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In this paper, we prove the existence result of solutions for the nonlinear
unilateral problem associated to the parabolic equation

∂u

∂t
− div a(x, t, u,∇u)− div Φ(x, t, u) = µ in QT = Ω× (0, T ),

where the lower order term Φ satisfies a generalized natural growth condi-
tion described by the appropriate Orlicz function Ψ, and the data µ is an
integrable source term. No growth restrictions are assumed either on Ψ or
on its complementary Ψ. Therefore the solution is natural in this context.

Key words: unilateral parabolic problem, non-reflexive Orlicz spaces,
natural growth

Mathematical Subject Classification 2010: 35K55, 35Q68, 35Q35

1. Introduction

In recent years, parabolic equations have got large applications that attract
attention of many researchers in biology, image processing and electro-rheological
fluids modeling.

Let Ω be a bounded open subset of RN , N ≥ 2, QT = Ω× (0, T ), where T is a
positive real number and Ψ is an Orlicz function. Let A : D(A) ⊂W 1,x

0 LΨ(QT )→
W−1,xLΨ(QT ) be an operator of Leray–Lions type of the form

A(u) := −div a(x, t, u,∇u).

In this paper, we prove an existence theorem of entropy solutions in the setting
of Orlicz spaces for the nonlinear unilateral parabolic problem associated to the
following problem:

∂u

∂t
+ A(u)− div Φ(x, t, u) = µ in QT (1.1)

u(x, 0) = u0(x) in Ω (1.2)
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u = 0 on ∂Ω× (0, T ), (1.3)

where u0 ∈ L1(Ω), µ ∈ L1(QT ) and Φ satisfies the natural growth condition

|Φ(x, t, s)| ≤ γ(x, t) + Ψ
−1

(Ψ(|s|)) (1.4)

withγ ∈ EΨ(QT ).
In the classical Sobolev spaces, in some elliptic cases, Guibé et al. (see [8])

supposed on Φ the condition

|Φ(x, s)| ≤ c(x)
(

1 + |s|
)p−1

. (1.5)

In some parabolic cases (see [15]), they assumed the condition

|Φ(x, t, s)| ≤ c(x, t)
(

1 + |s|γ
)

(1.6)

with γ = N+2
N+p(p− 1) and c ∈ Lr(QT ) for r > 0.

Parabolic equations in Orlicz spaces have been widely studied since 2005 start-
ing from the works of Meskine et al. (see [17, 18]). Later results were obtained,
for instance, in the work of Moussa, Rhoudaf, and Mabdaoui (see [27]), where
the existence of entropy solution for problem (1.1)–(1.3) was studied in the case
µ ∈ L1(QT ) under the growth condition

|Φ(x, t, s)| ≤ γ(x, t) · P−1
(P (δ|s|)), (1.7)

where γ ∈ L∞(QT ) and P ≺≺ Ψ.
For unilateral problems, see [5,10,25] and a later result by Rhoudaf et al. [31],

where the existence of a solution for the unilateral problem associated to (1.1)–
(1.3) was rigorously studied under the growth condition

|Φ(x, t, s)| ≤ γ(x, t) · P−1
(P (|s|)), (1.8)

where γ ∈ L∞(QT ) and P ≺≺ Ψ.
The main objective of this paper is how to deal with the existence of solutions

for the obstacle problem associated to problem (1.1)–(1.3) in Orlicz spaces under
a less restrictive assumption on the lower order term Φ, namely, where Φ verifies
condition (1.4). We do not assume any restrictions either on the N -function Ψ
or on its complementary Ψ.

The imposed natural growth condition (1.4) on Φ leads to serious difficulties
in proving the existence of approximate solutions and studying its convergence.
These difficulties have been overcome by using the convexity of the N -function Ψ
and Young’s inequality on suitable quantities. Moreover, we use the very impor-
tant observation that the norm convergence results from the modular convergence
with every λ > 0 (see Lemma 2.3).

Let us briefly summarize the contents of this article. In Section 2, we collect
some well-known preliminaries, results and properties of Orlicz–Sobolev spaces
and inhomogeneous Orlicz–Sobolev spaces. Section 3 is devoted to basic assump-
tions, the problem setting and the proof of the main result.
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2. Preliminaries

2.1. Orlicz–Sobolev spaces. Let Ψ : R+ → R+ be a continuous and
convex function with

Ψ(t) > 0 for t > 0, lim
t→0

Ψ(t)

t
= 0, and lim

t→+∞

Ψ(t)

t
= +∞.

The function Ψ is said to be an N -function or an Orlicz function. The N -function
complementary to Ψ is defined as

Ψ(t) = sup
{
st−Ψ(s), s ≥ 0

}
.

We recall that (see [1]),

Ψ(t) ≤ tΨ−1
(Ψ(t)) ≤ 2Ψ(t) for all t ≥ 0 (2.1)

and the Young’s inequality for all s, t ≥ 0,

st ≤ Ψ(s) + Ψ(t).

We say that Ψ satisfies the ∆2-condition if for some k > 0,

Ψ(2t) ≤ kΨ(t) for all t≥ 0, (2.2)

and if (2.2) holds only for t ≥ t0, then Ψ is said to satisfy the ∆2-condition near
infinity.

Let Ψ1 and Ψ2 be two N -functions. The notation Ψ1 ≺≺ Ψ2 means that Ψ1

grows essentially less rapidly than Ψ2, i.e.,

∀ε > 0 lim
t→∞

Ψ1(t)

Ψ2(εt)
= 0,

that is, the case if and only if

lim
t→∞

(Ψ2)−1(t)

(Ψ1)−1(t)
= 0.

Let Ω be an open subset of RN . The Orlicz class KΨ(Ω) (respectively, the
Orlicz space LΨ(Ω)) is defined as the set of (equivalence class of) real-valued
measurable functions u on Ω such that∫

Ω
Ψ(u(x))dx <∞

(
respectively,

∫
Ω

Ψ
(u(x)

λ

)
dx <∞ for some λ > 0

)
.

Endowed with the Luxemburg norm

‖u‖Ψ = inf

{
λ > 0 :

∫
Ω

Ψ

(
u(x)

λ

)
dx ≤ 1

}
,

and the so-called Orlicz norm, that is,

|‖u‖|Ψ,Ω = sup
‖v‖Ψ≤1

∫
Ω
|u(x) v(x)| dx,
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LΨ(Ω) is a Banach space and KΨ(Ω) is a convex subset of LΨ(Ω). The closure
in LΨ(Ω) of the set of bounded measurable functions with compact support in Ω
is denoted by EΨ(Ω).

The Orlicz–Sobolev space W 1LΨ(Ω) (respectively, W 1EΨ(Ω)) is the space of
functions u such that u and its distributional derivatives up to order 1 lie in
LΨ(Ω) (respectively, EΨ(Ω)).

This is a Banach space under the norm

‖u‖1,Ψ =
∑
|α|≤1

‖Dαu‖Ψ.

Thus, W 1LΨ(Ω) and W 1EΨ(Ω) can be identified with subspaces of the product
of (N + 1) copies of LΨ(Ω). Denoting this product by ΠLΨ, we will use the weak
topologies σ(ΠLΨ,ΠEΨ) and σ(ΠLΨ,ΠLΨ).

The space W 1
0EΨ(Ω) is defined as the norm closure of the Schwartz space

D(Ω) in W 1EΨ(Ω) and the space W 1
0LΨ(Ω) as the σ(ΠLΨ,ΠEΨ) closure of D(Ω)

in W 1LΨ(Ω).

We say that a sequence {un} converges to u for the modular convergence in
W 1LΨ(Ω) if, for some λ > 0,∫

Ω
Ψ

(
Dαun −Dαu

λ

)
dx→ 0 for all |α| ≤ 1.

This implies the convergence for σ(ΠLΨ,ΠLΨ).

If Ψ satisfies the ∆2-condition on R+ (near infinity only if Ω has finite mea-
sure), then the modular convergence coincides with the norm convergence. Recall
that the norm ‖Du‖Ψ defined on W 1

0LΨ(Ω) is equivalent to ‖u‖1,Ψ (see [21]).

Let W−1LΨ(Ω) (respectively, W−1EΨ(Ω)) denote the space of distributions
on Ω which can be written as sums of derivatives of order ≤ 1 of functions in
LΨ(Ω) (respectively, EΨ(Ω)). It is a Banach space under the usual quotient norm.

If the open Ω has the segment property, then the space D(Ω) is dense in
W 1

0LΨ(Ω) for the topology σ(ΠLΨ,ΠLΨ) (see [21]). Consequently, the action of
a distribution in W−1LΨ(Ω) on an element of W 1

0LΨ(Ω) is well defined. For more
details one can see, for example, [1] or [26].

2.2. Inhomogeneous Orlicz–Sobolev spaces. Let Ω be a bounded open
subset of RN , T > 0 and set QT = Ω × (0, 1). For each α ∈ NN , denote by Dα

x

the distributional derivative on QT of order α with respect to the variable x ∈
Ω. The inhomogeneous Orlicz–Sobolev spaces are defined as follows:

W 1,xLΨ(QT ) =
{
u ∈ LΨ(QT ) : Dα

xu ∈ LΨ(QT ) for all |α| ≤ 1
}

and

W 1,xEΨ(QT ) =
{
u ∈ EΨ(QT ) : Dα

xu ∈ EΨ(QT ) for all |α| ≤ 1
}
.
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The last space is a subspace of the first one, and both are Banach spaces under
the norm

‖u‖ =
∑
|α|≤1

‖Dα
xu‖Ψ,QT .

We can easily show that they form a complementary system when Ω satisfies the
segment property. These spaces are considered as subspaces of the product space
ΠLΨ(QT ) which have as many copies as there are α-order derivatives, |α| ≤ 1.
We shall also consider the weak topologies σ(ΠLΨ,ΠEΨ) and σ(ΠLΨ,ΠLΨ)). If
u ∈W 1,xLΨ(QT ), then the function : t 7→ u(t) = u(t, ·) is defined on (0, T ) with
values in W 1LΨ(Ω). If, further, u ∈ W 1,xEΨ(QT ), then the concerned function
is W 1EΨ(Ω)-valued and strongly measurable. Furthermore, the following imbed-
ding holds: W 1,xEΨ(QT ) ⊂ L1(0, T ;W 1EΨ(Ω)). The space W 1,xLΨ(QT ) is not
in general separable. If u ∈W 1,xLΨ(QT ), we can not conclude that the function
u(t) is measurable on (0, T ). However, the scalar function t 7→ ‖u(t)‖Ψ,Ω is in

L1(0, T ). The space W 1,x
0 EΨ(QT ) is defined as the (norm) closure in W 1,xEΨ(QT )

of D(QT ). It is proved that when Ω has the segment property, then each element
u of the closure of D(QT ) with respect to the weak* topology σ(ΠLΨ,ΠEΨ) is
a limit, in W 1,xLΨ(QT ), of some subsequence (un) ⊂ D(QT ) for the modular
convergence; i.e., if, for some λ > 0, such that for all |α| ≤ 1,∫

QT

Ψ

(
Dα
xun −Dα

xu

λ

)
dx dt→ 0 as n→∞.

This implies that (un) converges to u in W 1,xLΨ(QT ) for the weak topology
σ(ΠLΨ,ΠEΨ) . Consequently,

D(QT )σ(ΠLΨ,ΠEΨ) = D(QT )σ(ΠLΨ,ΠLΨ).

This space will be denoted by W 1,x
0 LΨ(QT ). Furthermore,

W 1,x
0 EΨ(QT ) = W 1,x

0 LΨ(QT ) ∩ΠEΨ.

We have then the following complementary system:(
W 1,x

0 LΨ(QT ), F,W 1,x
0 EΨ(QT ), F0

)
,

F being the dual space of W 1,x
0 EΨ(QT ). It is also, except for an isomorphism, the

quotient of ΠLΨ by the polar set W 1,x
0 EΨ(QT )⊥ denoted by F = W−1,xLΨ(QT )

and it is shown that

W−1,xLΨ(QT ) =

{
f =

∑
|α|≤1

Dα
xfα : fα ∈ LΨ(QT )

}
.

This space will be equipped with the usual quotient norm

‖f‖ = inf
∑
|α|≤1

‖fα‖Ψ,QT ,
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where the infimum is taken on all possible decompositions

f =
∑
|α|≤1

Dα
xfα, fα ∈ LΨ(QT ).

The space F0 is then given by

W−1,xLΨ(QT ) =

{
f =

∑
|α|≤1

Dα
xfα : fα ∈ EΨ(QT )

}
and is denoted by F0 = W−1,xEΨ(QT ).

Lemma 2.1. Let Ω be an open subset of RN with finite measure. Let Ψ, P
and Q be N -functions such that Q ≺≺ P , and let f : Ω×R→ R be a Carathéodory
function such that, for a.e. x ∈ Ω and for all s ∈ R,

|f(x, s)| ≤ c(x) + k1P
−1Ψ(k2|s|),

where k1, k2 are real constants and c(x) ∈ EQ(Ω). Then the Nemytskii operator
Nf , defined by Nf (u)(x) = f(x, u(x)), is strongly continuous from

P

(
EΨ,

1

k2

)
=

{
u ∈ LΨ(Ω) : d(u,EΨ(Ω)) <

1

k2

}
into EQ(Ω).

Lemma 2.2 ([22]). Let uk, u ∈ LΨ(Ω). If uk → u for the modular conver-
gence, then uk → u for σ(LΨ, LΨ).

Lemma 2.3. If un → u for the modular convergence with every λ > 0 in
LΨ(Ω), then un → u strongly in LΨ(Ω).

Proof. We will use the Orlicz norm, for all λ > 0 we have∫
Ω

Ψ

(
|uk(x)− u(x)|

λ

)
dx→ 0 as k →∞.

Thus Ψ
(
|uk(x)−u(x)|

λ

)
tends to 0 strongly in L1(Ω) and so for a subsequence, still

indexed by k, we can assume that uk → u a.e. in Ω. For an arbitrary v ∈ LΨ(Ω),

there exists λv > 0 such that Ψ
(
v
λv

)
∈ L1(Ω). By Young’s inequality and the

convexity of Ψ, we can write

|(uk(x)− u(x))v(x)| ≤ Ψ (2λv|uk(x)− u(x)|) +
1

2
Ψ

(
v(x)

λv

)
.

Applying Vitali’s theorem, we obtain∫
Ω
|(uk(x)− u(x))v(x)| dx→ 0 for all v ∈ LΨ(Ω)

and so

|‖uk − u‖|Ψ,Ω = sup
‖v‖Ψ≤1

∫
Ω
|(uk(x)− u(x))v(x)| dx→ 0 as k →∞,

which yields the result.
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Lemma 2.4 ([21]). Let F : R→ R be uniformly lipschitzian, with F (0) = 0.
Let Ψ be an Orlicz function and let u ∈W 1LΨ(Ω) (respectively, W 1EΨ(Ω)). Then
F (u) ∈W 1LΨ(Ω) (respectively, W 1EΨ(Ω)). Moreover, if the set of discontinuity
points D of F ′ is finite, then

∂

∂xi
F (u) =

{
F ′(u) ∂u∂xi a.e. in {x ∈ Ω : u(x) /∈ D}
0 a.e. in {x ∈ Ω : u(x) ∈ D}.

Lemma 2.5 ([21]). Let F : R → R be uniformly Lipschitzian, with F (0) =
0, and let Ψ be an Orlicz function. We also assume that the set of discontinu-
ity points D of F ′ is finite. Then the mapping F : W 1LΨ(Ω) → W 1LΨ(Ω) is
sequentially continuous with respect to the weak* topology σ(ΠLΨ,ΠEΨ).

Lemma 2.6 ([18]). Let Ω be a bounded open subset of RN , N ≥ 2, satisfying
the segment property. Then{

u ∈W 1,x
0 LΨ(QT ) :

∂u

∂t
∈W−1,xLΨ(QT ) + L1(QT )

}
⊂ C

(
[0, T ], L1(Ω)

)
.

Lemma 2.7 (Integral Poincaré’s type inequality in inhomogeneous Orlicz
spaces [21]). Let Ω be a bounded open subset of RN and let Ψ be an Orlicz function.
Then there exist two positive constants δ, λ > 0 such that∫

QT

Ψ(δ|u(x, t)|) dx dt ≤
∫
QT

λΨ(|∇u(x, t)|) dx dt for all u ∈W 1
0LΨ(QT ).

Lemma 2.8 ([24, Theorem 13.47]). If fn ⊂ L1(Ω) with fn → f ∈ L1(Ω) a.e.
in Ω, fn, f ≥ 0 a. e. in Ω and

∫
Ω fn(x) dx→

∫
Ω f(x) dx, then fn → f in L1(Ω).

Lemma 2.9 ([22]). Suppose that Ω satisfies the segment property and let u ∈
W 1

0LΨ(Ω). Then there exists a sequence (un) ⊂ D(Ω) such that un → u for the
modular convergence in W 1

0LΨ(Ω). Furthermore, if u ∈W 1
0LΨ(Ω)∩L∞(Ω), then

‖un‖∞ ≤ (N + 1)‖u‖∞.

Lemma 2.10 (cf. [17]). Let Ψ be an N -function. Let (un) be a sequence of
W 1,xLΨ(QT ) such that un ⇀ u weakly in W 1,xLΨ(QT ) for σ(ΠLΨ,ΠEΨ) and
∂un
∂t = hn + kn in D′(QT ) with hn being bounded in W−1,xLΨ(QT ) and kn being

bounded in L1(QT ). Then un → u strongly in L1
Loc(QT ). If, further, un ∈

W 1,x
0 LΨ(QT ), then un → u strongly in L1(QT ).

3. Basic assumptions and main result

Let Ω be a bounded open subset of RN , N ≥ 2, satisfying the segment
property, and let Ψ be an Orlicz function. Consider the following convex set:

Kψ =
{
u ∈W 1,x

0 LΨ(QT ) : u ≥ ψ a.e. in QT

}
, (3.1)
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where ψ : Ω→ R is a measurable function. Define the set

T 1,Ψ
0 (QT ) :=

{
u : QT → R : u is measurable and Tk(u) ∈W 1,x

0 LΨ(QT )
}
.

On the convex Kψ, we assume that

(C1) ψ+ ∈W 1,x
0 LΨ(QT ) ∩ L∞(QT ),

(C2) for each v ∈ Kψ ∩ L∞(QT ), there exists a sequence {vj} ⊂ Kψ ∩
W 1,x

0 EΨ(QT ) ∩ L∞(QT ) such that vj → v for the modular convergence,

(C3) Kψ ∩ L∞(QT ) 6= ∅.

Let A : D(A) ⊂ W 1,x
0 LΨ(QT ) → W−1,xLΨ(QT ) be an operator of Leray–

Lions type of the form

A(u) := −div a(x, t, u,∇u).

This work aims to prove the existence of entropy solutions in the setting of Orlicz
spaces for the nonlinear problem

∂u

∂t
− div a(x, t, u,∇u)− div Φ(x, t, u) = µ in QT (3.2)

u(x, 0) = u0(x) in Ω (3.3)

u = 0 on ∂Ω× (0, T ), (3.4)

where a : QT × R× RN → RN is a Carathéodory function satisfying, for almost
every (x, t) ∈ QT and for all s ∈ R, ξ, η ∈ RN (ξ 6= η), the following conditions:

(H1) There exists a function c(x, t) ∈ EΨ(QT ) and some positive constants k1,
k2, k3, ζ and an Orlicz function P ≺≺ Ψ such that

|a(x, t, s, ξ)| ≤ ζ
[
c(x, t) + k1Ψ−1(P (k2|s|)) + Ψ−1(Ψ(k3|ξ|))

]
.

(H2) a is strictly monotone(
a(x, t, s, ξ)− a(x, t, s, η)

)
·
(
ξ − η

)
> 0.

(H3) a is coercive, there exists a constant β > 0 such that

a(x, t, s, ξ) · ξ ≥ βΨ(|ξ|).

For the lower order term, we assume Φ : QT × R → RN to be a Caratheodory
function satisfying:

(H4) For all s ∈ R and for almost every x ∈ Ω,

|Φ(x, t, s)| ≤ γ(x, t) + Ψ
−1

(Ψ(|s|)),

where γ ∈ EΨ(QT ).

(H5) µ ∈ L1(QT ), u0 is an element of L1(Ω).
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Lemma 3.1 ([27]). Under assumptions (H1)–(H3), let (fn) be a sequence in
W 1,x

0 LΨ(QT ) such that

fn ⇀ f in W 1,x
0 LΨ(QT ) for σ(ΠLΨ(QT ),ΠEΨ(QT )),(

a(x, t, fn,∇fn)
)
n

is bounded in
(
LΨ(QT )

)N
,

lim
n,s→∞

∫
QT

(
a(x, t, fn,∇fn)− a(x, t, fn,∇fχs)

)
·
(
∇fn −∇fχs

)
dx dt = 0,

where χs denotes the characteristic function of the set Ωs =
{
x ∈ Ω : |∇f | ≤ s

}
.

Then

∇fn → ∇f a.e. in QT ,

lim
n→∞

∫
QT

a(x, t, fn,∇fn)∇fn dx dt =

∫
QT

a(x, t, f,∇f)∇f dx dt,

Ψ(|∇fn|)→ Ψ(|∇f |) in L1(QT ).

In what follows, we will use the real function of a real variable, called the
truncation at height k > 0,

Tk(s) = max
(
− k,min(k, s)

)
=

{
s if |s| ≤ k
k s
|s| if |s| > k,

and its primitive is defined by

T̃k(s) =

∫ s

0
Tk(t) dt.

Note that T̃k have the properties: T̃k(s) ≥ 0 and T̃k(s) ≤ k|s|.

Definition 3.2. A measurable function u defined on QT is said to be a
solution for the obstacle problem associated to (3.2)–(3.4) if u ∈ T 1,Ψ

0 (QT ) with

u ≥ ψ a.e in QT and T̃k(u(·, t)) ∈ L1(Ω) for every t ∈ [0, T ]. Thus we have∫
Ω
T̃k(u− v) dx+

〈∂v
∂t
, Tk(u− v)

〉
Qτ

+

∫
Qτ

a(x, t, u,∇u)∇Tk(u− v)) dx dt

+

∫
Qτ

Φ(x, t, u)∇Tk(u− v)) dx dt

≤
∫
Qτ

µTk(u− v)) dx dt+

∫
Ω
T̃k(u0 − v(0)) dx, (3.5)

and
u(x, 0) = u0(x) for a.e x ∈ Ω, (3.6)

for every τ ∈ [0, T ], k > 0 and for all v ∈ W 1,x
0 LΨ(QT ) ∩ L∞(QT ) such that

∂v
∂t ∈W

−1,xLΨ(QT )+L1(QT ), T̃k(u(·, t)) ∈ L1(Ω) is the primitive function of the
truncation function Tk defined above.
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The main result of this paper is the following theorem.

Theorem 3.3. Suppose that assumptions (C1)–(C3) and (H1)–(H5) hold
true and µ ∈ L1(QT ). Then there exists at least one solution for problem (3.2)–
(3.4) in the sense of definition 3.2.

Proof. The proof of the above theorem is divided into four steps.

Step 1: Approximate problems. Let µn be a sequence of regular functions
in C∞0 (QT ) which converges strongly to µ in L1(QT ) and such that ‖µn‖L1 ≤
‖µ‖L1 . For each n ∈ N∗, put

an(x, t, s, ξ) = a(x, t, Tn(s), ξ) a.e (x, t) ∈ QT , s ∈ R, ξ ∈ RN ,

and
Φn(x, t, s) = Φ(x, t, Tn(s)) a.e (x, t) ∈ QT ,∀s ∈ R.

And let u0n ∈ C∞0 (Ω) such that

‖u0n‖L1 ≤ ‖u0‖L1 and u0n → u0 in L1(Ω).

Consider the following approximate problem:

un ∈ Kψ (3.7)

∂un
∂t
− div a(x, t, un,∇un)− div Φn(x, t, un) = µn in QT (3.8)

un(x, t = 0) = u0n in Ω (3.9)

un = 0 on ∂Ω× (0, T ). (3.10)

Let zn(x, t, un,∇un) = an(x, t, un,∇un) + Φn(x, t, un), which satisfies (A1)–(A4)
of [23]. It remains to prove (A4). For this end, we use Young’s inequality techni-
cally as follows:

|Φn(x, t, un)∇un| ≤ |γ(x, t)||∇un|+ Ψ
−1

(Ψ(|Tn(un)|))|∇un|

=
β2

β + 2

β + 2

β2
|γ(x, t)||∇un|

+
β + 1

β
Ψ
−1

(Ψ(|Tn(un)|)) β

β + 1
|∇un|

≤ β2

β + 2

(
Ψ

(
β + 2

β2
|γ(x, t)|

)
+ Ψ

(
|∇un|

))
+ Ψ

(
β + 1

β
Ψ
−1

(Ψ(|Tn(un)|))
)

+ Ψ

(
β

β + 1
|∇un|

)
.

While β
β+1 < 1, using the convexity of Ψ and the fact that Ψ and Ψ

−1 ◦ Ψ are
increasing functions, one has

|Φn(x, t, un)∇un| ≤
β2

β + 2
Ψ

(
β + 2

β2
|γ(x, t)|

)
+

β2

β + 2
Ψ
(
|∇un|

)
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+ Ψ

(
β + 1

β
Ψ
−1

(Ψ(n))

)
+

β

β + 1
Ψ
(
|∇un|

)
.

Since γ ∈ EΨ(QT ), Ψ
(
β+2
β2 |γ(x, t)|

)
∈ L1(Ω), then we get

Φn(x, t, un)∇un ≥ −
( β2

β + 2
+

β

β + 1

)
Ψ
(
|∇un|

)
− Cn − F,

where F is a fixed L1-function. Using this last inequality and (H3), we obtain

zn(x, t, un,∇un)∇un ≥
(
β − β2

β + 2
− β

β + 1

)
Ψ
(
|∇un|

)
− Cn − F

≥ β2

(β + 1)(β + 2)
Ψ
(
|∇un|

)
− F.

Thus, from [18], the approximate problem (3.7)–(3.10) has at least one weak
solution un ∈W 1,x

0 LΨ(QT ).

Step 2: A priori estimates. We prove some results which will be used
later.

Proposition 3.4. Suppose that assumptions (C1)–(C3) and (H1)–(H5) hold
true and let (un)n be a solution of the approximate problem (3.7)–(3.10). Then,
for all k > 0, there exists a constant Ck, not depending on n, such that

‖Tk(un)‖
W 1,x

0 LΨ(QT )
≤ Ck (3.11)

and

lim
k→∞

meas
{

(x, t) ∈ QT : |un| > k
}

= 0. (3.12)

Proof. First, by (C1)–(C3), there exists v0 ∈ Kψ ∩ L∞(QT ) ∩W 1,x
0 EΨ(QT ).

Testing the approximate problem (3.7)–(3.10) by v = un − Tk(un − v0), one has
for every τ ∈ (0, T ),〈

∂un
∂t

, (un − v0)

〉
Qτ

+

∫
Qτ

a(x, t, un,∇un)∇Tk(un − v0) dx dt

+

∫
Qτ

Φn(x, t, un)∇Tk(un − v0) dx dt =

∫
Qτ

µnTk(un − v0) dx dt. (3.13)

It follows that∫
Ω
T̃k(un − v0)(τ) dx+

〈∂v0

∂t
, Tk(un − v0)

〉
Qτ

+

∫
Qτ

a(x, t, Tk(un),∇Tk(un))∇Tk(un − v0)) dx dt

+

∫
Qτ

Φn(x, t, un)∇Tk(un − v0)) dx dt
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≤
∫
Qτ

µnTk(un − v0)) dx dt+

∫
Ω
T̃k(un0 − v0(0)) dx.

We have

T̃k(un − v0)(τ) ≥ 0,∫
Ω
T̃k(un0 − v0(0)) dx ≤

∫
Ω
k | (un0 − v0(0)) | dx ≤ kC1,〈∂v0

∂t
, Tk(un − v0)

〉
Qτ
≤ kC2,∫

QT

µnTk(un − v0) dx dt ≤ k‖µ‖L1(QT ) ≤ kC3.

Seeing that Φn(x, t, un)∇Tk(un) is different from zero only on the set {|un| ≤ k},
where Tk(un) = un, we have∫

Qτ

a(x, t, un,∇un)∇Tk(un − v0) dx dt

≤
∫
{|un−v0|≤k}

|Φ(x, t, Tk+‖v0‖∞(un))||∇un| dx dt

+

∫
{|un−v0|≤k}

|Φ(x, t, Tk+‖v0‖∞(un))||∇v0| dx dt+ kC4. (3.14)

From (H4) and then Young’s inequality for an arbitrary β > 0 (the constant of
coercivity), using the convexity of Ψ with β

2(β+2) < 1, we have∫
Qτ

a(x, t, un,∇un)∇Tk(un − v0) dx dt

≤
∫
{|un−v0|≤k}

2(β + 2)

β

(
γ(x, t) + Ψ

−1
(Ψ(|Tk+‖v0‖∞(un)|))

) β

2(β + 2)
|∇un| dx dt

+

∫
{|un−v0|≤k}

(
γ(x, t) + Ψ

−1
(Ψ(|Tk+‖v0‖∞(un)|))

)
|∇v0| dx dt+ kC4

≤ β

2(β + 2)

∫
{|un−v0|≤k}

Ψ(|∇un|) dx dt+ C5(k, β) (3.15)

since γ ∈ EΨ(QT ), (∇v0) ∈ (LΨ(Ω))N . Furthermore, we can write∫
{|un−v0|≤k}

a(x, t, un,∇un)∇un dx dt

≤ β

β + 1

∫
Qτ

a(x, t, un,∇un)
β + 1

β
∇v0 dx dt

+
β

2(β + 2)

∫
{|un−v0|≤k}

Ψ(|∇un|) dx dt+ C6(k, β). (3.16)

Use now (H2) to evaluate the second term in (3.16),

β

β + 1

∫
{|un−v0|≤k}

a(x, t, un,∇un)
β + 1

β
∇v0 dx dt
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≤ β

β + 1

(∫
{|un−v0|≤k}

a(x, t, un,∇un)∇un dx dt

−
∫
{|un−v0|≤k}

a

(
x, t, un,

β + 1

β
∇v0

)(
∇un −

β + 1

β
∇v0

)
dx dt

)
. (3.17)

Hence, (3.16) becomes(
1− β

β + 1

)∫
{|un−v0|≤k}

a(x, t, un,∇un)∇un dx dt

≤
∫
{|un−v0|≤k}

∣∣∣∣a(x, t, un, β + 1

β
∇v0

)∣∣∣∣ ∣∣∣∣β + 1

β
∇v0

∣∣∣∣ dx dt
+

∫
{|un−v0|≤k}

∣∣∣∣a(x, t, un, β + 1

β
∇v0

)∣∣∣∣ ∣∣∇un∣∣ dx dt
+

β

2(β + 2)

∫
{|un−v0|≤k}

Ψ
(
|∇un|

)
dx dt+ C7(k, β). (3.18)

Using again Young’s inequality as in (3.16) for the third term of (3.18) and using
(H1), we get(

1− β

β + 1

)∫
{|un−v0|≤k}

a(x, t, un,∇un)∇un dx dt

≤ β

2(β + 2)

∫
{|un−v0|≤k}

Ψ
(
|∇un|

)
dx dt

+
β

2(β + 2)

∫
{|un−v0|≤k}

Ψ
(
|∇un|

)
dx dt+ C8(k, β). (3.19)

Thanks to (H3), it follows that(
β(1− β

β + 1
)− β

β + 2

)∫
{|un−v0|≤k}

Ψ
(
|∇un|

)
dx dt ≤ C9(k, β). (3.20)

Since
(
β(1− β

β+1)− β
β+2

)
= β

β+1 −
β
β+2 > 0, we have∫

{|un−v0|≤k}
Ψ
(
|∇un|

)
dx dt ≤ C(k, β). (3.21)

Finally, since {|un| ≤ k} ⊂ {|un − v0| ≤ k + ‖v0‖∞}, one has∫
QT

Ψ
(
|∇Tk(un)|

)
dx dt ≤

∫
{|un|≤k}

Ψ
(
|∇un|

)
dx dt

≤
∫
{|un−v0|≤k+‖v0‖∞}

Ψ
(
|∇un|

)
dx dt ≤ C(k, β). (3.22)

To prove (3.12), from (3.22), we have∫
QT

Ψ
(
|∇Tk(un)|)

)
dx dt ≤ C(k, β).
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If C(k, β) ≤ 1, by Poincaré’s inequality, there exists λ > 0 and δ such that∫
QT

Ψ
(
δ|Tk(un)|

)
dx dt ≤ λ

∫
QT

Ψ
(
|∇Tk(un)|

)
dx dt,

then for all n, k > 0, we obtain

meas
{
|un| > k

}
=

1

Ψ(δk)

∫
{|un|>k}

Ψ
(
δ|Tk(un)|

)
dx dt

≤ 1

Ψ(δk)

∫
QT

Ψ
(
δ|Tk(un)|

)
dx dt

≤ λ

Ψ(δk)

∫
QT

Ψ
(
|∇Tk(un)|

)
dx dt

≤ λ

Ψ(δk)
→ 0 as k →∞. (3.23)

If C(k, β) ≥ 1 and 1
C(k,β) ≤ 1, using P ≺≺ Ψ appearing in assumption (H1), which

implies that for all ε > 0, there exists a constant dε such that P (t) ≤ Ψ(εt) +
dε. Using again Poincaré’s inequality, we obtain for ε < 1

C(k,β) ≤ 1 and for all
n, k > 0,

meas
{
|un| > k

}
=

1

P (δk)

∫
{|un|>k}

P
(
δ|Tk(un)|

)
dx dt

≤ 1

P (δk)

∫
QT

(
Ψ
(
εδ|Tk(un)|

)
+ dε

)
dx dt

≤ 1

P (δk)

(
1

C(k, β)

∫
QT

Ψ
(
δ|Tk(un)|

)
dx dt+ dε|QT |

)
≤ λ

P (δk)

(
1

C(k, β)

∫
QT

Ψ
(
|∇Tk(un)|

)
dx dt+ dε|QT |

)
≤ λ(1 + dε|QT |)

P (δk)
→ 0 as k →∞. (3.24)

The proposition is proved.

Lemma 3.5. Let un be a solution of the approximate problem (3.7)–(3.10).
Then:

(i) un → u a.e. in QT ,

(ii) {a(x, t, Tk(un),∇Tk(un))}n is bounded in (LΨ(QT ))N .

Proof. To prove (i), we proceed as in [27,30]. Taking a C2(R) nondecreasing
function Γk such that

Γk(s) =

{
s for |s| ≤ k

2

k for |s| ≥ k

and multiplying the approximate problem (3.7)–(3.10) by Γ′k(un), we obtain

∂Γk(un)

∂t
− div

(
a(x, t, un,∇un)Γ′k(un)

)
+ a(x, t, un,∇un)Γ′′k(un)∇un
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− div
(

Γ′k(un)Φn(x, t, un)
)

+ Γ′′k(un)Φn(x, t, un)∇un = µnΓ′k(un).

Remarking that Ψ−1 ◦ Ψ is an increasing function, γ ∈ EΨ(QT ), supp(Γ′k),
supp(Γ′′k) ⊂ [−k, k], by using Young’s inequality, we get∣∣∣∣∫

QT

Γ′kΦn(x, t, un) dx dt

∣∣∣∣
≤ ‖Γ′k‖L∞

(∫
QT

|γ(x, t)| dx dt+

∫
QT

Ψ
−1(

Ψ(|Tk(un)|)
)
dx dt

)
≤ ‖Γ′k‖L∞

(∫
QT

(
Ψ(|γ(x, t)|) + Ψ(1)

)
dx dt+

∫
QT

Ψ
−1(

Ψ(k)
)
dx dt

)
< C1,k,

and (here, we use also (3.22))∣∣∣∣∫
QT

Γ′′kΦn(x, t, un)∇un dx dt
∣∣∣∣

≤ ‖Γ′′k‖L∞

(∫
QT

|γ(x, t)| dx dt+

∫
QT

Ψ
−1

(Ψ(|Tk(un)|))|∇Tk(un)| dx dt
)

≤ ‖Γ′′k‖L∞

(∫
QT

(
Ψ(|γ(x, t)|) + Ψ(1)

)
dx dt+

∫
QT

Ψ(k) dx dt

+

∫
QT

Ψ(|∇Tk(un)|) dx dt
)
< C2,k, (3.25)

where C1,k and C2,k are two positive constants independent of n. Then all above
implies that

∂Γk(un)

∂t
is bounded in L1(QT ) +W−1,xLΨ(QT ). (3.26)

Hence, by Lemma 2.10 and using the same techniques as in [29], we can deduce
that there exists a measurable function u ∈ L∞(0, T ;L1(Ω)) such that

un → u a.e. in QT ,

and for every k > 0,

Tk(un) ⇀ Tk(u) weakly in W 1,xLΨ(QT ) for σ(ΠLΨ,ΠEΨ) (3.27)

and
Tk(un)→ Tk(u) strongly in L1(QT ) and a.e. in QT . (3.28)

For (ii), we use the Banach–Steinhaus theorem. Let φ ∈ (EΨ(QT ))N be an
arbitrary function. From (H2), we can write(

a(x, t, Tk(un),∇Tk(un))− a(x, t, Tk(un), φ)
)(
∇Tk(un)− φ

)
≥ 0

which gives ∫
QT

a(x, t, Tk(un),∇Tk(un))φdx dt
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≤
∫
QT

a(x, t, Tk(un),∇Tk(un))∇Tk(un) dx dt

+

∫
QT

a(x, t, Tk(un), φ)(φ−∇Tk(un)) dx dt. (3.29)

Let us denote by J1 and J2 the first and the second integrals in the right-hand
side of (3.29) so that

J1 =

∫
QT

a(x, t, Tk(un),∇Tk(un))∇Tk(un) dx dt.

Going back to (3.19), it is seen that(
1− β

β + 1

)∫
{|un−v0|≤k}

a(x, t, un,∇un)∇un dx dt

≤ β

2(β + 2)

∫
{|un−v0|≤k}

Ψ
(
|∇un|

)
dx dt

+
β

2(β + 2)

∫
{|un−v0|≤k}

Ψ
(
|∇un|

)
dx dt+ C8(k, β).

By (3.22), there exists a positive constant CJ1 independent of n such that

J1 ≤ CJ1 . (3.30)

Now we estimate the integral J2. To this end, remark that

J2 =

∫
QT

a(x, t, Tk(un), φ)(φ−∇Tk(un)) dx dt

≤
∫
QT

|a(x, t, Tk(un), φ)||φ| dx dt+

∫
QT

|a(x, t, Tk(un), φ)||∇Tk(un)| dx dt.

In addition, let η be large enough. From (H1) and the convexity of Ψ, we get∫
QT

Ψ

(
|a(x, t, Tk(un), φ)|

η

)
dx dt

≤
∫
QT

Ψ

(
ζ
(
c(x, t) + k1Ψ−1

(
P (k2|Tk(un)|

)
+ Ψ−1

(
Ψ(k3|φ|)

))
η

)
dx dt

≤ ζ

η

∫
QT

Ψ(c(x, t)) dx dt+
ζk1

η

∫
QT

Ψ
(
Ψ−1(P (k2|Tk(un)|))

)
dx dt

+
ζ

η

∫
QT

Ψ
(
Ψ−1(Ψ(k3|φ|))

)
dx dt

≤ ζ

η

∫
QT

Ψ(c(x, t)) dx dt+
ζk1

η

∫
QT

P (k2k) dx dt+
ζ

η

∫
QT

Ψ(k3|φ|) dx dt.

Since φ ∈ (EΨ(QT ))N , c(x, t) ∈ EΨ(QT ), we deduce that {a(x, t, Tk(un), φ)} is
bounded in (LΨ(QT ))N and we have that {∇Tk(un)} is bounded in (LΨ(QT ))N .
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Consequently, J2 ≤ CJ2 , where CJ2 is a positive constant not depending on n.
And then we obtain∫

QT

a(x, Tk(un),∇Tk(un))φdx dt ≤ CJ1 + CJ2 for all φ ∈ (EΨ(QT ))N .

Finally, {a(x, t, Tk(un),∇Tk(un))}n is bounded in (LΨ(QT ))N .

Step 3: Almost everywhere convergence of the gradients. In this
step, most parts of the proof of the proposition below are the same as in [27,31].
Thus we give only those which are different.

Proposition 3.6. Let un be a solution of the approximate problem (3.7)–
(3.10). Then, for all k ≥ 0, we have (for a subsequence still denoted by un), as
n→ +∞:

(i) ∇un → ∇u a.e. in QT ;

(ii) a(x, t, Tk(un),∇Tk(un)) ⇀ a(x, t, Tk(u),∇Tk(u)) weakly in (LΨ(QT ))N ;

(iii) Ψ(|∇Tk(un)|)→ Ψ(|∇Tk(u)|) strongly in L1(QT ).

Proof. Let θj ∈ D(QT ) be a sequence such that θj → u in W 1,x
0 LΨ(QT ) for the

modular convergence and let ψi ∈ D(Ω) be a sequence which converges strongly
to u0 in L1(Ω).

Put Z li,j = Tk(θj)l+e−lt Tk(ψi), where Tk(θj)l is the mollification with respect

to time of Tk(θj). Notice that Z li,j is a smooth function having the following
properties:

∂Z li,j
∂t

= l(Tk(θj)− Z li,j), Z li,j(0) = Tk(ψi), and |Z li,j | ≤ k,

Z li,j → Tk(u)l + e−lt Tk(ψi) in W 1,x
0 LΨ(QT ) modularly as j →∞,

Tk(u)l + e−lt Tk(ψi)→ Tk(u) in W 1,x
0 LΨ(QT ) modularly as l→∞.

Let hm be the function defined on R for any m ≥ k by

hm(r) =


1 if |r| ≤ m
−|r|+m+ 1 if m ≤ |r| ≤ m+ 1

0 if |r| ≥ m+ 1

.

Put Em =
{

(x, t) ∈ QT : m ≤ |un| ≤ m + 1
}

and define ϕl,in,j,m = (Tk(un) −
Z li,j)hm(un). Testing the approximate problem (3.7)–(3.10) by the test function

un − ϕl,in,j,m, we get〈
∂un
∂t

, ϕl,in,j,m

〉
+

∫
QT

a(x, t, un,∇un)(∇Tk(un)−∇Z li,j)hm(un) dx dt

+

∫
QT

a(x, t, un,∇un)(Tk(un)− Z li,j)∇unh′m(un) dx dt
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+

∫
Em

Φn(x, t, un)∇unh′m(un)(Tk(un)− Z li,j) dx dt

+

∫
QT

Φn(x, t, un)∇unhm(un)(∇Tk(un)−∇Z li,j) dx dt

=

∫
QT

µnϕ
l,i
n,j,m dx dt.

For simplicity, we will denote by ε(n, j, l, i) and ε(n, j, l) any quantities such that

lim
i→+∞

lim
l→+∞

lim
j→+∞

lim
n→+∞

ε(n, j, l, i) = 0, lim
l→+∞

lim
j→+∞

lim
n→+∞

ε(n, j, l) = 0.

We have the following lemma which can be found in [27,31].

Lemma 3.7 (cf. [31]). Let ϕl,in,j,m = (Tk(un) − Z li,j)hm(un). Then, for any
k ≥ 0, we have 〈

∂un
∂t

, ϕl,in,j,m

〉
≥ ε(n, j, l, i),

where 〈·, ·〉 denotes the duality pairing between L1(QT ) + W−1,xLΨ(QT ) and

L∞(QT ) ∩W 1,x
0 LΨ(QT ).

To complete the proof of Proposition 3.6, we establish the results below. For
any fixed k ≥ 0, we have:

(r1)

∫
QT

µnϕ
l,i
n,j,m dx dt = ε(n, j, l);

(r2)

∫
QT

Φn(x, t, un)∇unhm(un)(∇Tk(un)−∇Z li,j) dx dt = ε(n, j, l);

(r3)

∫
Em

Φn(x, t, un)∇unh′m(un)(Tk(un)− Z li,j) dx dt = ε(n, j, l);

(r4)

∫
QT

a(x, t, un,∇un)(Tk(un)− Z li,j)∇unh′m(un) dx dt ≤ ε(n, j, l,m);

(r5)

∫
QT

[a(x, t, Tk(un),∇Tk(un))− a(x, t, Tk(un),∇Tk(u)χs)]

×[∇Tk(un)−∇Tk(u)χs] dx dt ≤ ε(n, j, l,m, s).
The proofs of (r1) and (r3)–(r5) are the same as in [27,30,31]. To prove (r2),

to this end, for n ≥ m+ 1, we have

Φn(x, t, un)hm(un) = Φ(x, t, Tm+1(un))hm(Tm+1(un)) a.e in QT .

Put

Pn = Ψ

(
|Φ(x, t, Tm+1(un))− Φ(x, t, Tm+1(u))|

η

)
.

Since Φ is continuous with respect to its third argument and un → u a.e in QT ,
then Φ(x, t, Tm+1(un)) → Φ(x, t, Tm+1(u)) a.e in Ω as n goes to infinity, besides
Ψ(0) = 0, it follows that

Pn → 0 a.e in Ω as n→∞. (3.31)
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Using now the convexity of Ψ and (H4), for every η > 0 and n ≥ m+ 1, we have

Pn = Ψ

(
|Φ(x, t, Tm+1(un))− Φ(x, t, Tm+1(u))|

η

)
≤ Ψ

(
2γ(x, t) + Ψ−1

(
Ψ(|Tm+1(un)|)

)
+ Ψ−1

(
Ψ(|Tm+1(u)|)

)
η

)

≤ Ψ

(
2

η
|γ(x, t)|+ 2

η
Ψ−1

(
Ψ(m+ 1)

))
= Ψ

(
1

2

4

η
|γ(x, t)|+ 1

2

4

η
Ψ−1

(
Ψ(m+ 1)

))
≤ 1

2
Ψ

(
4

η
|γ(x, t)|

)
+

1

2
Ψ

(
4

η
Ψ−1

(
Ψ(m+ 1)

))
. (3.32)

We put Cηm(x, t) = 1
2Ψ
(

4
η |γ(x, t)|

)
+ 1

2Ψ
(

4
ηΨ−1(Ψ(m+ 1))

)
. Since γ ∈ EΨ(QT ),

we have Cηm ∈ L1(QT ), Then, by Lebesgue’s dominated convergence theorem, we
get

lim
n→∞

∫
QT

Pn dx dt =

∫
QT

lim
n→∞

Pn dx dt = 0.

This implies that {Φ(x, t, Tm+1(un))} converges modularly to Φ(x, t, Tm+1(u))
as n → ∞ in (LΨ(QT ))N . Moreover, Φ(x, t, Tm+1(un)), Φ(x, t, Tm+1(u)) lie in
(EΨ(QT ))N . Indeed, from (H4), for every η > 0, we have∫

QT

Ψ

(
|Φ(x, t, Tm+1(un))|

η

)
dx dt

≤
∫
QT

Ψ

(
1

η
|γ(x, t)|+ 1

η
Ψ−1

(
Ψ(|Tm+1(un)|)

))
dx dt

≤
∫
QT

Ψ

(
1

2

2

η
|γ(x, t)|+ 1

2

2

η
Ψ−1

(
Ψ(m+ 1)

))
dx dt

≤
∫
QT

1

2
Ψ

(
2

η
|γ(x, t)|

)
dx dt+

∫
QT

1

2
Ψ

(
2

η
Ψ−1

(
Ψ(m+ 1)

))
dx dt <∞

since γ ∈ EΨ(QT ) and Ω is bounded, the same for Φ(x, t, Tm+1(u)). Due to
Lemma 2.3, we can deduce that Φ(x, t, Tm+1(un))→ Φ(x, t, Tm+1(u)) strongly in
(EΨ(QT ))N . Furthermore, ∇Tk(un) ⇀ ∇Tk(u) weakly in (LΨ(QT ))N as n goes
to infinity and it follows that

lim
n→∞

∫
QT

Φ(x, t, un)hm(un)
(
∇Tk(un)−∇Z li,j

)
dx dt

=

∫
QT

Φ(x, t, u)hm(u)
(
∇Tk(u)−∇Z li,j

)
dx dt.

Using the modular convergence of Z li,j as j → ∞ and then l → ∞, we get (r2).
As a consequence of Lemma 3.1, the results of Proposition 3.6 follow.
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Step 4: Passing to the limit. Now we will pass to the limit. Let
v ∈ W 1,xLΨ(QT ) ∩ L∞(QT ) such that ∂v

∂t ∈ W−1,xLΨ(QT ) + L1(QT ). From
[17, Lemma 5, Theorem 3], there exists a prolongation vp = v on QT , vp ∈
W 1,xLΨ(Ω× R) ∩ L1(Ω× R) ∩ L∞(Ω× R) and

∂v

∂t
∈W−1,xLΨ(Ω× R) + L1(Ω× R).

There also exists a sequence (ωj) ⊂ D(Ω× R) such that

ωj → vp in W 1,x
0 LΨ(Ω× R) and

∂ωj
∂t
→ ∂vp

∂t
in W−1,xLΨ(Ω× R) + L1(Ω× R)

for the modular convergence, and ‖ωj‖∞,QT ≤ (N + 2)‖v‖∞,QT .
Testing the approximate problem (3.7)–(3.10) by v = un − Tk(un − ωj)χ(0,τ)

with τ ∈ [0, T ], we get〈∂un
∂t

, Tk(un − ωj)
〉
Qτ

+

∫
Qτ

a(x, t, Tk0(un),∇Tk0(un))∇Tk(un − ωj) dx dt

+

∫
Qτ

Φ(x, t, Tk0(un))∇Tk(un − ωj) dx dt =

∫
Qτ

µnTk(un − ωj) dx dt, (3.33)

where k0 = k + (N + 2)‖v‖∞,QT . This implies, with

En,j := Qτ ∩ {|un − ωj | ≤ k},

that 〈
∂un
∂t

, Tk(un − ωj)
〉
Qτ

+

∫
En,j

a(x, t, Tk0(un),∇Tk0(un))∇un dx dt

−
∫
En,j

a(x, t, Tk0(un),∇Tk0(un))∇ωj dx dt

+

∫
Qτ

Φ(x, t, Tk0(un))∇Tk(un − ωj) dx dt

=

∫
Qτ

µnTk(un − ωj) dx dt. (3.34)

Our aim here is to pass to the limit in each term in (3.34). Let us start by
the terms of the left-hand side.

The limit of the first term
〈
∂un
∂t , Tk(un − ωj)

〉
Qτ

is as follows:〈
∂un
∂t

, Tk(un − ωj)
〉
Qτ

=

〈
∂un
∂t
− ∂ωj

∂t
, Tk(un − ωj)

〉
Qτ

+

〈
∂ωj
∂t

, Tk(un − ωj)
〉
Qτ

=

∫
Ω
T̃k(un − ωj) dx+

〈
∂ωj
∂t

, Tk(un − ωj)
〉
Qτ
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−
∫

Ω
T̃k(u0n − ωj(0)) dx. (3.35)

Since un → u in C([0, T ], L1(Ω)) (see [17]), by Lebesgue’s theorem, we have∫
Ω
T̃k(un − ωj) dx→

∫
Ω
T̃k(u− ωj) dx as n→∞.

Passing to the limit in (3.35), we get

lim
n→∞

〈∂un
∂t

, Tk(un − ωj)
〉
Qτ

=

∫
Ω
T̃k(u− ωj) dx+

〈
∂ωj
∂t

, Tk(u− ωj)
〉
Qτ

−
∫

Ω
T̃k(u0 − ωj(0)) dx.

For the second and the third terms of (3.34), we have from (ii) of Proposition 3.6,

a(x, t, Tk0(un),∇Tk0(un)) ⇀ a(x, t, Tk0(u),∇Tk0(u)) weakly in (LΨ(QT ))N .

Thus Fatou’s lemma allows us to get

lim inf
n→∞

(∫
En,j

a(x, t, Tk0(un),∇Tk0(un))∇un dx dt

−
∫
En,j

a(x, t, Tk0(un),∇Tk0(un))∇ωj dx dt

)

≥
∫
En,j

a(x, t, Tk0(u),∇Tk0(u))∇u dx dt

−
∫
En,j

a(x, t, Tk0(u),∇Tk0(u))∇ωj dx dt. (3.36)

Concerning the fourth term of the left-hand side of (3.34), we proceed as in (3.32)
to get

Φ(x, t, Tk0(un))→ Φ(x, t, Tk0(u)) as n→∞.

And since

∇Tk(un − ωj) ⇀ ∇Tk(u− ωj) in LΨ(QT ) as n→∞,

we can deduce∫
Qτ

Φ(x, t, Tk0(un))∇Tk(un − ωj) dx dt→
∫
Qτ

Φ(x, t, Tk0(u))∇Tk(u− ωj) dx dt.

Finally, we turn to the right-hand side of (3.34). Since

Tk(un − ωj)→ Tk(u− ωj) weakly* in L∞ as n→∞,

we obtain ∫
Qτ

µnTk(un − ωj) dx dt→
∫
Qτ

µTk(u− ωj) dx dt.
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Now we are ready to pass to the limit as n→∞ in each term of (3.34) to conclude
that ∫

Ω
T̃k(u− ωj) dx+

〈
∂ωj
∂t

, TK(u− ωj)
〉
Qτ

+

∫
Qτ

a(x, t, u,∇u)∇Tk(u− ωj) dx dt

+

∫
Qτ

Φ(x, t, u)∇Tk(un − ωj) dx dt

≤
∫

Ω
T̃k(u0 − ωj(0)) dx+

∫
Qτ

µTk(u− ωj) dx dt. (3.37)

Passing to the limit in (3.37) as j →∞, we obtain∫
Ω
T̃k(u− v) dx+

〈
∂v

∂t
, Tk(u− v)

〉
Qτ

+

∫
Qτ

a(x, t, u,∇u)∇Tk(u− v) dx dt

+

∫
Qτ

Φ(x, t, u)∇Tk(un − v) dx dt

≤
∫

Ω
T̃k(u0 − v(0)) dx+

∫
Qτ

µTk(u− v) dx dt. (3.38)

It remains to show that u satisfies the initial condition of (3.7)–(3.10). To do
this, recall that ∂un

∂t is bounded in L1(QT ) + W−1,xLΨ(QT ). As a consequence,
Aubin’s type Lemma (cf [32] , Corollary 4 and Lemma 2.6 imply that un lies in
a compact set of C0([0, T ];L1(Ω)). It follows that un(x, t = 0) = u0n converges
to u(x, t = 0) strongly in L1(Ω). Thus we conclude that

u(x, t = 0) = u0(x) in Ω.

The proof of the main result is completed.

References

[1] R. Adams, Sobolev Spaces, Academic Press Inc, New York, 1975.

[2] A. Alvino, L. Boccardo, V. Ferone, L. Orsina, and G. Trombetti, Existence results
for nonlinear elliptic equations with degenerate coercivity, Ann. Mat. Pura Appl.
182 (2003), No. 1, 53–79.

[3] A. Alvino, V. Ferone, and G. Trombetti, A priori estimates for a class of non uni-
formly elliptic equations, Atti Semin. Mat. Fis. Univ. Modena 46-suppl. (1998),
381–391.

[4] A. Benkirane and A. Elmahi, An existence theorem for a strongly nonlinear elliptic
problem in Orlicz spaces, Nonlinear Anal. Ser. A: Theory Methods 36, (1999), 11–
24.



Solvability of Strongly Nonlinear Obstacle Parabolic Problems 485

[5] A. Benkirane, A. Youssfi, and M. El Moumni, Bounded solutions of unilateral prob-
lems for strongly nonlinear elliptic equations in Orlicz spaces, Electron. J. Qual.
Theory Differ. Equ. 2013 (2013), 21.

[6] C. Bennett and R. Sharpley, Interpolation of operators, Academic press, Boston,
1988.

[7] J. Bennouna, M. Hammoumi, and A. Aberqi, Nonlinear degenerated parabolic equa-
tions with lower order terms, Electron. J. Math. Anal. Appl. 4 (2016), 234–253.
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Розв’язнiсть сильно нелiнiйних параболiчних
проблем з перешкодами в неоднорiдних просторах

Орлича–Соболєва
Mohamed Bourahma, Jaouad Bennouna, Badr El Haji, and Abdelmoujib

Benkirane

У цiй роботi ми доводимо iснування розв’язкiв для нелiнiйної одно-
бiчної задачi, пов’язаної з параболiчним рiвнянням

∂u

∂t
− div a(x, t, u,∇u)− div Φ(x, t, u) = µ in QT = Ω× (0, T ),

де член нижчого порядку Φ задовольняє узагальнену природну умову
зростання, описану певною функцiєю Орлича Ψ, i функцiя µ є iнтегров-
ним членом витоку. Жодних обмежень зростання не накладається анi
на Ψ, анi на його спряжене Ψ. Отже, розв’язок є природним у цьому
контекстi.

Ключовi слова: однобiчна параболiчна задача, нерефлексивний про-
стiр Орлича, природне зростання
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