S12(k) Sy (k)etih* I ’
[ ]

) as k — oo.

It can be shown (see, for example, [18]), that

(S(O))A = Q0. (3.12)
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Definition 3.5 (The spectral matrix functions Sy (k), So1(k)). Let QU (¢, k)
be defined by an equation similar to (3.7) with Fy(t), Fi(t) replaced by Go(t),
G1(t). Given the smooth functions Gg(t), G1(t), define the vector W(t, k) by
equations similar to (3.8) with Q) (¢, k) replaced by Q) (t,k). Given W(t, k),
define S92(k) and S21(k) by

Soa(k) = Ua(T, k), So1(k) = =y (T, k)e**°T. (3.13)
Properties of Syy(k) and Sy;(k): Identical to those of Saa(k), Sa1(k).
Remark 3.6. Definition 3.5 gives rise to the map
S {Go(t), Gi(1)} = {Saa(k), Sai(k)}. (3.14a)
The inverse of this map,
Q) : {Spa(k), Sar (k)} = {Go(t), G1(t)} (3.14D)
is defined exactly as in Remark 3.4, using the notation
ME (¢ k), JE) (¢, k) instead of MO (¢, k), JO (¢, k). (3.15)

In analogy with equation (3.12) we find

-1
(S(L)) — Qb (3.16)
3.2. The Riemann—Hilbert problem.

Proposition 3.7. Let Qo(x) be a smooth function. Suppose that the set
of functions Fy(t), Fi(t), Go(t), and G1(t) is admissible with respect to Qo(z).
Define the spectral functions se2(k), si2(k), S22(k), Si2(k), Saa(k), and S12(k) in
terms of Qo(x), Fo(t), Fi(t), Go(t), and Gi(t) according to Definitions 3.1, 3.3,
and 3.5. Assume that

o |s(k)| has at most simple zeros at points {k;} for Imk; > 0 and has no zeros
for Imk = 0;

o |S(k)| has at most simple zeros at points {K;} for arg K; € (07 g) U (ﬂ', 37“)
and has no zeros for argk =0, 5, , 37“;

e [Saa(k)| has at most simple zeros at points {K;} for argK; € (0,%) U (m, 2F)
and has no zeros for argk =0, 3, , 37“;

e |d(k)| has at most simple zeros at points {\;} for argA; € (5,7) and has no
zeros for argk = 5 and argk = m;

e none of the zeros of |s(k)| for argk € (%,
e none of the zeros of |d(k)| for argk € (5,m) coincides with a zero of ‘S(/;:)‘

or a zero of ‘%‘

™) coincides with a zero of |d(k)|;

Define M(x,t, k) as the solution of the following 4 x 4 matriz RH problem:
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e M is sectionally meromorphic in C\ (RUIR), and has unit determinant;
[}
M_(z,t, k) = My (z,t,k)J(x,t, k), keRUIR. (3.17)
where M is M_ for argk € [g,w] U [37”,277], M is My for argk € [0, g] U
[71', 37”], and J is defined in terms of s92, S12, S22, S12, S92, S12, by equations

(2.33) and (2.34);
1
M (z,t, k) :I4+OE as k — 00; (3.18)
o residue conditions (2.43).

Then M (z,t,k) exists and is unique. Define Q(x,t) in terms of M (xz,t, k) by

Q(x,t) = 2i kli_}n;(}(kM(x,t, k))12 (3.19)
Then Q(z,t) solves the NLS equation (1.3) with
Q(HT,O) :QO(:U)v Q(O,t) :FO(t)v Qx(oﬂt) :Fl(t)v
Q(Lvt) - Go(t), Qx(Lvt) - Gl(t)' (3'20)

4. Nonlinearizable boundary conditions

The main conclusion of this article exhibits the unknown boundary condition
on basis of the prescribed boundary condition and the initial condition in terms
of the solution of a system of nonlinear integral equations.

By evaluating equation (2.16) at the point (z,t) = (0,¢) and using ¢ instead
of T in equation (2.18¢), we find

elt, k) = (0,1, ke~ 2K () Ers 2R g (L, 1 )
— /12(0,'5,]{') [e—Qik2t04 ] |: szU4 —1 L t k)i| (41)

Let H2(07 t k) =
try, equation (4.

(qm (t,k)s11 (k) + ot k)521(k)e4ik2t) (iqql(t E)i)

((I)Tl (t, k)s1a(k)e™4*t 4 Bt k)SQQ(k)> (Q\IJIQ (t,k i) —2ikL,
=1,2. (4.2a)

s = (ot R)sia(k)e ™5 4 @y (t, K)sna(R) ) (O, (1 F)0D)

(c1>7.1 (t, k)s11(k) + ®ra(t, k)821(k)e4ik2t) (E\If; (t, k)

(Dj(t, k))axe and pz(L,t, k) = (Vy;(t, k))2x2. By using symme-
1) can be expanded as

sz
)

\_/

=1,2. (4.2b)

Thus, the column vectors [¢(t, k)], are analytic and bounded in Dy away from
the possible zeros of det(Sa2(k)) and of order O (i“) as k — oo, and the
column vectors [c(t, k)], are analytic and bounded in D; away from the possible

zeros of det(Sa2(k)) and are of order O (%) as k — oo.
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4.1. The asymptotic behaviors of eigenfunctions. It follows from the
Lax pair (2.5) that the eigenfunctions {u;}} possess the following asymptotics as

k — oo:

©)
xtk _H+Zkl (Mﬁu '%12)4_0(]{13)

Hj o1 N]22

x,t 1 i
=1+ 1 (f((xjﬂf)j) Agl) ( 7)5 ))
- i z,t (1
k §R f( A

i t;) S22
x,t 2 2
L L (f B ) +0 < )
2 x, :
K ,u(. ) f((ﬂﬁjft)j) Ag2) i

where we have introduced the following functions:

Al _fQRdx—k (QR — Q.R)dt

A = —fRde—i- (RQm R,Q)dt
. ot
,UJ 12 %Qm Qﬂ§12)2 %Qz - %Q (;,tj) A§12)7
@ _1 W _ 1, iy (™D
W = 7 Fa+ R ), = 4Rw+2R/(xj7tj)AH,
NG E
@ [4QR + QRu] 11} dz

+ [fl@x& ~QRQR)+ L(QR. - %R)uﬁfl} dt

1 ) (:E,t)
1R+ QR [ AY do
(zj,t5)
i 1 (z,t) )
1(QR —QRQR) + (@R~ @ur) [ A
Zjsts
[1 {
A = | {QR. + 2QRM§,12)2} d
?
+ (1.1~ oraR) + QR ~ Qo a
1 i (@1)
= | {RQ: — 5 RQ A da
L (zj,t5)
i 1 @0
_Z(RzQx — RQRQ) + §(RQx - RQCQ)/( t )A22 dt,
Zjsty

(2)

(4.3)

(4.4)

where the matrix-valued functions {ugé) = 1t (z,t)}?_,, i = 1,2, are independent

of k.
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We introduce the matrix-valued function u2(0,t, k) = (®4;(t, k))2x2 as follows:

a0 o0
12(0,, k) = @zgg i) —T+ Z = ( i ig) +0 <k13> (4.5)

21

By the asymptotic expansion in equation(4.3) and the boundary data at z = 0,
we find

? {
o) = LR(0). B = [F(0) — R0l (4.6)

4
Thus, we have the Dirichlet-Neumann boundary data at = 0 by using the
spectral function:

Fo(t) =2id'Y),  Fi(t) = 402 1 2Ry (1)), (4.7)

Similarly, we assume that the asymptotic formula of p3(L,t, k) = (¥i;(t, k))2x2
is of the form

2 O ¢
it = () i) = 2w (W) 4) o (&) o
=1 21 *22
We find
Go(t) = 2i01Y) . Gy(t) = 4012 + 2iGo (1) 0l (4.9)
For the vanishing initial values, it follows from equations (4.2) that we have
the following asymptotics of c12(t, k) and c91 (¢, k).

Proposition 4.1. Let the initial and Dirichlet boundary data be compatible
at points x =0 and x = L (F(0,0) = Fy(0) at © =0 and G(L,0) = Go(0) at x =
L), respectively. Then, the global relation (4.1) in the vanishing initial data case
implies that the large k behaviors of c12(t, k) and c21(t, k) can be given as follows:

1 2 D& ot
R R )
’ k k2 k3
t) @ T(2) Mgt
SUV0 | SURP0 + e Swito N oser
A 2 +0 3| e as k — oo,
(4.10a)
(1) (2) Mg T
P Dy + Dy XV X 1
en(t, k) = T2 A PN +0<m>
Sot)E & t2)e D&t
'S 0075 0T (1] o e

(4.10D)

Proof. It follows from the global relation (4.1) under the vanishing initial
data that:

[e(t, k)] = (<I>11(t, k)s12(k)e 4Rt 4 By (t, k:)szg(k:)> (Q\p;2(t, E)Q)
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_ <<I>11(t, k)s11(k) + ®12(t, k;)521(k)€4ik;2t> (qugl ¢k Q) 2k
(4.11a)

[e(t, k)]yy = <<1>21(757 k)si1(k) + ®aa(t, k)521(k)e4““2t) (2‘1’11 (t. k) )

_ (‘I’gl(t, k)812(k)€—4ik2t + @22@7 k)322(k)> (Q\PJ{Q(L k) ) e~ 2kL
(4.11b)

From s(k) = u3(0,0, k) and (4.3), we conclude that
(811 812) _ <I2 0>
511 822 0 I
L1 <2Zf<( ) a80,0) Q(0,0) > Lo ( 1>
YA . p(xt 1 1.2 |-
2\ —R(0,00 2 [ AL0,0) K2

Then, combining with (4.5) and (4.8), the proof can be completed.
Recalling the t-part of the Lax pair (2.5)

e + 2ik2[oq, 1) = V(x, t, k) p. (4.12)

It follows from equation (4.12) that the first column of this equation with u =
#2(07 t, k) = (I)(ta k) is

O114(t, k) = —iFySFi QP + [2kFy + iFy] $ay,

Sotd oot RS 9 (4.13)
Boy (1, k) = (21@1709 _iSF Q) By +iSE QR Dy + 4ik2 Doy

The second column of equation (4.12) with p = u2(0,t, k) = ®(¢, k) yields

D194(t, k) = —iFySF Q@19 + [2kFy + iF| Boy — 4ik> Dy,

S, o (4.14)
Bony(t k) = <2k2FOQ —iSF] Q> By + IS QFyos.
We suppose
@1y ei(t) | e2t) m(t) | n(t) —4ik2t
— t SI\v) =2\ t AT .
(4.15)

where vector functions ¢;(¢) and 7;(t)(l > 0) are independent of k. To determine
these coefficients, we substitute the above equation into equations (4.13) and
(4.14) and use the initial conditions

£0(0) +n0(0) = (I2,02x2)",  £1(0) + 11(0) = (Oax2, Oax2)” .

e\ (1), 1 (o)) 1 cpg? 1
() = (5) +5 (3) s () 0

We find
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1 0 1 4Ak‘2t
L i )| et 4.1
+ 13 (_;ng 0a) +0 ()| (4.162)
(1) )
= + = + = +0(—=
+ E; <2F8(0)> +0 <]:2)] e Hk%, (4.16b)

Similarly, at x = L, the function p(z,t, k) = us(L,t, k) satisfies the t-part of the
Lax pair (2.5). Therefore, when p = us(L,t, k) = U(t, k), the two columns of
equation (4.12) are

U4t k) = —iGoSGIQW 1 + [2kGo + iG] W, (4178)
ara(t, k) = (2KSGIQ — iSGIQ) Wit +iSCGI0G o + 4ikP s, .
\1’127t(t, k) = —iGoiGgQ\Pm + [QkGo + lGl] Yoy — 4ik2\1’21, 417h
Woo (L, k) = (zkiagﬁ—z‘iem) U1y + iSGIOG Uay. (4.170)
Similarly, we can find the asymptotic formulas of U(t, k)
Vo) \0) "k ol )" k2wl 3
1 0 1 4ik2t
- L ~ — 4.1
e Cisagon) +0 () s
Wi\ _ (0, 1 (wp) 1 ey
\1’22 \I k \11512) k2 \Ilgll) k3
1 iGO(O) 1 —4ik>t
—_ | 2 o 7
+ [k ( 0 +0 2| € . (4.18b)

Substituting these formulas into equations (4.11a) and (4.11b), and assuming
compatibility at z = 0 and = L, we obtain the asymptotic results (4.10a) and
(4.10b) for ¢(t, k) as k — oc. O

4.2. The map between Dirichlet and Neumann problems. In what
follows, we prove that that the functions S(k) and Sr,(k) can be expressed through
the solutions of integral equations, using the given Dirichlet and Neumann bound-
ary conditions as well as initial conditions. For simplicity, we define the following
symbols:

We(t, k) =W(t, k)£ W(t,—k); As=Ay(k)=e*F Le 2 (4.19)

The symbol 0D;, j = 1,...,4, denotes the boundary of the j-th quadrant D;, and
the direction of 0D; is such that D; lies on the left. aDg denotes the boundary
contour that does not contain the zeros of A_(k), and 0D§ = —9D?.
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Proposition 4.2. Let Qo(z) = Q(z,t = 0) € C*°[0, L] be the initial condition
of equation (1.3) in the finite interval x € [0, L] with T < oo.

For the Dirichlet problem, the boundary conditions Fy(t) and Go(t) on the
interval t € [0,T] need to be sufficiently smooth and compatible with the initial
condition Qo(z) at the points (x2,t2) = (0,0) and (x3,t3) = (L,0), i.e., Fp(0) =
Q0(0), Go(0) = Qo(L).

For the Neumann problem, the boundary conditions Fi(t) and Gi(t) on the
interval t € [0,T] need to be sufficiently smooth and compatible with the initial
condition Qo(z) at the points (x2,t2) = (0,0) and (x3,t3) = (L,0), i.e., F1(0) =
0:Q0(0), G1(0) = 0;Qo(L).

Let det(S11(k)) have no zeros in the domain Dy. Then the spectral functions
S(k) and Sp(k) are defined by

S — ( S0!,(T,F)S 2¢;1(T>E)Q€4ik2T>7 (4.202)

Qo1 (T, k)Se 4+T Q@b (T, k)

SOl (T, k)S S0l (T, k)QetikT
Sy, (k 1 21t )Re 4.20b
ok) = ( OUl (T k)Se4HT  Qul (T k)0 ) (4.200)

and the complez-valued functions {@ij(t,k)}%jzl can be expressed using the fol-
lowing system of integral equations

t
Dy (t k) = I + / {—z'FOng Q®1y + [2kFy + iFy] <1>21} (r,k)dr,
0
t
Dot k) = / e’4ik2(t’T){—iF02FJQ<IJ12+[2kFg+z'F1] q>22}(T, k)dr,
0

t
Doy (t, k) = / Hk* (=) { [%EFJQ — S Q} o)) +z‘ngQF0q>21} (r, k)dr,
0

t
Bon(t, k) = I + / { [kapg O —iSF] Q} By + iSF] QF0<I>22} (7, k)dr.
0
(4.21)
The functions {W¥;;(t, k)}%,j:1 satisfy the same integral equations as in (4.21)
with {FS,FJ,Q)ij} replaced by {GS,G};, Uit i,7=1,2,s=0,1.

(i)  For the given Dirichlet boundary data, the unknown Neumann boundary data
Fi(t) and G1(t) can be obtained as

A A

1 4k .
+ / { N [(1)11812 (Q\P£2Q> 6_4Zk2t
7T aDg 2

+ P9 (8229\11520 — I2>:| 6_2ikL} dk

1 4k 4ik%t Shrie
_ 7r/aDg {m_ (@151 + Prosme™ - L) S0 0|t ak

1 2A 4 ~ -
Fi(t) =~ /@DO [ = (k®yy +iFp) — —— (km;lﬁ + iGg)} dk
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1

+— / 2Fy®oy_dk (4.22)
T JoDy

and
1 2A, » L
0=z 22 (KWyy +iGo) + —— (KS®, Q+iF]) | dk
1(t) ﬂ/aDg[ iA,( 12— +1 U)+iA,< L 0)]
! Ak ST <
- T /aDg {@A_ [(\11112511Z — Iz) 05,0

+ xpnisgl@ggﬂe“k%” dk

1 4k 3 o ) |
_ / { |:\IJ12 (9812@12‘1964”@'27598;2@12.29 — I2) eQ’LkLi| } dkj
oDy

™ (AN 3
1

+ / 2GoVoo_dk. (423)
T JoD}

(ii) For the given Neumann boundary data, the unknown Dirichlet boundary data
Fo(t) and Go(t) can be found as

1 A 2 e i -
Fo(t) = — /aDO <+<1>12+ - Aw;HQ) dk
3

1 ) A ) ~ |
+ T /8D0 { [@118126—4zk2t + &9 (szzQW%Q — ]2>] e—2sz} dk

: A_ +
1 2 ) - ~
— / { [(@11811 + @12821€4lk2t — IQ) 2@;19} } dk (4.24)
™ oD9% A_ n
and
1 A, 2 et -
t) = — - —YdL. Q) dk
Go(t) '/T/8Dg< A 12++A, 214 )d
1 2 ~ - - -
- Z (wysst -1 ) ol 0
+7T/8D§{A— [( 1124813 2 21
+ Uy Ssh 5.0 4i’f2f]} dk
112891 Pgg3c€
+
1 2 ~ ~ i 2 ~ ~ i
- /apg {A (w15 (25,00, 0™ 4 Qsly 0,0 - 1) 2] }+ dk,
(4.25)

where ®,; = @rj(t,k),fﬁij = @Ij(t, k) and other functions have similar ex-

PTesSsions.

Proof. We can verify equations (4.20a) and (4.20b) by replacing T with ¢
in equations (2.18a) and (2.18¢), i.e., S(k) = e2¥°104,1(0,¢, k) and Sp(k) =
eQik2t&4u§1(L,t, k). Then, by using the symmetric relation (2.26), we can ob-
tain equations (4.20a) and (4.20b). In addition, the equation (4.21) for ®;;(t, k)
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(i,j = 1,2) can be represented by the Volterra integral equation of us(0,t, k).
Similarly, the expression for W;;(t,k), i,7 = 1,2, can be obtained from the
Volterra integral equation of ug(L,t, k).

In the following we will prove equations (4.22)—(4.25).

(i) Applying Cauchy’s theorem to equation (4.5), we find

—%chgl; (t) = / [D9g — I]dk = / (D99 — I]dE,
0D> 0Dy

0 .
/ [k(I)lz + Q]dk = / [k(I)lg + zFo]dk. (4.26)
3D2 8194 2

|
-
E
&
il
S
—
~
S—
Il

We further find

’L7T(I)22 </ / ) (1)22— dk‘_</ / > (1)22— ki
0Dy 0Dy 0D, 0D3
:/ (D99 — I]dk —/ (D99 — I]dk :/ Doy dk, (4.27)
0Ds3 0Dy 0Ds3
= ) o
0D 0D3

j2
- / [kqfu n ZO] dk
oDs 2

i Fl 2 —2ikL F
= / {szbn TR {kq’m + ZO} } dk + C1(1)
(9Dg 2 A_ 2 _

z7r<I>12

_ /a ; i*gg (k1o + iFo)dk + Cy (1), @28)

where we have introduced the function C(t) in the form

9p—2ikL iFy
= — @ S .
) /8Dg{ A {k 27 Hdk

We use the global relation (4.11a) to further reduce Ci(t) as

26721‘14:11 ZF[)
— By 4+ 20
oX0 /BD{ — [k o ]}_dk

9p—2ikL ~ o
— / { ‘ [(b%)—kclg(t,k)—E\lig(ll)QeQZkL]} dk
oDy

A_

90— 2ikL ~ o N
- /8 . { ~ (k20,0 - SwlVG) ek ] } dk
0 _
2ke—2sz 5 e N 5
+/ 0 { A {(1)11812(9‘1’529)6 R 4 D19 (5200000 — [2)}} *
oDy - _
leszkL ) B o
- /8 0 {A [(qmsn + Byosop ikt 12)2\1@19621“} } dk.
DY - _

(4.29)
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By applying Cauchy’s theorem and asymptotic form (4.10a) to equation (4.29),
we find that the term on the right side of equation (4.29) has the following form:

) - -
:—'<I>(2)—/ 2 (kb 0 -G}

2k N N ‘ ) i |
+ /BDO {A [@11812(9\11529)@*4%% 4 @12(5229\113252 — [2)} €2sz} dk
9 _

2k . ~ ~
— / { [(@11511 + @12521641k2t — [2)2\11219” dk. (4.30)
oD§ A _

It follows from equations (4.28) and (4.30) that

(2) 1 Ay , 1t & s
P17 = k®io— + iFy) — —— (XU, _Q+iG))| dk
12 (t) 7T/6Dg {21’A_( 12— +iFp) z'A_( b Q+iG))
1 k L o |
—i—/ { [(1)11312(9\11229)674”“2’5+CI>12(SQQQ\I/£2§2—IQ)} 62sz} dk
T Jopy LA )
! K 4ik>t R
= /aDg {ZA [(@11511 + Pi2s21€ - 12)2\1’219} _dk. (4.31)
From equation (4.27), we obtain
1
Dy (1) = — / Oyy dk. (4.32)
17T 8D5

Substituting equations (4.31) and (4.32) into the second formula of equation (4.7),
we obtain (4.22).

To derive equation (4.23), we first need to find the functions \Ilélg) (t,k) and

\IJg) (t,k), and then use the second formula in (4.9). Applying Cauchy’s theorem
to equation (4.8), we have

o) = — /8 U dk (4.33)
3

_ o o
_/wg [wu o) - =5 (/«1:12 \1112)]dk+02(t) (4.34)

A
_ / — = [kWyo_ + iG] dk + Ca(t),
oD§ A

where we have introduced the function C(t) in the form

262ikL (1)
Oy(t) = /aDg { — (kwz - 0y } dk.
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We apply Cauchy’s theorem, asymptotic (4.10b), and the global relation (4.11b)
to Ca(t) to have

2 — ~ il ~ .
Cy(t) = /aDO {_A_ [chgl(t, k)Q — Zq)g(ll)Q + \I,glz)ezsz}} dk
270 ~ ~ - -
£ o soat@)
+/apg {A + (kS0},0 - Seff Q)”_dk

+ / {A (xpnzs}lz - 12) S0}, 0+ 1111128;1@;296_4Zk2t:| } dk
oDY -t _

- / 0{ Wy (9], Qe 4 Qshy 0,0 - 1) eZ“ﬂ} dk
oD _

AL

— iy ® 2 (150l Q4irt
= —inw +/8Dg [+A (kE<I>21§2+zFO)] dk

2k |
_ / 0 {A [11112 <Q812@§1964lk Ly Qsl, @l 0 — 1 ) 6211@}} "
ap | A

" /8D0 {A KWHZSLZ B 12) 2@519 + \P1128£1@;296_4Zk21 } dk
9 _

(4.35)
It follows from equations (4.34) and (4.35) that we find
@), 1 Ay t T
Ui (t) = — kWU ES®L Q+iF))| di
(=7 /aDo [ B (k) Fe- TG0 ZA Al R )]

1 k
- Uy Ssh S - I)zcb 0
YR

+ \Ifnis;l@;?fze“kzt]} dk

1 k i o i |
- / { - {‘1’12 (Qsisznge‘“th + Qs%QQEQQ — IQ) 62“@} } dk.
T Joapg 1A

(4.36)

Substituting equations (4.33) and (4.36) into the second formula of equation (4.9),

we obtain (4.23).
(ii) We now derive the Dirichlet boundary data (4.24) at z = 0 from the
known Neumann boundary value problem. From the first equation in (4.7), we

know that Fy can be expressed by @512). Applying Cauchy’s theorem to equation
(4.5), we can obtain:

Z7T(I)§2 (/ / > (I)lzdki == / (1)12 dk
0D1 0D3 0Ds3

2 .
= / |:¢)12_ + A(e_Qlqu)lg)_i_] dk + Cg(t)
oD} -

A
= / “Ld1o dk + Cs(t), (4.37)
opy A
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where we have introduced the function C3(t) in the form

Cs(t) = — /8 o [z_(e%“@up} dk

_ 2 “2%kL | gt 6
_ /wg = [erat. e +E\1121§2Ldk:

2 ) . ) |
+/d . {A [@118126—4zk2t + &9 <8229\1132Q — ]2)] e—QZkL} dk
209 B

+
2 ) - -
— / { [(@11811 + @12821€4Zk2t — IQ) 2\1112-19} } CUC
ong | A- +

(D) 2 5ot @
= —in Dy — — Yl Qdk
(S /8Dg A 21+

2 . i i |
—|—/ { |:<I>11512€_41k2t + P19 (322Q¢’£2Q — ]2)] e—2sz} dk
opy | A )

2 | L
- / { [(qmsu + Bposgp etk — 12) E\IJEIQ} } dk. (4.38)
opg | A- +

It follows from equations (4.37) and (4.38) that we find

1 A 2 - .
o)) = / S S ) )
12 2 8Dg A 12+ A 21+ dk

1 2 ) ~ ~ )
— { |:(I)118126_4Zk2t + P9 (SQQQ\I/;zQ — I2>i| 6_2ZkL} dk
2im Jopy | A n

1 2 ~ St G
b { [(Pusit + Prosme™ — 1) S, O } k. (4.39)
2T 8Dg A_ +

Substituting equation (4.39) into the first formula of equation (4.7), then we
obtain (4.24).

We now derive the Dirichlet boundary data (4.25) at © = L from the known
Neumann boundary value problem. By applying Cauchy’s theorem to equation
(4.8), we obtain

i (1) = </ +/ )\Ifl2dk:/ Uyo_dk
0D 0D3 dD3

9 .
-/ [‘1112 . A(e%’%un] ak + Cat)
oD} -

A
= / —i\pm_;,_dk + C4(t), (4.40)
opy A

where we have introduced the function Cy4(t) in the form

Cu(t) = /a N K_(&@"ﬂqflgp] dk
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(V0S8 - 1) $04,0 4wy, Sl @l e8] } i
+

_|_
S—
S 2 ~
————
g5

W1z (s, Qe 4 Qsl, 00,0 - 1) QI’CLH dk
+

2
= —in 0l 4 / S0}, Odk

2 > > 3 0 — ~ .
" / {A KWHESEE B IQ) 2(1)219 + \11112851@329674%21 } dk
opy | A- )
{ [\1112 <§~2512<I)£1§264ik2t + Qs%ﬂ)%ﬁ - [2> e2z’kL} } dk.
+
(4.41)

It follows from equations (4.40) and (4.41) that we find

1 A 2 o -
o)) = / —E Py, + — 50, 0
12 2 8Dg A 12+ T+ A 214 dk

1 2 -4 = - ~ - ~ s
il il T i T &t —44k2t
5 Jomg {A_ [(\IJHESHE Ig> YDy Q4 U155, D)y e } }+ dk

1 2 ~ ~ i 2 ~ ~ i
“5in ), {A |15 (s, @0, Qe 4 Qsly 0,0 — 1) 2L }+ dk.
(4.42)

Substituting equation (4.42) into the first formula of equation (4.9), then we
obtain (4.25). N

4.3. The effective characterizations. For given Dirichlet boundary data
{Fo(t),Go(t)}, substituting equations (4.22)—(4.25) into equation (4.21), and the
similar expressions for {W;;(t, k)}? j—1, We obtain a system of coupled nonlinear
integral equations for {®;;(t, k), U;;(t, k)}? j—1- This system effectively character-
izes the spectral functions {®(¢, k), U(t,k)} for the given Dirichlet problem. In
the following, we use the method of perturbation expressions to represent them
in detail.

Substituting these perturbation expressions:

ij(t, k) = L (t, k) + el (8, k) + @t k) +---, ij=1,2,
Wyt k) = 0, k) + Wl k) + 20 k) 4, 0= 1,2,
sij(k) = sl (k) + esii (k) + s (k) + -+, i,j=1,2,
Fo(t) = 0[1]()—{—62F[2}()+63F(£3](t)-|-...’
Go(t) = Gl () + 2GR (1) + 6P 1) + -,
Rt =ePH @) + PR @ + SFP @) + -
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G1(t) = eG1(OM@) + G110 A (1) + EGLBF ) + -+, (4.43)

into equations (4.13) and (4.14), where € > 0 is a small parameter, we obtain the
O(1) and O(e) order terms of ®;;(t, k) as follows:

O(1):
0] :
ol% =1, j=1,2
0(1) s J (4.44)
O =0, ij=1,2i#],
(¢, k) = D (t, k) = 0,
t
1 —4ik?(t—7 U, pll
O : ®utk) :/o WD rE + iR (7 k)dr, (4.45)

¢

obl(t, k) = / e~ =) 2k S IO + S FMO) (7, k)dr,
0

and other O(e®) (s > 1) order terms of ®;;(t, k), which are omitted here. Similarly,

through the boundary values at * = L, we can also obtain similar expressions

for {\II[S] (t,k)}7j=1,s = 0,1. If we assume that det(Szz) has no zeros, then we

expand equations (4.22) and (4.23) to obtain the following:

1 24 4 (e
Al =~ / ; [ el iR - —— (kSulila+ z’Gg[”ﬂ dk
0D3

IA_ A _
{ [‘1’[211] —szL (@[21118[211]€4ik2t _ 12) 2\112[1119]} dk,
oD} _
1] 2A+ 1] 1] 4 eatll e L il
Gl 6DO[ (R Gy o (REOY Q4 iF )] dk
{ Sofllo - wif (asllelll g — 1,) e%’ﬂ} dk.
8D0 _
(4.46)
According to equation (4.45), we further derive
t
ol (¢, k) = 4k / e 4k (=) plll(7 kydr,

0
t

ol (t,k) =4k / e WS EINO(r, )ar. (4.47)
0

Similarly can be obtained
t
vt (¢ k) = 4k / e ik t-n Gl (7 k)dr,

0
t

ol (k) = 4k / e k=N SGINO (7, k) dr. (4.48)
0

Therefore, the unknown Neumann boundary value problem can be solved by
the perturbation method as follows. For the given det(Sg2) with no zeros and
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the Dirichlet boundary data Fj 1 and G[l] at x = 0, we can find the functions

{(I>[1] <I>[211} ., \11[112, 1} according to equations (4.47) and (4.48). Then, we can

obtain F [1]( t) and G[l}( t) from equation (4.46). Finally, we obtain @E;} from

equation (4.45). Similarly, we can also find \IJE]
If we assume that det(Sg2) has no zeros, then we expand equations (4.24) and
(4.25) to obtain

Ryl =

- /a . {Z_Z’“_ @ble2kE 4 (@ffshlet*t — 1) 2\1@[1”52]} dk,
: .

i (1]
i, + AE<I>21+Q} dk

4Ak_ [m;{lug ‘11[112]( SRICPSIOIRER 12) emL” dk.

(4.49)

According to equation (4.45), we further derive
t .
ol (1, k) = 2i /O et =) pM (7 k) dr,

t . ~ ~
ol (k) = —2i /0 e RSP (7 k) dr. (4.50)

Similarly,

t .
ol (¢, k) = 2i / ekt Gl (7 kydr,
0

t
ol (¢, k) = —2i / ek (=N SGINO (7, k) dr. (4.51)
0

Thus, the unknown Dirichlet boundary value problem can now be solved by
the perturbation method as follows: For the given det(S22) with no zeros and the
Neumann boundary data F} I and Gm
(ol whl el of]} from equations (4.50) and (4.51). In addition, we can
further find F(g ]( t) and G([)]( t) from equation (4.49). Finally, we can obtain \IIE}
from equation (4.45).

In fact, the recurrence formulas obtained above can be extended infinitely.
We assume that they hold for all 0 < j < n — 1. Then, for n > 0, substituting
equation (4.43) into equations (4.22) and (4.23) will yield terms of order €™:

at x = L, we can determine the functions

], _ 1 204 o), i)y 4 (agtinl e i)
F (t)_w/ap0 [m_ (ko +iF") - —— <kE\D21_Q+zGO ) dk

1 4k Tl o S .
N 7T/,9Dg {ZA_ ofle2E 4 (] st - 1) Sull6) } dk
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+ O(k"),
[n] _ l _2A+ [n] . ~[n] i & fln) & ]
Gl (t) T /BDg |: iN_ (k\I’12— + ZGO ) + A (kE(I)Ql_Q + ZFO ) dk
1 4k (& tn] & ] (A ] il A aik? i
o7 /z)Dg {iA {Eq);[l 10— wly (951[2 lpflrQetik® _ 12) e? kL] }_ dk
o (4.52)

where O(k™) stands for the result involving known terms of lower order. The
terms of O(€") for ®;; in equation(4.21) and the similar equations for ¥;; yield

t
ol(t, k) = / et ok B 4 B (7, k) dr + O(k™),
0

t ~ ~ ~ ~
o, k) = / e =) (kS FIMO 1+ i SFIMQ) (7, k) dr + O(k7),
0

t
o, k) = / et =) kG 1 G (7, k) dr 4+ O(™),
0

t ~ ~ ~ ~

ol k) = / e =) ks GIMA + iSGIO) (7, k)dr + O(k™),  (4.53)
0

which leads to

t
o) (¢, k) = 4k / e R EI - e 4 O(hm),
0

t
Bl (1, k) = 4k / R EDQEMNS (7, k) dr + ("),
0

t
wl (¢, k) = 4k / =G (7 k) dr + O(k™),
0

t
Wi (4, k) = 4k / et ENOGEIS (1, k) dr 4+ O(k™). (4.54)
0

From the system of equations (4.54), for the known Dirichlet boundary data FOM

and Ggl], we can obtain <I>[17;], <I>[£], \11[1712}’7, 111[27;},7 at each step. In this way, we can
find the Neumann boundary data F' l[n] at £ = 0 and the Neumann boundary data
G([)n] at = L through equation (4.52).

Similarly, substituting equation (4.43) into equations (4.24) and (4.25) will
yield terms of order €™:

n 1 A n 2 < nl &
() = — /8 ., [AWEQL AL Q] dk
3

T
1 Ak 7o) oL [n] [n] 4ik2¢ _ SvLare

T /3Dg {z’A_ {%1 € * <¢)21 521 ¢ 12) >V Q} _ ah
+ O(k"),

L AL 2 sl e
Go (1) = /80g [ N RN Q] dk

s



RHP for the gMNLS on the Finite Interval 455

1 Ak et ] (A il A 42 Z.
_ / { Sallla - v (@l el Iae - 1) ¢ k:L]} 0
DY

™ TA_ 3
+ O™ (4.55)
We find
t
(I)[f;}+ (t7 k;) = 22'/ 6—4ik2(t—T)F1[n] (T, k})dT + O(Hn),
0

t
Bl k) =21 [ DR (r Ryar + 0(e")
0

t
\11[1712}+ (t, k;) = 22'/0 6741'1#(1%7)6;[1?1}(7_7 k)dT + O(Fcn),

t
will (¢, k) = —2i /0 e 4R OGNS (7, kYdr + O(K™). (4.56)
From the system of equation (4.56), according to the known Neumann boundary
data Fl[n} at x = 0 and ng] at x = L, we can determine (I>[f;]7+, <I>[2q]’+, \I'[lg]’Jr, \11[27117+
at each step. In this way, we know that we can obtain the Dirichlet boundary
data F(gn] at x =0 and G([)n} at x = L through equation (4.55).

4.4. The large L limit. The formulae for Fy(t), Go, Fi(t), and Gy of
Proposition 4.2 in the limit L — oo can be reduced to the corresponding ones on
the half-line. In the case of L — oo, we have

A (k)
A (k)

G() — 0, Gl — 0, \Ifij — Iij, Sij — Iij, —1 ask — oco. (4.57)
According to equation (4.57), the L — oo limits of equations (4.22)—(4.25) for
the given Dirichlet boundary data, the unknown Neumann boundary data have
the form

() = —% /a R (k1o (1K) + iF) = 2Foban (1, k) . (4.58)
Ch(t) = % /@ i (k1o (0.F) + iGo) + 2G0¥—(. k)] di (4.59)

for the given Neumann boundary data, the unknown Dirichlet boundary data
have the form

At) = —% /8 | Rilki(48) +iF) 2B (LD R (460)
i) =~ /a Rk (4 8) +iGo) + 260V (1K) di, (4.61)
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ITouaTkoBoO-KpaiioBa 3ajava Jijis 3arajibHOTO
MaTPUYHOro HeJliHiliHoro piBHsaHH4A IlIpeninrepa uHa
CKiHYeHHOMY iHTepBaJIi 3a JjomoMoromw Meroay Pokaca

Jian Xu and Yixiong Zhang

V wiit poboTi MH aHAII3yEMO MOYATKOBO-KPANROBY 3aa4y MJisd IHTErpOB-
HOTO 3araJIbHOrO0 MATPUIHOTO HediHitiHoro piBHsHES [[peinrepa (HPII) 3
napu Jlakca posmipom 4 X 4 Ha CKIHUEHHOMY iHTepBaJli, BAKOPUCTOBYIOUYU
opuTriHaJbHUI €auHUN MeToy neperBoperds Dokaca. Y3sarajabHEHHS BKJIIO-
qaioTh gedokycyouay marpuuany cucremy HPII, dpoxycyiody maTpudmHy cu-
cremy HPIII ta nBi marpuuni cucremu HPII 3i amimannmun 3nakamu, axi
MEHIIIe JOCTiKeH] B jiTepaTypi. Mu po3riisggaeMo BiamoBiaHi piBHIHHS ma-
pu Jlakca y Burisani 4 X 4 MaTpuIp gk npodseMu 3 OJOYHUMHI MATPHUISTIMU
PO3MipoM 2 X 2, BUKOHYIOUM CIIEKTPaJIbHUI aHaji3 060X KOMIIOHEHT Iapu
Jlakca onHouacHo. Anasizyoun ajrebpaidauuii 38’30K MiXK CIIEKTPAJTHHUME
dyHKIigMH, OB’ I3aHUMY 3 BiAIOBIIHIM IMHOM HOPMOBAHUMHA PO3B’I3KaMU
piBHgHb Jlakca, Mu BUBOAUMO “Tyiobasibie criBBigHomenns”. Ile cmiBBimmo-
IIEHHSI € BUPIIIAJbHUM I XapaKTEPUCTUKH HEBIIOMUX KPaiflOBUX 3HAYEHb
depe3 3ajaHi jgami. Takuit miaxim J03BOJISIE CHCTEMATHYIHO JIOC/IIXKYBaTH
HeJIIHIApU30BaHi KpailoBI yMOBH Ta XapaKTePU3yBAaTU BiIOOparKeHHS MixK
kpafiopumu 3uaveHaaMu lipixige ta Hefimama. Takox moBemeHo, mo Ko-
JIM TOBXKWHA iHTepBaIy L TpsMy€e T0 HECKIiHIeHHOCTi, (GOpMysIa PO3B’sI3Ky
TOYATKOBO-KPAtoBOl 3a/ati Ha CKIHYEHHOMY iHTepBaJi 3BOIUTHCI 10 POp-
MyJIU Ha HaliBIpsAMiil.

KirrogoBi ciioBa: 3aranbae mMarpudHe Heminiftae piBasinus [Ilpeninrepa,
TOYATKOBO-KpaiioBa 3aja4a, 3a1ada Pimana—Iiis0epTa, riaobaibHe CIiBBiI-
HomreHHst, MeTod Pokaca
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