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Given a three-coefficient Sturm—Liouville differential expression 79 =
7o [~ (d/dx)po(d/dzx) + qo] and its perturbation 7, = 7o + ry g on an
interval (a,b) C R, we employ the existence of a strictly positive solution
(Mo, ) > 0 on (a,b) of Toug = Agug to derive a quadratic form inequality
for 74, that naturally generalizes the well-known Hardy inequality and re-
duces to it in the particular case pg = rog = up(0,:) =1, g0 =X =0, a € R,
b= oco.
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1. Introduction

We consider a natural generalization of Hardy’s inequality for Sturm—Liouville
differential expressions: Assuming that pg, o, ¢1, and rq satisfy Hypothesis 2.1, we
compare the Sturm-Liouville equations moug = Agup and 74, u = Aou on (a,b) C
R, where 19 is of the type

T0 =

1 d d
dx

@ | %po(x)— + qo(:c)] for a.e. x € (a,b), (1.1)

and its perturbation 7, is of the form 7, = 79 + r Lg1, that is,

1 d d
T = @ [ — %po(m)% + qo(z) + ql(a;)] for a.e. x € (a,b), (1.2)
where ¢; is of the form (1.6)
As our principal result we shall prove in Theorem 3.1 a natural generalization
(from the point of view of quadratic form perturbations) of Hardy’s inequality
which, in its well-known original form, is

00 0 562
/dx]f’(x)]2>jl/ dm(|f()| 04 fecCP((a,00), acR  (1.3)

x—a)?’
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In particular, we will derive the following inequality:
Assume Tyug = Aoug, uo(Ao,z) > 0 for z € (a,b), and

/Gdtpg(t)luo()\o,t)2' < o0.

Then
/diﬂpo )If ()] /diﬂ [)\07“0( ) — qo(z) + 4 po(z) tup(Xo, 2)

-2
(/ dtpo UO )\Oa ) 2) ] |f(l’)|2, 0 7& f € DO((aab))v (1'4)

where
Do((a,b)) = {g c LQ((a, b); rodx) ‘g € ACc((a,b)); supp (g9) C (a,b) compact;
pe/*g € L*((a,b);dz)}. (1.5)
If, in addition,
= OO,

’/b dx po(z) tug(No, 2) 72

then the constant 1/4 in (1.4) is optimal.
In this context, the generalized Hardy-type potential ¢; is of the form

q(z) = (h,o,a(m)

-2
= —4_1p0( ) UQ )\0, (/ dtpo UO >\07 ) 2)
for a.e. x € (a,b). (1.6)

In the special case pg = 19 = uo(0,-) =1, g0 = Ao =0, —00 < a < b = o0, and
f smooth and compactly supported in (a,c0), (1.4) and (1.5) reduce to Hardy’s
inequality (1.3) and

ax)=—-4"Yz-a)% z¢e(a,). (1.7)

Finally, we will show how to remove the compact support hypothesis on f in
(1.4).

Hardy’s inequality (1.3) (see, for instance, [8], [9, Sect. 9.8], [10, Chs. 1, 3,
App.]) and its subsequent generalizations (especially, in the multi-dimensional
context) has such a rich history that we cannot possibly do it any justice here,
but we refer to the very detailed bibliographies in [1, p. 3-5], [2], [3, p. 104~
105], [4,5,7,8], [9, p. 240-243], [10, Ch. 3], [11, p. 5-11], [12,13,15], [14, Ch. 1],
and the references cited therein. Regarding the principal topic at hand, the notion
of perturbative Hardy-type inequalities, much less seems to be known and we are
only aware of the earlier work [6] in this context.
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2. Some background

To set the stage we introduce the following basic assumptions on the the three
coefficients p, ¢, r in the Sturm—Liouville differential expression (2.1) below:

Hypothesis 2.1. Let (a,b) C R and suppose that p,q,r are (Lebesgue) mea-
surable functions on (a,b) such that the following items (i)—(iii) hold:

(i) r>0 ae on(ab), r €Ll ((a,b);dz).

loc

(i) p>0 a.e. on (a,b), 1/pc L. _((a,b);dx).

loc

(iii) ¢ is real-valued a.e. on (a,b), q € Li ((a,b);dz).

loc

Given Hypothesis 2.1, we consider differential expressions 7 of the type,

1 d d
T = @ —%p(x)% +q(z)| for a.e. z € (a,b) CR. (2.1)
In the following it will become necessary to refer to the minimal operator Tmin
in L?((a, b); rdz) associated with 7. In this context, the preminimal operator T,

in L%((a,b);r dz) associated with 7 is defined by
Tooinf =71,
f € dom (Toaw) = {g € L*((a,b);rdz) | g, g™ € ACioe((a,b));
supp (g) C (a,b) is compact; g € L*((a,b);rdz)}, (2.2)

where the quasi-derivative gl!l of ¢ is given by

g"(@) = p(z)g'(x), @€ (ab).

It is well-known that Tmin is closable, and hence one defines the minimal operator
Tin as the closure of Tiin,

Timin = Tmin-

We recall that 7— A, A € R, is called nonoscillatory at b if and only if 7u = Au
has a real-valued solution (), -) which has finitely many zeros near b (in this case
all real-valued solutions of 7u = pu with g < A share this property). Regarding
classical oscillation theory, we start with the following celebrated result.

Theorem 2.2 (The Sturm Separation Theorem).
(i) Assume that p,q;,r satisfy Hypothesis 2.1 and denote
1 d

T = el %p(x)% +gqj(x)| for a.e. x € (a,b), j=1,2. (2.3)
Suppose g2 > q1 a.e. on (a,b) and, for fited A € R, let u; be a nontrivial
real-valued solution of Tju; = Au; on (a,b) C R, j =1,2. If z1,22 € (a,b)
are two consecutive zeros of us, them ui has at least one zero in [xl,xg].
In addition, if uy does not have a zero in (x1,x2), then ¢ = g a.e. on
[x1,z2] and uy is a constant multiple of ug on [x1,x2]. If T is reqular at a
(respectively, b), then x1 = a (respectively, xo = b) is permissible.

Item (i) applies, in particular, to the case g = q2 == q, 71 = To = T,
and T’u,j = )\juj with /\2 S )\1.
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(ii) Assume Hypothesis 2.1, A € R, and let uj, j = 1,2, be linearly independent
real-valued solutions of Tu = Au. Then the zeros of u; and ue separate each
other (i.e., if x1,x2 € (a,b) are two consecutive zeros of ug, then uy has
precisely one zero in (x1,x2)).

Next, we recall the following well-known facts regarding boundedness from
below of Tiin:

Theorem 2.3. Assume Hypothesis 2.1. Then Tyin s bounded from below if
and only if there exists vg € R such that for all X < vy, 7 — X\ is nonoscillatory
at a and b. Moreover, if Tu = Aou has a strictly positive solution u(Ag,-) > 0 on
(a,b), then Tiin > Aol and Tr > Ao, where Tr denotes the Friedrichs extension

Of Tmin .

For subsequent purpose we also briefly recall the notion of (non)principal
solutions of Tu = Au for some A € R. In the following the Wronskian of two
functions f, g satisfying f,g € ACjo.((a,b)), flgltl € C((a,b)) is defined via

W (f,9)(z) = f(2)g"(2) — fU(2)g(x), = € (a,0).

Theorem 2.4. Assume Hypothesis 2.1 and let A € R be fized. If T — X is
nonoscillatory at b, then there exists a real-valued solution uy(A,-) of (T — X\)u =
0 satisfying the following properties (1)—(iil) in which uy(A,-) denotes an arbitrary
real-valued solution of (T — N)u = 0 linearly independent of up(X, ).

(i)  up(A,-) and up(A,-) satisfy the limiting relation

lim 'ﬁb()‘u :E)
«tb Up(\, )

= 0. (2.4)

(i) up(\, ) and up(N,-) satisfy

b b
/ dx ]p(:L‘)\*lﬂb()\,:E)*2 < oo and / dx |p(x)|71ub()\,x)72 =o00. (2.5)

It is understood in (2.4) and (2.5) that only x-values beyond the largest zero
(if any) of up and Uy, and only x-values less than the smallest zero (if any)
of uq and g, are considered.

(iii) Suppose xg € (a,b) strictly exceeds the largest zero, if any, of up(X,-), and
up(A, o) # 0. If up(N, o) /up(N,zg) > 0, then up(A,-) has no (respec-
tively, exactly one) zero in (xo,b) if W (up(A,-),up(A,-)) > 0 (respectively,
W (up(A,-), up(A,+)) < 0). On the other hand, if uy(X\, zo) /up(\, xo) < 0, then
Up has no (respectively, exactly one) zero in (xo,b) if W(up(A,-), up(\,-)) <
0 (respectively, W (up(A,-), up(A,+)) > 0).

A result analogous to Theorem 2.4 holds if 7 — A is nonoscillatory at a. That
is, one can establish the existence of a distinguished real-valued solution wug(\, -)
of (1 — A)u = 0 which satisfies the following analog to (2.4): If @g(\,-) is any
real-valued solution of (7 — A)u = 0 linearly independent of u, (A, ), then

lim ua()\a 33‘)

= =0.
zla Ua(>\, l‘)
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Analogs of item (ii) and (iii) of Theorem 2.4 subsequently hold for wu,(),-) and
any real-valued solution 4 (A, -) linearly independent of wug(A, -).

Definition 2.5. Assume Hypothesis 2.1 and suppose that A € R. If 7 — A is
nonoscillatory at ¢ € {a, b}, then a nontrivial real-valued solution u.(\,-) of (7 —
A)u = 0 which satisfies

uc(A, )

im =
xé(sz) Uc(\, )

=0

for any other linearly independent real-valued solution (A, ) of (7 — A)u =0 is
called a principal solution of (T — A)u = 0 at ¢. A real-valued solution of (7 —
A)u = 0 linearly independent of a principal solution at ¢ is called a nonprincipal
solution of (1 — A)u =0 at c.

Next, we recall that a straight forward computation yields Jacobi’s celebrated
factorization identity

— (pg) +h 7 (PR g = —h~  (ph*(g/h)')’,
g, pg’, h, ph' € ACoc((a,b)), h >0 on (a,b), (2.6)

or, in a more symmetrical form,

— h(pg) + (ph) g = —(ph*(g/h)')’,
g, pg’, h, ph/ € AC,.((a,b)), h >0 on (a,b). (2.7)

Remark 2.6. Suppose that for some A\g € R, u(\o, ) is a solution of 7u = Agu
on (a,b) such that u(XAo,-) > 0 on (a,b). Then, for a.e. z € (a,b),

[p(2)u' (Ao, )]

wOho, 7) + Ao (z).

Tu(No, ) = Au(Ng, ) is equivalent to ¢(z) =

Similarly, for z € C,

[pu’ (Mo, )]’

W00, v=(z— Ao)rv;

Tv = 2v is equivalent to — (pv’) +
in particular, a convenient candidate for h in (2.6) is u(Ao,-). Moreover, abbre-
viating
p(l’)u/()\o, ':U) o u[l} ()‘07 :C)

U()\(],.ZU) B U()\(),.iﬂ) ’

¢()‘0’x) = WS (CL, b),
one obtains
q(z) = ¢'(Mo,z) + p(x) "d(Xo, 2)* + Aor(z) for ace. z € (a,b), (2.8)

and for the quadratic form associated with Tiy,

b
(F. Toin ) 12 (o tyore) = / r(@)de (@) (7 f)(z)
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z f (@)= () f'(2)) + (@) f ()]

Il
T~
o
=8

z [p(2) 7Y fW(@)) + q(2)| f ()]

Il
T
S
U

b
- / da {p(x) | U @)[* + [¢ (o, 2) + (@)~ 6(N0, 2)? + Aor(@)] | f ()2}
b

b
- / d p(z) M FU () — $(ho, 1) ()2 + Ao / r(x)de | f(2)]?

-/ ' do pla)uro, 2)? <u{;(fl)> [ @) | ()

> )\0Hf||%z((a,b);rdm), 0 # f € dom(Tiin), supp (f) C (a,b) compact, (2.9)

2

permits the necessary integrations by part with vanishing boundary terms. We
also note that equality would hold in (2.9) if and only if for some C' € C\{0},
f(z) = Cu(Xo, ), x € (a,b), which contradicts supp (f) C (a,b) compact.

For subsequent use in connection with a perturbative Hardy-type inequality
in Theorem 3.1, we isolate one particular quadratic form equality related to (2.9),
namely,

b
[ de (ol @F + la(o) - dor() £ @)}

a , i /
:/ dz p(z)u(Ag, z)* <u(f)\(0’l)>
0 # f € dom(Tmin), supp (f) C (a,b) compact. (2.10)

2
> 0,

Finally, if [e,d] C (a,b) is compact and hence 7| q is regular, the computa-
tions leading to (2.9) also apply to the Friedrichs extension T, (¢ q) of Trnin, (c,d)
the minimal operator associated to 7 in L?((c, d); rdz). Here,

Treaf =7f, f¢€dom(Tgq)) = {g € L2((c, d);rdx) ‘ g,g[l] € AC([e, d));
(d);Tg € L*((c, d);rd:v)}.

N
—~
2
~
Il
[a)
Il

Q

In fact, they apply to the sesquilinear form Qp (. 4) associated with T, (. 4), where

DFv(C»d) (f7 g) = (‘TF,(c,d)‘l/va Sgn(TF,(c,d))’TF,(c,d) ’1/29) L2((¢,d)irdz)’
9 € dom(QF,(c,d)) = dom (|TF,(c,d)|1/2)
= {h € L*((c,d);rdz) | h € AC([c,d]);
h(c) = 0= h(d); (pr)~*2nl € L?((c, d); rdz)}.

Then one obtains in a manner entirely analogous to (2.9),

d
Qe (f.f) = / dz [p(x) | FY @) + a(@)| (@) 2]
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d
-—/<M{M@-Wﬁkmf+[wumxwumw*¢@mm2+xwwﬂuwnﬂ

d b
:/’Mm@rHﬂWm¢um@ﬂmf+xg/TWMxvmW

d / d
:/ d:np(:ﬂ)uo()\o,:13)2 (u(j;\(j)x)> +)\0/ r(m)da:]f(a:)|2
> AOHfH%%(C,d);rdx)a 0% f € dom (|Tp,c.q)'?), (2.11)

where equality holds in (2.11) if and only if for some C' € C\{0},

2

f(z) = Cu(Xo,x), x € lc,d]. (2.12)

If (2.12) holds, then )¢ is the lowest eigenvalue of T . 4) and at the same time
u(Ao, ) € dom(Tg(c,q)) is the corresponding eigenfunction of T q), unique up
to constant multiples, and strictly positive on (¢, d).

Hypothesis 2.7. Let (a,b) C R and suppose that po,qo, and ro satisfy Hy-
pothesis 2.1. In addition, assume that for some \g € R, ug(Ao, ) > 0 is a strictly
positive solution of Tou = Aou on (a,b) (implying Tmin > Aol).

In the following we discuss factorizations of Sturm—Liouville differential ex-
pressions and use them to prove a natural generalization of Hardy’s inequality
(1.3) from the point of view of quadratic form perturbation theory comparing 7
and 74, =70 + 1y L1 for appropriate g;.

Assuming Hypothesis 2.7, we start with a factorization of our comparison
differential expression 74, on (a,b),

Ta10g = 70+ 70(2) T 010 (2)

= ! [_CZPO(x)chJrqO(x)

ro(z)

0

o -2
+ [ - (1/4)]p0($)_1u0()\0,90)_4</ dtpo(t)_luo()\0>t)_2> ],
v € [0,00) Ui(0,00), g € {a,b}, for a.e. x € (a,b). (2.13)

Introducing the differential expressions

1/2 max(z,z0) @
Aoz = [po(x)} Uo(/\o,x)(/ dtpo(t)luo()\oat)2>

0 («T) min(z,z0)

max(x,z0) o
X ;iuo()\o,x)_1</ dtpo(t)_luo()\o,t)_Q)

min(z,zo)

= [Po(w)/ro(fv)]l/Q% — [po() /ro(x)]"2uo (N0, )~ up(No, 7)

—aM@VNM]”MMm@2</

xT

—1
dtpo(t)luO()\o,t)2> ,

0
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a€C, g €{a,b}, forae. € (a,b), (2.14)

1 max(z,z0) —«
At =— u /\,x_l(/ dt po(t)tu /\,t_2)
o 7“0(*%) 0( ° ) min(z,zo) pO( ) 0( ’ )

max(z,z0) e?
X [po(@)ro(x)]"*uo(No, @) ( / dt po(t) " uo (Mo, t)_2>

min(z,z0)

= - [po(@)ro(2)]'/% = [po(x)ro(x)] ™ uo(o, #) " po()up(Xo, 7)

T —1
—a[po(x)ro(:c)]_l/zuo(Ao,93)_2< / dtpo(t)_luo()\o,t)_z) ,

0

aeC, xg€{a,b}, forae. ze€(a,b), (2.15)
one verifies that
Tty = A;ryona,xO + \g if and only if % — (1/4) = o — 1). (2.16)

Moreover, since ug(Ag,-) > 0 is a solution of Tou = Agu on (a,b), linearly in-
dependent solutions uy +(Xo,") of 7g,  , u = Aou on (a,b) are explicitly given
by

max(z,zo) ) ) (1/2)%y
u%i()\o,SU) = UO()\O,ZE)(/ dtpo(t)_ UO()\Q,t)_ > y

min(z,z0)

v € (0,00) Ui(0,00), zo € {a,b}, for a.e. z € (a,b), (2.17)

max(z,zo) L ) 1/2
10,1 (Ao, ) Zuo()\07$)</ dtpo(t) uo(Xo,t)” > ,

min(z,z0)

max(z,x0) L 5 1/2
u072()\0,x) :’u,()()\o,x)(/ dtp()(t)f UO(/\o,t)f >

min(z,x0)
max(z,xo)
X In </ dtpg(t)_luo(/\o,t)_2>,
min(z,x0)
v =0, z9 € {a,b}, for a.e. z € (a,b). (2.18)

The factorization (2.16) of 74, is possible for o € R if and only if v > 0. In

this case A}, , a € R, is the adjoint differential expression of A, 4, and, as we

will show in the next section, this factorization naturally leads to an inequality
generalizing Hardy’s inequality.

3. Perturbative Hardy-type inequalities

In this section we derive our principal results on perturbative Hardy-type
inequalities. We start with the following fundamental result:

Theorem 3.1. Assume Hypothesis 2.7 and introduce the linear space
DO((aa b)) = {g € LQ((aa b)a Todx) ‘g € ACloC((a7 b))a Supp (g> - (a? b) compact,
py°g € L¥((a,b);d)}.  (3.1)



136 FEritz Gesztesy, Roger Nichols, and Michael M.H. Pang

If

/d:ﬂpo(:n)_luo()\o,x)_2‘ < 00 (3.2)

a

(i.e., up(Xo, -) is nonprincipal at a), then for all 0 # f € Dy((a,b)),
b b
/ dz po(x)| f'(x)[? >/ dx [)\0 ro(z) — go(x) + 4 po(x) ug (Ao, )~

T -2
x( / dtm(t)‘luo(xo,t)”) ]|f(w>|2- (3.3)

If, in addition,
b
‘/ dxpo(x)_luo()\o,x)_Q‘ =00 (3.4)

(i.e., uo(Ao, ) is principal at b), then the constant 1/4 in (3.3) is optimal.
Similarly, if

b
‘/ dxpo(x)_luo()\o,ﬂﬁ)_Q‘ <00

(i.e., up(Ao,-) is nonprincipal at b), then for all 0 # f € Dy((a,b)),
b b
/ dz po(z)| f'()[* > / dx [)\0 ro(z) — qo(x) + 4 'po(2) " "ug(Xo, )~

« </xbdtpo(t)_luo(/\o,t)_z)_2]\f(x)]Q. (3.5)

If, in addition,

/dﬂ?po(ﬂﬁ)_luo()\o,ﬂ?)_zl = 00 (3.6)

a

(i.e., uo(Ao, ) s principal at a), then the constant 1/4 in (3.5) is optimal.

Proof. Tt suffices to focus on (3.3), the proof of (3.5) being analogous. But
inequality (3.3) is an instant consequence of inequality (2.10) upon identifying

7 with 75, ., v €[0,00)Ui(0,00),
o ) ) (1/2)+y
u()\o, ) with u%_,_()\o, ) = uO(/\o, )(/ dtpo(t)i UO(/\(),t)f ) s

7 € (0,00) U (0, 50),
. 1/2
u(ho, ) with uo,l()\Oa')IUo()\Oa')< / dtpou)-luow,t)-?) =0,

p with po,
° -2
g with go + [v* — (1/4)]pg  uo (o, ')_4</ dt po(t)_luo(/\oi)_Q) ,
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€ [0,00) Ui(0, 00),

r with rg,

which results in

b
/ da {po<x>|f'<x>|2 +

—2
+ [ = (1/4)]po(z) uo1 (No, 2) </ dt po(t) tuo(Xo, t)~ 2> ]\f(f’?)’Q}

G f(z)
_/a dz po(2)uy,+ (Ao, 2)? (W)
fedom(Ty, . ...), supp (f) compact in (a,b), v € [0,00). (37)

qo(z) — Aoro(w)

>0,

Here we identify u, 4 (Xo,-) and ug1(Xo,-) if v = 0 and Tf, _ , min represents the
minimal operator associated with 7;, _ ,

Since f has compact support in (a,b), and [c,d] C (a,b) in (2.11) can be
chosen such that [c,d] contains the support of f, one concludes that

(3.7) extends to f € Dy((a,b)). (3.8)

Choosing v = 0 yields inequality (3.3).
Since equality in (3.7), and hence equality under the conditions of (3.8), can
only hold for

1/2

f(x) =0 and f(ZL‘) = uo,l()\g,x) = U()()\(),.%') (/x dtpo(t)_luo()\o,t)—2> 7
c(@b), (39)

the strict perturbative Hardy-type inequality (3.3) results as f € Dy((a, b)) (but
not up 1 (Ao, -)) has compact support.

To see that the constant 1/4 in (3.3) is optimal, suppose by way of contra-
diction that the 1/4 in (3.3) can be replaced by (1/4) + ¢ for some ¢ € (0, 00).
Writing ¢ = —~2 for some v = (&) € i(0,00), then after rearranging terms in
(3.7) and a simple integration by parts, one obtains

(f [Tq1 y,a,min )‘OI]f)LQ((a,b);rodx) > 0,
f € dom(Ty, . , min), supp (f) compact in (a,b),

so that Ty, |, min > Aol. On the other hand, according to (3.4), the solutions
Uy,+(Ao,-) in (2.17), and hence by Theorem 2.2(ii) every solution u of 74, _ ,u =
Ao, is oscillatory near b. Thus, 74, . ,— Ao is oscillatory at b and hence Ty, ., min #
Aol , which is a contradiction. ]

One notes that the existence of ug(Ag,-) > 0 on (a,b) in Theorem 3.1 implies
together with g1 (A, -) > 0 in (2.18) that

TO,min > )\Ola TO,F > >\0I7 Tq17,\,7a,min > /\OI, quﬁ,a,F > )\OI (310)
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Remark 3.2. One can also prove (3.3) for v = 0 directly as follows: Choose
¢, d € (a,b),c<dand f € ACjpc((a,b)). Then

/Cd dz po(x)ug (Ao, x)? < /I dt po(t) " ug(No, t)2>

a

- /cd & {po<m>rf’<x>r2 +47 " po (@) Mu (Ao, )
X </ax dtpo(t)luo()\o,t)2) 72|f(3?)\2

+ uo(Xo, ) po(@)up(ho, 2)?|f () + uo(Xo, ) "up(Ao, )
" -1
< ([ a0 ) @
- [F@if @)+ 1] 1000, 2) o))

+ 2 g (Ao, 2) 2 ( /x dt po(t) " uo (Mo, t)2> _1] }

a

—1/2 2

X

f(fc)]/

d
= [ {po@c)rf'(x)r? T lao(®) — Ao ro(@)]| (@)
T -2
—4_1pg(1‘)_1u0()\0,w)_4</ dtpo(t)_luo()\o,t)_2> \f(x)\z}

f@)P [PO(SU)UO()\O, )" (N0, @)

d
>0, (3.11)

r=c

+ 2 up(Ag, )2 ( /: dt po(t) " tug(No, t)2> 1]

integrating by parts once. Choosing f € Dy((a,b)) and letting ¢ | a, d T b then
yields (3.3) in the case v = 0. The argument extends to v € (0, 00), but we omit
the details.

Remark 3.3. A straightforward application of Theorem 3.1 is the following
lower boundedness observation. Assume that the coefficients in the differential
expressions 79 = [~ (d/dz)po(d/dz) + qo] and its perturbation 7, = 7o +
Ty lql satisfy Hypothesis 2.1. Introducing the minimal operator Ty, min and its
Friedrichs extension 75, r corresponding to 7, the inequality

q1(x) > q1,0,20(z) for a.e. z € (a,b),

where

= 2
Q1,020 () = —41]?0(33)1%(/\0,1’)4(/ dtpo(t)luo(/\oi)z)

0
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for a.e. x € (a,b), and x¢ € {a,b},
combined with the inequalities (3.3), (3.5) then yields the lower bounds
qu,min > /\OI, qu,F > )\OI

Next we show how to obtain a result analogous to Theorem 3.1 with the com-
pact support assumption removed. This requires some notation and preliminary
results which we shall introduce next. We begin by introducing, for fixed A\g €
R, functions W, o and 3 defined a.e. on (a,b) as follows. First, we introduce the
weight

. —2
W = 4_1p61u0()\0, ')_4 </ dt po(t)_luO()\o, t)_2> = —q1,0,a> (3.12)

and then (with fi(z) =[|f(z)| £ f(z)]/2 for a.e. z € (a,b))
Ao > 0, A —4+W, X 2>0,
o — q0,+; 0= _ ) Aoro + qo,— + 0 (3.13)
qo,+ — AoTo, Ao <0, qo,— + W, Ao < 0.
One notes that 8 > 0 a.e. on (a,b) for all A\g € R and o > 0 (respectively, o > 0)
a.e. on (a,b) if A\g < 0 (respectively, A\g > 0).
Next, we introduce

Hpyo((a, b)) = {f : (a,b) - C ' f € ACc((a, b)),

b
= [ o (@I @F + @)@ <oo}. (3.14)

Remark 3.4. By (3.3), || - |py,a is a norm on Dy((a,b)). However, | - ||py,a is
not necessarily a norm on Hy, o ((a, b)) since it does not separate points in general
(e.g., take pg =19 =1, go = 0, and Ay > 0).

Lemma 3.5. If {f,}72, is a Cauchy sequence in (Do((a,b)), || - llpo,a), then
there exists a unique f € Hp, o((a,b)) N L?((a,b); Bdx) such that

Jim [1fn = fllposa + 1 fn = fll2((ap);pd)] = O (3.15)

Proof. The uniqueness of f follows from the property (3.15), so it suffices to
prove existence. Since {f,}72; is a Cauchy sequence in (Dy((a, b)), || |Ipo,a)s (3.3)
implies that {f/}°° is a Cauchy sequence in L?((a,b);podz) and {f,}°, is a
Cauchy sequence in L?((a,b); adr) and in L?((a,b); Bdz). Thus, there exist g1 €
L?((a,b); podz) and go € L?*((a,b); adx) N L?((a,b); fdz) such that

i (£, = g1llz2((@pypoda) = M0 (10 = g0l 2 ((@b)sad)

= lim {|fn = goll L2 ((a.)sd2) = O- (3.16)
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In particular, there is a subsequence {f,, }32, of {fn}re; and a set N C (a,b)

with |[N| =0 (here | - | temporarily abbreviates Lebesgue measure) such that
lim f) (z) =gi(z), lim f, (z) =go(z); =z € (a,b)\N. (3.17)
k—o0 k—oo

Fix ¢ € (a,b)\N. Then for all z € (a,b)\N,
go(x) = m_f (2)
—00

~ lim [fnk(c)+ / Cat L (8) — ()] + / xdtgl(t)], (3.18)

k—o0

where

’/cxdt[fék(t)_gl(t)]’ S/xdﬂf,’lk(t)_gl(t”

c

— /x dt po(t) ™ 2po(t) /2| £, () — g1(2)]

c

z 1/2 x 1/2
g( / dtpo(t)_1> ( / dtpo<t>|f;k<t>gl<t>|2)

T 1/2
< ([Cam@™) 1t - i (319

and the upper bound in (3.19) converges to 0 as k — oo by (3.16). By (3.18) and
(3.19),

go(x) = go(c) + /x dt g1(t), =z € (a,b)\N, (3.20)

and it follows that gy € AC),c((a,b)) and g = g1. The conclusion of the lemma
now follows from (3.16) by taking f = go. O

Next, we introduce

Hpa0((a,b)) = {f € Hyo((a,b)) | there is a Cauchy sequence {f,}o2; in
(Do((@, b)), || - llpo,e) such that
Tim [lfn = fllpoa + e = fll2apypan] =0} (3:21)
={f¢€ Hpy.o((a,b)) | there is a Cauchy sequence {f,}7; in
(Do((a, b)), - llpg,a) such that for all a < ¢ < d < b,
i (| = fllzeeapwar) = 0} (3.22)

Remark 3.6.

(i) If f € Hyal(a,b)) and {f,}52, is a Cauchy sequence in the space
(Do((a, b)), || - llpo,a) satisfying the limit condition in (3.21), then (3.22) is
clearly satisfied. On the other hand, if f € Hp, ((a,b)) and {f,}02; is
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a Cauchy sequence in (Do((a, b)), || - [[po,a) satisfying the limit condition in
(3.22), then by Lemma 3.5, there exists g € Hp, o((a,b)) such that

1fn = 9llz2(abywaz) < [1fn = 9llposa + 1fn = 9llL2((ap);8d2) — 0 as n — oo.
(3.23)

Hence, f = g, and thus f satisfies the condition in (3.21).
(i) Lemma 3.5 implies that Hp, o.0((a,b)) can be identified with the completion

of (Do((a,6)); || - llp.c)-

(iii) If Ao # 0, then Hp, ao((a,b)) C L2((a,b);rodz). If Ao = 0, then
Hpy.00((a,b)) is not necessarily a subspace of L?((a,b);7odx), see Remark
3.9 below for an example.

The following result plays a fundamental role in the proof of Corollary 3.14.

Theorem 3.7. Assume Hypothesis 2.7 and suppose that

/dtpo(t)luO()\o,t)2‘ < 00. (3.24)

a

Then for all f € Hpo,mo((a, b)),
b b
/ d po ()| f'(z)|? 2/ dx [)\07“0(56) — qo(x) + 47 po(x) Mg (Ao, )~

x —2
X(/ dtpo(t)luo()\oyt)2> ]!f(f)fz- (3.25)

If, in addition,

1/2

uo (Ao, )</. dtpo(t)_l’LLo()\g,t)_2> ¢ Hpma’o((a, b)), (3.26)

then inequality (3.25) is strict for 0 # f € Hy, a0((a,b)).

Proof. Let f € Hpo,a,o((a, b)) and {f,}52; be a Cauchy sequence in the space
(Po((a;0)), [l - llpo.a) satisfying

Jim [1fn = Fllpo.a + 1 fn = fll2((ap);5d)] = O (3.27)

Then by (3.27) and (3.3),

b b
[ de n@If @F + a@If@)F] = lim [ dz @I £ @ + o) o))

b b
> timint [ de po)|u(o)” = [ de gl 1o (3.23)

which is the desired inequality. One notes that the two equalities in (3.28) follow
from (3.27), while the inequality in (3.28) uses (3.3).
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Next, suppose, in addition, that (3.26) holds and that f # 0. By (3.27) there
exists a subsequence { fy, }ken of { fn}nen, and a set N C (a, b) of zero Lebesgue
measure, such that for all z € (a,b)\N,

lim fp, (z) = f(z) and lem f,’lk(;v) = f(x).

k—o0

Then, for all z € (a,b)\N,

k—o00

_ [uo()\o, 2! (/ dtpo(t)_luo()\o,t)_2> _1/2f(x)} '

a

lim |:UO()\OVT)_1(/:3 dtpo(t)_IUO()‘Oat)_2> _1/2fnk($)]/

By (3.26), . o
uo()\o,-)_l(/ dtpo(t)_luo()\g,t)_Q) ()

a

is not a constant function on (a, b). Hence, by Fatou’s lemma, (3.11), and (3.27),

b T
0</ dfﬂpo(?ﬁ)uo(koyx)Q/ dt po(t) ug(Xo, )7

a

[uo()\o, z)”! ( /x dt po(t) ™ uo(Ao, t)_2> _1/2f($)],

a

2
X

b x
< 1iminf/ dxpo(f'?)uo()\o,ﬂf)z/ dt po(t) " 'ug(Xo, )2

k—oo a

[uo()\o, ) ( / " dt po(t)~ o (o, t)_2> s (x)],

b
= lim inf/ dz {po(2)|£,, (2)]* + [ao(x) — Aoro(z) — W (2)]| fuy, (2)*}

k—oo J,

2
X

b
= / da {po ()| f1, (#)2 + [a0(x) = Aoro(w) = W (@)]] f ()]}

b
=/ dz {po(@)|f' ()] + [qo(x) — Aoro(z) = W(@)][f(z)[}. D (3.29)

a

Remark 3.8. Since Dy((a,b)) C Hpya0((a,b)), Theorem 3.1 implies that the
constant 1/4 in (3.25) is optimal subject to condition (3.4).

Remark 3.9. In the special case pg = 19 = up(0,-) = 1, go = Ao = 0, and
—00 < a < b = o0, it has been shown in [5, Proposition 3.1 and Theorem 3.4]
that

Hpo,a,O((aa OO)) = {f € AC]OC((a7 OO)) ‘ 1;3‘1 f(flf) = 0; f/ S L2((CL, OO); d.CC)}

= {f € ACioc([a,0)) | f(a) = 0; f" € L*((a, 00); d)}
= {f € ACpc((a, 00)) ‘ (-—a)" f, ' € L*((a, oo);dx)},
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where
ACpe([a,0)) = {f : [a,00) = C| f € AC([a,c]) for all ¢ € (a,00)}.
In this case Hpy a.0((a,00)) ¢ L*((a,00);dz) (cf. [5, Remark 3.3]), in particular,

Hyy,a0((a,00)) ¢ Hj((a, 00); da),

H?((a,00))

where, as usual, HZ((a,00);dz) = C5°((a, 00)) and

H?*((a,00)) = {f: (a,00) = C | fis weakly differentiable on (a, c0);
11l 22 ((a,00)) < 00}
={f € L*((a,00);dz) | f € AC([a,b]) for all b € (a,00); f' € L*((a,0);dz)},

denotes the classical Sobolev space with associated norm

|w;mmzlfmwwW+wm%.mﬂwmm>
These observations show that in the present case, (1.3) extends to all
f € {9 € ACuc(la,)) | g(a) = 0; ¢ € L*((a,00); dx)}, (3.30)
which is of course well-known.

In analogy with (3.1), let
Hyoro((a,0)) = {g € L*((a,b); 70dz) | g € AChoe((a,b)); pp*g' € L*((a,b); da)}

and define the norm || - ||p0.ro * Hpo,ro((a, b)) — [0,00) on Hy, r,((a,b)) by

b
191 = [z o@IF @ +ro(@l @] f € Hpprol(a,0).

One notes that Dy((a,b)) (cf. (3.1)) is a subspace of Hy, r,((a,b)).

Lemma 3.10. If {f,}>2, is a Cauchy sequence in (Do((a,b)), || ||po,ro), then
there exists a unique f € Hpyr,((a,b)) such that

nhﬁnolo | fro — f”poﬁ"o =0.

Proof. Uniqueness of the limit is clear, so it suffices to prove the existence
claim. Since {f,}72; is a Cauchy sequence in (Dy((a,b)), | - |lpo,ro), it fol-
lows that {f/}5°, and {f,}>2, are Cauchy sequences in L?((a,b); podz) and
L?((a,b);rodx), respectively. Thus, there exist g1 € L?((a,b);podr) and gy €
L?((a,b); rodz) such that

nlggo Hf?lz - ngLz((a,b);podm) = nlggo an - gOHL2((a,b);r0dczz) =0. (3.31)
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Therefore, there exist N C (a,b) with |[N| = 0 (here | - | temporarily abbreviates
Lebesgue measure) and a subsequence {fy, }7, of {f,}72; such that

lim f7, () = gi(e), B fu,(2) = go(e); 7 € (a,b)\N. (3.32)

k—o00

Fix ¢ € (a,b)\N. Then

go(z) = lim i, (@)

ks
:klggo{fnk /dt ' —gl<t>]+/cxdtgl<t>}, v € (a,b)\N,
(3.33)

where
[t @ -n0] < [0 - oo
/ dt pot) ™ 2po ()21 £, () — 91 (1)

< [ [ dme ]/[ [ dtmiesi 0 - a0 v

1/2
<[ [ am®] 1t - i, e @O (330
C
The estimate in (3.34) taken together with (3.31) yields

im [ de[f ()~ ()] =0, € (ab)\N

k—oo /.

so that (3.33) reduces to
w@) =on(e)+ [ dtgr(e), € @b\, (3.3))

In particular, (3.35) implies that gy € ACioc((a,b)) and g = g1. Therefore, f :=
go is the desired function. O

Next, introduce the subspace

Hpyro0((a,b)) = {g € Hpyro((a,b)) | there exists a Cauchy sequence

{gn}nz1 in (Do((a,0)), [| - [lpo,re) such that
nll_{go lgn — g“po,ro = 0}
= {9 € Hpyr,((a,b)) ‘ there exists a Cauchy sequence

{gntnz1 in (Do((a, b)), || - llpe,re) such that
nhﬁnolo Hgn - gHLQ((a,b);Todz) = 0} (336)
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Remark 3.11. To justify the second equality in (3.36), it suffices to verify the
containment “O” (the containment “C” follows immediately from the definition
of || - [|po,ro). In turn, to establish the containment “D,” it suffices to note that
if f € Hpyro((a,b)) and {fn}22; is a Cauchy sequence in (Dy((a,b)), || - llpo.ro)
with limy oo [[fn — fllz2((ap)irgde) = 0, then by Lemma 3.10, there exists g €
Hyyro((a,b)) such that

an - g”LQ((a7b);7"0d$) < ||fn - ngOﬂ"O — 0 as n — oo.
Thus, g = f, and it follows that f belongs to the middle set in (3.36).
Define the operator A : Dy((a,b)) — L?((a,b); rodx) by

Af =pt/?rg ¢, F € dom(A) = Do((a,b)).

On Dy((a,b)), || - |lpg.ry coincides with the graph norm of A, so an elementary
argument employing Lemma 3.10 yields the following result.

Lemma 3.12. The operator A is closable and dom (A) = Hp, ro0((a,b)).

For completeness we recall the following result to be used in the proof of
Corollary 3.14 below:

Lemma 3.13. Suppose T : dom(T") — Hsa is a closed operator, dom(T) C
Hi, and S is a closable operator from dom(S) C Hy to Ho (or even Hs). If
dom(S) 2 dom(T), then S is T-bounded.

With these preparations in place, we now state and prove, as a consequence of
Theorem 3.7, the following alternative to Theorem 3.1 which avoids the compact
support hypothesis on f in (3.3) and improves on [6, Theorem 3.2].

Corollary 3.14. Assume Hypothesis 2.7 and suppose that

/d:cpo(a:)_luo()\o,x)_2 < o0 (3.37)

a

(i.e., up(Xo, ) is nonprincipal at a). Let B be a closed operator restriction of A
(i.e., B is closed, dom(B) C dom (A), Bf = Af for all f € dom(B)). Assume
that Do((a, b)) Ndom(B) is a core of B and that

dom(B) C dom ((qgo,+/70)"/?). (3.38)

Then for all f € dom(B),
b b
/ dz po(@)| f'(z)]* > / dx [Ao ro(x) — qo(x) + 4~ po(x) ~uo(o, 2) *

T -2
X(/ dtpo(t)_luo(Ao7t)_2> ]\f(ﬂf)fz- (3.39)
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Similarly, if

< 00

‘/bdzpo(x)—luo(Ao,x)—Q

(i.e., uo(Ao, ) is nonprincipal at b), then for all f € dom(B),

b b
/ dz pol)| /' (@) > / da [AOTO(JJ)—QO(%)+41P0($)1“0()\0733)4

b -2
« (/x dtpo(t)luo()\o,t)2> ]|f(a;)\2. (3.40)

If, in addition,
1/2

up (Ao, )(/. dtpo(t)luo()\o,t)2> ¢ dom(B), (3.41)

then inequality (3.39) is strict for 0 # f € dom(B). Similarly, if, in addition,

b 1/2
ug()\o,-)< / dtpo(t)_luo(/\o,t)_2> ¢ dom(B), (3.42)

then inequality (3.40) is strict for 0 # f € dom(B).

Proof. By Theorem 3.7, it suffices to show that dom(B) € Hp, a.0((a,b)). By
Lemma 3.13 and (3.38), there exists C' € (0,00) such that

H (qo7+/T0)1/2fHL2((a,b);r0d:r:)
< CIBfl L2ap)rodz) + 1 L2((ap)rodn) ], | € dom(B). (3.43)
Let f € dom(B) and let {f,}22 be a sequence in Dy((a, b)) Ndom(B) such that
nh_{EO ||Bfn - Bf||L2((a,b);r0dz) + ||fn - fHL2((a,b);rodx) =0. (344)
Then by (3.43),
7111—>I20 H<Q(]7+/7’0)1/2(fn B f)HLQ((a,b)H"oda:) =0 (3'45)

Hence, by (3.44) and (3.45), { fn}22, is a Cauchy sequence in (Do((a, b)), || ||po,a)-
Therefore, by Lemma 3.5, there exists a unique f € Hpma((a, b)) N L?((a,b); Bdx)
such that

lim [an - pro,Ol + an - fHLZ((a,b);/de)] = 0. (346)

n—oo

Since 3 > 0 a.e. on (a,b), (3.46) implies that there exists N C (a,b) and a subse-
quence { fn, }32; of {fn};2 such that |[N| =0 (here | - | temporarily abbreviates
Lebesgue measure) and

Jim fy, (2) = f(z), € (a,b)\N. (3.47)
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Similarly, since ro > 0 a.e. on (a,b), (3.44) implies that there exists N C (a,b)
and a subsequence { o, }524 such that |[N| =0 and

Jlg](f)lo fnkj () = f(z), =z € (a,b)\N. (3.48)
Taken together, relations (3.47) and (3.48) imply f = f. Since f € Hpy 00((a,b))
by (3.46) and (3.21), the conclusion of the theorem now follows from an applica-
tion of Theorem 3.7.

Next, suppose, in addition, that (3.41) holds and that f # 0. Since f = f,
(3.46) implies the existence of a subsequence {g }ren of {fn }nen, and a set N C
(a,b) of Lebesgue measure zero, such that for all € (a,b)\N,

Jim gi(z) = f(z) and lim gi(z) = f'().

~

Then, for all z € (a,b)\N,

lim [uo()\o,x)_1</j dtpo(t)_luo()\o,t)_2> _1/2%(93)}/

k—o00

_ [UO(AO, x)_1</ax dtpo(t)_luo()\o,t)_2> _1/2f(x)} '

. —1/2
By (3.41), uo(Ao, ')_1(fa dtpo(t)_luo()\o,t)_z) f is not a constant function
on (a,b). Thus, one can repeat the calculations in (3.29), with f,, replaced by
gk, and obtain

b
0< / da {po(@)|f' (@) + lao (&) — Aoro(w) — W ()] f(@)]?}.

As the proof of strict inequality in (3.40) if (3.42) holds is entirely analogous, we
omit it. 0

The case B = A is permitted in Corollary 3.14 as long as (3.38) is satisfied.

Once more, in the case B = A (so that Dg((a,b)) C dom(B) = dom(A)),
the analog of Remark 3.8 applies to optimality of the constant 1/4 in (3.39) and
(3.40).

Finally, returning once more to our starting point, the classical Hardy in-
equality situation, we offer the following fact:

Remark 3.15. If pg = r9 = up(0,:) = 1, g0 = Ao = 0, and a,b € R, it has
been shown in [4, Lemma 3.4] that || - ||py,o and | - ||p,r, are equivalent norms on
Do((a,b)). Thus, in this case,

Hpy,0,0((a,0)) = Hpy,r0,0((a, b)) = H§((a,0)).

Acknowledgments. We are indebted to the anonymous referee for a very
careful reading of our manuscript and for many constructive suggestions.
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306ypeHi HepiBHOCTI Tuity Xap/i
Fritz Gesztesy, Roger Nichols, and Michael M.H. Pang

st nasoro TphoxkoedirieHTHOrO Audepen iaibHoro supaly Iltypma—
Jiysins 1o = ry [~ (d/dx)po(d/dx) +qo) Ta fioro 36ypenns 7,, = To+77 "q1
Ha inrepsasi (a,b) C R, MU BUKOPHCTOBYEMO iCHYBAHHs CTPOIO IOJATHOrO
po3B’a3Ky ug(Ag, ) > 0 Ha (a,b) mis Toug = Agug AJist TOrO, OO OJEPKATU
JIIS Tq, HePiBHICTD y KBaIpaTHHIHil ¢hopMi, AKa IPUPOIHO y3araJbHIoe JoOpe
Bistomy HepiBHICTH Xap/i i 3BOAUTHCH /10 HEl B OKPEMOMY BUIIAJKY Py = o =
up(0,)) =1, =X =0,a €R, b= oc.

KrrowoBi cyioBa: HepiBHICTH Xap/i, TOTOBHI 1 HETOJIOBHI pO3B’I3KM, TEOpist
KoJsinBaHb, oneparopu typma—Jliysimisa
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