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1. Introduction

A closed geodesic is called simple if this geodesic is not self-intersecting and
does not go along itself. At the end of the 19th century, while working on the
three-body problem, H. Poincare [39] stated a problem of the existence of geodesic
lines on smooth convex two-dimensional surfaces. Since then, the methods for
finding closed geodesics on regular surfaces of positive and negative curvature
have been developed. In 1927, G.D. Birkhoff [6] proved that there exists at least
one simple closed geodesic on an n-dimensional Riemannian manifold homeomor-
phic to a sphere. In contrast to this, there are non-smooth convex closed surfaces
in Euclidean space that are free from simple closed geodesics. From the gener-
alization of the Gauss—Bonnet theorem for polyhedra, there follows a necessary
condition for the existence of a simple closed geodesic on a convex polyhedron
in E3. This condition does not hold for most convex polyhedra, but it holds for
regular polyhedra, in particular for regular tetrahedra.
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In the current survey, we present the results on the behavior of simple closed
geodesics on regular tetrahedra in three-dimensional spaces of constant curvature.
D. Fuchs and E. Fuchs supplemented and systematized the results on closed
geodesics on regular polyhedra in E? (see [16,18]). V.Yu. Protasov [41] obtained
a condition for the existence of simple closed geodesics on an arbitrary tetrahedron
in Euclidean space.

A.A. Borisenko and D.D. Sukhorebska studied simple closed geodesics on
regular tetrahedra in three-dimensional hyperbolic and spherical spaces (see [7,9,
10]). In Euclidean space, the faces of a tetrahedron have zero Gaussian curvature,
and the curvature of a tetrahedron is concentrated only on its vertices. In the
hyperbolic or spherical space, the Gaussian curvature of faces is k = —1 or 1, and
the curvature of a tetrahedron is determined not only by its vertices, but also
by its faces. In the hyperbolic space, the planar angle « of a face of a regular
tetrahedron satisfies 0 < a < m/3. In the spherical space, the planar angle «
satisfies /3 < o < 2w/3. In both cases the intrinsic geometry of a tetrahedron
depends on the planar angle. The behavior of closed geodesics on a regular
tetrahedron in three-dimensional spaces of constant curvature k£ depends on the
sign of k.

2. Historical notes and main results

In [39], Henri Poincare studied properties of the solutions of the three-body
problem, in particular, periodical and asymptotic solutions. He found that the
key difficulty of this problem could be formulated as an independent problem of
describing geodesics lines on a convex surface. In [40], H. Poincare showed the
existence of a simple closed geodesic on a convex smooth surface S that is an
embedding of the two-dimensional sphere into Euclidean space E? with induced
metric. He considered the shortest simple closed curve dividing .S into two pieces
of equal total Gaussian curvature. Moreover, H. Poincare stated a conjecture
on the existence of at least three simple closed geodesics on a smooth closed
convex two-dimensional surface in E3. Later, in 1927, G.D. Birkhoff proved that
there exists at least one simple closed geodesic on an n-dimensional Riemannian
manifold homeomorphic to a sphere [6].

In 1929, L.A. Lusternik and L.G. Schnirelmann [30,31] published the proof of
Poincare’s conjecture. However, their proof contained some gaps which were filled
in by W. Ballmann in 1978 [4] and independently by I. Taimanov in 1992 [47]. In
1951-1952, L.A. Lusternik and A.I. Fet [14,29] proved the existence of a closed
geodesic on an n-dimensional regular closed manifold.

Using the ideas of G.D. Birkhoff, it was proved that every Riemannian metric
on a two-dimensional sphere carries infinitely many geometrically distinct closed
geodesics, cf. J. Franks [15] and V. Bangert [5]. The methods of the proof
were restricted to surfaces. The condition of the existence of infinitely many
closed geodesics on a compact simply-connected manifold of arbitrary dimension
is more complicated. In 1969, D. Gromoll and W. Meyer [20] showed that there
always exist infinitely many distinct periodic geodesics on an arbitrary compact
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manifold M, provided some weak topological condition holds: if the sequence
of Betti numbers of the free loop space LM of M is unbounded. W. Ziller [50]
proved that this condition on the free loop space holds for symmetric spaces
of rank > 1. H.B. Rademacher [42] showed that for a C*-regular metric on a
compact Riemannian manifold with finite fundamental group there are infinitely
many geometrically distinct closed geodesics.

In 1898, J. Hadamard [23] showed that on a closed surface of negative curva-
ture any closed curve, that is not homotopic to zero, can be deformed into the
closed curve of minimal length within its free homotopy group. This minimal
curve is unique and it is a closed geodesic. Then it is interesting to estimate the
number of closed geodesics, depending on the length of these geodesics, on a com-
pact manifold of negative curvature. H. Huber [25,26] proved that on a complete
closed two-dimensional manifold of constant curvature —1 the number of closed
geodesics of length at most L has the order of growth e’ /L as L — co. For com-
pact n-dimensional manifolds of negative curvature this result was generalized by
Ya.G. Sinai [46], G.A. Margulis [32], M. Gromov [21], and others.

In I. Rivin’s work [43], and later in M. Mirzakhani’s work [34], it was proved
that on a complete hyperbolic (constant negative curvature) Riemannian surface
of genus g and with n cusps the number of simple closed geodesics of length at
most L is asymptotic to (positive) constant times L6976727 as [ — co. One can
also refer to [13,44] for details.

Theorems about geodesic lines on convex two-dimensional surfaces play an
important role in geometry “in the large” of convex surfaces in spaces of con-
stant curvature. Important results on this subject were obtained by S. Cohn-
Vossen [11], A.D. Alexandrov [2], and A.V. Pogorelov [36]. In one of his earliest
works, A.V. Pogorelov proved that on a closed convex surface of Gaussian curva-
ture < k, k > 0, each geodesic of length < W/\/% is the shortest path between its
endpoints [37]. V.A. Toponogov [48] proved that on a C2-regular closed surface
of curvature > k > 0 the length of a simple closed geodesic is at most 27/ VE.
V.A. Vaigant and O.Yu. Matukevich [49] proved that on this surface a geodesic
of length > 37 /v/k has the point of self-intersection.

Geodesics have also been studied on non-smooth surfaces, including convex
polyhedra in E3. Since a geodesic is the locally shortest curve, it can not pass
through any point for which the full angle is less than 27 (see [2]). P. Gruber [22]
showed that in the sense of Baire categories [27] most convex surfaces (no regu-
larity required) do not contain a closed geodesic. A.V. Pogorelov [38] generalized
L.A. Lusternik and L.G. Schnirelmann’s result showing that on any closed convex
surface there are at least three closed quasi-geodesics. Whereas a geodesic has
exactly 7 surface angle to either side at each point, a quasi-geodesic has at most
m surface angle to either side at each point. Unlike geodesics, quasi-geodesics can
pass through the vertices with the full angle < 27 on the surface [3].

On a convex polyhedron a geodesic has the following properties:

1) it consists of line segments on faces of a polyhedron;
2) it forms equal angles with edges on adjacent faces;
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3) a geodesic cannot pass through a vertex of a convex polyhedron [2].

G. Galperin [19] presented a necessary condition for the existence of a simple
closed geodesic on a convex polyhedron in E3. It is based on a generalization of
the Gauss—Bonnet theorem for polyhedra. The curvature of a convex polyhedron

in E3 is concentrated on its vertices. Let 61,...,6, be the full angles around
the vertices Aq,..., A, of a convex polyhedron. The curvature of the vertex A;
isw; =2 —0;, i =1,...,n. If there is a simple closed geodesic on a convex

polyhedron, then there should necessarily be a subset I C {1,2,...,n} such that

Z w; = 2m.

i€l
This condition does not hold for most polyhedra, but it holds for regular poly-
hedra. D. Fuchs and E. Fuchs supplemented and systematized the results on
closed geodesics on regular polyhedra in the three-dimensional Euclidean space
(see [16,18]). K. Lawson and others [28] obtained a complete classification of
simple closed geodesics on the eight-convex polyhedra (deltahedra) whose faces
are all equilateral triangles.

In [41], V.Yu. Protasov obtained a condition for the existence of simple
closed geodesics on an arbitrary tetrahedron in Euclidean space and evaluated
from above the number of these geodesics in terms of the difference from 7 the
sum of the angles at a vertex of the tetrahedron. In particular, it is proved that
a simplex has infinitely many different simple closed geodesics if and only if all
the faces are equal triangles. A. Akopyan and A. Petrunin [1] showed that if a
closed convex surface M in E? contains arbitrarily long simple closed geodesic,
then M is a tetrahedron whose faces are equal triangles.

Definition 2.1. A simple closed geodesic on a tetrahedron has type (p, q) if
it has p vertices on each of two opposite edges of the tetrahedron, g vertices on
each of other two opposite edges, and (p + ¢q) vertices on each of the remaining
two opposite edges.

On a regular tetrahedron in Euclidean space, for each ordered pair of coprime
integers (p, q) there exists a whole class of simple closed geodesics of type (p,q),
up to the isometry of the tetrahedron. On the development of the tetrahedron,
geodesics in each class are parallel to each other. Furthermore, in each class there
is a simple closed geodesic passing through the midpoints of two pairs of opposite
edges of the tetrahedron [9].

J. O’'Rourke and C. Vilcu [35] considered simple closed quasi-geodesics on
tetrahedra in 3.

In [12], D. Davis and others considered geodesics which begin and end at
vertices (and do not touch other vertices) on a regular tetrahedron and cube. It
was proved that a geodesic as above never begins and ends at the same vertex and
computed the probabilities with which a geodesic starting from a given vertex
ends at every other vertex. D. Fuchs [17] obtained similar results for a regular
octahedron and icosahedron (in particular, such a geodesic never ends at the
point it begins).
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Denote a simply-connected complete Riemannian n-dimensional manifold of
constant curvature k € {—1,0,1} by M}. A polyhedron in M,i’ is a surface
obtained by gluing finitely many geodesic polygons from M ,? In particular, a
regular tetrahedron in M,‘:’ is a closed convex polyhedron whose all faces are
regular geodesic triangles from M ]3 and all vertices are regular trihedral angles.
From Alexandrov’s gluing theorem [3], it follows that the polyhedron in M} with
the induced metric is a compact Alexandrov surface A(k) with the curvature
bounded below by k. Notice that in E?(MJ) the curvature of a tetrahedron
is concentrated only on its vertices. In the hyperbolic or spherical space, the
Gaussian curvature of faces is k = —1 or 1, respectively, and the curvature of a
tetrahedron is determined not only by its vertices, but also by its faces.

In [45], J. Rouyer and C. Vilcu studied the existence or non-existence of
simple closed geodesics on most (in the sense of Baire category [27]) Alexandrov
surfaces. In particular, it was proved that most surfaces in A(—1) have infinitely
many, pairwise disjoint, simple closed geodesics, and most surfaces in A(1) have
no simple closed geodesics.

As we have said before, on a regular tetrahedron in Euclidean space E3, for
each ordered pair of coprime integers (p,q) there exist infinitely many simple
closed geodesics of type (p,q) that are parallel to each other on the development
of the tetrahedron. It follows from the fact that the development of a tetrahedron
along the geodesic is contained in the standard triangular tiling of the plane.
Moreover, the vertices of the tiling can be labeled in such a way that for any
development the labeling of vertices of the tetrahedron matches the labeling of
vertices of the tiling. This is something that holds only for regular tetrahedra
and only in E3 [18].

In the spherical space S?, the planar angle o of the faces of a tetrahedron
satisfies 7/3 < o < 27/3. The intrinsic geometry of the tetrahedron depends on
a. If the planar angle o = 27/3, then the tetrahedron is a unit two-dimensional
sphere. Hence, there are infinitely many simple closed geodesics on it and they
are great circles of the sphere. In the following, we consider « such that 7/3 <
a < 2r/3. In [10], A.A. Borisenko and D.D. Sukhorebska proved that on a
regular tetrahedron in spherical space there exists the finite number of simple
closed geodesics. The length of all these geodesics is less than 27,

It was found that for any coprime integer (p,q) there exist the numbers oy
and «g, depending on p, ¢ and satisfying the inequalities 7/3 < a1 < ag < 27/3,
such that

1) if 7/3 < @ < aq, then on a regular tetrahedron in spherical space with the
planar angle « there exists a unique simple closed geodesic of type (p, q), up
to the rigid motion of this tetrahedron, and it passes through the midpoints
of two pairs of opposite edges of the tetrahedron;

2) if ag < a < 27/3, then on a regular tetrahedron with the planar angle o there
is no simple closed geodesic of type (p, q).

In [7], A.A. Borisenko gave the necessary and sufficient condition for the
existence of a simple closed geodesic on a regular tetrahedron in S3. We will
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consider it in details in Section 4.

Unlike in S3, on a regular tetrahedron in hyperbolic space H? there are
infinitely many simple closed geodesics. Recall that the planar angle o of a
regular tetrahedron in H? satisfies 0 < o < /3. In [9], A.A. Borisenko and
D.D. Sukhorebska proved that on a regular tetrahedron in hyperbolic space for
any coprime integers (p,q), 0 < p < g, there exists a unique, up to the rigid
motion of the tetrahedron, simple closed geodesic of type (p,q), and it passes
through the midpoints of two pairs of opposite edges of the tetrahedron. These
geodesics exhaust all simple closed geodesics on a regular tetrahedron in hyper-
bolic space. As a part of the proof, there was found a constant d(a) > 0 for « €
(0,7/3) such that the distances from the vertices of the regular tetrahedron to
any simple closed geodesic is greater than d(«). It should be noticed that this
property holds only for simple closed geodesics on regular tetrahedra in H3. In
E3 or S3, for any € > 0, there is a simple closed geodesic v such that the distance
from a tetrahedron vertex to v is < ¢.

Furthermore, in [9], it was proved that the number of simple closed geodesics
of length bounded by L is asymptotic to ¢(a)L? when L — oco. If a — 0, then
c(a) = ¢g > 0. If the planar angle « of a regular tetrahedron in hyperbolic space
is zero, then the vertices of the tetrahedron become cusps. Then the limiting
tetrahedron is a noncompact surface homeomorphic to a sphere with four cusps
with a complete regular Riemannian metric of constant negative curvature. The
genus of this surface is zero. In [43], Rivin showed that the number of simple
closed geodesics on this surface has order of growth L?.

In [7], A.A. Borisenko proved that if the planar angles of any tetrahedron in
hyperbolic space are at most /4, then for any pair of coprime integers (p, q) there
exists a simple closed geodesic of type (p, ¢). This situation differs from Euclidean
space, where there are no simple closed geodesics on a generic tetrahedron [19].

3. Closed geodesics on a regular tetrahedron in E3

Consider a regular tetrahedron A;AsAsA4 with the edge of length 1 in Eu-
clidean space.

Fix a point of a geodesic on the edge of the tetrahedron and roll the tetrahe-
dron along the plane in such a way that the geodesic always touches the plane.
The traces of the faces form the development of the tetrahedron on a plane and
the geodesic is a line segment inside the development.

A development of a regular tetrahedron in E? is a part of the standard triangu-
lation of Euclidean plane. Denote the vertices of the triangulation in accordance
with the vertices of the tetrahedron (see Fig. 3.1). We introduce a rectangular
Cartesian coordinate system with the origin at A; and the z-axis along the edge
Aq A containing X. Then the vertices A; and A, have the coordinates (l, k:\/g),
and the coordinates of A3 and A4 are (l +1/2,(2k + 1)\/5/2), where k,[ are
integers.

Choose two identically oriented edges A;As of the triangulation that do not
belong to the same line. Take two points X (u,0) and X'(u 4+ q + 2p,¢v/3) on
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them, where 0 < p < 1 such that the segment X X’ does not contain any vertex
of the triangulation. The segment X X’ corresponds to the simple closed geodesic
v of type (p, q) on a regular tetrahedron in Euclidean space. If (p, q) are coprime
integers, then v does not repeat itself. On a tetrahedron, v has p vertices on each
of two opposite edges of the tetrahedron, g vertices on each of other two opposite
edges, and (p+ q) vertices on each of the remaining two opposite edges, and thus
7 has type (p, q).
The length of « is equal to

L =2p?+ pqg+ ¢>. (3.1)
Notice that the segments of a geodesic lying on the same face of the tetra-

hedron are parallel to each other. It follows that a closed geodesic on a regular
tetrahedron in Euclidean space does not have points of self-intersection.

Az Ay Ay Ay Ao A Aa A X A
EN Ay Al A3 Ay Ag A m
A AN A AN/ A A A A A,
A, Ay Az A) A, /A /1. /i,
A \ A | A A, Ay A As
A4 A3 Aj A A A A A,
A X A A, Ay Ay Ay A, Ay A
Fig. 3.1

If g =0 and p = 1, then the geodesic consists of four segments that consecu-
tively intersect four edges of the tetrahedron and the geodesic does not intersect
a pair of opposite edges.

Theorem 3.1.

1. On a regular tetrahedron in Euclidean space, for each ordered pair of coprime
integers (p,q) there exists the whole class of simple closed geodesics of type
(p,q), up to the isometry of the tetrahedron. On the development of the tetra-
hedron, geodesics in each class are parallel to each other [18].

2. In every class there is a simple closed geodesic passing through the midpoints
of two pairs of opposite edges of the tetrahedron [9].

Proof. For each pair of coprime integers (p, ¢), construct a segment connecting
the points X (po,0) and X'(uo + ¢ + 2p,¢v/3). Chose po € (0,1) such that X X'
does not contain any vertex of the triangulation. Then X X’ corresponds to the
simple closed geodesic 7 of type (p, ¢) on a regular tetrahedron in Euclidean space.



Simple Closed Geodesics on Regular Tetrahedra 569

Consider the segments parallel to X X’. They are characterized by the equa-

tion
_ V3
YT 2
We can change p until the line touches a vertex of the tiling. Then for each pair
(p,q) there are pi, pus € (0,1) such that p; < po < p2 and for all u € (ug, p2),
the segment joining X (u,0) and X'( + g + 2p, ¢v/3) corresponds to the simple
closed geodesic of type (p,q) on a regular tetrahedron. Therefore, the first part
of the theorem is proved.
To prove the second part, consider the lines

V3 .
Yty = qq+ 2p(x — i), i=1,2 (3.2)

(x — ).

passing through the vertices of the tiling. It means that there exist the in-
teger numbers ¢; and ¢y such that the points Py (01(q+ 2p)/2q+u1,61\/§/2)
and P, (cQ(q +2p)/2q + 2, 02\/§/2) are the vertices of the tiling and ~; passes
through P; and 79 passes through Ps.

Consider the closed geodesic vy parallel to v such that the equation of ~q is

)= qv3 <x_m+uz>.

_q+2p 2

It passes through the point

p[ate q+2p+M1+M2 c1+e2 V3
ol 2 2q 2 2 2]

Consider three cases:

1) the points P; and P, belong to the line A; As;
2) the points Py, P» belong to the line A3Ay;
3) the point P; belongs to the line A1 Ay and the point P, belongs to the line
A3Ay.
In each of this cases it is easy to show that Py is a midpoint of some edge of the
tiling.
Then, let us prove that if a geodesic passes through the midpoint of one edge,
then it passes through the midpoints of two pairs of opposite edges. Assume that
a closed geodesic g passes through the midpoint of the edge A1 As. Then the

equation of v is
_aV3 1
y_q+2p <x 2). (3.3)

The vertices Az and A4 belong to the line 3, = (2k + 1)1/3/2, and their first

coordinate is x, = [ 4+ 1/2 (k,l € Z). Substituting the coordinates of the points
As and Ay to equation (3.3), we get

q(20 — 2k — 1) = 2p(2k + 1). (3.4)
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If ¢ is even, then there exist k and [ satisfying equation (3.4). It follows that
Yo passes through the vertex of the tiling. It contradicts the properties of 7,
therefore ¢ is an odd integer.

The points X; (1/2,0) and X| (¢ +2p+1/2,¢V/3) satisfy equation (3.3).
These points are the midpoint of the edge A;As on the tetrahedron. Sup-
pose that the point Xp is the midpoint of X;X]. Then the coordinates
of Xy are (q/2 +p+ 1/2,q\/§/2). Substituting ¢ = 2k + 1, we obtain
Xy (k+p+1,(k+1/2)v3). Since the second coordinate of X5 is (k + 1/2)V/3,
where k is an integer, the point X5 belongs to the line that contains the vertices
As and Ay. It follows that X5 is the midpoint of the edge A3 A4 because the first
coordinate of X5 is an integer.

Let Y1 (¢/4 + p/241/2, qv/3/4) be the midpoint of X;X5. Substituting ¢ =
2k + 1, we obtain Vi ((k+p+1)/2+1/4, (k/2+1/4)v3). From the second
coordinate we have that Y7 belongs to the line passing in the middle of the
horizontal lines y = kv/3/2 and y = (k + 1)v/3/2. Looking at the first coordinate
of Y7, which has 1/4 added, we can see that Y; is the center of A;As, or AgAs,
or A2A4, or A4A1.

In a similar way, consider the midpoint Y5 (3q/4 +3p/2+1/2, 3qx/§/4) of
X5 X{ Then Y3 is the midpoint of the edge that is opposite to the edge with ;. [

Corollary 3.2. The development of the tetrahedron obtained by unrolling
along a closed geodesic consists of four equal polygons. Two adjacent polygons
can be transformed into each other by rotating them through an angle m around
the midpoint of their common edge.

Proof. For any closed geodesic v, we get the equivalent closed geodesic g
that passes through the midpoints of two pairs of the opposite edges on the
tetrahedron. Let the points Xi, X5 and Y7, Y5 on 7y be the midpoints of the
edges A1 As, A4As and A1 As, As Ay, respectively.

Fig. 3.2

Consider the rotation of the regular tetrahedron through 7 around the line
passing through the points X7 and X5. This rotation is the isometry of the regular
tetrahedron. The points Y; and Y5 are swapped. Furthermore, the segment of g
that starts at X7 on the face A1 A2A4 is mapped to the segment of vy that starts
from the point X7 on Ay AsAs. It follows that the segments X1Y; and X;Y5 are
swapped. For the same reason, after the rotation the segments XsY; and XoY5
of g are also swapped.

From this rotation, we get that the development of the tetrahedron along the
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segment Y7 X Y5 of the geodesic is central symmetric with respect to the point
X1. And the development along Y7 X5Y5 is central symmetric with respect to Xo.

Now, consider the rotation of the regular tetrahedron through 7 around the
line passing through the points Y7 and Y5. By the same argument as above, we
obtain that the development of the tetrahedron along the segment X;Y] X5 of the
geodesic is central symmetric with respect to Y7, and the development along the
segment XoY5 X7 is central symmetric with respect to Ys (see Fig. 3.2). O

Lemma 3.3. Let v be a simple closed geodesic of type (p,q) on a regular
tetrahedron in Fuclidean space such that v intersects the midpoints of two pairs
of opposite edges. Then the distance h from the vertices of the tetrahedron to
satisfies the inequality

V3

h > (3.5)

T AP+ pat g

Proof. Suppose « intersects the edge A1 As at the midpoint X. Then geodesic
~ is unrolled into the segment X X’ lying at the line

qV3 ( 1)
Y= T—=].
q—+2p 2

The segment X X’ intersects the edges A Ay at the points

(75, yp) = (W,k\@> ;

where k < ¢. Since X X’ does not pass through the vertices of tiling, x; can not
be an integer. Hence, on the edge A;As, the distance from the vertices to the
points of v is not less than 1/2q.

Analogously, on the edge A3zAs, the distance from the vertices of the tetrahe-
dron to the points of + is not less than 1/2p.

Develop the faces A1 A>A4 and As A4 A3 to the plane. Choose the points By
at the edge A2A; and Bs at the edge A3 A3 such that the length AsBy is 1/2¢
and the length A3By is 1/2p. Let AsH be the height of the triangle By AsBo.

Then
V3

|AoH| = - =
A/p*+pg+q
The distance h from the vertex As to v is not less than |AsH|. O

The pair of coprime integers (p, q) determines the combinatorical structure of
a simple closed geodesic and hence the order of intersections with the edges of
the tetrahedron.

In [41], the generalization of simple closed geodesics on a polyhedron was
proposed. A polyline on a tetrahedron is a curve consisting of line segments which
connect the points consecutively on the edges of this tetrahedron. An abstract
geodesic on a tetrahedron is a closed polyline with the following properties:
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1) it does not have points of self-intersection, and adjacent segments of it lie on
different faces;

2) it crosses more than three edges and does not pass through the vertices of the
tetrahedron.

For any two tetrahedra, we can fix a one-to-one correspondence between their
vertices and label the corresponding vertices of the tetrahedra identically. Then
two closed geodesics on these tetrahedra are called equivalent if they intersect
the identical labelled edges in the same order.

Proposition 3.4 ([41]). For every abstract geodesic 4 on a tetrahedron in
FEuclidean space there exists an equivalent simple closed geodesic v on a regular
tetrahedron in Fuclidean space.

A vertex of a geodesic vy is called a link node if it and two neighboring vertices
of ~ lie on the edges of the same vertex A; of the tetrahedron, and these three
vertices are the vertices of the geodesic that are closest to A;.

Proposition 3.5 ([41]). Let v and v3 be the segments of a simple closed
geodesic 7 starting at a link node on a regular tetrahedron, and let ~a and v3 be
the next segments and so on. Then, for each i =2,...,2p+2q — 1, the segments
v} and 42 lie on the same face of the tetrahedron, and there are no other geodesic
points between them. The segments fy%pﬂq and 7%p+2q meet at the second link
node of the geodesic.

4. Simple closed geodesics on regular tetrahedra in S?

4.1. The main definition and examples. A spherical triangle is a con-
vex polygon on a unit sphere bounded by the three shortest lines. A regular
tetrahedron Ay AsA3A4 in three-dimensional spherical space S? is a closed con-
vex polyhedron such that all its faces are regular spherical triangles and all its
vertices are regular trihedral angles. A planar angle a of a regular tetrahedron
in S? satisfies the conditions /3 < a < 27/3. Notice that then there exists a
unique (up to the rigid motion) tetrahedron in spherical space with the given
planar angle. The length of the edges is equal to

oS o
= - 4.1
a arccos(l_cosa>, (4.1)
lim a=0; lim a=m7/2; lim a=m—cos '1/3. (4.2)
a—7/3 a—7/2 a—27/3

If « = 27 /3, then a tetrahedron is a unit two-dimensional sphere. There are
infinitely many simple closed geodesics on it. In the following, we suppose that
« satisfies /3 < o < 27 /3.

A spherical space S? of the curvature 1 is realized as a unite tree-dimensional
sphere in four-dimensional Euclidean space. Hence the regular tetrahedron
A1A9A3A, is in an open hemisphere. Consider a Euclidean space tangent to this
hemisphere at the center of circumscribed sphere of the tetrahedron. A central
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projection of the hemisphere to this tangent space maps the regular tetrahedron
from S? onto the regular tetrahedron in Euclidean tangent space. A simple closed
geodesic v on A1 As A3A4 is mapped into an abstract geodesic on a regular tetra-
hedron in E3. Proposition 3.4 states that there exists a simple closed geodesic on
a regular tetrahedron in Fuclidean space equivalent to this generalized geodesic.
It follows that a simple closed geodesic on a regular tetrahedron in S* is also
characterized uniquely by a pair of coprime integers (p, q) and has the same com-
binatorical structure as a closed geodesic on a regular tetrahedron in E3.

Lemma 4.1 ([10]).

1) On a regular tetrahedron with the planar angle o € (7w/3,27/3) in spherical
space there exist three different simple closed geodesics of type (0,1). They
coincide under isometries of the tetrahedron.

2) Geodesics of type (0,1) ezhaust all simple closed geodesics on a regular tetra-
hedron with the planar angle o € [7/2,27/3) in spherical space.

3) On a regular tetrahedron with the planar angle oo € (mw/3,7/2) in spherical
space there exist three different simple closed geodesics of type (1,1).

Proof. 1) Consider a regular tetrahedron A;A3A3Ay4 in S? with the planar
angle « € (/3,27 /3). Let X; and X5 be the midpoints of A; A4 and AgAs, and
let Y1, Y5 be the midpoints of 4442 and A;As. Join these points consecutively
with the segments through the faces. Since the points X, Y7, X, and Ys are
midpoints, the triangles X7 A4,4Y7, Y142 Xo, XoA3Ys, and Yo A1 X, are equal. It
follows that the closed polyline X7Y;X5Ys is a simple closed geodesic of type
(0,1) on a regular tetrahedron in spherical space (see Fig. 4.1). Choosing the
midpoints of other pairs of opposite edges, we can construct other two geodesics
of type (0, 1) on the tetrahedron.

Fig. 4.1

2) Consider a regular tetrahedron with the planar angle o > 7/2. Since a
geodesic is a line segment inside the development of the tetrahedron, it cannot
intersect three edges of the tetrahedron, coming out from the same vertex, in
succession.
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If a simple closed geodesic on the tetrahedron is of type (p, q), where p = ¢ =
lor1l < p < q, then this geodesic intersects three edges, with the common vertex,
in succession (see [41]). Only a simple closed geodesic of type (0, 1) intersects two
edges of the tetrahedron, which have a common vertex, and does not intersect
the third edge. It follows that on a regular tetrahedron in spherical space with
the planar angle o € [7/2,27/3) there exist only three simple closed geodesics of
type (0,1) and there are no other geodesics.

Fig. 4.2

3) Consider a regular tetrahedron A; Ay AsAy in S? with the planar angle a €
(m/3,m/2). As above, the points X1, X9, Y7, and Y5, are the midpoints of A; Ay,
A3A2, A4A2, and A1A3, respectively.

Unfold two adjacent faces A1 A4A3 and A4A3A5 into the plane and draw a
geodesic line segment X71Y;. Since a < 7/2, the segment X;Y7 is contained
inside the development and intersects the edge A4As at the right angle. Then
unfold other two adjacent faces A4A1 A5 and A1 A3A3 and construct the segment
Y1 X5. In the same way, join the points X5 and Y5 within the faces As A3A4 and
Az A4 Ay, and join Y3 and X within A; A3 Ag and AgA; Ay (see Fig. 4.2). Since the
points X1, Y7, Xs, and Y5 are the midpoints of their edges, the triangles X1 A4Y7,
Y1A45X5, X5A3Y5, and Y5A1 X, are equal. Hence, the segments X1Y7, Y1Xo,
X2Ys, and Y2 X form a simple closed geodesic of type (1,1) on the tetrahedron.

Two other simple closed geodesics of type (1,1) on a tetrahedron can be con-
structed in the same way by connecting the midpoints of other pairs of opposite
edges of the tetrahedron. O

In the following, we assume that « satisfies 7/3 < oo < 7/2.

4.2. The properties of simple closed geodesics on a regular tetra-
hedron in S3.

Lemma 4.2. The length of a simple closed geodesic on a reqular tetrahedron
in spherical space is less than 2.
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In [10], this lemma was proved by using Proposition 3.5 about the construction
of a simple closed geodesic on a regular tetrahedron. However, Lemma 4.2 can
be considered as a particular case of the result proved by A. Borisenko [8] about
the generalization of V. Toponogov’s theorem [48] to the case of two-dimensional
Alexandrov space.

Lemma 4.3 ([10]). On a regular tetrahedron in spherical space a simple closed
geodesic intersects midpoints of two pairs of opposite edges.

Proof. Let ~y be a simple closed geodesic on a regular tetrahedron A; As A3Ay
in S3. As it was shown above, there exists a simple closed geodesic ¥ on a regular
tetrahedron in Euclidean space such that 7 is equivalent to . From Theorem 3.1,
we assume that 7 intersects the midpoints X 1 and )22 of the edges A1 As and A3Ay
on the tetrahedron in E?. Denote by X; and Xy the vertices of v at the edges
A1 A5 and A3A, on the tetrahedron in S? such that X; and X5 are equivalent to
the points )N(l and )N(Q.

Consider the development of the tetrahedron along v starting from the point
X1 on a two-dimensional unite sphere. The geodesic y is unrolled into the line
segment XX/ of length less than 27 inside the development. Denote the parts
of the development along X; X5 and XX/ by T} and Tb.

Let My and Ms be the midpoints of the edges A1 As and A3z A4 on the tetra-
hedron in S?. The rotation by the angle = over the line M; My is an isometry of
the tetrahedron. Then the development of the tetrahedron is central symmetric
with the center Ms.

In addition, the symmetry over My swaps the parts 77 and T». The point X}
at the edge Ay Ay of Ts is mapped into the point X 1 at the edge A2A; containing
X1 on Ty, and the lengths of A X and )?{Al are equal.

The image of the point X7 on 7T is a point X 1 at the edge A1 As on Ty. Since
M is the midpoint of A3A4, the symmetry maps the point Xs at A3A4 onto the
point X2 at the same edge A3A4 such that the lengths of A4X2 and X2A3 are
equal. Thus, the segment X; X/ is mapped into the segment X1X1 inside the
development.

Suppose the segments )?{)?2 and XX intersect at the point Z; inside Tj.
Then the segments )?2)? 1 and XX intersect at the point Zs inside T5, and the
point Zs is central symmetric to Z; with respect to My (see Fig. 4.3). Inside the
polygon on the sphere, we obtain two circular arcs XX} and X {)? 1 intersecting
in two points. Therefore Z; and Zy are antipodal points on the sphere and the
length of the geodesic segment Z1 X275 is .

Now, consider the development of the tetrahedron along v starting from the
point X5. This development also consists of spherical polygons 715 and 77, but in
this case they are glued by the edge A1 Ao and are central symmetric with respect
to M.

Similarly to the above, apply the symmetry over M;. The segments X9 X1 X}
and )?2)?1)?5 are swapped inside the development. Since the symmetries over
My and over Ms correspond to the same isometry of the tetrahedron, the arcs
XXX/ and X2X1X2 also intersect at the points Z7 and Zs. It follows that the
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Fig. 4.3

length of the geodesic segment 77 X1 Z5 is also equal to w. Hence the length of the
geodesic v on a regular tetrahedron in spherical space is 2w, which contradicts
Lemma 4.2. We get that the segments )A({X'Q and X;3Xs on T3 either do not
intersect or coincide.

If X7 X5 and )/(\'{ )?2 do not intersect, then they form a quadrilateral X Xz)/(\'g)/(\'{
inside T;. Since - is a closed geodesic, £ A1 X1 X+ AAQJ?{)?Q = 7. Furthermore,
X1 X9A5+ /X {)?QAZL = 7. We obtain the convex quadrilateral on a sphere with
the sum of inner angles 27. It follows that the integral of the Gaussian curvature
over the interior of X 1X2)A(2)? 1 on a sphere is equal to zero. Hence the segments
X1 X9 and )?{)?2 coincide under the symmetry of the development. Then the
points X; and Xs of the geodesic v are the midpoints of the edges A1 Ay and
AsAy.

The statement that + intersects the midpoints of the second pair of the op-
posite edges of the tetrahedron can be proved in a similar way. O

Corollary 4.4 ([10]). If two simple closed geodesics on a regular tetrahedron
in spherical space intersect the edges of the tetrahedron in the same order, then
they coincide.

4.3. The estimation on the angle a for which there is no simple
closed geodesic of type (p, q).

Theorem 4.5 ([10]). On a regular tetrahedron with the planar angle o in
spherical space such that

2 2
a > 2arcsin 2p + P +2q 5 (4.3)
4p*+pg+q?) -7

where (p,q) is a pair of coprime integers, there is no simple closed geodesic of
type (p, q)-
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Proof. Let AjA3A3A, be a regular tetrahedron in S* with the planar angle
a € (m/3,m/2), and let v be a simple closed geodesic of type (p,q) on it.

Each face of the tetrahedron is a regular spherical triangle. Consider a two-
dimensional unit sphere containing the face A;AsAs. Construct the Euclidean
plane II passing through the points A1, Ao, and As. The intersection of the sphere
with the plane II is a small circle. Draw the rays starting at the sphere center
O to the points at the spherical triangle A; As A3. This defines the geodesic map
between the sphere and the plane II. The image of the spherical triangle A; A3 A3
is the triangle A A;A2A3 at the Euclidean plane II. The edges of AAjA2As are
the chords joining the vertices of the spherical triangle. From (4.1), it follows

that the length @ of an edge of AAlAgAg equals

- 4sin?(a/2) — 1
sin(a/2)

(4.4)

The segments of the geodesic «y lying inside A1 A3 A3 are mapped into the straight
line segments inside \A;AsAs (see Fig. 4.4).

Fig. 4.4

In the same way, the other tetrahedron faces Ay A3 Ay, Az A4A;, and A1 A4 A3
are mapped into the plane triangles A Ao As Ay, AA2 A4 A1, and A A; AgAs, respec-
tively. Since the spherical tetrahedron is regular, the constructed plane triangles
are equal. We can glue them together identifying the edges with the same labels.
Hence we obtain the regular tetrahedron in Euclidean space. Since the segments
of v are mapped into the straight line segments within the plane triangles, they
form an abstract geodesic 7 on the regular tetrahedron in E2, and ¥ is equivalent
to 7.

Let us show that the length of ~ is greater than the length of 4. Consider
an arc M N of the geodesic v within the face A;A2A3. The rays OM and ON
intersect the plane II at the points M and N. The line segment M and N lying
into A\ A;A2A3z is the image of the arc M N under the geodesic map (see Fig. 4.4).
Suppose that the length of the arc M N is equal to 2p, then the length of the
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segment MN equals 2sin . Thus, the length of v on a regular tetrahedron in
spherical space is greater than the length of its image 7 on a regular tetrahedron
in Euclidean space.

From Proposition 3.4, we know that on a regular tetrahedron in Euclidean
space there exists a simple closed geodesic 7 equivalent to 4. On the development
of the tetrahedron, the geodesic 7 is a straight line segment, and the generalized
geodesic 7 is a polyline, and thus the length of 7 is less than the length of 7.

This implies that on a regular tetrahedron A; A A3A, in S? with the planar
angle a the length L,, ;, of a simple closed geodesic vy of type (p, ¢) is greater than
the length of a simple closed geodesic 7 of type (p,q) on a regular tetrahedron
with the edge length @ in E3. From equations (3.1) and (4.4), we get that

\/4sm a 2
qu>2\/p +pq + ¢* /2)

sin a/2)

If « is such that the following inequality holds:

4sin®(a/2) — 1
2V +pq+¢? $?(a/) > 2m, (4.5)

sin(a/2)

then the necessary condition for the existence of a simple closed geodesic of type
(p,q) on a regular tetrahedron with the face angle « in spherical space is failed.
Therefore, if

. P> +pg+ ¢?
« > 2 aresin 3 5
4(p? + pg+ ¢?) —

then there are no simple closed geodesics of type (p,q) on the tetrahedron with
the planar angle « in spherical space. ]

Corollary 4.6 ([10]). On a regular tetrahedron in spherical space there exist
a finite number of simple closed geodesics.

Proof. If the integers p and ¢ go to infinity, then

. . pPP+pg+q* 1
lim 2arcsin 5 3 5 = 2arcsin — =
Ppg—o0 A4p>+pg+q*) — 7 2

wl A

From inequality (4.3), we get that for large numbers p and ¢ a simple closed
geodesic of type (p, q) can exist on a regular tetrahedron with the planar angle «
closed to 7/3 in spherical space. O

The pairs p = 0,¢ = 1 and p = 1,¢q = 1 do not satisfy the condition (4.3).
Geodesics of these types are described in Lemma 4.1.



Simple Closed Geodesics on Regular Tetrahedra 579

4.4. The estimation on the angle o for which there is a simple
closed geodesic of type (p,q). In the previous sections, we assumed that the
Gaussian curvature of faces of a regular tetrahedron in spherical space was equal
to 1. In that case, the length a of the edges of the regular tetrahedron was the
function of « given by (4.1). In the current section, we will assume that the
faces of the tetrahedron are spherical triangles with the angle o on a sphere of
radius R = 1/a. Then the length of the tetrahedron edges equals 1, and the faces
curvature is a?.

Since a > 7/3, we can write @ = 7/3 + ¢, where € > 0. Taking into account

Lemma 4.1, we also expect € < /6.

Theorem 4.7 ([10]). Let (p,q) be a pair of coprime integers, 0 < p < q, and
let € satisfy

V3 ' 1
iy o ; \ 8cos & 2
teo /P T ETpa Yog) (cz(z) +3 ca(])> cos 13 (p + q)

€ < min

)

where

7 cos 75 (p+4)? i

ptq .
SR (SR BT glfs 3 AN (s2i)
ptq

(= ’
’ 17Mf82[ 2 ]+2tan2( i >
27 cos {5 (p+q)? 1=0 2(p+q)
o) cos 75 (p+q)? (44 (20 + 1)?)
1) = )
: (p+q—i—1)°

. us T

Ca(]) =4 <87r(p+ q)2cosﬁtan2 Q(Tj—q) + 1> .

Then on a regular tetrahedron in spherical space with the planar angle « = /3 + €
there exists a unique, up to the rigid motion of the tetrahedron, simple closed

geodesic of type (p,q).

First, let us prove some auxiliary lemmas.

Lemma 4.8 ([10]). The edge length of a regular tetrahedron in spherical space
of curvature 1 satisfies the inequality

a < my/2cos(m/12) Ve, (4.6)
where a = /3 + € is the planar angle of the face of the tetrahedron.
Proof. From (4.1), we have

4sin?(a/2) — 1
2sin?(ar/2)

sina =

Substituting o = 7/3 + &, we get

\/sin(e/2) cos (7/6 — £/2)
sin? (7/6 +¢/2) '

sina =
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Since € < 7/6, we have
cos (/6 —e/2) < cosm/12, sin(mw/6+4¢/2) >sinw/6, and sin(e/2) < e/2.
Using these estimations, we obtain

sina < 24/2cos(m/12) y/e.

The inequality a < 7/2 implies that sina > (2/m)a. Then

a < my/2cos(m/12) \/e. O

Consider a parametrization of a two-dimensional sphere S? of radius R in E3:

x = Rsinpcos
y = Rsinpsinf (4.7)
z=—Rcosp

where ¢ € [0,7], 8 € [0,27). Let the point P have the coordinates ¢ = r/R,
0 =0, where r/R < 7/2, and let the point X; correspond to ¢ = 0. Apply a
central projection of the hemisphere ¢ € [0,7/2], 8 € [0,27) onto the tangent
plane at X (see Fig. 4.5).

Fig. 4.5

Lemma 4.9 ([10]). Under the central projection of the hemisphere of radius
R = 1/a onto the tangent plane at X1, the angle o = 7/3 + ¢ with the vertex
P (Rsin(r/R),0,—Rcos(r/R)) on the hemisphere is mapped to the angle a, on
the plane, which satisfies the inequality

Gy — 77/3‘ < mtan®(r/R) + ¢. (4.8)
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Proof. Construct the planes II; and Ily through the center of a hemisphere
and the point P (Rsin(r/R),0,—Rcos(r/R)) :

I :aycos(r/R) x + /1 —a? y+aysin(r/R) z =0,
Iy : agcos(r/R) x + /1 — a2 y+ azsin(r/R) z = 0,

where
jaal, las| < 1. (4.9)

If the angle between these two planes, II; and Ils, equals «, then

cosa = ajag + \/(1 —a?)(1 —a3). (4.10)

The tangent plane to S? at X; is given by z = —R. The planes II; and I,
intersect the tangent plane along the lines that form the angle @, (see Fig. 4.5),
and

araz cos?(r/R) + /(1 —a?)(1 — a3)
\/1 —a3 sinQ(r/R)\/l — a3sin?(r/R)
From equations (4.10) and (4.11), we get

(4.11)

coSs Oy =

layaz sinz(r/R)\ .
\/1 —a3 sinQ(r/R)\/l — a}sin®(r/R)

Inequalities (4.9) and (4.12) imply that

|cos ;. — cosal < (4.12)

| cos @, — cosa| < tan?(r/R). (4.13)

It is true that

~ . arfa . ar+05
| cos @, — cos a| = |2sin 5 sin—

Then o > /3 and @, < 7 together with the inequities

~

ap —
2

ar +« Qr —

2

2
>

sin sin

s
> sin s and

imply that .
Qr —
2

From (4.14), (4.13) and o = 7/3 + £, we obtain

’ < | cos @y, — cosal.

6[}—71'/3‘ < wtan®(r/R) +¢. O

On a sphere (4.7), let us consider the arc of length one starting at the point
P with the coordinates ¢ = r/R,8 = 0, where r/R < /2. Apply the central
projection of this arc to the plane z = — R, which is tangent to the sphere at the
point X;(p = 0) (see Fig. 4.6).
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Fig. 4.6

Lemma 4.10 ([10]). Under the central projection of the hemisphere of radius
R = 1/a onto the tangent plane at X1, the arc of the length one starting from
the point P (Rsin(r/R),0, —Rcos(r/R)) is mapped to the segment of length I,
satisfying the inequality
cos(m/12) (4 + w2(2r + 1)?)

I, —1< e+ Dy © (4.14)

Proof. The point P (Rsin(r/R),0, —Rcos(r/R)) on the sphere S? is mapped
to P(Rtan(r/R),0, —R) on the tangent plane z = —R.

Take the point Q(Rai, Rag, Rag) on the sphere such that the spherical dis-
tance PQ equals 1. Then ZPOQ = 1/R, where O is the center of the sphere S?
(see Fig. 4.6). We obtain the following conditions for the constants a1, as, as:

ap sin(r/R) — az cos(r/R) = cos(1/R); (4.15)
a3 + a3+ a3 = 1. (4.16)

The central projection into the plane z = —R maps the point @) to the point
@ (—Z—;R, —%R, —R). The length of ﬁ@ equals

PG| = Ry/(a1 /a3 — tan(r/R))* + a3 /a3, (4.17)

___Using the Lagrange multiplier method to find the local extremum of the length
PQ, we get that the minimum of |PQ)| is reached when @ has the coordinates

(Rsin((r —1)/R),0,Rcos((r —1)/R)).
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Then

Rsin(1/R)
cos(r/R)cos((r—1)/R)’

|PQ|min = R |tan(r/R) — tan ((r — 1)/R)| =

It should be noticed that |P(Q\m1n > 1.
The maximum of |PQ)| is reached at the point

Q (Rsin((r+1)/R),0,Rcos((r+1)/R)).

This maximum value equals

Rsin(1/R)
cos(r/R)cos ((r+1)/R)’

|PQ|max = R |tan(r/R) — tan ((r + 1)/R)| =

Since R = 1/a, the length 1, of the projection of P(Q) satisfies

sin a

< acos(ar) cos (a(r + 1))

From sina < a, we obtain

~ 2 —cosa —cos (a(2r +1
2 cos(ar) cos (a(r + 1))
Equation (4.6) implies that
1 _ sinfa g (r/12) (4.19)
cosa =g~ — < 8cos(r E. :
Analogously, from inequality (4.6), we have
1 —cos (a(2r 4 1)) < 2% cos(m/12)(2r +1)% ¢. (4.20)

Estimate the denominator of (4.18) using the inequality cosz > 1—(2/m)z, where
x < m/2. Using (4.19) and (4.20), we get

Z; 1< 4 cos(m/12) + 72 cos(7r/12)(227= +1)2
(1—(2/m)a(r+1))

Proof of Theorem 4.7. Fix a pair of coprime integers (p, ¢) such that 0 < p <
g. Consider a simple closed geodesic 7 of type (p,q) on a regular tetrahedron
Ay Ay A5 Ay with the edge of length 1 in E3. Assume that ¥ passes through
the mldpomts Xl, X2 and Yl, Y2 of the edges AlAQ, A3A4 and A1A3, A4A2,
respectively.

Consider the development qu of the tetrahedron along = 1 starting from the

point X1 The geodesic unfolds to the segment X;Y;XoY5X]| X! inside the devel-
opment T, pg- From Corollary 3.2, we know that the parts of the development

O

along the geodesic segments 551171, Y1X2, )Afszg, and }725(:{ are equal, and any
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two adjacent polygons can be transformed into each other by a rotation through
an angle m around the midpoint of their common edge.

Now, consider a two-dimensional sphere S? of radius R = 1/a, where a de-
pends on « according to (4.1). On this sphere, we take several copies of the
regular spherical triangles with the angle a € (w/3,7/2) at vertices. Fold these
triangles up in the same order as the faces of the FEuclidean tetrahedron were
unfolded along ¥ into the plane. In other words, we construct a polygon 7,, on
a sphere S? formed by the same sequence of regular triangles as the polygon qu
in E3. Denote the vertices of T)q in accordance with the vertices of qu. By the
construction, the spherical polygon T),, has the same properties of the central
symmetry as the Euclidean T pg- Since the groups of isometries of regular tetra-
hedra in S? and in E3 are equal, T)q corresponds to the development of a regular
tetrahedron with the planar angle « in spherical space.

Denote by Xi, X{ and Xo, Y7, Y the midpoints of the edges A;As, A3A4,
A1A3, A4A2 on qu, respectively. These mldpomts correspond to the points X 1,
X! 1 and Xg, Yl, Y> on the Euclidean development qu Construct the great circle
arcs X1Y1, Y1 X5, XoYs, and Y2 X|. The central symmetry of Tp, implies that
these arcs form one great arc X1.X| on S2. If « is such that XX/ lies inside Tpq,
then XX/ corresponds to a simple closed geodesic of type (p,q) on a regular
tetrahedron with the planar angle o in S3.

In what follows, we consider the part of the polygon T, only along X;Y7, but
we also denote it as T}, for the convenience. This part consists of p + g regular
spherical triangles with the edges of length 1. The polygon T}, is contained inside
the open hemisphere if

alp+q) < /2. (4.21)
Since o = m/3 + €, the condition (4.6) implies that (4.21) holds if
1
(4.22)

< 8cos(m/12)(p + q)?

In this case, the length of the arc X;Y; is less than 7/2a, so X1Y; satisfies the
necessary condition from Lemma 4.2.

Apply the central projection of T), into the tangent plane Tx, S? at the point
X, to the sphere S2. The image of the spherical polygon Tpq on Tx,S? is a
polygon T bq-

Denote by A; the vertex of qu, which is an image of the vertex A; on T,.

The arc X117 maps into the line segment X 1 Y1 onTyx, S 2 that j JOlnS the midpoints
of the edges A1A2 and A1A3 If, for some «, the segment X1Y1 lies inside the
polygon T4, then the arc X1Y; is also inside T}, on the sphere.

The vector X1Y1 equals

XiYi=do+ @+ + @+ sy, (4.23)

where a; are the sequential vectors of the qu boundary, ay = )/(\1;1\2, Usi1 = ;1\1?;,
and s = [p—;q] + 1 (if we take the boundary of T}, from the other side of X;Y7,
then s = [E34] ), (see Fig. 4.7).
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Furthermore, at the Euclidean plane T, S? there exists a development T, g
of a regular Euclidean tetrahedron AleVQAV?)AVzL with the edge of length 1 along a
simple closed geodesm ~. The development T g 1S equlvalent to Tpq, and thus it
is equivalent to qu The segment X1Y; lies inside qu and corresponds to the
segment of ¥ (see Fig. 4.7).

vi

A\an ;{‘26’0 5(:1 gl
Fig. 4.7

Let the development qu be placed such that the pomt X ! coincides with X 1
of qu, and the vector XlAQ has the same direction as X1A2 Similarly to the
above, we have o

X1Y1=ao+ a1+ -+ as + sy, (4.24)
where a; are the sequential vectors of the qu boundary, s = [pTJrq] +1 and ap =
Xlgg, as+1 21171 (see Flg 4. 7)

Suppose the minimal distance from the vertices of T, pg to the segment X 1Y1
is at the vertex Ak and equals h by formula (3.5). Let us estimate the distance h
between the segment X,Y; and the corresponding vertex Ak on qu A geodesic
on a regular tetrahedron in E? intersects at most three edges starting from the
same vertex of the tetrahedron. It follows that the interior angles of the polygon
T bq are not greater than 47 /3. Hence the angles of the corresponding vertices on

Tpq are not greater than 4a;. Applying (4.8) for 1 <i < s, we get that the angle
between a; and a; satisfies the inequality

L@, a) < 4 <7r tan’ % + 5) . (4.25)

=0

Since R = 1/a, then, using (4.6), we obtain

J , &
tan 7 < tan <]7T 2 cos D ﬁ) : (4.26)

Inequality (4.21) holds if the following condition fulfills:

) T ]
2 — —. 4.2
tan (jm/ €08 15 \/E> < tan ) (4.27)
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If tanz < tan zg, then tanz < ta;liomx. From (4.27), it follows that

tan (jm /2 cos % \@) < 2(p+ q) tan Q(pL—‘iy—q) 2 cos % VE. (4.28)

Therefore, from (4.26) and (4.28), we get

tan % < 2(p+ q) tan 2 cos 1—7; Ve. (4.29)

T
2(p+q)
Using (4.25) and (4.29), we obtain the final estimation for the angle between the
vectors a; and a;:

iy
L(a, a;) 24 (87r p+q) 2 cos ﬁ tan? Z(Tj—q) + 1) €. (4.30)

Now, estimate the length of the vector a; —a;. The following inequality holds:

~
~ a;

la; — a;| < |—= —ai| + |@i — —|- (4.31)
a| |ai
Since a; is a unite vector,
— —a;| < Z(a,a;) and  |a; — —| <l; — 1. (4.32)
]ai\ ai‘
From inequality (4.14), we get
o cos % (44 72(2i + 1)?
ai*(iz fy (4+ 7 2))~6 (4.33)
|ail (1- 2a(i+1))
Estimate the denominator in (4.33) using (4.21). Thus,
G L +q)? (4+ 72+ 1)
G| ot T (21 ") e (4.34)
|ail (p+q—i—1)
From (4.31), (4.30) and (4.34), we obtain
i
@i —ail < | ali)+ ) _cali) | & (4.35)
j=0
where ) ) )
cos 75(p + 4+ 752+ 1
ali) = SR+ Urm i+ V) (4.36)

(p+qg—i—1)

o(j) =4 2 cos ™ tan? — 4 1), 4,
ca(F) <87r(p—|—q) cos 12tan 2(p+q)+ (4.37)
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We estimate the length of ¥;Y; using (4.35),

s s+1 s+1 7
MY <) la-al <) |al)+) cali) | = (4.38)
i=0 i=0 j=0

From (4.30), it follows that the angle 4?1)?1171 satisfies

s+1
ZY1X1Y1 <) calie. (4.39)
=0

The distance between the vertices Ek and ﬁk equals
s k i
[ArAkl <D [ al) + ) cald) | & (4.40)
i=0 §=0

We drop a perpendicular AkH from the vertex Ak into the segment X1Y1
The length of AkH equals h. Then we drop the perpendicular AkH into the
segment X1Y; and the length of A,H equals h (see Fig. 4.8).

Zk'

Fig. 4.8

Let the point F' on X1Y1 be such that the segment AkF is perpendicular to
X 1Y1 Then the length of AkF is at least h. Let G be the point_ of intersection of
X,Y; and the extension of A, H. Let FK be perpendicular to HG (see Fig. 4.8).
Then the length of FK is not greater than the length of AkAk, and ZKFG =
4}?1)?1}71. From the triangle GF K, we obtain

FK
COS 4Y1X1Y1
Applying the inequality cosx > 1 — %x, for x < 7§, to (4.41), we obtain
ALA
IFG| < % (4.42)
1- 2/ X0
Inequalities (4.39), (4.40) and (4.42) imply
Sho () + i cali)) =
IFG] < ( (4.43)

m(p+q)? cos {5 tan? 2(;1@ + §) €

™

— 2i=0
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Applying (4.22) to the denominator in (4.43), we obtain

S (ali) + Siogcali)) e

IFG| < " - — (4.44)
S T
~ sl e ~ 8L tan? ()
Therefore, we have
h < AF < h+ |HG| + |AL AL + |FG). (4.45)
Notice that [HG| < [Y1Y1]. Lemma 3.3 implies that
~ 3
h > V3 .
4/p*+ ¢+ pg
From (4.45), it follows that
- V3 ST
h > — |Y1Y1| — |AkAk‘ — ’FG’ (4.46)

A4Vp* +¢* +pg

Applying estimations (4.38), (4.40), (4.44) and the identity s = [259] 4+ 1, we
obtain

pra], .
R \/g 2 )
h > — ¢ a(®)+ Y ca(j) ] e (4.47)
4/p* + ¢ + pq ; ]go
where ¢;(7) is from (4.36), ¢4 (j) is from (4.37), and
(p+q+2) [552]+2 o ‘
c 3 - 7 cos 75 (p+q)? — 16 Zl 0 tan (2(177111))
0 = Ta] 5
(p+a+2) [Bt]+2 o i
L— 2mcos 5 (p+9)? 8 Zl 0 tan (2(}21!1))
Inequality (4.47) implies that if € satisfies the condition
3
e < V3 : (4.48)

IONEED > S CIORS wTNE)

then the distance from the vertices of the polygon qu to X 1}/}1 is nonzero.
By using estimation (4.22), we get that if

. ﬁ 1
€ < min B3 )
cov/* + ¢+ pq Z@ 0 ( ci(i) + X ali )) Seos oo+ o)

(4.49)
then the segment X;Y7 lies inside the polygon T},,. This implies that the arc X;Y;
on a sphere lies inside the polygon 7,,. The arc X;Y7 corresponds to a simple
closed geodesic 7 of type (p,q) on a regular tetrahedron with the planar angle
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a = /3 + ¢ in spherical space. From Corollary 4.4, we get that this geodesic is
unique up to the rigid motion of the tetrahedron.

Note that the geodesic v is invariant under the rotation of the tetrahedron
of the angle m over the line passing through the midpoints of the opposite edges
of the tetrahedron. The rotation of the tetrahedron through the angle 27 /3 or
4w /3 over the altitude dropped from the vertex to the center of its opposite face
changes « into other simple closed geodesics of type (p, q).

The rotation over the lines connecting other vertices of the tetrahedron with
the center of the opposite faces does not give us any new geodesics. So, if €
satisfies the condition (4.49), then on a regular tetrahedron with the planar angle
a = /3 + ¢ in spherical space there exist three different simple closed geodesics
of type (p, q), disregarding isometries of the tetrahedron. O

4.5. The necessary and sufficient condition for the existence of a
simple closed geodesic. Let T(«) be a regular tetrahedron with the planar
angles « in spherical space S* of curvature 1. Consider a development R, ,(«) of
T(a) in S? along a simple closed geodesic 7, , of type (p,q), for a € (7/3,7/3 +
¢), where ¢ is from Theorem 4.7. It follows from Lemma 3.2 that the development
R, ;(«) has four points of symmetry X;(a), Xa(a), Yi(), Y2(a), and X](«) that
correspond to the midpoints of two pairs of opposite edges of the tetrahedron.
The geodesic 7, 4 passes through these midpoints.

Now, for fixed (p,q), consider a one-parameter family of closed polygons
R, 4(a), where o € (7/3,271/3). Then R, ,(c) may have overlaps on the sphere.
However, R, ,(«) is considered as an abstract polygon homeomorphic to a disc,
with intrinsic metric since each interior point of this polygon has a neighborhood
isometric to the interior of a disc on the unit sphere S?. This polygon is locally
isometrically immersed in the sphere S? (see Fig. 4.9). The development R, ,(c)
also has a symmetry property for any a € (7/3,27/3) with the corresponding
points X1 («), Xa(a), Y1(a), Ya(«), and X («) on them.
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Next, consider rectifiable curves op () on Ry 4(«) that connect the points
Xi(), X{(«) and pass through Xs(«), Yi(a), and Ya(er). If X;(a)X{() lies
inside the development R, ,(«), then o, 4(a) corresponds to the simple closed
geodesic on the regular tetrahedron 7'(«). From Theorem 4.7, it follows that
this is true if « is close to m/3. Then, from Lemma 4.2, we get that the length
of opg¢(c) is less than 27. In [7], Borisenko proved that this condition is also
sufficient for the existence of a simple closed geodesic on a regular tetrahedron in
S3.

The infimum Ly, ;(«) of the lengths of the curves o) 4(c) is referred to as the
length of the abstract shortest curve in the development.

Theorem 4.11 ([7]). On a regular tetrahedron in spherical space of curvature
one there exists a simple closed geodesic of type (p,q) if and only if the length of
the abstract shortest curve in the development is less than 2.

Proof. 1. Necessity. If there exists a simple closed geodesic of type (p, q) on a
tetrahedron T'(«), then by unfolding along this geodesic we obtain R, ,(c). The
geodesic unfolds into an arc of great circle, which lies inside R, 4(c), connects the
points X («) and X{(a) and passes through the points of symmetry of R, ,(c).
Lemma 4.2 implies that L, ,(c«) equals the length of this geodesic, and Ly, () is
less than 27 (see Fig. 4.10).

Fig. 4.10

2. Sufficiency. Let us prove the monotonicity of L, (). Let the infimum
L, 4(c) be attained on a curve o, 4(a) on Ry, 4(cv). Consider the geodesic mapping
of the sphere S? onto Euclidean tangent space TpS?, where O is the center of the
inscribed sphere in the tetrahedron T'(«). Then T'(«) is mapped onto the regular
tetrahedron T(c) in E3, and the curve 0p,q(@) is mapped onto 7, 4(c).

Let f(a()\)) = /\f(oz) be a tetrahedron homothetic to T'(«) with center O
and ratio A < 1 such that a(\) < . This homothety takes 7, 4(a) to a curve

Tp,q(@(A))-
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Consider the inverse geodesic mapping of ToS? onto S3. It takes T(a())) to
a regular tetrahedron T'(c())), where a(A\) < . The curve 7, 4(a())) is mapped
to oy 4(a(A)) that belongs to our class of curves. Let us show that the length of
the curve o, 4(a(X)) is less than Ly, 4(or) for A < 1.

The curve 0, 4(a) consists of a finite number of segments with endpoints on
edges of the regular tetrahedron. Consider one of these segments, z(«), on the
face A1 AzAs of T(a). The family of segments AZ(a) on AT() is homothetic
to Z(a) with respect to the center O. The great circle arcs z(\) = z(a(N))
are the inverse geodesic images of AZ(a). We show that the length of z()) is a
monotonically increasing function of .

Fig. 4.11

Denote by A, and A, the endpoints of Z(a) on A1 Az and Ay As. Then
A Ay = [ AL AL + A1 A2 — | AL A ]| AL A, .
The radius of the inscribed sphere of the tetrahedron f(a) with edge length a is
r = a/(2v/6). The distance from the center of T'() to the points A, and A, can

be found from the triangles AA;OA,, where O is the center of the face A;AyA;3

(see Fig. 4.11):
2
04,2 = | A1 A% + % — a| A1 Al

From the triangle AOOA,, we get
A4 23 2 2
|OA,|* = 3¢ + |A1Az|" — a|A1 Ayl
From the triangle AOOA,,, we have
A4 23 o 2
|OA,|* = 3¢ + |A1Ay|* — alA1 A,y

From the triangles AOSA, and AOSA,, where S is the center of the sphere S?,
we obtain

1SA.2 =1+ |0A, % |SA[2 =1+ |04,
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From AA,SA,, it follows that

(1+[04:1%) + (14 |0Ay[?) — |4z Ay|?

cosz = ,

2¢/1+0A,2\/1+ |OA,?

where z is the angle at the vertex S.

Similarly, for the homothetic tetrahedron Af(oz), we have
(14 X104 ) + (142204, ) — N[44,
2¢/1+ A2|OA, 2, /1 + A2|OA,|?

The derivative of z(\) at A = 1 is positive. This implies that the length
of opq(a(X)) is less than the length of o}, 4(c) for A < 1. Hence, L, 4(a())) <
Ly 4(a) for A <1 and a()) < a.

For 7/3 < a < /3 + ¢, where ¢ is from Theorem 4.7, there is a simple closed
geodesic of type (p, ) on a regular tetrahedron in S3. This geodesic unfolds into
a curve op () of length L, ,(c) < 27 inside the development R, ,(cv).

Now, increase the angle « starting from 7/3 +¢. As 0}, 4(a) lies inside the
development R, ,(«), it corresponds to a simple closed geodesic on a regular
tetrahedron T'(c). Let /8 be the first value of o for which o, (o) attains the
boundary of R, ,(a). This value exists by Theorem 4.5, which implies that there
exists ag € (m/3,7/2) such that there is no simple closed geodesic on T'(«) for
o > 9.

The point of intersection of o, 4(5) with the boundary of the development
R, 4(B) is a vertex of the tetrahedron. Since R, 4(f) consists of congruent poly-
gons, the segment o ,(3) ‘touches’ the boundary of R, ,(3) at four vertices. The
property of symmetry of R, ;(3) implies that these "touchings’ alternate and there
are two of them from each side of o, 4(5) (see Fig. 4.12).

cos z(A\) =

A
A, X
Ay
Ay
X, A3
Ay
Fig. 4.12

The segment o), 4(«) cannot ‘touch’ the boundary of the development R, ;(/5)
at five points. Otherwise the curve o, (o) passes twice through some vertex of
T(5). For any line segment, the full angle on one side is w. The full angle at
any vertex is less than 27, and thus the segments /; and [y of the curve o, 4()
intersect at a nonzero angle at that vertex. The geodesics o) 4(c) with a <
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and « close to § also intersect themselves, which contradicts the fact that these
geodesics are simple.

The case when two points of intersection (for example, the vertices Ay and
As) merge is also impossible. These two vertices are not connected by an edge,
because, if we take @ < 8 and lim a = 3, then we can see that the length of the
edge connecting these two vertices of intersection tends to zero. As o — 3, the
full angles at A, and As tend to angles > 7. Otherwise the geodesics oy, 4(a) cross
the boundary of the development for some o < 8. Without loss of generality, we
can assume that § < Sy = 2arcsin y/7/18 < 27 since there are only three simple
closed geodesics for 8 > /2 (see Lemma 4.1). This bound follows from the case
p = 2,q = 1 of inequality (4.3) from Theorem 4.5. For the full angles at the
vertices Ao and As to tend to the limits > m, it is necessary that at least three
triangles meet at Ao and at As and that for « close to 8 two edges meeting at
Aj belong to triangles in the development traversed by the line segment oy, 4(c).

The same is observed for Az. Then four different edges of triangles would meet
at the merged vertex. Thus, four edges come out of a vertex of the tetrahedron,
which is a contradiction.

As a result, for @ = 3, the segment o, ;(cv) ‘touches’ the boundary of R, ;(5)
at four points, which correspond to the vertices of the tetrahedron. The curve
0p,q(@) divides the tetrahedron into two regions homeomorphic to a circle. Each
interior point has a neighborhood isometric to a disc on the sphere S? of cur-
vature 1, and the boundary is a digon. The edges of this digon have the same
length, the full angles at both vertices are 35 — 7, and the geodesic curvature of
the digon is zero. Therefore, the perimeter of the digon is 27. Hence the length
of 0y () is 2w, which implies that L, ,(a) = 2.

If a simple closed geodesic exists for a fixed «, then L, 4(a) is equal to the
length of this geodesic, and therefore it is < 27 for @ < 8. If a > 3, then, due to
the monotonicity of Ly (), the length of Ly, 4() is greater than 27, and there
are no simple closed geodesics of type (p, q) on the tetrahedron T'(«). O

Corollary 4.12 ([7]). If the edge a of a reqular tetrahedron in the spherical
space satisfies the inequality

a < 2arcsin 7 (4.50)

VP24 pa+ @ + /(0 + pa + ?) + 202

then this tetrahedron has a simple closed geodesic of type (p,q).

Proof. Let O be the centre of the inscribed and circumscribed spheres of a
regular tetrahedron 7'(c) in spherical space S3.

Consider a geodesic mapping of the open hemisphere of S* containing T'(c)
onto the tangent space TpS®. The tetrahedron 7T(a) is mapped to a regular
tetrahedron f(a) with center at O in Euclidean space TpS®. The midpoints of
the edges are mapped to the midpoints. Let @ be the edge length of f(a).

Let 7p,4(a) be a simple closed geodesic of type (p, q) that passes through the
midpoints of two pairs of opposite edges of f(a). Then the length of 7, 4(c) is
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equal to R
Lyq(@) = 2av/p* + pg + ¢*. (4.51)

Take « such that Ep,q(a) < 2m. The inverse image 7, () of the geodesic 7, ()
on T'(a) has the length less than Ep,q(oz), and therefore less than 27. The curve
Yp,q () belongs to the class of admissible curves oy, 4(«) in the definition of L, 4(«).
Therefore, Ly () < 2w, and Theorem 4.11 implies that there exists a simple
closed geodesic of type (p,q) on T'(«). It remains to use the inequality

2a\/p? + pg+ ¢% < 27

to obtain a bound on «, or, equivalently, on a. Formula (4.1) implies that
2sin(a/2) cos(a/2) = 1.

We apply a geodesic mapping of the sphere S? from its centre S onto the
tangent space Tt 0S?. Consider the triangle ASOB, where B is the midpoint of
A1As. Let B be the image of B under the geodesic mapping (Fig. 4.13). Then

|OB| = tan |OB].

The edge A1 As of the spherical triangle maps to the edge Ay A, of the regular
tetrahedron in Euclidean space, and A1A2 is perpendicular to OB. From the
triangle AS AB , we obtain

a_ 25 ~ a _ tan(a/2)
2

= |A/Bl =1SBI|t =~ 17 4.52
[A1B| = | \anz cos |OB| (4.52)

Fig. 4.13

From the triangle APA;As on a face of the tetrahedron in spherical space,
where P is the centre of the inscribed and circumscribed circles of the face, we
obtain

1.
cosa = cos’ Rpos — 3 sin? Rpqs,
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where Rp,s = |[PA1| = |PAs|. Hence,

coS Rpus = ”i;osa' (4.53)

From AA4PA; (Fig. 4.14), we obtain
cosa = cos(R + 1) cos Rpgs, (4.54)

where R is the radius of the circumscribed sphere of the tetrahedron Ay AsA3Ay4,
r is the radius of the inscribed ball, and |A4P| = R+r. Then (4.54) implies that

cos a

R . 4.55
cos it > cos Rpgs ( )
From AOA; B, we obtain

cos R = cos |OB]| cos(a/2). (4.56)

Expressions (4.55) and (4.56) imply that

1 cos(a/2)  cos(a/2)cos Rpas

= . 4-57
cos |OB] cosR cosa (457)

From (4.52), (4.53) and (4.57), we get

/2 < sin(a/2) /14 2cosa < sm(a/2). (4.58)
cos a 3 cos a

Therefore, from (4.51) and (4.58), we obtain the following estimation for the
length of a simple closed geodesic 7, 4(cv) of type (p,q) on T'():

~ sin(a/2
Lpg(a) < 47( / )\/p2 + pq + ¢>.

cos a
— Se —
A Ay
Az
Fig. 4.14

Remind that from Theorem 4.11 it follows that if Ep,q(a) < 2m, then there ex-
ists a simple closed geodesic of type (p,q) on T(«a) in S3. Resolving the quadratic

inequality
sin(a/2) 5
4———=\/p* +pqg+q° < 2m

cosa
with respect to sin(a/2), we obtain the required inequality. ]
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5. Simple closed geodesics on regular tetrahedra in H?

5.1. Necessary conditions for a closed geodesic to be simple. We
assume that the Gaussian curvature of hyperbolic space (Lobachevsky space) H?
is —1. A regular tetrahedron in H? is a closed convex polyhedron whose all faces
are regular geodesic triangles and all vertices are regular trihedral angles. The
planar angle « of the face satisfies the inequality 0 < av < 7/3 and the length a

of edges is equal to
cos
= hf——]. 5.1
a = arcos <1—cosa> (5.1)

Consider the Cayley—Klein model of hyperbolic space. In this model, the
points are represented by the points in the interior of the unit ball. Geodesics in
this model are the chords of the ball. Assume that the center of the circumscribed
sphere of a regular tetrahedron coincides with the center of the model. Then the
regular tetrahedron in hyperbolic space is represented by a regular tetrahedron
in Euclidean space.

Lemma 5.1 ([9]). If a geodesic on a regular tetrahedron in hyperbolic space
intersects three edges meeting at a common vertex consecutively, and intersects
one of these edges twice, then this geodesic has a point of self-intersection.

Proof. Let AjA3A3Ay be a regular tetrahedron in H?. Suppose the geodesic
~ intersects A4 A1, A4As, and A4A3 consecutively at the points X1, Xs, and X3,
respectively, and then intersects the edge A4A; again at the point Y7.

Suppose also that the length of A4X; is less than the length of A4Y7.

Unfold the faces A1A2Ay, AyAsAs, and A4A3A; to the hyperbolic plane.
Consider the Cayley—Klein model of the hyperbolic plane and place the vertex
Ay at the center of the model. Then the part X;X9X3Y7 of the geodesic is a
straight line segment on the development. We obtain a triangle X1 A44Y7 on the
development.

Let p(X) be the distance function between the vertex A4 and a point X on
~. It is known that if v is a geodesic in a complete simply connected Riemannian
manifold M of nonpositive curvature, then the function p(X) of a distance from
the fixed point A on M to the points X on 7 is a convex function. The minimum
of p(X) is achieved at the point Hy such that A4Hj is orthogonal to v, and
ZHyA4Yr > 3a/2.

Let Z; be the point on the segment HyY; such that ZHyA4Z; = 3a/2. On
the opposite side of Hy, we choose the point Zs such that ZHyA4Z> = 3a/2. The
point Z5 also lies on the face at the vertex A4 of the tetrahedron.

Since LHyA4Z1 = ZHoAsZ5 = 3a/2, it follows that the points Z; and Zs
correspond to the same point Z on the generatrix A4Z opposite to A4Hy on the
tetrahedron. This point is the self-intersection point of the geodesic v (Fig. 5.1).
The lemma is proved. O

Lemma 5.2 ([9]). Let d be the minimum distance from the vertices of a regu-
lar tetrahedron in hyperbolic space to a simple closed geodesic on the tetrahedron.
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Ay

Ay
Fig. 5.1
Then s
1 V23 — 2
d>2ln< Wik 30‘)2>, (5.2)

213 — (7 — 304)%

where « is the planar angle of a face of the tetrahedron.

Proof. Let 7 be a simple closed geodesic on a regular tetrahedron A; As A4 A3
in hyperbolic space H3. Assume that the minimum distance d from the vertices
of the tetrahedron to =y is achieved at the vertex A4 on the face AsA4A3. Draw
a generatrix A4H orthogonal to v at the point Hy. Denote the angle /A3 A4H
by 5. Without loss of generality, we assume that 0 < 8 < /2.

We draw a generatrix A4 K such that the planar angle between A4 K and AjH
is 3a;/2. Then A4K lies in the face A1 A4As, and LA1A4K = a/2 — 3. Notice
that if 8 = /2, then A4K coincides with A4A;. If 5 = 0, then A4K coincides
with the altitude in the face of the tetrahedron and has the smallest length A
(Fig. 5.2).

We cut the trihedral angle at A4 along the generatrix A4K and develop it to
the hyperbolic plane in the Cayley-Klein model. We put the vertex Ay at the
centre of the boundary circle. The trihedral angle unfolds into a convex polygon
K A K5A3A5A1. The angle K1 A4K> equals 3a. The segment A4H corresponds
to the bisector of the angle K1 A4K>. The geodesic 7 is a straight line ortogonal
to A4H at Hy.

On the lines A4K7 and A4K>, choose the points P, and P> such that

’A4P1| = |A4P2‘ = h.
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Ay

A
Fig. 5.2

The line segment P; P is ortogonal to A4H at the point H,, and
tanh |A4Hp| = cos(3a/2) tanh h.

If d < |A4H,|, then ~ lies above the segment P; P, and therefore 7 intersects
the lines A4 K7 and A4 K> at the points Z; and Z5. When we fold the development
back to the tetrahedron, the segments A4 K7 and A4 K> are mapped to the segment
A4 K on the tetrahedron, and Z; and Z5 are mapped to the same point Z on A4 K.
This point Z is the point of self- intersection of the geodesic .

Therefore, in order that v have no points of self-intersection, it is necessary
that d > |A4H)p|. This implies

tanh d > cos(3a/2) tanh h. (5.3)

The altitude h of the face of the tetrahedron satisfies

vV2cosa—1

tanh h = tanh a cos a/2 = cos /2 (5.4)
Ccos o
Combining (5.4) and (5.3), we obtain
V2 -1
tanh d > cos /2 cos(3a/2)&, (5.5)

COS

Now we estimate the expression on the right-hand side of (5.5) from below.

Consider the function v/2cosa — 1:

2cosa—1=4sin(7/6 —a/2)sin (7/6 + /2).



Simple Closed Geodesics on Regular Tetrahedra 599

Since the function sin(7/6 + «//2) increases on the interval (0,7/3), we get
sin(7/6 + a/2) > 1/2 when «a € (0,7/3).

The function sin (7/6 — «/2) decreases on the interval (0,7/3). It is known
that siny > (2/m)y when 0 < y < m/2. These imply

! (r/3 —a).

™

sin(7/6 — «a/2) >

We obtain
2
V2cosa—1> 3—(7r—3a). (5.6)
7r

The function cos(3a/2) is decreasing for 0 < a < 7/3. It is true that cosy >
1 —(2/m)y when 0 < y < m/2. Therefore,

cos(30/2) > % (7 — 3a). (5.7)

We have cos /2 > 1/3/2 when 0 < a < 7/3.
These inequalities, together with (5.6) and (5.7), give the following bound:

tanhd > (m — 3a)3/2. (5.8)

1
V2m3
Inequality (5.8) implies inequality (5.2) as required. O

5.2. Uniqueness of a simple closed geodesic on a regular tetrahedron
in H3. For a regular tetrahedron in hyperbolic space the following analogue of
Lemma 4.3 holds.

Lemma 5.3 ([9]). A simple closed geodesic on a regular tetrahedron in hy-
perbolic space passes through the midpoints of two pairs of opposite edges on the
tetrahedron.

Proof. Let v be a simple closed geodesic on a regular tetrahedron 7" in hyper-
bolic space H?. Consider the Cayley-Klein model of H3 and place the tetrahedron
such that the center of the circumscribed sphere of the tetrahedron coincides with
the center of the model. Then T is represented by a regular tetrahedron T in
Euclidean space E3.

A simple closed geodesic v on T is represented by an abstract geodesic on
T. From Proposition 3.4, we get that this generalized geodesic is equivalent to a
simple closed geodesic 4 on T in E3. From Theorem 3.1, we assume that 7y passes
through the midpoints of two pairs of opposite edges on this tetrahedron.

Label the vertices of the tetrahedron T' and the corresponding vertices of T
with A;, Ao, As, and Ay. Suppose that 4 passes through the midpoints X1
and X, of the edges A1 Ao and AgA4. Consider the development of T along ¥
starting from X1. From Corollary 3.2, it follows that this development is central
symmetric with respect to the point Xs.
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Fig. 5.3

Let X7 and X5 be the corresponding points on v on the edges A1 As and AsAy
of T'. Consider the development of T onto hyperbolic plane along ~y starting from
the point X;. Then 7 is a line segment X7 X| on the development.

Denote the midpoints of the edges A1 Ay and A3A4 by M7 and Ms. Since the
rotation of the tetrahedron trough 7w around MM, in hyperbolic space is the
isometry of the tetrahedron, the development of T" along X; X2 X on hyperbolic
plane is central symmetric with the center at Ma.

Denote by 177 and 15 the parts of the development along the segments X7 X5
and X2 X{. The central symmetry of the development around the point My swaps
T, and T5.

The edge A Ay containing X7 is mapped onto AaA; with the point X;. Then
the point X| belongs to the edge A; Az of T, and the lengths of A2 X7 and XAy
are equal.

The edge A3Ay4 is mapped into itself with the opposite orientation. The point
Xy on A3Ay is mapped to the point X} on A3A4 such that the lengths of A4Xo
and X}, Az are equal. Moreover, /X1 X944 = ZX{X}A,. Since the geodesic is
closed, we have ZA; X1 Xy = LA X] X} (Fig. 5.3).

We obtain the quadrilateral X7 X2 X)X/ inside 77 the sum of whose interior
angles is 2w. Then the integral of the Gaussian curvature over the interior of
X1 X2 X, X in hyperbolic plane is zero. This implies that the rotation takes the
part XéX{ of the geodesic to the part X;Xs. Hence the points X; and X5 are
the midpoints of the corresponding edges (Fig. 5.3).

In the same way, it can be proved that v passes through the midpoints of
other two opposite edges on the regular tetrahedron in H3. O

Corollary 5.4 ([9]). If two closed geodesics on a reqular tetrahedron in hy-
perbolic space intersect the edges of the tetrahedron in the same order, then they
coincide.
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5.3. The existence of a simple closed geodesic of type (p,q) on a
regular tetrahedron.

Theorem 5.5 ([9]). On a regular tetrahedron in hyperbolic space for each
ordered pair of coprime integers (p, q) there exists a unique, up to the rigid motion
of the tetrahedron, simple closed geodesic of type (p,q). The geodesics of type (p, q)
exhaust all simple closed geodesics on a reqular tetrahedron in hyperbolic space.

Proof. Let 7 be a simple closed geodesic on a regular tetrahedron A; Ay A3 Ay
in Euclidean space. Assume that 5 passes through the midpoints Xi, X, Y7,
and Y2 of the edges A As, A3A4, A1Ag, and Ay Ay, respectively.

Consider the development T of the tetrahedron along 7 from the point X 1 to
the point X1 The polygon T consists of four equal polygons. Any two adjacent
polygons can be transformed into each other by a rotation through an angle
around the midpoint of their common edge. The interior angles of T are 7/3,
27/3, 7, or 47 /3. The angle of 47 /3 is obtained if 7 intersects three edges having
a common vertex consecutively.

Now we take regular triangles on the hyperbolic plane with angle a at the
vertices. We put these triangles in the same order in which the faces of the
tetrahedron were unfolded in Euclidean space along 7.

Fig. 5.4

In other words, we construct a polygon 7" on a hyperbolic plane that is formed
by the same sequence of regular triangles as the polygon T on the Euclidean
plane. Label the vertices of T" according to the vertices of T. Then the polygon
T corresponds to a development of a regular tetrahedron with the planar angle
a in hyperbolic space (see Fig. 5.4).

Moreover, T" has the same property of central symmetry with respect to the
midpoint of the same edge as the polygon 7. Denote by X1, Xo, Y1, Yo, and X|
the midpoints of the edges A1 Ao, A3A4, A1As, and Az Ay of T, respectively. We
draw the geodesic line segment X;X7.

By the construction, the interior angles at the vertices of T are equal to «,
2a, 3a, or 4a, according to the development on the Euclidean plane.

First, assume that o € (0,7/4]. Then the polygon T is convex and the
segment X3 X7 lies inside 7. Furthermore, X;X| passes through the points Xo,
Y1, Y that are the centers of symmetry of 7. Therefore X; X is a simple closed
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geodesic v on the regular tetrahedron with the planar angle a € (0,7/4] in
hyperbolic space.

Now we increase the angle « starting from o = w/4. Then the polygon T is
not convex because it contains the interior angles 4 > 7.

Let ag be the supremum of « for which the segment X; X5 lies inside T
Suppose ag < m/3. For all a < ap, the segment XX lies entirely inside T" and
it is a simple closed geodesic v on the regular tetrahedron in H3. The distance d
from the vertices of the tetrahedron to v satisfies (5.2). Therefore, there exists
a1 = ag + € such that the segment X7.X5 lies entirely inside T'. This contradicts
the maximality of ag. Thus g = 7/3.

It follows that for any o € (0,7/3) there is a simple closed geodesic of type
(p,q) on a regular tetrahedron with the planar angle « in hyperbolic space.

The uniqueness of a simple closed geodesic of type (p,q) on a regular tetra-
hedron in H? follows from Corollary 5.4. This geodesic has p points on each of
two opposite edges of the tetrahedron, ¢ points on each of other two opposite
edges, and (p + ¢) points on each edge of the third pair of opposite edges. For
any coprime integers (p,q), 0 < p < g, there exist three simple closed geodesics
of type (p,q) on a regular tetrahedron in H3. They coincide if the tetrahedron is
rotated by the angle 27/3 or 47 /3 around the altitude constructed from a vertex
to the opposite face.

Since any simple closed geodesic on a regular tetrahedron in H? is equivalent
to a simple closed geodesic on a regular tetrahedron in E3, there is not another
simple closed geodesic on a regular tetrahedron in H3. O

5.4. The existence of a simple closed geodesic of type (p,q) on a
generic tetrahedron. In Euclidean space E3, there is no simple closed geodesic
on a generic tetrahedron. Protasov [41] gave an upper bound for the number of
simple closed geodesics depending on the largest deviation from 7w of the sum
of planar angles at the vertices of the tetrahedron. The situation in hyperbolic
space is quite different provided that the planar angles of the tetrahedron are
sufficiently small. Borisenko proved the following result.

Theorem 5.6 ([7]). If the planar angles of a tetrahedron in hyperbolic space
are at most 7 /4, then for any pair of coprime natural numbers (p,q) there exist
a simple closed geodesics of type (p,q).

Proof. Let 7 be a simple closed geodesic on a regular tetrahedron A; As A3 Ay
in Euclidean space. Consider the development 7' of the tetrahedron along 7 from
the point X7 on Aj As to the point X].

Consider a generic tetrahderon in hyperbolic space. For more convenience, we
can also label the vertices of the tetrahedron with Ay, As, Az, and A4. Develop
this tetrahedron onto the hyperbolic plane in the same order as the development
T is unfolded, starting from the edge A;As.

As it was shown in the proof of Theorem 5.5, at most four faces can meet
at one vertex of the development. Hence, if o < 7/4, then the development is a
convex polygon.
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However, there are at most two faces meeting at each of the vertices Ay, As,
A, and AL, where A Aj is a starting edge and A A is a finishing edge. Therefore
the angles at these vertices are at most 7/2.

Consider the quadrilateral A;AsA,A}. Take the points X (s) on A;As and
X'(s) on A} AL such that X(0) = Ay, X'(0) = A}, and the lengths of A;X(s)
and A} X'(s) are both equal to s (Fig. 5.5).

Aj
X'(s)
Al
A3
X(s)
A

Fig. 5.5

For s = 0, the sum of the angles ZA; and ZA] measured from inside the
polygon is less than 7. For s = |A;As|, the sum of ZAy and ZA/, measured from
outside the polygon is greater than w. Therefore, there is sy such that the sum of
ZX (s0) and ZX'(sp) equals . The line segment X (s9)X’(so) on the development
corresponds to the simple closed geodesic of type (p, ¢) on the tetrahedron in H?3.

Since for any ordered pair of coprime integers (p,q) there exist three simple
closed geodesics of type (p,q) on a regular tetrahedron in E3, disregarding isome-
tries of the tetrahedron, in a similar way, we can construct three simple closed
geodesics of type (p,q) on a tetrahedron in H? with the planar angle at most
/4. O

5.5. The number of simple closed geodesics. Let N(L,«) be the num-
ber of simple closed geodesics of length not greater than L on a regular tetrahe-
dron with the planar angle « in hyperbolic space. In [9], it was shown that

N(L,a) = c¢(a)L* + O(LIn L),

where O(LInL) < CLIn L when L — 400, and

o=y a—0 1 ) 1+§ 2°
6 1r11 e
4

This result was proved using Proposition 3.5 about the structure of a simple
closed geodesic on a regular tetrahedron.



604 Darya Sukhorebska

In the current paper, we improve the constant ¢(a)) by using the estimations
obtained in [9].

Lemma 5.7. If the length of a simple closed geodesic of type (p,q) on a
reqular tetrahedron in hyperbolic space is not greater than L, then

Lzz(p+q)1n<2\/§<1—3a> +1),

s
where « is the plane angle of a face of the tetrahedron.

Proof. Let v be a simple closed geodesic of type (p,q), 0 < ¢ < p, on a regular
tetrahedron A; A3 AsA4 in hyperbolic space.

Assume that -+ has ¢ points on the edges A1 A3 and A3Ay, p points on A1 Ay
and AyAs and p + ¢ points on A3 A4 and Ay A3. Denote by By, ..., By, points
of v on A1Az and by By, ..., B}, points of 7 on AzA,.

Consider the development of the faces A3A1 A4 and A1 A4As onto the plane.
The geodesic segment starting at the point B;, where ¢ = 1,...,p, goes through
the edge A1 A4 to the point B(’] 4~ Analogously, on the development of the faces
AjAz A3 and A A3Ay there are p segments of v connecting B] and By, @ =
1,...,p, and passing through the edge AsAs.

On the faces A4A1 A5 and A1A3As, the geodesic segments BiB;_ 1)
1,...,q, pass through the edge A;As. Analogously, on the development of the
faces Ao A4 A3 and A4A3A; there are ¢ geodesic segments B,,; B

1,...,q (see Fig. 5.6).

7 =

! ;
(p+a)—(i-1)0 * =

Fig. 5.6

Therefore, the geodesic v consists of 2(p + ¢) segments that connect oppo-
site edges of the tetrahedron. Let us evaluate from below the length of these
segments. Consider the quadrilateral obtained by unfolding the faces As A Ay
and A1 A4As. The minimum distance between the points on the edges A3 A4 and
AqAs is achieved at HjHs perpendicular to these edges. Since the planar angle
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of the tetrahedron o < 7/3, HyHj lies inside the quadrilateral AsA; A4As and
passes through the midpoint M of the edge A; A4 (see Fig. 5.7).

A
Hy
A
Fig. 5.7
From the triangle A4M Hy, we have
sinh |[M Hy| = sinh(a/2) sin «
Using (5.1), we get
sinh |[M H;| = cos(a/2)v2cosa — 1.
Using
deosa — 1 = 25B/2)
cos(a/2)
we obtain
sinh | M H;| = \/cos(a/2) cos(3a/2).
Inequality (5.7) together with cos /2 > /3/2 implies
3 3
sinh [MH,| > \g <1 - O‘). (5.9)
s

Consider the function arsinh(z):
2arsinh(x) = 21In (;U + Va2 + 1) =In(22% + 1+ 2%\/@) > In(42? +1).
This inequality implies
\H\Hy| > In (2\/5(1 — 3a/7) + 1) .
We obtain that the length L of a simple closed geodesic 7 of type (p, q) satisfies

L22(p+q)ln(2\/§(1f3a/7r)+1>. 0
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Euler’s function ¢(n) is equal to the number of positive integers not greater
than n and prime to n € N. From [24, Theorem 330], we know that

Z o(n) = %xQ + O(zlnx), (5.10)
n=1

where O(xInz) < Czlnz when z — +o0.

Denote by ¥ (x) the number of pairs of coprime integers (p, q) such that p <
qgand p+q <z, x € R. Suppose 1[1(y) is equal to the number of pairs of coprime
integers (p, q) such that p < g and p+ ¢ =y, y € N. From the definitions, we get

V(@)= d(y). (5.11)
y=1

If (p,q) =1 and p+ g =y, then (p,y) = 1 and (q,y) = 1. Consider Euler’s
function ¢(y). We obtain that the set of integers not greater than and prime to
y are separated into the pairs of coprime integers (p, ¢) such that p < ¢ and p +
¢ =y. It follows that ¢(y) is even and ¢(y) = ¢(y)/2. From (5.11), we have

v(w) = 5 3 60)
y=1

Then (5.10) implies
3
P(x) = W”TZ +O(zlnz) asz — +00 (5.12)
™
The following result can be proved by using this asymptotic.
Theorem 5.8. Let N(L, «) be the number of simple closed geodesics of length

not greater than L on a reqular tetrahedron with plane angles of the faces equal
to a in hyperbolic space. Then

N(L,a) = c(a)L* + O(LInL) as L — +oo, (5.13)
where
9
a) = 5
872 (In (2v/3 (1 — 3ar/m) + 1))
9
li =4o0; i = .
ag% (@) % Do (@) 872 In (2v/3 + 1)

Proof. To each ordered pair of coprime integers (p, q), p < g, there correspond
three different geodesics on the regular tetrahedron. We have

L
N, a) =3¢ <2ln (2v3(1 - 3a/m) + 1)) '
Using (5.12), we get

9
872 (In (2v3 (1 — 3a/7) + 1))

N(L,«) sL*+O(LInL) as L — 4oco. O
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In [43], I. Rivin showed that for any hyperbolic structure on a sphere with n
boundary components, the number of simple closed geodesics of length bounded
by L on it grows like L?>"6 as L — oc.

From Lemma 5.2, we know that there is no simple closed geodesic on a regular
tetrahedron on a distance < do(«), where do(«) is from (5.2). The estimation
(5.2) holds also for a generic tetrahedron in hyperbolic space.

We can consider the tetrahedron as a non-compact surface with regular Rie-
mannian metric of constant negative curvature with 4 boundary components.
From Lemma 5.1, it follows that there are no simple closed geodesics that are
boundary parallel. From (5.13), we get that the number N (L, «) is asymptotic
to L? as L — +oo0.

If the planar angle « of the tetrahedron goes to zero, then the vertices of
the tetrahedron tend to infinity. The limiting tetrahedron is homeomorphic to a
sphere with four cusps with a complete regular Riemannian metric of constant
negative curvature. The genus of this surface is zero. In work of I. Rivin [43] it
was shown that the number of simple closed geodesics on this surface has order
of growth L?. Thus the the number of simple closed geodesics of length at most
L on a regular hyperbolic surface with four cusps and on a regular tetrahedron
in hyperbolic space has order of grows L2.

Acknowledgments. The author expresses her heartfelt thanks to Prof.
Alexander A. Borisenko for setting the problem and for valuable discussions.

The author is funded by the Deutsche Forschungsgemeinschaft (DFG, Ger-
man Research Foundation) under Germany’s Excellence Strategy EXC 2044-
390685587, Mathematics Minster: Dynamics-Geometry-Structure, and sup-
ported by IMU Breakout Graduate Fellowship.

References

[1] A. Akopyan and A. Petrunin, Long geodesics on convex surfaces, Math. Intelligencer
40 (2018), 26-31.

[2] A.D. Alexandrov, Convex Polyhedra, Gosudarstv. Izdat. Tekhn.-Teor. Lit., Moscow-
Leningrad, 1950 (Russian); Engl. transl.: Springer Berlin, Heidelberg, 2005.

[3] A.D. Alexandrov, Intrinsic Geometry of Convex Surfaces, Gosudarstv. Izdat.
Tekhn.-Teor. Lit., Moscow-Leningrad, 1948 (Russian); Engl. transl.: Chapman and
Hall/CRC, NY, 2005.

[4] W. Ballmann, Der Satz von Lusternik und Schnirelmann, Beitrdge zur Differen-
tialgeometrie, Heft 1, Bonner Math. Schriften, 102, Universitdt Bonn, Bonn, 1978,
1-25 (German).

[6] V. Bangert, On the existence of closed geodesics on two-spheres, Internat. J. Math.
4 (1993), No. 1, 1-10.

G.D. Birkhoff, Dynamical Systems, Amer. Math. Soc., Providence, R.I., 1927.

=N

A.A. Borisenko, A necessary and sufficient condition for the existence of simple
closed geodesics on regular tetrahedra in spherical space, Sb. Math. 213 (2022),
No. 2, 161-172.



608

Darya Sukhorebska

8]

[24]

[25]

[26]

[27]

A.A. Borisenko, The estimation of the length of a convex curve in two-dimensional
Alexandrov space, J. Math. Phys. Anal. Geom. 16 (2020), No. 3, 221-227.

A.A. Borisenko and D.D. Sukhorebska, Simple closed geodesics on regular tetrahedra
in Lobachevsky space, Sb. Math. 211 (2020), No. 5, 617-642.

A.A. Borisenko and D. D. Sukhorebska, Simple closed geodesics on regular tetrahe-
dra in spherical space, Sb. Math. 212 (2021), No. 8, 1040-1067.

S.E. Cohn-Vossen, Some Problems of Differential Geometry in the Large, Gosu-
darstv. Izdat. Fiz.-Mat. Lit., Moscow, 1959 (Russian).

D. Davis, V. Dods, C. Traub, and J. Yang, Geodesics on the regular tetrahedron
and the cube, Discrete Math. 340 (2017), No. 1, 3183-3196.

V. Erlandsson and J. Souto, Mirzakhani’s Curve Counting and Geodesic Currents,
Progress in Mathematics, 345, Birkh&user, Cham (Switzerland), 2022.

A.1. Fet, Variational problems on closed manifolds, Mat. Sb. (N.S.), 30 (1952), No. 2,
271-316 (Russian); Engl. transl.: Amer. Math. Soc. Transl. 90 (1953), 15-41.

J. Franks, Geodesics on S? and periodic points of annulus homeomorphisms, Invent.
Math. 108 (1992), 403-418.

D. Fuchs, Geodesics on a regular dodecahedron, MPIM Preprint, Bonn, 91 (2009),
1-14. Available from: https://archive.mpim-bonn.mpg.de/id/eprint/802

D. Fuchs, Geodesics on regular polyhedra with endpoints at the vertices, Arnold
Math J. 2 (2016), 201-211.

D. Fuchs and E. Fuchs, Closed geodesics on regular polyhedra, Mosc. Math. J. 7
(2007), No. 2, 265-279.

G. Galperin, Convex polyhedra without simple closed geodesics, Regul. Chaotic
Dyn. 8 (2003), No. 1, 45-58.

D. Gromoll and W. Meyer, Periodic geodesics on compact Riemannian manifolds,
J. Differential Geom. 3 (1969), No. 3-4, 493-510.

M. Gromov, Three remarks on geodesic dynamics and fundamental group, Enseign.
Math. 46 (2000), 391-402.

P. Gruber, A typical convex surface contains no closed geodesic, J. Reine Angew.
Math. 416 (1991), 195-205.

J. Hadamard, Les surfaces a courbures opposées et leurs lignes géodésiques, J. Math.
Pures Appl. 4 (1898), No. 5, 27-74 (French).

G.H. Hardy and E.M. Wright, An Introduction to the Theory of Numbers, Oxford
University Press, London, 1975.

H. Huber, Zur analytischen Theorie hyperbolischen Raumformen und Bewegungs-
gruppe, Math. Ann. 138 (1959), 1-26 (German).

H. Huber, Zur analytischen Theorie hyperbolischen Raumformen und Bewegungs-
gruppen II, Math. Ann. 143, 1961, 463-464 (German).

J. Ttoh, J. Rouyer, and C. Vilcu, Moderate smoothness of most Alexandrov surfaces,
Internat. J. Math. 26 (2015), No. 4, 1-13.


https://archive.mpim-bonn.mpg.de/id/eprint/802

Simple Closed Geodesics on Regular Tetrahedra 609

[28]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[45]

[46]

K.A. Lawson, J.L. Parish, C.M. Traub, and A.G. Weyhaupt, Coloring graphs to
classify simple closed geodesics on convex deltahedra, Int. J. Pure Appl. Math. 89
(2013), No. 2, 123-139.

L.A. Lyusternik and A.I. Fet, Variational problems on closed manifolds, Dokl. Akad.
Nauk. SSSR 81 (1951), 17-18 (Russian).

L.A. Lyusternik and L.G. Shnirelman, Sur le probléme de troix géodésique fermées
sur les surfaces de genre 0, C. R. Acad. Sci. Paris 189 (1929), 269-271 (French).

L.A. Lyusternik and L.G. Shnirelman, Topological methods in variational problems
and their application to the differential geometry of surfaces, Uspekhi Mat. Nauk 2
(1947), No. 1(17), 166-217 (Russian).

G.A. Margulis, Applications of ergodic theory to the investigation of manifolds of
negative curvature, Funktsional. Anal. i Prilozhen. 3 (1969), No. 4, 89-90 (Russian);
Engl. transl.: Funct. Anal. Appl. 3 (1969), 335-336.

G. McShane and 1. Rivin. Simple curves on hyperbolic tori, C. R. Math. Acad. Sci.
Paris 320 (1995), No. 12, 1523-1528.

M. Mirzakhani, Growth of the number of simple closed geodesics on hyperbolic
surfaces, Ann. of Math. 168 (2008), No. 1, 97-125.

J. O’Rourke and C. Vilcu, Simple closed quasigeodesics on tetrahedra, Information
13 (2022), 238.

A.V. Pogorelov, Extrinsic Geometry of Convex Surfaces, Nauka, Moscow, 1969
(Russian); Engl. transl.: Amer. Math. Soc., Providence, R.I., 1973.

A.V. Pogorelov, One theorem about geodesic lines on a closed convex surface, Mat.
Sb. 18 (1946), No. 1, 181-183 (Russian).

A.V. Pogorelov, Quasi-geodesic lines on a convex surface, Sb. Math., 25 (1949),
No. 2, 275-306 (Russian).

H. Poincaré, Les Méthodes Nouvelles de la Mécanique Céleste, I, Gauthier-Viltars,
Paris, 1892 (French).

H. Poincaré, Sur les lignes géodésiques des surfaces convexes, Trans. Amer. Math.
Soc. 6 (1905), 237-274 (French).

V.Yu. Protasov, Closed geodesics on the surface of a simplex, Sb. Math. 198 (2007),
No. 2, 243-260.

H.B. Rademacher, On the average indices of closed geodesics, J. Differential Geom.
29 (1989), No. 1, 65-83.

I. Rivin, Simple curves on surfaces, Geom. Dedicata 87 (2001), 345-360.

I. Rivin, Simpler proof of Mirzakhani’s simple curve asymptotics, Geom. Dedicata
114 (2005), 229-235.

J. Rouyer and C. Vilcu, Simple closed geodesics on most Alexandrov surfaces, Adv.
Math. 278 (2015), 103-120.

Ya.G. Sinai, Asymptotic behavior of closed geodesics on compact manifolds with
negative curvature, Izv. Akad. Nauk SSSR Ser. Mat. 30 (1966), No. 6, 1275-1296
(Russian).



610 Darya Sukhorebska

[47] 1.A. Taimanov, Closed extremals on two-dimensional manifolds, Russian Math. Sur-
veys 47 (1992), 163-211.

[48] V.A. Toponogov, Estimation of the length of a convex curve on a two-dimensional
surface, Sibirsk. Mat. Zh. 4 (1963), No. 5, 1189-1183 (Russian).

[49] V.A. Vaigant and O.Yu. Matukevich, Estimation of the length of a simple geodesic
on a convex surface, Sibirsk. Mat. Zh. 42 (2001), No. 5, 833-845.

[50] W. Ziller, The free loop space of globally symmetric spaces, Invent. Math. 41 (1977),
1-22.

Received November 16, 2022, revised November 19, 2022.

Darya Sukhorebska,

B. Verkin Institute for Low Temperature Physics and Engineering of the National
Academy of Sciences of Ukraine, 47 Nauky Ave., Kharkiv, 61103, Ukraine,
E-mail: sukhorebska®@ilt.kharkov.ua

ITpocTi 3aMKHeHi reo/ie3nYHi HA MTPABUIIBHUX
TeTpaeapax y NpPOCTOpPaX IOCTIAHOI KPUBUHU
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