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1. The setting of the problem. The basic matricial inequalities
connected with the problem

Let D = {¢ € C: | { |< 1} be the opened unit disk of the complex plane,
g € N, and let C?7*? be the set of square matrices of order ¢ with complex entries.
Denote by C, the set of matrix-valued functions F(({) analytical in D with values
in C77 and satisfying the inequality

1

Re F(C) = 5 (F(O +F7(¢) 2 0

for all ¢ € D. The Carathéodory problem generalized to the matrix case (see, e.g.,
[1, 2]) is formulated in the following way.
Assume that cg,ci,...,cp, € C1*7. Problem:
a) to find necessary and sufficient conditions of existence of a matriz-valued
function F(() € Cq such that co,c1,...,¢, are the first coefficients of its
Maclaurin series:

Fl)=co+criC+ ...+l +...; (1.1)
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b) to describe all function F(C) € Cy of the form (1.1).

The Carathéodory problem in the scalar case (i.e., in the case ¢ = 1) was
investigated in the papers [3, 4].
Set A, = Cy, + C};, where

Co 0 0
O o (12
Cn  Cp-—1 €o

The matrix A,, plays an important role when we study this problem. Namely, the
following theorems are true (see, e.g., [2, 5, 6]).

Theorem 1.1. Let {c}32, € C?*? and a function F(C) is of the form (1.1).
Then F(() € Cq if and only if

co + ¢ c] c,
c co+ecy ...
A, = ! 0% =l >0 (1.3)
Cn, Ch—1 ... Cp+c]

for allm e NU{0}.
This theorem is supplemented by the following

Theorem 1.2. Let A, > 0 for {ci}}_, € C?9. Then there exists F(() € C4
such that its expansion in the Maclaurin series has the form (1.1).

Theorems 1.1, 1.2 give us the answer to the first question of the Carathéodory
problem. To give an answer to the second question V.P. Potapov proposed a
special approach (see, e.g., [1, 2, 5, 7, 8]). According to this approach the basic
matricial inequality (BMI) and the dual one are corresponded to each interpo-
lation problem. The solution of each of these inequalities gives us a description
of all solutions of the problem. The BMI and the dual one for the matricial
Carathéodory problem have the form (1.4) and (1.4") respectively.

Theorem 1.3. ([1, 2|) Let {ci}y_, € C*? and let F({) be a matriz-valued
function analytical in the unite disk D. Then F(() € C, and can be represented
in the form (1.1) if and only if for the function F(() the inequality

[ ¢co + ¢ ct . ck O+ .
o atd o G EF Q) + e+ 9
Cp, Cn—1 Cg—l—cs §”+1[f*(ﬁ)+co+%+...+§—z] >0 (1.4)
* FO+F*(C)
L 1-¢C _
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holds everywhere in D or the following inequality

[ co + ¢ c; c, %[f(ﬁ)—co] T
c1 co+cy ... c_y %2[‘7:(0 —cp — c1(]
N R N
Cn Ch-1 ... Co+cp ﬁ[?(g)—co—clﬁ—...—cngn] >0
« F(O+F*(©)
i - 1
(1.4")

holds everywhere in D.

Here and further the block denoted by * in the inequations of the form (1.4),
(1.4") is with the block which is adjoint to the upper right block.

Note that the matrix A,, of the form (1.3) is the upper left block in inequali-
ties (1.4) and (1.4’). It turns out that the method of solving of these inequalities
depends on the property of the matrix A, to be degenerate or not. In the case of
the nondegenerate matrix A, the corresponding Carathéodory problem is called
nondegenerate, otherwise it is called degenerate. First the nondegenerate matri-
cial Carathéodory problem was solved constructively (i.e., directly in the terms
of the interpolation data) in [1]|. In this paper V.P. Potapov’s approach of solving
of the matricial interpolation problems was used (see, e.g., [7-11]. It is based on
the theory of analytical J-expansive matrix-valued functions. Note that the non-
degenerate matricial Carathéodory problem is solved in [6] in the different way.
First the constructive method of solving of the degenerate matricial interpolation
problems was obtained by investigating of the Schur problem [12]. The methods
of this paper play an important role in the Sect. 3. This section is main in the
present paper. There a constructive method of solving of the degenerate matricial
interpolation Carathéodory problem is obtained. The main results of the paper
are formulated in Theorems 3.1 and 3.2 of this section.

In V.P. Potapov’s approach the elementary multiple factor corresponding to
the BMI and the dual one plays a very important role. The parametrization of
the elementary multiple factor of the full rank connected with the nondegenerate
Carathéodory problem is given in [1|. This parametrization is directly connected
with the parametrization of the elementary multiple factor of the full rank corre-
sponding to the nondegenerate Schur problem (see [13]). The parametrization of
an arbitrary elementary multiple factor corresponding to the Carathéodory prob-
lem is obtained in the diploma work of L.V. Mihailova "The parametrization of
the elementary multiple factor of the nonfull rank in the Carathéodory problem”
(Kharkov National University, 1981). There the results of the paper [14] were
used substantially. The proof of this parametrization (see the proof of Theo-
rem 2.2) is given in the present paper to deal with the main results formulated in
Theorems 3.1 and 3.2.
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2. The parametrization of an arbitrary elementary multiple
factor

Let j be a constant hermitian involutive matrix of order N, i.e., j* = j,

=1L

Definition 2.1. (See, e.g., [1, 9]) Let B(() be an analytical matriz-valued
function of the order N. And let it have a single pole of an arbitrary multiplicity
on the extended complex plane. B(() is called a j-elementary multiple factor if it
18 j-expansive in the unit disk and j-unitary on its boundary, i.e.,

B(¢()jB*(¢) —j =0, [([<1 (2.1)

and

B(()iB*(¢)—j =0, [(|=1 (2.2)
or, equivalently,

B*(()iB() -7 >0, [¢|<1

and

B*(¢)jB(¢) —j=0, [([|=1
The Carathéodory problem is connected with the matrix j of the form:
AR I R
j—J—[Iq 0]. (2.3)

It can be explained, e.g., by the fact, that the matrix block standing in the lower
right angle of the left part of inequalities (1.4) and (1.4’) can be presented in the
following form:

f(cl)fcfc_*(o - jgg[ﬂc),m [ g ﬁq ] [ F}EC) ] '

Consider a J-elementary multiple factor B(({) of the order N = 2q. Assume
that B(¢) has the single pole at the point { = 0 and
di dn+1
B(C):d0+?+...+W,
From conditions (2.1), (2.2) we conclude that B(¢) is determined up to a J-unitary
multiplier v (uJu* = J). Further we shall assume that the following normalization
condition is fulfilled: B(1) = 1.
It follows from conditions (2.1), (2.2) that rankd,+1 < g (see, e.g., [10]). If
rankd,;1 = ¢ then B(() is called the J-elementary multiple factor of the full
rank.

di € C2%2 ;1 =0,1,...,n+1. (2.4)
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Theorem 2.1. (On a parametrization [1]) Let B(¢) be a matriz-valued func-
tion of the form (2.4). It is a J-elementary multiple factor of the full rank if and

only if

LG [ Aga() 0 Ajn(g) 0
B =+t | M Aq,nu)]H[ 0 b ]
where
A(I,n(C) = [IqaCIqa . '1Can]a (2.5)
H= [ < ] C+c e, (2.6)

Here C is the matriz satisfying the conditions
C+C*>0, (2.7)

CVyn = VgnC (2.8)
and Vg, is the square matriz of the (n + 1)g-th order having the form

0 ... 0
I, 0 0

Vo = 0o I, O 0 (2.9)
0 0 I, 0

Moreover, the matriz C is defined by B(C) uniquely.

Remark 2.1. Onecan easily see that (2.8) holds if and only if the matrix
C' is a lower-triangle matrix of the form (1.2). This fact determines the connec-
tion of the J-elementary multiple factor of the full rank with the interpolation
Carathéodory problem.

Let @ be an arbitrary hermitian matrix of the p-th order. Consider the canon-
ical basis e, = (6;x)"_;, k =1,2,...,p in C, where d;;, is the Kronecker symbol,

. 1, if i=k . : : .
ie., dip = { 0, if itk We identify the matrix () and the operator in CP
defined on the basis (e)r_, by this matrix (we denote it also by Q). Let Ag and
Ker @) are the range and the kernel of the operator @) respectively. It is well-known

(see, e.g., [5]) that the operator (matrix) of the form

Ly, [ (@lag)7Uf, if felg
Q l]f_{ O 0 i feKerQ (2.10)

is called the Moore—Penrose inversion of the operator (matrix) Q.
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Theorem 2.2. 1) Let B(¢) be a J-elementary multiple factor of the form
(2.4). There ezist unique matrices P, C € C*? such that

P*=P, P?’=P, (2.11)

V)P =PV}P, (2.12)

CVyn = PVyuC, (2.13)

C = PC, (2.14)

PC*+CP >0, rank(PC*+ CP) =rankP. (2.15)

Moreover, B(C) can be represented in the following form:

o 1=C [ A1) 0 Apa(3) 0
B =1 Aq,nu)]H[ 0 (%)]’ 40

where
C*
P
Agn(C) and Vi are matrices of the form (2.5) and (2.9) respectively.

2) Let conditions (2.11)-(2.15) be satisfied and let B(¢) be a matriz-valued

function of the form (2.16). Then B(() is a J-elementary multiple factor. More-
over,

H= [ ] (pc* +cpr)~Yc, P, (2.17)

B*()JB(C) = J

0 A%

q,n

Agn(2) 0(1) ] | 0.15)
3

Remark 22  Conditions (2.11) mean that P is an orthoprojector. In
addition, (2.12) implies that orthoprojectors projecting in C"*1? on invariant
with respect to operator V", subspaces are admissible. From (2.15) we conclude
that the case of the full rank (see Theorem 2.1) is characterized by the condition
P = I(;41)q- In fact equalities (2.11), (2.12) and (2.14) are automatically fulfilled
and relations (2.13), (2.15) transfer into relations (2.7), (2.8) in this case.

Proof of Theorem 2.2. Let B({) be a J-elementary multiple factor
of the form (2.4) satisfying the normalization condition B(1) = I. This condition
allows us to represent B(¢) in the form

1-¢

B(C) =TI+ —AQq,n(l)DAzq,n(

C )7

Iy =
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where
di do ... dpt1
D_ do d3 ... 0 ’
dpt1 0 ... 0

and Ay, ,(¢) has the form analogical to (2.5). As we know ([11]), B(() satisfies
the BMI of splitting off

DJD* LDAj ()

2q,n
>0, Ceb, (2.19)
% B*(QJB(()—J
1-[¢]?
and also the dual inequality
D*JD  tD*A3,,(2)
>0, ¢eD\{o}, (2.20)
« B(Q)JB*(¢)=J
1-[¢]?
where
J 0 0
~ 0o J . 0
J = )
00 ... J

and J has the form (2.3). Solving inequalities (2.19) or (2.20), we obtain the
factor coinciding with B(().

Due to [13, 14] let us simplify these inequalities before to solve them. Introduce
unitary matrix S of the form

I, 0 O 0O 0 O 0 T
0O 0 O 0 I, O 0
0 I, O 0O 0 O 0

g— 0O 0 O 0 0 I 0

0 0 I 0O 0 O 0 ’
0O 0 O I, 0 O 0

L 0O 0 O 0O 0 0 I, |

such that
n=sis=| 0 dme | (2.21)
Int1)q 0
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Let I = $*DS. Then I'JiT* = $*DJD*S. Taking into account inequal-

ity (2.19), we have T'J;T* > 0. Denote '™ = [ba:k

Cnthaex(n+1)a By analogy with [13, p. 214] we obtain the following repre-
sentation:

I Xz 0 O I 0
LJ,T* = (n+1)q 0 ] |: b ] |: (n+1)q :| ’ 2.99
' 0 I(n+1)q 0 C Xo I(n+1)q ( )

ZC)], where a,b,c €

where X is a solution of the equation c¢Xg = b*. Then
rank D = rank [ = rankC, C > 0. (2.23)

In accordance to decomposition (2.21) of matrix J; let us decompose matrix I'
into blocks

Sl
Then from (2.22) we obtain
WZ*+ ZW* = C. (2.24)
This equality implies
rank W Z* = rank ZW* = rank Z = rank W = rank C. (2.25)

It follows from (2.24) and (2.25) that
Aw = Az = Ag. (2.26)

Let Pz be the orthoprojector in C®+Dax(n+1)a onto a subspace £. Consider
the nondegenerate operator Wy = W |a,,.: Aw+ — Ap and a nondegenerate
transformation Wi : Ker W — Ker W*. Put

Q = W()ilPAW + WflPKerW*-

Obviously,
Q' = WoPay. + W1Pxerw.

Now define the matrices C' and P required in the conditions of Theorem 2.2 in

the following way:
C=QZ, P=Pp,..

Then equalities (2.11) are fulfilled because P is a orthoprojector.
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In contrast to the Schur problem (see [14]) the matrix C corresponding the
Carathéodory problem satisfies the following condition

PC*+CP = PZ'Q"+QZP=QQ'PZ +ZPQ" Q"
QWZ" + ZW*)Q* = QCQ".

Taking into account (2.23) and (2.26), we get relations (2.15) of Theorem 2.2.
Condition (2.14) immediately follows from the definition of matrix C'. Proper-
ties (2.12), (2.13) are established as in [14, p. 61].

To prove necessity of the conditions of Theorem 2.2 it remains to obtain (2.16).

Let
_ I(n+1)q _YQ
pe[ o @7
According to [14], we obtain that splitting off inequality (2.19) is equivalent to

the inequality B
RS*DJD*SR* [RS*DA; (%)

2q,n
> 0. (2.27)
« B*(Q)JB(O)—=J
1—[¢]?
0 0
We have RI' = cpl It follows from here that
RS*DJD*SR* = RTJ,T*R* = | ° 0
- ! |0 pPcr+cCP |’
crre L [0 0] Map 0

Then (2.27) can be rewritten in the form

. (L
Aq,n(() *0 .
0 Aq,n(Z)

[g PC*ZCP] %[g g] ] >0, (2.28)

B*(QJB(¢)—J
1-[¢[?

Put

x— 0 0
| (pcr+cp)-le (Pt +cp)lp |”

It is evident that X is a solution of

0 0 x_[0 0
0 PC*+CP |" ~|C P|
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Now, using V.P. Potapov’s approach, we solve by the standard method inequal-
ity (2.28) (see, e.g., [13]) and obtain representation (2.16). The necessity is proved.

Let B(¢) is of the form (2.16) and conditions (2.11)—(2.15) be satisfied. It
follows from (2.11)—(2.14) that

i Y e |#

0 Al 0 Agn
[ Dyn O D;, O -
=[5 [ L oy

where Dy, = Iy + Vo + V2, + ... + V. Hence (2.18) is true. Relations (2.15)
and (2.17) implies that H > 0. With regard to (2.18) we obtain that B({) is a
J-elementary multiple factor. Using again (2.18), we conclude that the matrix H
is determined uniquely by B(¢). Therefore C and P are also determined uniquely
by B({). Theorem 2.2 is proved.

Let j = [ —qu IO ] . Define
q

B(¢) =7B* (%) T=7 (5 +diC+ ...+ di YT = do+diC A A dy (T

(2.29)
Since B(¢) is a J-elementary multiple factor with the pole of multiplicity n + 1
at the point ¢ = 0, then E(C) is a J-elementary multiple factor with the pole of
multiplicity n + 1 at the point { = oo. In terms of the J-elementary multiple
factor B (¢) Theorem 2.2 can be reformulated in the following way.

Theorem 2.3. 1) Let g(() be a J-elementary multiple factor of the form
(2.29). There exist unique matrices P, C € CT7 satisfying conditions (2.11)-
(2.15). Moreover, B(C) can be represented in the following form:

Agn(C) 0 Agn() 0

R T R N [ VR E A CE

where H has the form (2.17). R

2) Let conditions (2.11)-(2.15) be satisfied and let B(C) be the matriz-valued
function of the form (2.30). Then B(C) is a J-elementary multiple factor. More-
over,

B()JB*(() -7
1 e 2ve | Aan() 0 ] [A*’n(g) 0 ~
W=1EPI] "0 a0 [T "0 A |7 (2.31)
where Ag,(C) has the form (2.5).
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3. Solving of the basic matricial inequalities

Let E be a unitary space of dimension ¢ and [E] be the set of linear oper-
ators acting on E. Denote by C[E] the class of operator-valued functions F(()
analytical in D, such that for all { € D we have F({) € [E] and ReF({) =
T(F(Q) + F*(¢)) > 0. Let an orthonormal basis in E be fixed. We identify
matrix-valued functions F({) € C, of the form (1.1) and corresponding to them
operator-valued functions from C[E].

Taking into account the block structure of the matrix C), (see (1.2)), we con-
clude that the block matrix A, of the form (1.3) can be considered as an operator
acting in the space

EM=E®0E®..0k.
nIl
We embed E* =1 into E*) in the following way E®) = E¢-VgE £k =1,2,... n,
EO =E.

Subspace of the type K introduced in [12] plays an important role when we
solve the degenerate Carathéodory problem. In the case of the Carathéodory
problem this subspace is defined in the following way.

Definition 3.1. A subspace L C E™ is said to be a subspace of the type K if:
1) L is the complement to the kernel of A,, i.e., L +Ker A, = E™;

where V5, is defined by equality (2.9).

2) L is an invariant with respect to Vins

Note that in the case of the degenerate Carathéodory problem the existence
of a subspace of the type K for the matrix A, of the form (1.3) is proved in the
same way as in the case of the degenerate matricial Schur problem [12].

Let L be an arbitrary subspace of the type IC, let P = Pr, be the orthoprojec-
tor onto L and C = PC,,, where Cy, has the form (1.2). With regard to defini-
tion 3.1, taking into account properties of the orthoprojector P and the equality
PC*+CP = PA, P, we obtain, that conditions (2.11)—(2.15) are satisfied for the
matrices P and C.

The operator A, = (PC* + CP) | = PA,P|.: L — L is a nondegenerate
operator. The orthogonal decomposition EM™ = L& L' allows us to consider the
block representation

" [A4, B] [T 01[A, o][I X
An_[B*D]_[X*I][O oHo I]’ (8:-1)
where X is a solution of the equation an = B. Using this decomposition
E™)_ we conclude that the operator PC* + CP has the form [ %n 8 ] Then
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A1 0

(PC* + CP)[_I] has the following block representation [ 6’ 0 ] It follows

I
Now let us solve the matricial inequalities (1.4) and (1.4"). Rewritten them in
the form

from (3.1) that Ker A, = A[ -X ] Hence Ker [-X*,I] = Ay4,,.

An | B,
. [ie=ao >0, (€D (3.2)
1=
and ‘ ~
An | B((n)
*n ‘ f(c)+§(c) >0, ¢€D\{0} (3.2')
1—

respectively. Here

B(¢;n) = Agn(Q)F(C) + Cnly (0,

Ble.m = 15 (3) P - 20un (3).

With regard to [12, p. 48, 49] we can show that inequality (3.2) holds if and only
if
[_X*a I]B(Can) =0, (e, (33)
F F*
FOF0 _pgmposonaicm 0. cen @y

and that inequality (3.2") holds if and only if
[-X*,11B(¢,n) =0, ¢eD\{0}, (33

F(O)+F ()
1= ¢ P
Consider (3.3), (3.4). Inequality (3.4) may be solved as in the nondegenerate case
(see [2, 12]). Since

FO)+F Q) 7R
P ‘WO’”l—w[ I ]

— B*(¢,n) (PC* + CP)TUB(¢,n) >0, ¢eD\{0}. (3.4)

then (3.4) can be represented in the form

J

[F(0), 1] {w
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ol B o W FY R T 4629

where

H= [ < ] (pc* +cp)le, P

Since for the matrices P and C conditions (2.11)—(2.15) are fulfilled, then
Theorem 2.2 implies that

1A 0 Minle) 0
B(C)—HTJ[ " Aq,n(l)]H[ o AZ,n(%)]

is a J-elementary multiple factor. In addition, equality (2.18) take place. We
have

B7(¢) =JB*(3)J, (#0,

because B(() is a J-unitary on the boundary of the unit disk. It follows from (2.18)
we get

J-BUQOIB NS [ A 0 ML) 0
(P ‘J[ %0 Aq,n(o]H[ 0 A0 |7

By substitution the last expression into (3.5), we obtain

N

Fo.s 07 o | T ] 20 cen, (3.

Let us define the pair of the matrix-functions [u(¢),v(¢)] in the following way:

[w(Q),v()] = [F(O), 1B7(¢), ¢eD. (3.7)

In a way analogous to that used in the nondegenerate case (see |2, 12]) we prove
that the pair [u((),v(()] satisfies the following conditions:

(1) the matrix-functions u(¢), v(¢) are analytical in D

(2) the pair [u(¢),v(¢)] is a J-nonezpansive pair in D, i.e., for each { € D

O | 5 | 20 (35)
(3) for all ¢ € D the following inequality holds
01| 5 | o (3.9
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i.e., the pair [u(¢),v(¢)] is nonsingular in D.
Let us decompose B(() into the blocks according to the block representa-
tion (2.3) of matrix .J

Then using (3.7), we obtain
F(Q) = u(Q)a(¢) +v(0)e(C), T =u(C)b(C) +v(C)d(Q)-

Hence,

F(¢) = [u($)b(¢) +v(¢)d(¢)] ™ u(Oa(¢) +v(¢)e(C)]: (3.10)
The converse is also true. Let [u((),v(¢)] be an arbitrary nonsingular J-nonexpan-
sive pair of analytic matrix-functions in 0. Then the matrix u(¢)b(¢) + v(¢)d(¢)
is invertible in D and F(() satisfies condition (3.6). Hence it also satisfies inequa-
lity (3.4). Thus, the following lemma is proved.

Lemma 3.1. The general solution F(() of inequality (3.4) is represented
in the form of the linear fractional transformation (3.10), where the parameter
[u(C),v(¢)] is a nonsingular J-nonexpansive pair of analytical matriz-functions in
D. The J-elementary multiple factor

e b0
B“)‘[c(o d(o]

of the form (2.16) with the pole of multiplicity n + 1 at the point ¢ = 0 is the
matriz of coefficients of the linear fractional transformation. In (2.16) P is the
orthoprojector onto one of subspaces of the type K and C = PC),.

Recall, that nonsingularity (J-nonexpansibility respectively) in D of the pair of
u(¢)
3(C)
in D of the pair [a*(¢),0*(¢)].

Analogously to Lemma 3.1 due to Theorem 2.3 we obtain

matrix-functions ] means nonsingularity (J-nonexpansibility respectively)

Lemma 3.2. The general solution F(C) of inequality (3.4") is represented in
the form of the linear fractional transformation:

F(¢) = [@(Q)a() + b(OFONEEE) + d)a(O)] (3.107)
where the parameter ggg ] 1 a nonsingular J-nonexpansive pair of analytical

matriz-functions in D. The J-elementary multiple factor

2o _ | A0 B(Q)
si0-[ 29 19
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of the form (2.30) with the pole of multiplicity n + 1 at the point { = oo is a the
matriz of coefficients of the linear fractional transformation. In (2.30) P is the

orthoprojector onto one of subspaces of the type K and C = PC,,.

Now let us choose solutions satisfying condition (3.3) ((3.3) respectively) in
the set of solutions of the form (3.10) ((3.10") respectively) of inequality (3.4)

((3.4") respectively) .

Let Py be an orthoprojector in E(™ onto Ker A,. Repeating the reasonings of
the paper [12, p. 51, 52|, we get that condition (3.3) is equivalent to the condition

Py[I, C] [ Az’g(l) A?;,S(l) ] [ w () ] =0, (eD,

and (3.3") is equivalent to the condition

e[ 2 )[59]-0 coo

respectively. Equalities (3.11) and (3.11") we can rewrite in the form
U(C)Aq,n(l)PO - U(C)Aq,n(l)cnpo =0, ¢eD,

u* (C)Aq,n(l)PO + %\*(C)Aq,n(l)CnPO = Oa C € ID),

respectively.
Note, that A ,(1)Agn(1) = Fyp + Fy,, + I, where

0 ... 0
I, 0 0
Fyn=| 1o I, 0 0
I, I, ... I, 0

Taking into account F, ,Cy, = C,F, , and A, = C, + C};, we obtain
POC;A;n(l)Aq,n(l)Pg + POA;n(l)Aq,n(l)CnPo
= Py (Cy(Fyn + Fip + 1) + (Fy + Fjy + 1)Cr) Py
= P()(AnFq’n + F;,nAn + An)P[) =0,

ie.,

P[]C;:A;n(]-)Aq,n(]-)PO + POA;n(]-)Aq,n(]-)CnPO =0.
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Consider the operators r = —PyCyA7 (1) and s = PyAj (1) acting in F on
Ker A,,. Then (3.13) can be rewritten in the form

[r,s]J Z* ] =0, (3.14)
where J has the form (2.3).
Let J = Iy 0 and o = = L 1 Note that ¢ = 0* = ¢~ ! and
0 I V2 I, I '

oJo* = J. It follows from here that

*

ir, 5] [ " ] — [r,s]o* Jo [ Z ]

_1 B
—5[—7"+3,7"+3]J[ 7"*—}—3*]

= % (—(=r+s)(—r" 4+ ")+ (r+s)(r*+s%)) =0,

i.e., condition (3.14) is equivalent to the equality
(—r+s)(—=r"+s") = (r+s)(r"+s%). (3.15)

Let My and Ny be the ranges of the operators (—r* + s*) and r* + s* respec-
tively. Relation (3.15) allows us to define the unitary operator U : My — Ny,
such that

U(—r*+s*) =r*+s". (3.16)

Now let us rewrite condition (3.12) for the pair [u(¢),v(¢)] in terms of the operator
U. Note that (3.12) is equivalent to the equality

O | 7L | = 0tno o | 7|

1 ~[ —p* 4 g*
= 10 + 010 u0) + 01T | T
= L (ulQ) + 00N + ) + Q) + Q) +5) =0, CED

Taking into account (3.16), we can rewrite this condition in the form

(= (=u(¢) +v() + (w(¢) +v(O)U) (=r" +57) =0, (€D (3.17)
From (3.8), (3.9) we obtain

(w(¢) +v(O) (@ () +v7())
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= (u(Q)v"(€) + v(Qu*(¢) + (u(Q)u*(¢) +v(¢)v*(¢)) >0, (e

Hence for all ¢ € D the matrix u(¢) 4+ v(({) is invertible. Then (3.17) is equivalent
to the condition

((¢) +u(C) ' (w(Q) —ul(O)lrme =T, ¢ €D (3.18)

Hence (3.12) is also equivalent to this condition. Analogously, we obtain that
(3.12") is equivalent to the equality

@ (O +a" ()T @) =T (v =U*, ¢eD. (3.18")
Thus, the following statements are proved.

Theorem 3.1. Let {c;}}_, C C?*9, the matriz C,, have the form (1.2) and
let for the matriz A, = Cy, + C; condition (1.8) hold. Then the general solution
F(C) of basic matricial inequality (1.4) is represented in the form of the linear
fractional transformation:

F(¢) = [u(O)b(¢) +v(O)d(O)] ™ [u(¢)a(¢) +v(¢)e(Q)],

where the parameter [u(C),v(¢)] is a nonsingular J-nonexpansive pair of analytical
matriz-functions [u(¢),v(¢)] in D and satisfies the condition

((¢) +u() 7 (®(C) —ulO))|m =U, ¢ €D.
Here U is determined by the problem data from the equality

U(Aq,n(l)CnPO + Aq,n(l)PO) = —Aq,n(l)CnPO + Aqm(l)Pg,

where Py is the orthoprojector onto Ker Ay, Ay n(C) has the form (2.5). Moreover,
U is a unitary mapping of My to Ny, where My is the range of the operator
Agn(1)CnPo + Ay (1) Py and Ny is the range of the operator (—Ayy,(1)CpPo +
Agn(1)Py). The J-elementary multiple factor

BEGRG
B(C)‘[c(o d(o]

of the form (2.16) with the pole of multiplicity n + 1 at the point ¢ = 0 is the
matriz of coefficients of the linear fractional transformation. In (2.16) P is the
orthoprojector onto one of subspaces of the type K and C' = PC),.

Theorem 3.2. Let {c;}}_, C C*9, the matriz C,, have the form (1.2) and
let for the matriz A, = Cy, + C;; condition (1.8) hold. Then the general solution
F(&) of dual matricial inequality (1.4") is represented in the form of the linear
fractional transformation:
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u(¢)
u(C)

matriz-functions in D and satisfies the condition

@ (¢) +a" ()@ () (v =U*", (€D

Here the operator U is determined as in Theorem 3.1. The J-elementary multiple
factor

where the parameter ] 15 a nonsingular J-nonexpansive pair of analytical

- aQ) o
Bo - | 30 0
c(¢) d(Q)
of the form (2.30) with the pole of multiplicity n + 1 at the point { = oo is the
matriz of coefficients of the linear fractional transformation. In (2.30) P is the
orthoprojector onto one of subspaces of the type K and C = PC),.

Remark 3.1. Assume that there exists a point {y € D such that matrix
v(o) is invertible. Then analyticity of v({) in D implies invertibility of the matrix
v({) everywhere in D excepting, may be, some set G of isolated in D points.

Let w(¢) = v~ 1(¢)u(¢), ¢ € D\G. From (3.8) it follows that

Rew(¢) = (v (C)u(0) + (O ()"

1
= v (O@(Qv*(O) +u(Qu () () >0, ¢eD\G.
Therefore the matrix I + w(() is invertible for all ¢ € D\G and the function

s(0) = (I +w(¢) (I —w(()) (3.19)
is analytical in D\G and satisfies to the condition (see, e.g., [5, point 1.3])
[s(OI <1, ¢eD\G. (3.20)

Relation (3.19) is equivalent to

w(Q)(I +s(¢) =T —=s(¢), ¢eD\G.

Hence the matrix I 4+ s(¢) is invertible for all ( € D\G and the representation

w(¢) = =s(OUI+s(0)™", ¢eD\G, (3.21)

is valid.

Denote by S, the set of matrix-valued functions S(¢) analytical in I with
values in C7*? and satisfying the inequality ||S(¢)|| < 1 for all ¢ € D. From (3.20)
we conclude, that all points of set G are removable singular points for the matrix-
function s(¢). Extending the s({) to the points of G by continuity, we obtain
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function S(¢) € S;. From (3.21) it follows that Q(¢) = (I — S(¢))(I + S(¢))*
belongs to the class C, and it is the extension of the matrix-function w(¢), ¢ €
D\G, to D.

Now (3.18) can be rewritten

(I +QO) I =), =U, ¢eD. (3.22)

Thus, if there exists a point (y € D such that the matrix v((p) is invertible, then
the corresponding solution F({) of Carathéodory problem (see Theorem 3.1) is
represented in the form of the linear fractional transformation F(¢) = [Q(¢)b(¢) +
d(O)]7H2()a(¢) + ¢(¢)] of the matrix-function Q(¢) € C,, satisfying condi-
tion (3.22). Moreover, this condition holds if and only if ©(¢) admits the repre-
sentation
Q) =T =S +8)
where S(¢) € S; and S(¢)|am, = U, ¢ € D. Note that from invertibility of the
matrix I + S({), ¢ € D it follows that —1 does not belong to the spectrum of the
operator U.
Analogous remark can also be made in the case of Theorem 3.2.
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