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1. Formulation of the Problem

Consider a bounded domain  in R?* with smooth boundary 0€2. This domain
is filled with viscous incompressible fluid with a large number N, = O(s3) of
interacting small ball-shaped solids Q. Further we will call them "the particles".
We suppose that the radii of particles 7"2 = rlelt® 0 < a < 2, the distances
r;; = C;;€ between the nearest particles and the interacting forces = chszQ
depend on a small parameter €. Here 0 < ¢; < c;"j, clfj, r; < co < 00, where ¢q
and ¢co do not depend on . We assume that the interacting forces ;; between the
particles are central, i.e. their directions coincide with the lines of their centers.
Furthermore, we suppose that the particles located in a boundary layer with
the thickness € interact with the boundary, and the system of all particles is in
equilibrium when the fluid is at rest. The potential energy due to the interaction

between the particles for small displacements (u?,6") from the equilibrium state
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is written in the following form:
He(u.) = Ho(0) + 5 Y (CFul — ul] ul — ul) + h(u.), (1.1)

where (,) stands for the dot product in R, QZE is the displacement of the particle

center Q%, u, = (ul,...,u’*). We also denote by h(u,) the terms of smaller order.

Matrix CZ is given by

Cllu = kiie?(— 2 e, (1.2)

lzi — 2|

where 0 < k; < kY < ko < oo, the constants k; u ko do not depend on €, and

.. gji — g;J . .
el = |_€7_§| Furthermore, we suppose that only the particles Q% and @Q? that
T — X

are close (distance between them is of order ¢) interact with each other O(e), such
that the interaction matrix C¢ = 0, if |z¥ — z| > Cpe, 0 < Cp < 0.
We introduce the following notations:
N
Q. =0\ U Q. is the domain filled with the fluid,

=1
p is the specific mass density of the fluid;

1 is the dynamic viscosity of the fluid;

ps 1s the specific mass density of solid particles;

z! is the position of center of particle Q% which corresponds to the equilibrium;
0 is the rotation vector of particle Q%;

m_ is the mass of particle Q;

. 2 .. .
I' = Zmi(rt)? is the inertia moment of the ball-shaped particle Q.

Then a linearized system of equations which describes small nonstationary
motions of the fluid with solid particles can be written as follows:

ov

p a‘; — plAv, = Vp., divo, =0 z € Q; (1.3)
vo= i+ 0. x (z—2t), z€S; (1.4)
miiil + /U[Qg]vds ==V He; (1.5)
St
1+ [(@- i) x oluluds =~V H(=0), (1.6)
5
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Here v, = v_(z, t) is the velocity of the fluid, p. = p-(z, t) is the pressure, v is
the unit inner normal vector to the surface S = 0Q%, and

ov ov
olv] = {ouv] = M(a;x’; + 8—:;;1) —pa5k1}i,l:1

is the stress tensor.
The system of equations is supplemented by the initial conditions

v.(2,0) = v.0(z), 2z € Qe (1.7)

X3

u(0) = 0, aZ(0) = v, 62(0) =0, 6-(0) = 0%, (1.8)
and the boundary condition on 02

v.(z,t) =0, z €0 (1.9)
Theorem 1. There exists a unique solution of the problem (1.3)—(1.9).

We do not give here the proof of the theorem as well as the class the solution
is sought in.

The main goal of the paper is to study the asymptotic behaviour of the problem
(1.3)—(1.9) solution as e — 0. The cases of the particles of critical sizes (d = d;e3
and di = d;e) were studied in [1] and [2]. Here we study the case of the particles
of intermediate size (df = d;e'*t®, 0 < a < 2).

Before formulating the main result we introduce some assumptions and
definitions.

2. Additional Assumptions and the Main Result

Denote by Ré the distance from the particle Qé to other particles and to the
boundary 9, and 7! = rie!*® is the radius of this particle.
We suppose that
016 S R; S 028, (2.1)

where constants C and C5 do not depend on €, 0 < Cy < Oy < 0.

Consider a cube K} with the side length h, ¢ < h < 1, centered at y € Q. We
assume that the edges of this cube are parallel to the coordinate axis. Introduce
the following class of vector-functions:

oK} =

{w, € HY(K}); divw,(z) =0, z € K}; w.(z) = wi+vi x (z—z%), z € QLN K]},
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where w! and vl are arbitrary vectors, and consider a minimization problem in
this class for the following functional:

1
AZh(wmga >‘7T) = EKZ [wgawe] + XI%Z [wgaws]

+P8h7T Z Tope"(z —y Z Tyro" (z — _)] (2.2)
n,p= 1 q,r= 1
where
3
U, a] - 2#’/ Z ekl ]ekl (23)
b k=1
e 1 ij i j i j
IG[UE’Uﬁ] = 52 (CE][QE(EE) _@E(Qg)]’gg(ge) - Qs(ﬁg)% (24)
ij
P (@), 0. (2)] = W2 77E%Y 0 (ua(ad), v (ad)) + 170 / (u.(2), v. (z)) d,
i Ky KY
(2.5)
tpqr(x)zl(x e+ er)—éﬂix e (2.6)
r \= 2 r= q= 3 — nt .
1 auk aul

) T ={T, } is an arbitrary symmetric second rank tensor,

errlu +—

kl[—] (833[ or Tk

and 3 stands for the summation over all particles Q. C G which are located
e

inside the domain G, 0<y<2, A > 0. It can be proved that there exists the unique

vector-function which minimizes the functional (2.2); the minimal value of this
functional is a quadratic function of the tensor T"

3
. A7 y Y, )\, T = , )\ h - 27
w, g}l?f(ﬁ} eh (w, Yy ) i p% X npqr (y e,h) Ty, T, (2.7)

where appgr (y, A\, e, h) are the components of the fourth rank tensor, defined as
follows

npqr (y7

+PET [w" (z) — P (z — y), w (2) — ¢ (z — )] (2.8)

h L < L

1
Aeyh) = Biylw, w™] + Ty ™, w]

Here w"P(z) is the vector-function from J,[K}'] that minimizes the functional (2.2)
as T = T" = §(g Rel+eP ®e"); e”, n=1,2,3, form an orthonormal basis

in R3.
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Starting from the solution {v_(z,t), u’, 8°, i = 1, N.} of the problem (1.3)-
(1.9), we construct the vector function

Ne . )
b (z,t) = xe (@ (@) + Y xE (@)l + 62 x (z — b)), (2.9)
=1

where x.(z) is the characteristic function of the domain €., filled with the fluid,
and x’(z) is the characteristic function of a particle Q°.
We assume that the following conditions hold:
2.1) the sequence of initial vector-functions v,.y(z) = v.(z,0) as € — 0 converges
in L2(€2) to a continuous vector-function vy(z);

2.2) for each A > 0 and some real number v > 0 the following limits exist
heterogeneously at z € {):
v v
. T anpqr(i A€ h) . . anpqr(i A€ h)
where {appqr(z,A)} is a continuous at z € € and A > 0 positive definite
tensor.

We formulate here the main mathematical result of the paper.

Theorem 2. Let the conditions 2.1)-2.2) hold. Then the vector-functions
0.(z,t), defined by (2.9), converge weakly in Lo(Q x [0,T]) (for any T > 0) to
a vector-function v(z,t), which is a solution of the following homogenized problem:

p% — pAv
3 t
= [ bt~ el D} = Vo 2R8> 05 (210)
npgr=1_"7 4
divv=0 z€, t>0 (2.11)
v(z,t) =0, z€0, t>0; (2.12)
v(z,0) =vy(z), z€ (2.13)

Here {ay,,.(z,)} is a continuous at z € Q and t > 0 tensor defined by

[oe]
cwwgm—wmmz/ﬁw@we”@ (2.14)
0

Journal of Mathematical Physics, Analysis, Geometry, 2007, vol. 3, No. 2 139



M.A. Berezhnyi

where the tensor {anpqr(z,\)} is defined in condition 2.2) for X > 0, and the
components of the tensor {I,pq} have the form

1 1
Lnpgr = 5(5,“]5,", + Onrdpg) — génpfiqr. (2.15)

The problem (2.10)-(2.18) has the unique solution.

We prove this theorem in Sects. 3-5 by using the Laplace transform (Sect. 3)
to obtain a time independent analog of the problem (1.3)-(1.9) with the spec-
tral parameter A. In Section 4 we establish the convergence of this stationary
problem solution to the solution of the limiting stationary problem. Then we
study the analytical properties of these solutions in the parameter A and their
behaviour as |A\| = oo and, by taking the inverse Laplace transform, we prove the
theorem (Sect. 5).

3. Variational Formulation of the Stationary Problem
Use the Laplace transform of the functions v.(z,t) — v.(z,)), pe(z,t) —
Pe(z, A), ul(t) = ul (), 0%(t) — 6-(N\). Taking into account the properties of the
Laplace transform and (1.1), we rewrite the problem (1.3)-(1.6) in the form
_MAQ&- + APQE - Vpa = Pl (g)a dina = 01 S Qf;‘a (31)

v, = Aul + 0. x (z —2')], z€S, (3.2)

Nmiul + / olvJvds = _XZ C& v (zt) — vo(2)] + meut, (3.3)
J

Si

N2Tigi / (z— ') x ofu.Jvds = I'fl,, (3.4)
Si
v.(z) =0, z €0 (3.5)

Here Re) >0, EZ stands for the summation over all particles Qg which
J

interact with the particle Q*. We extend the velocity function v, (z,)) onto the
particles Q% according to (3.2) using the same notations for the extended function.
Denote by

N:
pe(@) = pxe(@) + ps »_ Xe(2)
=1

the density of suspension of type the fluid-the particles.
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Fix now A > 0. Then the problem (3.1)-(3.5) is equivalent to the variational
problem
q)a(ya) = II})in (I)E(Qle)a (3.6)
vl€J:(D)

where J. () is the class of divergence free vector-functions from H 1 (Q) which
are equal to al +b. x (z—z.) on the particles Q% (a’ and b. are arbitrary vectors),
and

3
6.0 = [{20 Y chled + Mpevao) — 2pvgrvdbds (3)
O k=1
TG . . . .
+ oy Y (CPv.(al) = v.(2d)], ve(al) — v.(al)),
1,j=1
where A > 0.
Consider the minimization problem
Pg(v) = min Po(v), (3.8)
v'eJ(Q)

where J (Q) is the class of divergence free vector-functions from H' () and

3
Dy (v) = / { > tnper(@ Nenplvlegr[v] + Mpv, v) — 2(pvg,v) } dz.  (3.9)
Q ™mpgr=1

The minimizer of this problem is the solution of the following boundary value
problem:

3

0
Apg - NAQ - n P;l 8—% (a’}%pqr (27 A)eqr [Q])Qn = Py + Vpa HARS Qa (310)
dive=0, ze€, (3.11)
v(z,t) =0, z €N (3.12)

The asymptotic behavior as € — 0 of the solution of problem (3.6) is given by
the following theorem.

Theorem 3. Let the conditions 2.1)-2.2) hold. Then the solution v (z, ) of
the problem (3.6) for any A > 0 converges as € — 0 to the solution v(z,\) of the
problem (3.8) in the following sense:

Qe(&a >‘) — Q(&a >‘) StTO’I’Lgly n LQ(Q)
e—0

The proof of this theorem is given in Sect. 4.
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4. Convergence Theorem for Variational Problem (3.6)

Let v_(z, A) be the solution of the problem (3.6). Since 0 Ejg (€2), we have
. (v,) < ®.(0) = 0. From this, taking into account (3.7) and nonnegativity of
the matrices CZ (z,y), it follows:

3
[{20 3 it + 22} s < 2ol oy el
QO k,lil

Due to the second Korn’s inequality

3

e <el [ 3 yluldo+ [ @l as), (1)
Q mp=1 Q
this implies that
lv: 171 () < C. (4.2)

Therefore the set of the vector-functions {v_(z, A), € > 0} is weakly compact in
H'(Q). Due to the embedding theorem, this set is compact in Lo (). Hence, there
exists a subsequence of the sequence {v_(z,A), ¢ > 0} which converges to some
vector-function v(z, A) (weakly in H'(2) and strongly in Lo(Q2)). As it is shown
below, the limiting vector-function v(z, A) is a solution of the problem (3.8). But
since this problem has the unique solution, then the sequence {v_(z, A), ¢ > 0} is
also convergent:

v, — vweakly in H'(Q), v. — wstrongly in Ly(Q). (4.3)

Clearly, that v(z) eJ ().
Show that for any vector-function w €.J (2) the following inequality holds:

Po(v) < Po(w). (4.4)

1. For any vector-function w eJ (Q) N CE(Q) we construct a special vector-
function w,, Ejg (€2), such that
lim lim @ (w,,) < ®o(w). (4.5)

h—0e—0

Now we describe this construction. Cover the domain © with cubes K;fa
centered at points z, € ) with the edges of length h, which are parallel to the

coordinate axis: Q@ C |J Kj*. Let the centers z, € Q of these cubes form
acA
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a cubic lattice of period h — hl"'%, 0 < v < 2. Denote by K;ff‘ the cubes with

the edges of length K = h — 2h'*3 which are concentric to Ky« It is well
known ([2]) that there exists a set of functions {¢a(z) € C§(2)}aeca (called
a special partition of unity) such that:

1,z € K%
1) %@)z{oézl{%a , 2)0<¢a(z) <1, 3) |V¢a(z)|shf+%,
4) > dal@)=1,z€Q, 5)dalz)=Cl zcBQL), (4.6)

aEA
where C? are the constants (0 < C! < 1), and B(Q") are the balls containing the

)

. , R
particles Q% and centered at points z! and having the radii ?’5 (see (2.1)).

For any divergence-free vector-function w(z) € C2(Q2) we construct the vector-
function w,,(z) €J- (2) possessing the following properties. First, it approxi-

mates (in Ly(£2)) a given vector-function w(x) cJ (€2) for small € and h. Second,
it "almost" minimizes the functional (2.2).
Note that any vector-function w(z) € C*(Kj ) can be written in the form

3
w(z) =wx®) + Y (enplw(z®)]e™(z — 2%
n,p=1
Fwnplw(z)Y"? (z — %)) + g, (), =€ Kpe, (4.7)
where
w ow w ow
enplw(zq)] = %(?9;: (%)JraT_:(&a)), wnplw(z,)] = %(Z;: (2a) =5 (%)),

the vector-function ™ (z) is defined in (2.6),

PP (z) = %(xng” — zpe"), (4.8)

and Dkga (z) = O(h*7%), k = 0,2. Define the quasiminimizer w.,(z) as follows:

3

wep(z) =Y {wlz,) + Y enplwlz,)on?, (z)
acA n,p=1
3
+ ) wnplw (@) (@ — 24)} - dal@) +C, (2) = 20() +{_, (2); (4.9)
n,p=1
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here the vector-functions v, (x) are the minimizers of the functional (2.2) as

1
T=T" = 5(g" ® e + e? ® e"), and the vector-function gsh(g) is constructed
according to the following lemma (see [2]).

Lemma 1. For any function F.(z) € L2(2) which satisfies the conditions:

1. F.(2)=0, z¢€ UB(QQ),

z/n@mzm

Q

there exists a function ¢_(z) € H}(Q) such that

div¢_(z) = Fe(z), z €

(@)=¢, 2eB@Q); ¢ m@ < CIF:()l1,0)

where QZE are constant vectors, and C' does not depend on €.

Due to (4.9), the vector-function z.,(z) € H'(Q) is equal to zero on the
boundary 92, and since
/div 2z (z) = 0.

Q

Moreover, we can show that
div z.,(z) =0, =€ B(Q").

Applying Lemma 1 to the function F.(z) = —divz.,(z), we construct the diver-
gence-free vector-function [ ( ), which is equal to the constant vectors CZ on the

balls B(Q%) and zero on 9. Now it is obvious that w,(x) EJE (€2).
Let us calculate the functional (3.7) on the vector-function w,,(z).
Similarly to [2], we can show that

P ol = 05 iy T Tale ) €. ) = 0

Eqlw.p, w.p] = Z Z enp W (T, )]egr [w (a)]EKiﬂ[QZ{)ghaQifgh]+L1(5ah);
a€A n,p,q,r=1

(4.10)

Wep, Wep] < Z Z enplw(z,)]eqr[w(z, )]IKM[ Zpah’—gjah]

acA n,p,q,r=1
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+L2(6,h) +CI§ZEI I:th’th] (411)

Here lim lim L;(e,h) =0, i =1,2, and Q;} = Q\ U K}, where K|} are cubes

h—0e—0 QA
with the edges of length k" = kK — e, which are concentric to Kh," ;€1 = 20€ is
a doubled radius of the particles interaction (see (1.2)).
To prove that

Illi% gl_rf(l) IQEI[ Zeps Zen] = 0, (4.12)

we use the following lemma (see [3]).
Lemma 2. Let va P (z) be the minimizer of the functional (2.2) as T =T"" =
(" ® e + e ® e"). If condition 2.2) holds, then for sufficiently small h and

e < (h) the following estimates can be obtained:

Egczo\iezg [0304 (@), 000, (2)] = 0(h);

DN | =

ke iezp [Valen (@), 25 n (@)] = (R);
e’y oi?  (zh) — " (al — z,) [P = 3(h°T7).
i Kje \K:a

We use these estimates to obtain (4.12). We only have to show that

lim Tan 3 0% (CVlzop(2h) = zep (D)), 2ep(2h) — 24 (2)) = 0.
aEA Z,] K:a\K:;y

For this purpose we write the vector-function z,,(z) in the form

3
£) =Y {w@)+ Y enplwlz,))(vary (@) — 9" (z — 2,)) — g, (2)} - dalz)
a€A ,pfl
=w(z)+ > { Z enplw(z,)] (vn), (2) — " (2 — 2,)) — g, (@)} - da(@)-
aEAN n,p=1

Hence

3
Zep (@) — 2o (2) = w(zh) —w(zl) + Z{ > enplw(z,)]

aEA “n,p=1

=a,eh a,eh

x (voh ), (zh) — uph (xj)—gn”(zi—gi))+ga(§2)—ga(§§)}-%(gi)
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3
+> D emplwl) (Wi, (28) — ™ (2l — z,)) — g, ()} - (Palzl) — ¢alzl)).
acA n,p=1
Using the inequality

1

> (CHu,w) < (Z (C?Q,u))é(Z (ngﬂ,ﬂ))z

and the fact that the support of function ¢, (z) belongs only to the finite number
of cubes K, containing the slab K= \ K ;f,“, we obtain the following estimate:

lim Tim > (Czep(2L) — zep(@D)], 2o (@) — zep(2))
€A i,] K,fo‘\K””,O‘
h

<clim T (S5 (CO™ () — o™, ()], 017 () — ol ()
aEA Z,] K’i:a\Km;y
h

+> ) (CHWIP () — 9" (2 — z,)], 000 (2h) — ™ (2} — z,))
A ., j T T
aEN 1,] Kh \Khl
% (alat) — da(ad)) ) +0(1), (4.13)
where by 9(1) we denote a contribution of the terms
w(zh) —w(z!), " (z! — 2)pa(zl),

(9, (z1) — g,,(a2)) a(al), g, (22) (ba(zl) — da(zl)).

Next, due to the second estimate from Lem. 2 for small € and h, the term

> (CP ol (at) — gl (D), 7 () — up? (20))
aEA Z,] K:a\K:,a

: @] -o(h?) __

is of order s = o(1).

Evaluate now the second term in (4.13) by using (1.2) and (4.6):

> (CHWIP () — "™ (2l — z,)], 000, (2h) — @™ (2} — z,))

aEA 1,,] K:a\K:,a

X (pa(zl) — pa(l))?
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2 20
ce® | etk 2
< s | (2) — 9 — 20), €7) |
7] Kma\Kma —E - $5|
063 9 np (.0 2
< WZ o (@2) — " (22 — 2],

/) Kli:a \K:a

which vanishes in the limit due to Lem. 2. So, the equality (4.12) is obtained.
From (4.10) and (4.11), taking into account (2.8), we obtain

Eﬁ[weha ]+ AIQ[ ehy W h]

= Z Z npqr (z, A\ e, h)enplw(zy)]egrw(z,)] +0(1), e<<h<<1. (4.14)
aEA n,p,q,r=1

Now we make use of inequality (4.14) to estimate the functional (3.7):

3

agiﬂqr Loy M &y
SED DU P LLD P W) N

acAN  n,pqr=1

5\ / (Dot o) — 2 / (pevep ) do + Ae,h),  (415)

Q Q

where
lim lim A(e, h) =

h—0e—0

Taking into account (4.9), we can show that

lim Tim [|w., — ||, (@) = 0.

Then, passing to the limit in (4.15) as ¢ — 0 and A — 0 and taking into conside-
ration 2.1)-2.2) and the fact that w(z) € C?(Q2), we obtain

lim lim @, (w_,) < ®q(w).

h—0e—0

Thus inequality (4.5) is proved. Next, from (4.5) and an obvious inequality
D (v,) < P.(w,,) there follows the upper bound:

m ®.(v,) < Bo(w), Vuw €] (Q). (4.16)

e—0
2. Prove now the lower bound

Py(v) < lim @, (v,), (4.17)

e—0

where the vector-function v(z) is defined in (4.3). We need the following lemma.
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Lemma 3. Let the sequence of wvector-functions wu_(z) is bounded in
H'(Q) uniformly in €. Denote by B, and By the concentric balls in 2, such that
B, C B3 CQ (a<1). Then the following estimate holds:

el By
\/a b

where by < u, >, and < u, >4 we denote the mean values of the vector-functions
u.(z) on the balls B, and By respectively.

| <wu. >g— <w. >.] <

P roof. Write an obvious equality:

p
Oou,
u (p, ) —u.(r,p) = o5 R

r

Multiply this equality on r2p? and then integrate it over the segments 0 < r < a,
0 < p < d and over a surface of unit ball S7. We have

d a
a? 9 d3 9
3 u(p; p)p” dpdS — = u,(r,p)r” drdS
Sl 0 Sl 0

a d p
:////gif dR 2% dr dp dS.
S1 0 0 r
It is easy to see that
9 Pl
_ U 2 2
<u, >q — < U >¢= 47ra3d3/// 8RE dRrp°drdpdS.
St 0 0 r

From this equality we obtain

|<Hg>d_<ﬂe>a|

a

d p
9 ou, _\2
< | [ [1] Grmron
0 0

p
1 d 1
QdS‘/R—§‘2r2p2drdp

Sl r
9 a d d ) : :
< 2p2 2 i _Ly,22
< 47m3d3///</|Vug| R dR) ds |7’ p|r p°drdp
008 0
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2y/madd? \25 15 Vva
Thus Lemma 3 is proved.

Prove the inequality (4.17) assuming that the limiting vector-function

is smooth enough: v(z) cJ (Q)NCE(RQ).

Consider a partition of the domain Q by the nonintersecting cubes K<,
aligned along the coordinate axes. In each cube the vector-function v(z) can
be written in the form

3

(@) = o) + Y (enplv(z®))e™ (z — )

n,p=1

Fwnpv(z®)]P™ (z — 2%)) + O(h?), z € K. (4.18)

Then in every internal cube K, (which does not intersect the boundary 0€) with
respect to the domain €, consider a vector-function

3
ul(z) = v.(z) — v(z®) — Y weplv(z®)]Y™ (z — %), (4.19)
n,p=1
It is clear that ul(z) € J[K,°], enplul] = epplv.] in Ky* and 5o (ud, ud
h
IKM[ > 0.]. Therefore, from (2.2) and (2.7) for Ty, = epp[v(z,)] we obtain
Eyczalve,v.] + PRy [ul(z)
3 3
= Y emplo(ea)]e™(z — o), ul (2) = Y enplo(za)e™ (& — )]
n,p=1 n,p=1
3
1., .
+XIKZ‘1 [Qeﬂge] Z Z a’npqr(gow >"6’ h)gnp[g(ga)] ’ 6117"[Q(§a)]' (420)
n,p,qr=1
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Estimate now the second term in the LHS of inequality (4.20). Taking into account
(2.5), (4.18), (4.19), we have

3
[ @)= 3 enlolele™ (@~ 24) | do = O(R)
Kra n,p=1

7 K’fa n,p=1
<y fu(ad) —u@)P ) fu(el) - u@®)
? K}fa 1 KT
3 ) 3 )
= > weplo(@)P (el —2%) = Y emplulz)l (el —z)P. (4.21)
n,p=1 n,p=1

The last term in (4.21), due to (4.18), is of order O(h7). Next, since the vector-
function v, (z) satisfies the rigid displacement condition (3.2) and v(z) € C2(9),

we obtain
e (@) —uE@)P <e®Y) ] 0@
7 K}ﬂfa 7 Kli:a
+e8) | <w > —<u. > P4e®> " [ <w>a - <vu>g | (422)
. 2 2
2 K:O‘ i Kﬂ”a

where the values r’ and R’ are defined at the beginning of Sect. 2.
Sum up the inequality (4.22) over all cubes of our partition

€ Z|v 2> < 66320

4+ | <we > - <w. >t |2+63Z|<v >p = <U>h
< cO@E) + e,y / v.(2) - v(2)? da. (4.23)

We use Lem. 3 to estimate the second term in (4.23) and the Cauchy-Schwartz
inequality to estimate the third term. From (4.20)-(4.23) it follows that

3

a;ylpqr Loy N6
BED SV DA TLL LB B AEN)

aEA n,p,q,r=1
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—i-)\/( Vs Up) — 2/(,05Q80,Q8> dz +O0Mh* ) +o5(1), e<h<l. (4.24)
Q Q

Then, passing to the limit as ¢ — 0 and A — 0 in (4.24) ¢ — 0, and taking
into account 2.1)-2.2), the fact that v(z) € C?(Q2) and v < 2, we obtain

lim @, (v,) > / { Z anpgr (2)enp[v(z)] - £qr[v(2)] do

—0
¢ (9] n,p,q,r= 1

_|_)\<p1) ’U> — 2 p?)o, }d«'L' = q)O( )

Thus, the required inequality (4.17) is obtained under the assumption that
the limiting vector-function v(z) is smooth. The proof for a nonsmooth case

(v(z) ey (€2)) is more technical, though its scheme is the same: it is necessary to
construct the smooth approximations v, (z) of the limiting vector-functions, then
to obtain the inequality for these approximations, which is analogous to that of
(4.17), and to pass to the limit as 0 — 0. The details of this construction are
presented in [1].

The inequality (4.4) follows from (4.16) and (4.17). Theorem 3 is proved.

5. Proof of Theorem 2

Note, that the convergence in Th. 3 was proved for A > 0 only. Besides, the
coefficients appqr(z, A) were defined for A > 0 only. The following lemma enables
us to extend these functions analytically into the complex plane. Moreover, the
behavior of the extended functions as A — oo is established.

Lemma 4. The function anpg-(x,A) defined for X > 0 can be analytically ex-
tended into the complex plane with the section along the line A < 0. The extended
function can be written in the form

Qnpqr (ﬁa )\) = 2/1'Inpqr + a'yllpqr (&a >‘)a (5-1)

and for any § > 0 the following estimate holds in the domain &5 = {\ € C :
larg A — w| > § > 0}

la (.T,A)|<c( ) A = 00, (5.2)

npqr

where C > 0 does not depend on X; the tensor {Ippqr} is defined by equality (2.15).

Proof. We write the minimizer w,(z) of the functional (2.2) in the form

wl (z,)) = ¢" (z) + vl (z, ), (5.3)
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where QET(Q) is the divergence-free vector-function, which is equal to

the constant vectors QZ on the balls G containing the particles and having the

radius (1 + B)rl = O(e'*®), B > 0. Moreover, this vector-function coincides
3

with the vector-function QT (z) = Y Ty (z—y) outside the balls with radius

q,r=1
(1 4+ 2p)rk, which are concentric to G%. The following estimates hold

167 — 8" l1a( < e max{ri}, ¢ (z2) — ¢ (@D)] < erl,

162 oy < clld Ny, 160 — &1 < edist(QL, QD)

where G is any subdomain of the domain Q. The existence of such a vector-
function is established in [2].
Then, substituting (5.3) into (2.8), we obtain

a'npqr(ga A €, h) = anpqr (ya €, h) npqr (ya A€ h) (5'4)

where
npqr (ya g,h) = E'K}yL [?:p’ égr]

RPN T (@ (al) - (el — y), ¢ () — o7 (2l — ), (5.5)

g Ky
Upr (U5 A€, 1) = B[0P, 07 ]+ h2773Y " (vl (2l), 0" (L))
i Ky
+Egy @, 08 1+ h 7Y (P (al) — (el — y), v ()
i Ky
+ B[, ¢+ h PRy T (0P (al), ¢ (2l) — o7 (zk — y))
[ Ky

3 (T[40, 677 + T 2P, 7)o T [877, 087+ Ty o, 71 . (5.6)

Taking into account the properties of the vector-function QET(Q), we can easily
show that
lim tim 20 (82 )

h—0e—0 h3 = 2itTupgr-

The analyticity of the functions a
be obtained similarly to [2].

wpqr (@, A) over X and the estimate (5.2) can
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From Lemma 4 it follows that the function appgr (2, A) is the Laplace transform

o0
Anpgr(Z,\) = /ektanpqr(% t)dt (5.7)
0
of the function
anpqr(ia t) = 2ﬂfnpqr5(t) + avlzpqr(L 1), (5.8)

1

where §(t) is the Dirac delta function, and a,,,,

and ¢ > 0 function.

It may be shown that the family of the solutions v.(z,A) of the problem
(3.1)=(3.5) is analytic in the domain G. = {ReX > 0} J{®s N{|\| > Ai(e)}}.
Moreover, in this domain the following estimates hold

(z,t) is a continuous at z € Q

C
||Qa(§’ )‘)HLz(Q) < ma ReA > 03 (59)

Ch
[0 (2, Ml Ly (0) < WE (5.10)
where the constant C' does not depend on ¢.
The similar statement is also true for the solution of the problem (3.10)—(3.12).
Namely, this solution is analytic in the domain G = {Re\ > O}U{q)% N{IA] >

A2}}, and in this domain

C

Al
Now, taking into account the estimate (5.9) which is a uniform in e, we can

use the Vitaly theorem (see [5]) to show that the sequence of the vector-functions

v (z,\) converges in Ls(€) uniformly to the vector-function v(z, ) inside the

domain ReA > 0.

Due to the estimates (5.10) and (5.11), we can apply the inverse Laplace
transform and prove the statement of Th. 3 (see details in [1, 4]).

lv(z, M|z, @) < (5.11)

6. Explicit Formulas for the Elastic Modulas
for Periodic Array of Particles

Now we show the existence of limit 2.2) for a particular example of a periodic
cubic lattice. We consider a periodic array when particles Q)% are balls with

: ; 1 . ; . :
the radius r¢ = relt® r < 3 and their centers z! form a cubic lattice where

each vertex is connected by a spring to its nearest neighbors NN (the edges
of the periodicity cube), to its next nearest neighbors NNN (the diagonals of
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the faces of the cube) and to the next-to-next neighbors NNNN (the diagonals
of the cube). So, each vertex is connected to 3% — 1 = 26 vertexes in the lattice.
The elastic constants k% (see (1.2)) of these springs are ki, ko, k3 respectively
(see figure).

Figure. The basic periodic cell.

On this figure a fixed ball Q% with the center at the point z is shown as a dark
ball and all its neighbors Q2 are shown as lighter balls.
We prove the following.

Theorem 4. For the cubic lattice described above (see also figure) the elas-

tic modulas ay,,.(z,X) in (5.1) are constants with respect to = and given by the

following formulas:

1,2 V2
aimnn(k) = _2a'nnpp(>\) = X(_kl + —kQ),

3 3
V2 43
X(Tlﬁ + Tk?))a n,p=1,3,

ahplN) = &

npnp

ppgr(A) = 0 in all other cases.

: : — 1 — — .l
Remark. If weintroduce notations a = apypnp, b = pppp, € = apppy =

1
—3% then the equations (2.10)—(2.13) can be written in terms of displacements

u(z,t) = ftQ(Q,T) dr:
0
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( 3
82@(&1 t) aﬂ(ﬁa t) aZur (ﬁ, t)
p(z) oz pA T bAu(z,t) — (a —2b—c) ;1 szﬁr

= Vp(z,t), divu(z,t)=0, ze€Q, t>0

<u(z,t)=Q, z €09, t>0;
u(e,0)=0, 2L _y@), seo
\ t=0

Proof Consider a particle Q% placed inside a cube K! of side length ¢,
so that both the particle and the cube are centered at the point z‘. Then D! =
K\ Q! is a periodicity cell filled with the fluid. To obtain a standard unit cell, we
rescale D’ by the factor ¢! and shift its center to the origin. Then the domain
D. = K\ Q. is a unit periodicity cell where K is a cube of thelside length 1

centered at the origin, and @) is a ball in K with radius re®, r < 1

Let K} be a cube of the side length h, h > ¢, centered at the point y € L.
Consider a function

u®(z) = rot(¢-(z)u""(z)), (6.1)

where

@@zaﬁxwgz?mél,

re® 0, |z| > 2

and u™P(z) is a smooth vector-function such that
rotu"?(z) = —¢" (), [u"(z)| < Olz|”.

Since the function uc?(z) is equal to zero on the boundary dK, it admits
a periodic extension on R3.
We seek a function w"P(z,A) that minimizes the functional (2.2) for

1
T=T" = 5(@” ®eP + e? ® e") in the form
w"(z,X) = U’ (z) + v’ (z, A), (6.2)

where
np np ~Np z— ga
U () =™ (@ —y,) + e’ (—=). (6.3)
Here 4P (z) is a periodic extension of the function u:*(z) and y = x! is the
nearest to y center of particles Q'. Using the properties of the functions PP (z)
and u.” (z), we have
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U (z) =™ (2l —y ), z € QI (6.4)
divUP(z) =0, z € K. (6.5)

Next we obtain a variational problem for the corrector v”(z, A). Analising the
problem and then substituting (6.2)-(6.4) into (2.8) with reference to periodicity
of the structure, we get

1 1 n r 1 n r =
ﬁa’;yzpqr(gv A€, h) = ﬁEKg [%Ep’%g ] + mIKg [%Ep,%g ] + 0(1)a5 <h <L

The statement of Th. 4 follows from the above representation.

The Author thanks Prof. E. Khruslov for the statement of the problem and
for the attention he paid to the paper.
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