Journal of Mathematical Physics, Analysis, Geometry
2005, v. 1, No. 2, p. 192-208

On isometric dilations of commutative systems
of linear operators

V.A. Zolotarev
Department of Mechanics and Mathematics, V.N. Karazin Kharkov National University
4 Svobody Sq., Kharkov, 61077, Ukraine
E-mail:Vladimir.A.Zolotarev@univer.kharkov.ua

Received October 28, 2004

The isometric dilation of two parameter semigroup T'(n) = 1771572,
where n = (ni,n2) € Zi, for a commutative system {T,T»} of linear
bounded operators, one of which is a contraction, ||T1|| < 1, is constructed.

The building of the dilation is based on characteristic qualities of the com-
2

+
mutative isometric expansion {Vs, VS} , which was given in the previous
s=1

+
work by the author [8]. The isometric dilations U(n) and U (n) of the
semigroups 7'(n) and T*(n) are shown to be unitarily linked.
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The functional model of the contractive linear operator T' is commonly con-
sidered as an analogue of the spectral decomposition for the nonunitary operator
T, [4, 9]. The construction of the functional models is based on the study of the
basic properties of the unitary dilation U of the operator T', [4].

In this work, the isometric dilation U(n) for the two-parameter semigroup

T(n) = T{"*Ty? where n = (n1,n2) € Z2 is constructed using the construction
2

+
of the commutative isometric expansion < Vi, Vi ¢ for the commutative operator

system {T1,T>} such that ||T1|| < 1 (which was plresented in the work [8]). The
construction of the dilation U(n) is based on consistency conditions for systems of
equations that are corresponding to the expansions {V1, Vo }. Similarly, the isomet-
ric dilation {V4,Va2}, n € Z2 , is constructed using corresponding consistency con-

+ +
ditions for equations that are corresponding to the expansions {Vl, Vg}. It turns
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On isometric dilations of commutative systems of linear operators

+
out that the dilations U(n) and U (n) are acting in the separate Hilbert spaces
Hy,r and H - 1=, besides, the spaces Hy r and H - - are intersecting and their

+
intersection . = Hy,r N Hn+r+ has such property that U*(ny,0)f =U (n1,0) f,
where f € H and ny € Z . Moreover, the restriction of the dilation U (nq,0) on
7 is a unitary operator such that PgU (ny,0)|,; = 17", n1 € Zy.

I. Consider the commutative system of linear bounded operators {11,T5},
[Ty, Ts] = Th' Ty — T5Ty = 0, in the separable Hilbert space H. Hereinafter, we will
suppose that one of the operators of the system {T,T}, e.g., T1, is a contraction,
|Ti|| < 1. Following [6, 8], define the commutative unitary expansion for the
system {T',T>}.

Definition 1. Let the commutative system of linear bounded operators {T1,T>}
be given in Hilbert space H where T} is a contraction, ||T1|| < 1. The set of map-

pings

_ T, @ . o 5 O®N =
Vl_[\lf x| Vo = U K HoFE—-HDE; "
+ T*  * + T \I/*N* .

Vl:[q)l* K*]; V2:|:q)2* P ]: HoE—-H®E,

where E and E are Hilbert spaces, is called the commutative unitary ezpansion of
the commutative system of operators Ty, Ty in H, [Th,Tz] = 0, if there are such
operators o, 7, N, T and &, 7, N, T in the Hilbert spaces E and E, where o, T,
o, T are selfadjoint, that the following relations are taking place:

" I o + [I 0
JJr o1, [ro]l A[ro]l+ [Io]
R e L F T S e M
3) Ty®— Ti®ON = o T, — NUT, = T'0; (2)

4) NU®— UIN = KT —TK;

5 NK=KN.

Consider the following class of commutative systems of linear operators
{Th, T»}.

Journal of Mathematical Physics, Analysis, Geometry , 2005, v. 1, No. 2 193



V.A. Zolotarev

Definition 2. The commutative system of operators Ty, Ts is attributed to
the class C (Ty1) and is called the contracting Ty operator system if:

1) Ty is a contraction, ||Ty| < 1;

2)E=DHDDyH; E=DHDD,H;

3) dimTyD H = dim E;  dim D, ToH = dim F;

4:) opemtors D1 |E y D1T2 ‘TZDIH y D1 . y T2*D1 |W

are boundedly invertible, where Dy = T;Ts — I,
Dy =TTy —1,s=1,2.

(3)

It is easy to see that if {T1,T>} € C (T1) then unitary expansion (1) always
exists, |6, 8]. Indeed, let

U=\/61=\/-D1; ®=DT5\Joi5 K= 61T;Ti\/or";

N = —\/o7'ToDoTi\Jo7"'; N = —\/67' Ty DT~ /o7
I' = O'IITQ <D2—D1> \/0'171, f: &fngil (DQ_DI) \/ 5-;1’
o0 =—\o['TiDyTi\Jor Y & =—\/6, ' Do/
— -1 > * / . / 71 *—1
T=—401 T2D2T2 , T TlDQTlT Ul )

taking into account (3).
Then it is easy to see that relations 1)-5) (2) are true [§].

IT. Following the work [8], define the vector-functions of discrete argument
hn € H, u, € E, v, € E at the points of integer-valued grid n = (ni;ns) € 72
(ng, > 0; k=1, 2; ng € Z). Consider |8] the system of equations

Orhy, = Tihp + Pup;  ho ) = ho; L o.h
Oohy = Tohy + ®Nuy;  n € Z2; Vs[un]:[ :}"],s:lﬂ, (4)
vy = Yhy, + Kuy; " "

where O1hn = hin,41;n0) O2hn = h(ny 41y are the corresponding shifts by dif-
ferent variables. The next theorems are dedicated to the study of consistency
conditions for the discrete system of equations (4).

Theorem 1. The system (4) is consistent only if the vector-function w,, is
a solution of the equation

{N31—82+F}un:0. (5)
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The proof of the theorem follows from the equality of the mixed shifts
0102hy, = 0201 hy, taking into account condition 3) (2), [8].

Theorem 2. Suppose that u, is a solution of equation (5) and the vector-
functions hy, and v, are given by relations (4). Then v, satisfies the following
equation

{N31 — o+ f} v = 0. (6)

The proof of the Theorem 2 is given in [§].
The following conservation laws

101hn1” + llonll? = 1Bnl® + [Jtem |5

||a2hn||2 + (Gvn,vp) = th“2 + (oUn, un) ; (7)
2) ((&1 - &2) Umvn> + (62817)77,7 al”n) - (5182'07“ 827)77,>

= ((01 — 02) Un, Un) + (0201Un, O1Un) — (01 02Un, DoUn)

1)

are true for the discrete system of equations (4). Obviously, the relations 1) (7)
are a simple corollary of 1), 2) (2), while the equality 2) (7) follows from the
coincidence of the norms ||0;02hy,||> = [|0201hn||* and plays an important role
hereinafter.

Similarly to (4), consider (see [8]) the vector-functions h, € H, i, € E,
b, € E at the integer-valued grid points n = (n1;n9) € Z2 (n, < 0; k = 1, 2;
ny € Z). Define the two-variable dual type of system of equations (4)

éli}n = Tff:ln + U 0n; 71(71;71) = h_1; LT
Oohy, = T5hy + UV*N*0,; n € 72 Vs [ 6" ] = [
Uy = P*hy + K*0p; "

(8)

where d1hy, = ﬁ(nl,lm), Gy — B(nlm,l) are shifts by different variables for-
mally adjoint to 91 and 0s, so that Dy = 0:, s = 1,2, in the metric of the space
I2. Statements similar to the Theorems 1 and 2 are true for the system (8).

Theorem 3. Consistency of the system of equations (8) takes place only if
Uy, 18 the solution of the equation

{N*51 — o+ f*} i = 0. 9)

Theorem 4. Vector-function a, (8) satisfies the following equation

{N*81 — 0y + F*} Uy =0 (10)
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under the conditions that vy, 1s the solution of (9) and by, are given by relations
(8).

Similarly to (7), the following conservation laws

011, B |+ 1l

Oohn |+ (Titns i) = || Y (T, )

2)  ((m1 — 72) U, ) + <T251ﬂn,51ﬂn> - <T152ﬂn,52ﬁn>
= ((T1 — T2) Un, On) + <%2516n7515n> - <f1525n,5277n>

2
L~ 2

+ llinl” =

2

1)

(11)

are true for the dual system (8) in view of 2) (2).

ITI. Turn to the construction of the dilation for the operator systems {T7,T5}
of the class C' (T1) (3). First of all, construct the unitary dilation [4, 6, 9] for the
contraction 7. As usually [6, 8], we will denote by I2,(G) the Hilbert space of G-

valued functions u € G, where k € M pnd M C Z are such that 3 |lug||* < co.
keM
Let H be the Hilbert space of the following type

H=D_@®H®®Dy,, (12)

where D_ = [2 (E) and Dy = l%+(ﬁ}). Specify the dilation U on the vector-
functions f = (ug, h,vg) from H (12) in the following way:

Uf = (PD,qu,il,ﬁk) ; (13)

where h = Tih + ®u_y, vy = Vh + Ku_y, o = vp—y (k =1,2...,) and Pp_ is
the operator of contraction on D_. The unitary property of U (13) in H follows
from 1) (2). Take advantage now of equations (5) and (6) as a way to continue
the incoming D_ and outgoing D subspaces

D= _(B); Di=2&.(F) (14)

by the second variable “ny”. At first, continue functions u,, € 13 (E) from the
semiaxis Z_ into the domain

72 =7_x (Z_U{0}) = {n = (n1;n2) € Z*: ny < 0;ny <0}, (15)
using the following Cauchy problem

{ Doy, = <N51 + F) Up;  m=(n1,my) € Z%;
un|n2:0 = Up, € l%i(E).
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As a result, we obtain the Hilbert space D_(N,T") which is formed by u,, the
solutions of (16), at the same time the norm in D_(N,T') is induced by the norm
of initial data [|uy| = ||un1||l% (B)-

Note 1. Note that the formal continuation of the function u,, € 2 (E) from
the semiaxis Z_ using the Cauchy problem (16) has wider domain of existence
then Z2 (15). Really, if we continue Up, With nulls on Z then using recurrent
relation, we obtain u, that is given in the cone K_:

IC_:{n:(nl,ng)EZZ:nQSO;n1+n2<0}. (17)

Similarly, continue functions v,, € l%+(E) from the semiaxis Z, into the

domain Z?% = Z4 X Z using the Cauchy problem
{ Doy, = (]\751 + f‘) Up; n = (ny,ng) € Zi; (18)

Vnlny—o = vy € 15, (E).

Thus, we obtain Hilbert space D, (N,T) that is made of solutions v, (18),
besides [lvn[| = [lvn, ;2 (). Unlike the evident recurrent scheme (16) of the
Zy

layer-to-layer calculation of ny — no—1 for u,, in this case, while constructing v,
in Zi, we are dealing with the implicit linear system of equations for layer-to-layer
calculation of ny — ngy + 1 for the function wv,. Therefore it is necessary to study
solvability and uniqueness of Cauchy problem (18). First, study reversibility of
linear pencils of operators Nz +I' and Nz +T.

+
Lemma 1. Suppose the commutative unitary expansion Vy, Vs (1) is such
that
Ker ® = Ker ¥* = {0} (19).

Then Ker NNKer T’ = {0} given Ker K* = {0}, and respectively Ker N*NKer I'* =
0 given Ker K = {0}.

Proof Let G =KerNNKer[ then it follows from the equality To® =
T1®N + ®T' that the subspace L = span {lei)g g €Gik e Z+} from H has
properties T/ L C L, ToL = 0. It follows from the equality T5T» + U*oW¥ = [
that h = U*aWh takes place for all h € L, therefore &g = U*g = U*cUdg
and so § = d¥®g, in view of Ker ¥* = 0 (19). Since Ty ®N + ¥*6K = 0 then
K*g = K*6U®g = —N*®*Tp®dg = 0; then ¢ = 0 because of Ker K* = 0. So
®g = U*g = 0 and thus g = 0 in view of Ker ® = 0 (19). Similarly, one proves
the second statement of the lemma. ]

N o te 2. Note that if the suppositions of the Lemma 1 are true and the
spaces F/ and F are finite dimensional, then the linear pencils Nz+I" and N*z+I™*
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are reversible operators for all z € C, except for the finite number of points that
are zeroes of polynomials det(Nz +T') = 0 and det (N *z + f‘*) = 0 respectively.

Since reversibility of Nz 4+ I’ and of the adjoint to it operator N*z + T'* are
equivalent in the finite dimensional space E, then reversibility of Nz + I follows
from the Lemma 2 when dim E < co.

Turn to the solvability of Cauchy problem (18).

Statement 1. Let dim E < oo and the assumptions of the Lemma 1 be true,
then the solution v, of Cauchy problem (18) exists and is unique in the domain
Z2 for all initial data vy, from % (E).

+

Proof First, consider the case of the finite initial data v,,, i.e., let v,, =0
when ny > n, where n € Z,. Show that the vector-function v (ny,1) which is a
solution of problem (18) that also turns to zero when ny > n, is uniquely defined
by initial data v,,. It is necessary to prove that the homogeneous linear system
of equations generated by (18) has only trivial solution. It follows from (18) when
vp, = 0, that function v (ny, 1) satisfies the system of equations

T'v(0,1) = 0;
Nv(0,1) + Tw(1,1) = 0;
(20)
Nv(n —1,1) + Tw(n,1) = 0;
Nuv(n,1) =0.

Multiply the second equality in (20) by z, the third one — by 22, and so on, finally,
the last one — by 2"*! (z € C); then after summation we obtain that

(Nz+ 1) {v(0,1) + zv(1,1) + - -- + 2"v(n, 1)} = 0.

It follows from the Note 2, in view of reversibility of Nz + I, that

Z 2Fu(k,1) =0
k=0

for all z € C except for a finite number of points. Therefore v(k,1) = 0 for all
k, 0 < k < n. Thus, the first layer v(k,1) is defined from equations (18) by
the initial data v;, 0 < k < n unambiguously. Realizing in that way layer-to-
layer reconstruction of v(k,p + 1) by v(k,p), we will obtain the unique solution
of the Cauchy problem (18) in the domain Z2. The general case follows from the
considered case of the finite initial data as a result of natural approximation. m
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N o te 3. It is not difficult to establish (similarly to the Note 1) that the
solution of Cauchy problem (18) exists in the conic domain I} :

K+:{n:(n1,n2)EZZ:nQZO;nlengZO}. (21)

Consider now the operator-function of discrete argument

e {1 470

Let Ly be the nonincreasing broken line that connects points O = (0,0) and
n = (n1,n2) € Z% and linear segments of which are parallel to the axes OX
(no = 0) and OY (ny = 0). Denote by {Pk}év all integer-valued points from
Z%, Py € Z2 (N = ny + ny) that lay on L, beginning with (0,0) and finishing
with the point (n1,ns), that are numbered in nondescending order (of one of the
coordinates of Py). Assuming that P_; = (—1,0), establish the quadratic form

(Gvk) Ln = Z O'Pkfpkil’l)pk,vpk>, (23)
k=0

on the vector-functions v, € Do (N,T).

Similarly, consider the nondecreasing broken line L;! in A (15) that connects
points m = (my,mg) € Z2 and (—1,0), the straight segments of which are parallel
to OX and OY. Let {Q,},; (M = mj+my) be all integer-valued points on L},
beginning with m = (mj,m2) and finishing with (—1,0), that are numbered
in nondescending order (of one of the coordinates of @Q)s). Define the metric in

D_(N,T),
-1

(our)] 1= Y (00.~u 1uq.,uQ.) » (24)
s=M

besides Qar — Qar—1 :~(1,0), and the operator-function o is defined similarly
to &a (22). Denote by L_} the broken line in Z?2 that is obtained from the curve
Ly in Z% (n € Z2) using the shift by “n™

- {Qs = (Ii,1) €22 : (I + 1+ 1,1o + o) = Py € Lg}. (25)

IV. Having now the Hilbert space D_(N,T'), that is formed by the solutions
of Cauchy problem (16), and space D, (N,T), that is formed by the solutions of
(18) respectively, we can define Hilbert space

,HN,I‘:D*(Nar)@H@D‘F(Naf‘)a (26)
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the norm in which is defined by the norm of the initial space H = D_@& H & D
(12). Denote by Z?2 the subset in Z2,

23 = 22\({0} x N) = {(0,0)} U (N x Zy), (27)

that obviously is an addition semigroup.
For every n € Z2 (27), define an operator-function U(n) that acts on the
vectors f = (ug, h,vg) € Hyr (26)in the following way:

Un)f = f(n) = (ur(n), h(n),v(n)), (28)

where ug(n) = Pp_(nryuk—n (Pp_(n,r) is an orthoprojector that corresponds
with the restriction on D_(N,T)); h(n) = yo, besides y, € H (k € Z2%) is a
solution of the Cauchy problem

Oy = Tryk + Dug;
Doy = Toyr, + PNuy; (29)
Yn=h; k= (ki ko) €EZ2L 0<ki<mni—1, 0<ky<ny;

at the same time k = k — n, when 0 < k; <ny—1, 0 <ky <no, and finally
vg(n) = O + Vk—p (30)

and 9y, = Kuj, + Wy, where y; is a solution of the Cauchy problem (29).

The vector-function uj, that is obtained as a result of the shift by “n”, auto-
matically satisfies the consistency equation (5), since, according to the construc-
tion, uy is a solution of the Cauchy problem (16). And it follows from the equation
(6) that vg(n) (30) continues uniquely into the whole domain Z2 as a solution of
the equation (18), that is always possible in the context of the suppositions of the
Statement 1.

The following facts justify that U(n) (28) is defined if n € Zi (27): first,
{T,T>} € C(T1) (3); second, the choice of the metric (23), and third, the con-
struction of the space D4 (N,T) that is generated by the Cauchy problem (18)
with the initial data from the semiaxis Z.

Thus, the operator-function U(n) (28) maps the space Hyr (26) into itself

for all n € 2% (27).

Theorem 5. Suppose dimE < oo and the suppositions of Lemma 1 are
taking place, then the following conservation law is true for the vector-function

fn)=U(n)f (28):

1)1 + (Gor(n) 7z = A1 + (our)} (31)
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for alln € Zi (27) and for all nondecreasing broken lines fjg that connect points
O = (0,0) and i = (n1 — 1,m9) € Z2%, where INJ:}L is a broken line that is obtained
from L§ by the shift (25) by “n”, at the same time the corresponding o-forms in
(31) have the appearance of (23) and (24). The operator-function U(n) (28) is a
semigroup, U(n) - U(m) = U(n +m), for alln, m € Zi (27).

Proof The equality (31) easily follows from the isometric correspondence
of the operators Vi, V5 (1) in accordance with 1) and 2) (2). The fact that the
operator-function U(n) (28) is a semigroup when n € Zﬁ_ (27) follows from the
elementary calculations taking into account the continuation of the function vy (n)
(30) into the domain Z2 by the equation (18). ]

It follows from (31) that it is natural to define in the space Hy,r (26) the
indefinite, generally speaking, metric

(112 = (o) o+ B+ (Gon)s (32)

where L§° and L. are nondecreasing broken lines in Z? and in 72 (15) connect-
ing point O = (0,0) with co = (00, 00) and point —oo = (—o0, —o0) with (—1;0)
respectively, straight segments of these broken lines are parallel to the axes OX
and OY.

Consider the subspace K from ZZ that contains O = (0,0) and is an addition
semigroup. T'(n) denotes the semigroup of linear operators over IC,

T(n) =T{"Ty*, n=(ni,n2) €KL, (33)

assuming that the commutative system of linear operators {T,T5} belongs to the
class C (T1) (3).
Definition 3. [4] Semigroup of operators U(n); U(n)U(m) = U(n+ m); Vn,
m € K, that is given in the Hilbert space H such that
HDOH; PyU(n)|y=T(n), nek, (34)

where Py is an orthoprojector on H, is called the dilation of a discrete operator
semigroup T(n) (33) that is acting in the Hilbert space H. If for every n € K
the operator-function U(n) is an isometric or unitary operator in H then U(n) is
called isometric or unitary dilation T'(n).

Consider the family of one-parameter semigroup G4 (p) in Z2,

Gi(p) = {np:peliner,}, (35)

Journal of Mathematical Physics, Analysis, Geometry , 2005, v. 1, No. 2 201



V.A. Zolotarev

besides the point p = (p1,p2) € Zi is such that numbers p; and ps are coprime.
In particular, if p; = (1,0) then it is obvious that G (p) = Z4. Narrow now the
semigroup T'(n) (33) on G4 (p) (35), i.e., for the given p = (p1,p2) € Zi consider
the one-parameter semigroup Ty, (p) = (T7'T5*)" from n € Z, which looks like
T, (p1) = T{* when p = p; = (1,0). Choose now fixed broken line L} with linear
segments that are parallel to the axes OX and OY, which connects points O and
pE 7.2 : and then make its group shift in Z?2

LyE(p)={n+kp:nelb keZ,} (36)
and similarly shift Lf in 72,
L) ={n+k(p+1p):nely keZ }. (37)

In accordance with (32), specify the quadratic form in H y r (26) that is associated
with the semigroup G4 (p) (35),

(112 = (o)1 + I + (6012 ey (38)

The next statement follows from the Theorem 5.

Theorem 6. Suppose {T1, T2} € C(T1) (3), EiimE < 0o and the suppositions
of the Lemma 1 are true, then for every p € Z?,_ (27) the operator semigroup
Tn(p) = T(np) that is narrowed on G4 (p) (35) has the isometric (in metric(f)s,
(38)) dilation Uy, (p) = U(np) (28) that acts in the Hilbert space Hny (26).

N ot e 4. Using the semigroup property of dilation U, (p) (28) by parameter
n € Z, and isometric property of U, (p) in metric (38), we obtain that

<Un(p)ha Um (p)hl> = <Tnfm(p)h7 hl> ) (39)

op

when n > m (n,m € Z,) and for all h, k' € H. Thus, the subspace

span{Un(p)H :n€Zy,p€ Zﬁ_}

in Hy,r (26) is defined by the initial commutative operator system {T7,T>} €
C(T1) (3).

V. Similarly to the stated in the Paragraph III method of continuation of
subspaces D, and D_ (14) from the semiaxes Z and Z_ by the second variable
“ng”, consider the dual situation corresponding to equations (9) and (10). Denote

by Dy (]\7 * f’*) the Hilbert space generated by solutions ¢, of Cauchy problem

{ 020y, = (]\7*81 + f*> Up; N = (m,ng) € Zi; (40)

Unlpy=o = Vny €17, (E).
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the norm in which is induced by the norm of the initial data

: (40)

{ OoUy, = (N*al + f*) Up; N = (nl,nQ) € Zi;
Unlpy=o = vny €13 (E).

Continuing the function v,, € l%+(E) by null on the left semiaxis, as in the case
of (18), it is easy to establish that the solution of the Cauchy problem (40) exists
in the cone Ky (21).

Continue now every function u,, € 2 (F) into the domain Z2 (15) using the
Cauchy problem

{ Oy, = (N*O1 +T*) din;  n = (n1,n2) € Z2;

~ 41
finl,y,_o = tin, € 2 (E). (41)

As a result, we obtain the Hilbert space D_ (N*,T'*) generated by 4, solutions
of (41), besides ||ty | = [Jun, ||l% (- Constructing the solutions 4, of the Cauchy

problem (41), we have the implicit scheme of layer-to-layer calculation of no —
ng — 1 solutions @,. Using now the Lemma 1 and Note 2, we can formulate an
analogue of the Statement 1.

Statement 2. Let dim E < oo and the suppositions of Lemma 1 be true, then
the solution t, of the Cauchy problem (41) exists and is unique in the domain 72
(15) for all initial data u,, €12 (E).

Note that, as in the case of the problem (40), solutions of the Cauchy problem
(41) have wider domain of existence and uniqueness, namely, K_ (17).

N o t e 5. The sufficient condition for the simultaneous existence of solutions
of Cauchy problems (18) and (41), in view of the reversibility of operators K and
K*, according to the Lemma 1, is following: all the requirements of the Lemma, 1
are met and dim E = dim F < oo.

Hence we come to the Hilbert space

Hy-pe = D_(N*,T%) & H & D, (N*,1), (42)

the metric in which is induced by the norm of the initial space H = D_® H@ D
(12). Note the dual features of the spaces Hyr (26) and Hy-p- (32), which
consist in that that differential operators of Cauchy problems (16) and (41) and
operators (18) and (40) also, are adjoint with each other correspondingly in the
metric [2.

+ .
Define now in the space Hy- - (42) the operator-function U (n) for n € Z2
(27), which acts on f= (&k, iz,f)k> € H == in the following way:

+

U (n)f = () = (), h(n), 5(n) ), (43)
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where 9 (n) = PD+(1\~/*,1~“*)6’€+“ (PD+(1\~,*71:*) is an orthoprojector on D (]\N/'*’ f’*) )

h(n) = Y(—1,0), besides g, (k € 7.2) satisfies the Cauchy problem

Ny =TTy + V0
g = Ty + V" N*p; ) (44)
U(—nismng) = bs k= (k13 ko) € Z2 (—ny < by < —1; —np < ky < 0);

besides k = k +n m (—ny < k1 < —1; —ng < ko < 0); and finally
tg(n) = g + Ugtn, (45)

and uy = K*0j, + ®*fj, where g, is a solution of the system (44).

As in the case of the mapping U(n) (28), the function @; is obtained after the
shift by “—n” and automatically satisfies the consistency condition for (10) and
the function @z (n) (45) has natural continuation into the whole domain Z2 (15)
on account of the equation (41).

Similarly to (22), define the operator-function

I; A=(-1,0);
A= { 5 A=(0,-1). (46)

Denote by L' the nondecreasing broken line in Z? (15) with linear segments that
are parallel to the axes OX and OY which connects points m = (my, ms) € 72
and (—1,0). Choose now all the points {Qs}3; (M =my +my) on L, that are
numerated in the nonascending order (of one of the coordinates ()5) beginning
with the point (—1,0) and finishing with m = (m,ms) € Z2. Define in the
space D_ (N*,T*) the quadratic form
—1
<Tak>i;1 = Z <TQs—Qs+1astaQs>’ (47)
s=M
where Q9 = (0,0). For the broken line L? in Z2, n = (ni,n2) € Z2, of the
similar type with points {P;}o' (N = ni +ng) on L¥ which are also chosen in the

nonascending order, define the quadratic form for the functions v, € D (]\7 *, f‘*)

N
<%5k>%g = Z <%Pk*Pk+16Pk76Pk> ) (48)
k=

o

where Py — Pyy1 = (—1,0) and 74 is defined similarly to 7a (48). Denote by
L7 the broken line in Z?2 obtained from the curve L,,! from Z?2 using the shift
by ((m”

Lyt = { P, = (lh,l2) €Z2 : (1 +my,lo + ma) = Qs € L)'}, (49)
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where m = (m1, ms) € Z2. Similarly to the Theorem 5, the following statement
takes place.
Theorem 7. Suppose dim E < oo and the requirements of the Lemma 1 are
- + -
met, then for the vector-function f(n) =U (n)f (43) the equality

()1 + (rar(n))7 -1 = A1 + (708) -0 (50)

takes place for all n € Zi (27) and for all broken lines L:}l connecting points
—n = (—n1,—ng) € Z2 and (—1,0) where Ly" is a curve in Z2 obtained from
L™ using the shift (49) by “—n” and corresponding T-forms in (50) have the

n

appearance of (47) and (48). The operator-function I—Jt (n) (43) has the semigroup
property, ar' (n) ar' (m) :IJJF' (n+m) for alln, m € Z2 (27).

As in the case of the theorem 5, the proof is reduced to the use of the isometric
property of ;1 and &2 (1) in view of 1) and 2) (2). The check of the semigroup

+
property of the operator-function U (n) (43) is quite simple as in the proof of the
Theorem 5.
Define in H -+ (43) the quadratic form

(N2 = (T + 1R+ (For) g (51)

where =) and Lg° are nondecreasing allowable broken lines in 72 and 7?2 (with
segments parallel to the axes OX and OY') connecting points —oo = (—o0, —00)
with (—=1,0) and (0,0) with oo = (00, 00) respectively.

Further, consider the family of one-parameter semigroup in Z2 U (0,0)

G (q) = {nq 1q=(q1,q) €Z%;n € Z+}a (52)

where numbers ¢; and g2 are coprime ideals and, moreover, (—q1 — 1,—qo) €
Z% (27). Choose fixed allowable broken line Lgl in Z2 connecting points § =
(q1,92) € Z2 (where (—q; — 1,—qo) € Z2%) and (—1,0) and make its group shift
in 22,,

L7 (q) :{n+kq:nequl;keZ+}, (53)
and in Za_,
LP(q)={n+kq:ne L, ke Z_}, (54)

respectively. Similarly to (38), define the metric along G_(p) (52) in the space
My« ) ) . )
(N7 = (k)71 o FIRI"+ (T Lo ) » (55)
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where broken lines L=. (¢) and L3 (¢) have the appearance of (53) and (54).

o0

Theorem 8. Suppose {T1,Tz} € C(T1) (3), dim E < oo, and the conditions
of lemma 1 are met, then for all ¢ € Z* (15) such that (—q1 — 1, —q2) € Z2% (27),
the operator semigroup T (q) = T*(—nq) (33) from n € Z, narrowed on G_(q)

(50), always has an isometric (in the metric (fﬁ’q (55)) dilation ar'n (lq]) :IJJC
(—nq) (43) which acts in the space Hy= = (42).

+ +
N ot e 6. For the dual dilation U (|q|) =U (—ngq) (43), as well as for
Un(p) = U(np) (28), the relation

<r7n (14, o (|q|)h'> — (T2 (@b ) (56)
7,q

is true when n > m and for all h, b’ € H. Hence, the subspace
+ 59
spans Up (lg))h:h € Hin € Z1, (—q1 — 1, —q2) € 23
in H =+ (42) is defined by the initial operator system {77, 75} from C (T1) (3).

V. Note that Hilbert spaces Hy,r (26) and H -+ (42) have the common
part, namely the space H (12) which per se defines them in view of the corre-
sponding Cauchy problems (16), (18) and (40), (41). Moreover, narrowings of

+
the dilations U (n1;0) (28) and U (n1;0) (43) on the invariant subspace H are

+
unitary operators, besides U* (n1;0) =U (n1;0) Vny € Z,. It follows from the
Note 4 that the dilation U(n) (28) has the “4 minimality” property, that means
the “observability” of the system (4), and it follows from the Note 6 respectively

+
that dilation U (n) (43) satisfies “— minimality” condition, that corresponds with
“controllability” of the open system (8), [2, 7, 9]. The next definition follows from
notes made earlier.

Definition 4. Consider the operator semigroup T(n), defined when n € Zi
(27), that corresponds to the commutative operator system {T1,Ts} from the class
C(Ty) (3). Let U(n) be the isometric dilation (in terms of the Definition 3 of

+
the semigroup T(n)) that acts in the space H4 and the operator-function U (n),
defined in H_, be the isometric dilation of the adjoint semigroup T*(n). The pair

+
of dilations U(n) and U (n) is called minimally-unitarily connected if the following
conditions are met.
1) The Hilbert space Ho = Hy NH_ is invariant with regard to the operator-

+
functions U (n1;0) and U (n1;0) Vny € Z, besides restrictions of U (n1;0) and
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Ij—' (n1;0) on Hy are unitary operators and, moreover, U* (ny;0) :(j’ (n1;0) Vn, €
7.

2) Restriction of the semigroup U (n1;0) on Hy is the minimal [4, 9] unitary
dilation of the semigroup T|"* when ny € Z,

Ho =span{U (n1;0)h: he€ Hyn € Z}.
3) The equalities

H = span {U(n)’Hg in € Zi} ;

s 52
H_ =spanq U (n)Ho :n € Z7%

are taking place.
Note that Point 3) of the Definition 4 means that there are no adduction

+
subspaces in H4 and H_ for the operators U(n) and U (n) on which U(n) and

+
U (n) are unitary and which are not connected with the initial system {T%,7T%}.
It is easy to see that minimally-unitary connected dilations U(n) in H4 and

ﬁ (n) in H_ are defined up to isomorphism. As is well known [4, 9], the minimal
unitary dilation U (n1;0) of the contraction semigroup 77" (ny € Zy) in Hy is
defined uniquely (up to isomorphism). And from the point 3) of the Definition 4
follows that corresponding isomorphism between U(n) in H and U'(n) in #H!,
(for example) could be defined in the following way: U(n)f — U’(n)f where
f € Hp, though this correspondence not necessarily is a unitary operator. Note

+
that from the constructions of the dilations U(n) (28) in Hyr (26) and U (n) (43)
+
in H -+ (42), it follows that the pair U(n) and U (n) is defined “unambiguously”

by the initial operator system {T%,T»} from C (T1) (3) in accordance with (49)
and (55).
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