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Introduction

We denote by M35 the 3-dimensional Riemannian manifold depending on a small
parameter ¢ and described in the following way. Let D]E- be a union of "holes" in
R3 — balls of the radius € with the centers 5 € R3 and distributed periodically
in R with the period . Let

o =R\ ;.
j

We consider two copies 2] and Q5 of the domain ©°. Let Qf and Q5 be the
upper and the lower sheets respectively. The boundaries of these sheets consist of
the spheres dDf; and 9D3;. We join D5, and 9Dj; by means of 3-dimensional

tubes ("wormholes") G5 =55 x [0, 1], where S5 is a sphere in R3 of the radius e?.
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Then we obtain the 3-dimensional oriented manifold
N(e)
My =50 J| U G
j=1

We introduce differential structure on M5 in the standard way (see, e.g., [1]).
This manifold is illustrated in figure. The points of M35 we denote by z

h

—DE

Figure. Manifold M3.

We define a Riemannian structure on M3 by the metric tensor g;, (Z) depend-
ing on €.
By Mj we denote the 4-dimensional manifold (space and time)

Mi=M; xR
and introduce a pseudo Riemannian metric on Mj by the formula
3
ds® = [c.(2))%dt* — Z g5 dridry,
ik=1

where ¢ (Z) > 0.
The Cauchy problem for the wave equation is considered on Mj:

1 0%uf 1 .0 ( : - O
Ofuf = _ — — | g*c.(7)VG —> =0, 0.1
c(z)? 02 . (2)VG Z_kzl 0r; ge' - (%) oy, (0-1)
u®(%,0) = f°, (0.2)
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(G® = det g3, gék, i,k =1,2,3, are the components of the tensor inverse to g.)

Suppose that the following conditions hold: on the upper sheet the metric
coincides with the Euclidean metric (outside of some small neighborhoods of the
"holes" D?), and ¢*(#) = 1; while on the lower sheet the metric increases or
¢ — 0 (the proper time becomes slower) as e — 0 (in the latter case it is possible
to choose the radiuses of "holes" more than &?).

Then we have the following result. The solution of the problem (0.1)—(0.3)
converges on the upper sheet to the solution of the Cauchy problem for the Klein—
Gordon equation

2
%—Aua—kmuzﬂ, FeR,t>0,
U(ZE,O) = f(x)a
u(x,0) = g(x),

where m definitely depends on the characteristics of "wormholes", metric and the
function c.(z).

This fact admits the following interesting physics interpretation: as a result
of connection with the lower sheet by means of "wormholes" G a scalar massless
particle gets a mass m as € — 0. In the paper this fact is proved in a more general
statement.

1. The Increasing Metric Case
1.1. The Problem Setting and the Statement of Main Result

Let {D5,j = 1...N(e)} be a system of disjoint small domains in R3 with
a smooth border. Suppose that this system depends on the parameter £ > 0 in
such a way that the diameters of the sets D7 tend to zero as ¢ — 0, and their

N(e)
total number N (g) tends to infinity. Denote Q° = R3\ U D5. We consider two

copies Q7 and 5 of the set Q°. Let Q] and Q5 be called the upper and the lower
sheets, respectively.

Let G5 be 3-dimensional manifolds with the boundaries consisting of two dis-
joined components I'{; and I';; being diffeomorphic to 8D]E-.

By means of these diffeomorphisms and taking account of orientation, we glue

i; to the copy of 9D on the upper sheet and I'5; to the copy of D7 on the

lower sheet.

As a result we obtain a differentiable manifold M*¢:

N(e)
=@u)Jl U G
j=1
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We denote by Z the points of this manifold. If the point z € Qf, then we
assign a pair (z,k) to &, where x € R? is a coordinate.

Let B(DJE-) be the smallest ball containing D7, with the center 2} and the
radius d;. We denote

N(e)
Of =Si=(x,k) €Q: zeR\ ] B(Dj)
7=1

On M* we introduce a metric g5, (Z) that coincides with the Euclidean metric
in QF (g5, = dix) and increases in Q5 as follows:

6.
o=k >0 and pe—0, £ — 0. (1.1)
He

Consider the following Cauchy problem on M?®:

. . 0%uf(3,t)

— A% (z,t) =0, T €M t>0, (1.2)
u; (,0) = g°(2),
with Af being the Laplace—Beltrami operator on M¢

\/68 . &vl & a’L‘k ’

i,k=1

where G° = det gj; , ggk, i,k =1,2,3, are the components of the tensor inverse to
g5, and f°, g° are the smooth functions.

The purpose of this paper is to describe the asymptotic behavior of u®(z,t)
on the upper sheet as € — 0.

Introduce the notation: r§ = dist (B(D;-); U B(Df)),
i#]

re
By ={s=@n et g <lo-ol <a+ 2},

2
G =G5 {#=(a.h) €0 - € BDH\DS},
k=1

2
G5=Gf | Bi, Si=0G5n%;.
k=1
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We consider the following boundary-value problem in the domain C:‘j

Afv=0, 3€G5, (1.5)
v=13€Sj, (1.6)

Let v; = v3(Z) be the solution of (1.5)(1.7). We set

/Z Je 83:Z8$

i,k=1

E

where dz = VGfdxridrodrs is the volume element on M¢, and introduce the
generalized function

N(e)
=2 Vil —j)
i=1
We introduce the following functional spaces:

L?(M?) is the Hilbert space of real valued functions on M¢ with the norm

1/2

lulloe = / (w)di b

ME

H'(M?) is the Hilbert space of real valued functions on M? with the norm

1/2
3
ou® ou®
€ zk £\2 =~
= d
e M/ PO e

We say that the function f° €& L?(M?®) converges on the upper sheet
to f € L?*R?), if for any bounded domain Q C R3

hm [|Q°f* = fllr2(0) = 0, (1.8)
e—0
where the operator Q° : L?(M?) — L%(R?) is defined by the formula

fa(j)a T = ((L‘, 1) € Qllga
N(e)

@) = 0, ze U B(D3).
j=1
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Similarly, we say that u®(Z,t) € L?(M¢ x [0,T]) converges on the upper sheet
to u(z,t) € L2(R® x [0,T)), if for any bounded domain Q C R?

e—0

T
i [ Q0 () = -, 2yt = . (1.9)
0

Let us formulate the basic theorem

Theorem 1. Suppose that the following conditions hold:

(i) lim maxd; = lim maxré = 0;
e=0 5 4 es0 5 Y

(ii) for any domain G C R3

— — (d)?
lim < C1measG,
e—0 (’1"5-)3
z5€G
and r; > Cod; (here 0 < Gy, Cy < 00);
ceeN 1e )8
1 "i) e
(iii) lim m]ax : 0;

(iv) there ezists a limit (in D'(R?))
lim Ve(z) =V (z),

e—0

where V (z) is a measurable bounded nonnegative function;
(v) for any domain G C R3

Z meaJsG'jE — 0 (¢ = 0);

z7€G

(vi) norms || f¢||1e are uniformly bounded with respect to e; when ¢ — 0: f¢(Z)
and g¢°(Z) converge in the sense of (1.8) to the functions f € H'(R?)
and g € L?(R3), respectively, and

(If517 +|g°1?) d& — 0, e — 0.
aFUGE
J

Then the solution of the problem (1.2)-(1.4) u®(Z,t) converges in the sense of

(1.9) to the solution u(x,t) of the following problem:

% =Au—V(z)u, #€Rt>0, (1.10)
u(z,0) = f(z), (L.11)
w(z,0) = g(). (1.12)

The proof of the theorem is based on a study of asymptotic behavior of the
operator —AFf resolvent as ¢ — 0.
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1.2. Asymptotic Behavior of the Solution of the Stationary Problem

We consider the following problem:

—A%uf  \uf = F°, i€ MF, (1.13)
u® € H'(M*), (1.14)
where A > 0, F¢ € L?(M?).

As it is known, there exists a unique solution u®(z, A) of this problem. The fol-
lowing theorem describes the asymptotic behavior of u®(z, A) on the upper sheet.

Theorem 2. Suppose that conditions (1)—(v) of the Th. 1 hold and suppose
(vi') Fe(x) converges in the sense of (1.8) to the function F(x) € L*(R3) as
e =0 and

/ (F*)2dz — 0(e — 0).
aF UGr
J

Then the solution of the problem (1.18)-(1.14) converges in the sense of (1.8)
to the solution u(x) of the following problem:

~Au+ u+V(zu=F, zck, (1.15)
u® € HY(R?). (1.16)

Proof As we know, the solution u®(z,\) of the problem (1.13)-(1.14)
minimizes the functional

3
i Ou® Ou® _
Jeuf] = / Z gtk Oz 9z + AMuf)? — 2F%uf p di (1.17)
ae Lik=1

in the class of functions H'(M¢), while the solution u(x, \) of the problem (1.15)-
(1.16) minimizes the functional

Ju] = /{|Vu|2+)\u2+V(x)u—2]-"u} dx (1.18)
R3

in the class H'(R?). The converse assertions are also true. Therefore it is sufficient
to show that the solution of the problem of minimizing (1.17) converges to the
solution of the problem of minimizing (1.18).

Consider an abstract scheme for solving the problem. Let H® be a Hilbert
space depending on the parameter € > 0, (u®, v%),, ||u®||c be a scalar product and

Journal of Mathematical Physics, Analysis, Geometry, 2007, vol. 3, No. 2 219



A.V. Khrabustovskyi

a norm in this space, F° be the continuous linear functionals in H¢ which are

uniformly bounded with respect to €. Let H be a Hilbert space with the scalar

product (u,v) and norm ||ul|, F' be a continuous linear functional in H.
Consider the following two problems of minimization:

w2 + Fflu®] — inf, uf € H°® 1.19
[|u® |2 , ;
|ul|? + Flu] — inf, u€ H. (1.20)

We have the following theorem proved in [3].

Theorem 3. Let M be a dense subset of H, and let II° : H* — H and
P¢: M — HF be the operators satisfying the following conditions:
a) ITEwe| < Cllus |, Yo' € HE;
by) I* Pew — w weakly in H as e — 0,Yw € M;
ba) lim | Pew]. = ], Yoo € M;

A~ o~ A~ A~

bs3) for any sequence v € H®, such that TI*y* — v weakly as € — 0, for any
w € M one has L
lim |(P*w, ¥)e| < Cllwll[lv]l;

e—0
(c) for any sequence v¢ € H®, such that TI*v* — v weakly as e — 0, we have

lim F*[y"] = F[y].

e—0

Then the solution u® of the minimization problem (1.19) converges to
the solution of the minimization problem (1.20) in the following sense:

M*u® — u weakly in H.
e—=0

Note, that Th. 3 holds true if conditions (bs) and (c) hold only for such
sequences ° that the norms ||y||. are uniformly bounded with respect to € (as in
the proof of Th. 3, the conditions (bs) and (c) are used only with these sequences).

Now we consider our abstract scheme. Let H® be the Hilbert space H'(M?)
of the functions on M*¢ with the scalar product

3
o Ouf Ove
_ k ~
(u®,v%). —/ .kg lgé O; Doy + Auv® 3 di, (1.21)
ME Z: =

and let F® be the linear functional on it defined by the formula

Fo[uf] = / —2F*utds. (1.22)

Me
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Let H be the Hilbert space H'(R?) with the scalar product

3
Oou Ov
(u,v) = /{; o, 92, + Auv + V(m)uv}dw (1.23)

R?)

and F be the linear functional on it defined by the formula

Flu] = /—2.7-"udm. (1.24)
R3
Since |F=[uf]| < 2[|7*[lo. [[ullo. < 2[F*[lo.[lu"]lc and norms [|F=[[o. are uni-
formly bounded with respect to €, then the functionals F** are uniformly bounded
with respect to €.

Now we introduce the operators I1° and P¢ satisfying the conditions (a)—(c)

of Th. 3. Let u® € H'(M?), u* be a contraction of u® on Q. Then u'® can
N(e) ,

be extended to |J B(D5) so that the obtained function @ ° belongs to the space
=1

H'(R3) and satisfies the inequality

I3[ < Cllul- 05, (1.25)
where C' does not depend on ¢ [4].

Since this kind of extensions is not unique, we require the norms of the
extended function in the space H'(|J B(Dj5)) to be minimal. Then we obtain
J

a unique extension u°. For this reason we set [I°u® = u°.

It follows from (1.25) that the condition (a) of Th. 3 holds.

We introduce an operator P¢. Let (r) be a twice continuously differentiable
non-negative function on the half-line [0, 00), which is equal to 1 for r € [0,1/4]
and to 0 for r > 1/2. We set

o= |z — z5] — dj o= |z — 25| — d; .
J ’f';- ’ Jo C()d§

Let M = C3(R?) be a dense subset of H!(R?) and let w € M. Define the
operator P® by the equalities

( N(z) N(e) i ,
w(z) + % (w5 —w(z))p5, + '20 (v5(2) — V5w, € QF,

J1= 1=
[Prw](#) = { vs(&)ws, &€ Gy,
£)

€ €01\E =~ 'e
vi(z)psw;, T € Qy,

(1.26)

where w; = w(z5).
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To be sure that the conditions (by)—(bg) hold we use the following estimates
for the solution v; of the problem (1.5)-(1.7).

Lemma 1. Let & = (z,k) € By; and |z — 25| > dj(1 4+ Co). Then

de
« I
|D (U ( ) 51k)| <C|.’L'—,’L‘E|1+‘a|’

where || = 0,1, and C does not depend on €

Lemma 2. The following estimates are valid

: 2. o J O (L +75/d5), k=1,
Be/ |1)j—(51k| dz < {C( )3( —i—’l"E/dE) —3/2 k

)

= 2.

The proofs of these lemmas are carried out in the same way as those of Lems. 1,
2 in [5], by using the inequality 0 < v; < 1, which follows from the maximum
principle.

We verify that the condition (bg) holds. Let w € M, G = supp(w). Then

||P€u€||§:[{z; (g—zj) + Aw? }daH— Z{/ ( ) wlds

:1:€G

81} 81} Ve
ik 2 J 2 g~
— 2 wid . — “dl
/kzlgg izt [ Z(a> w? }
/ 2 ;j =

+ Aq(e) + Ag(e) + Agle), (1.27)
where A (g), As(g), Ag(e) are the remaining integrals over ', Q5 ,G] , estimated
as follows:

1AL (e)] < e1(w) Z(d§)3+02(w){ > / <Z g“’ + |vj — 1|> dz
:EJEEG IJE‘EGBU =1
3. /0vE\ 2
1 v A U -
+I§Z€GRi/j <z=zl<aml> oo ) )d +:L‘Z€G/ v }
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1A0(e)] < eafw {Z(}/ ( )+(>( ]uadﬁchZ/ }

EGG
WhereRij:{gz:(m,k) €O ds+F <l —af| <d5+ 4

We estimate the integrals over Rj; by means of Lem. 1 and the integrals over

B,&;j by means of Lem. 2. Taking into account that in 9’25 1 dT = ,u;3/2d$1dm2dx3,
we have

G- oy @7\
Ai(e) < c(w)d Y Gk maxdj(ry)* + | Y () Y Gk
zseG " J e zseG "y
de)? d)?
x (maxrs + max(rj-)Z) + Z % m.aX(v"j-)Z + % maX(TJE')4 ’
wieG I J z€G (Tj) J
(d;)? (r5)? (d;)? (r5)*
A < J L J i 4
SR D AP Y L
Ag(e) < e(w) Z measG
J?]E-EG
By conditions (i)—(iii) and (v) of the theorem
;i_I)I(I)(Al(&‘) + Ag(e) + Ay(e)) = 0. (1.28)

It follows from (1.27), (1.28) and the condition (iv) that
tim ([P, = ]

Thus the condition (bg) holds.

Now we verify the condition (bs). Let w € M, G = supp(w), the sequence
7¢ is such that the norms ||y¢||c are uniformly bounded with respect to e and
such that II°y* — y(e — 0) weakly in H. Denote by (u,v); the following scalar
product in H!(R?)

£

dr.

/ Z Ou v + Auv
ox; 0x;
Integrating by parts, we have

(P°w,~%)e = (w, 1I°4°)y + IT + I5 + I3, (1.29)
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where

3 v Oy
IIZ_Z [/(Zaxzaxz-i—v—l)Atpj v dz
RE

z5€eG
J i

3 81} ‘A o d
/ME axl axz +/U ()0] 9

IS =)\ Z wj[ /(v]’5 — Dy dz + /U]E-(p§7€d57 + /vjfda?];

e ’
B 5 st

1/2

;] < C(w)

> (d5)

€
J?]-EG

@)\
|52, < C(w) <m]€%X(d§)maX(7’§-)3 Z 9 ) )

Since the norms |[II°y¢||; are uniformly bounded with respect to ¢, it follows from
(i), (if):
lim I5 = 0. (1.30)

e—0

Estimating the integrals over Rj j by means of Lem. 1 and the integrals over
By by means of Lem. 2, we have the following estimates:

1/2
Iy llog + C(w)

1/2

) (d2)? (d5)? .

Ki<cl Y (T])gl wi|? > ul? (Ti)g 17 lloe;
z5€G J

>
IjGG

(da.)2] 1/2
J

(r5)°

|I5] < C(w){ [m]ax(rj.)él Z

)2 1/2 /2
. 3/2 i + [meas| J &7 ] }anog,
S (re
z5€G ]
where || - [lo denotes the norm in L?(G®).

Since ITI°y° converges weakly in H'(R?) to -, from the embedding theorem
we have

Lim [ 1°9° [|o, = < |l
Lm Iy llog = 17lloc < I
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Since [|7¢]|oe < [|[7¢]le < C, by the conditions (i)-(iii), (v)

lim || < Cllwllo]lvllo < Cllwllll], (1.31)
e—0
limly = 0. (1.32)
e—0

It follows from (1.29)—(1.32) that the condition (bg) holds.
We verify the condition (by). Let w € M. Since

T Pwl| < cf| Prw]| = cllw],
we have
|ITI° PPw|| < C(w) uniformly with respect to e(e < &p).

Moreover, in the same way as in (by), it is easy to show that II P°w — w strongly
in L?(IR3); thus the condition (b;) also holds .

And, finally, verify that condition (c¢) holds. Let sequence v € H® be such
that the norms ||y°|. are uniformly bounded with respect to ¢ and II*y* — ~

weakly in H. Then
/(QE]-"8 CTI54° — Fry)dz| + 2 / Feydz|.

R3 Q’QEUG;E
J

[F* Y] =FPl < 2 (1.33)

It follows from (1.33) and the condition (vi’) that |F¢[y*] — F[y]| — 0(e — 0);
so the condition (c) holds.

Thus all the conditions of Th. 3 hold. Hence II°u®* — u weakly in H. Therefore
by the embedding theorem ITu® — u strongly in L?(£2), where  is a bounded
domain in R3. Moreover, for any bounded domain G C R3

ZmeasBDE CZ dE <C’Z

aceG xEG CEEG

)3maxd — 0,e = 0.
j

(1.34)

Then by (1.34) u® — u in the sense (1.9). The theorem is proved.

1.3. Asymptotic Behavior of the Solution of the Nonstationary
Problem

We consider the following problem for the complex values of the parameter A:
—ATUE + N2 = AfE 4 ¢, &e M, (1.35)
u® € H'(M®). (1.36)
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The solution u(Z, A) of this problem is the Laplace transform of the solution
of the problem (1.2)-(1.4). It is proved that for A2 > 0 (that is A € R\{0})
the solution of the problem (1.35)-(1.36) converges in the sense of (1.8) to the
solution of the problem

~Au+ X Nu+V(z)u=\f+g, z€R, (1.37)
u € HY(R?). (1.38)

Theorem 2'. Let A = {\: Re\ > ¢ > 0} and all conditions of Th. 2 hold.
Then the solution of the problem (1.85)-(1.36) u®(-, ) is a holomorphic function
in A", the following estimate holds:

1Q°u(-, Mo < C, (1.39)

where C' does not depend on X and €, and u®(-,\) converges (uniformly on each
bounded subset of A) in the sense of (1.8) to the solution u(-,\) of the problem
(1.37)-(1.38). Besides, u(-,\) is holomorphic in A and satisfies the estimate
(1.39).

P r oo f. Since —Af induces a nonnegative selfadjoint operator in L?(M?®),
then for all A € A

ua:/dEt()‘fE+g€)
t4+ X2 ’
0

where FE; is a resolution of identity of the operator —A°.
Then

AL L2 Nlo. + llg® llo.

o < 1.40
Tm\?2 A 4
dist (A2, (—00,0]) = (A7, arg Al > m/
122, |arg A| < /4
_J12ImARe]|, |argA| > 7/4 S 20| \|[sinw/4, |argA| > /4 (1.41)
Az, larg | < /4 ~ | 8|\, larg A\| < 7/4° '

It follows from (1.40),(1.41) and the condition (vi) of Th. 1 that (1.39) holds.
Moreover, Q°u®(-,\) and u(-, A\) are holomorphic functions for ReX # 0 (as
the resolvent is holomorphic outside of the operator spectrum).
Since Q°uf(z,)\) converges to wu(z,\) in L?(R3) for A € R\{0}, then
by the Vitaly theorem, when A € A, then Q°u®(z,A) converges (uniformly on

" As a function of complex variable with values in L?(M°).
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each bounded subset of A) in L?(R?) to the function U(z, \). Moreover, U(z, \)
is holomorphic and satisfies the estimate (1.39). Since U(z,\) = u(x,\) for A €
R\{0}, then by the uniqueness theorem U(z, A) = u(z, A) for A € A. The theorem
is proved.

First, we prove that Q°u¢(x,t) converges to u(z,t) weakly in L2(R? x [0, T).
Let D be a set of functions of the form

g(z,t) = @(z)(1),

where (t) € L?(R3), 4(x) € C2[0,T).
We note, that in view of properties of the Laplace transform, since the solution

u®(Z, \) of the problem (1.13)-(1.14) is the Laplace transform for u*(Z,t), then
t s

—“E&’Z’*) is the Laplace transform for [ [u®(Z,7)drds, and one has
00
t s 1 o+i00 c(5
/ / (#,7)drds = 5 / %e”dx.
0 0—100

Integrating by parts we have

[ Jervteamiin= oo [( ] [arctornins)
R3 0 0

0 R3
T 1 a-l—iooQE a( >\)
L u-\z, At "
/(p(m)/2m,< / VI dA)z/) dtdx
0

o—100
1 o+i00 1 T
=5 / (ﬁ/w(x)QauE(m,A)dx/e/\tz/)"dt> d\. (1.42)
e
o—100 R3 0

Here the change of order of integration is valid since, in view of the following
inequalities:
/|Qau5(x,)\)||(p(x)|dm < [1Qw [lollello < Clyp),
3
[ 1e¥1at < Cw). Rex =,

the last repeated integral in (1.42) converges absolutely.
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By Theorem 2,

/qug(i,k)w(@dw — /u(x,)\)tp(x)dx.
R3 R3

Since the norms [|Q°u®(-,\)|lo. are uniformly bounded with respect to ¢ and
the convergence is uniform on each bounded subset of A, we may pass to the limit
under the integral sign in (1.42).

On the other hand, similarly, we have

T o+i00 T
1 1
u(z, t)p(z)p(t)dedt = — — | p(z)u(z, N)dx My dt | d.

We will prove later that the set {uf} is uniformly bounded in H'(M*® x [0, T7]);
hence, since D is a dense subset in L?(R? x [0,T]), then Q°u®(x,t) converges to
u(z,t) weakly in L2(R3 x [0, T]). In view of (1.34), IT°u® (=, t) converges to u(z,t)
weakly in L?(R? x [0,T7]), where the operator TI° : H'(M*®) — H'(R?) is defined
in the proof of Th. 2.

Prove that the set {II°u®} is uniformly bounded in H'(M*® x [0,7T]). In view
of (1.2), it is easy to see that the following equation holds

uE(5,6)\2 o~ g Ou (3, 8) Ous (3, 8) | .
any d
M/ﬁ < ot >+i;195 on, oz | ™

3 c e/~
- [|w@r+ X @200 ) g (143

/(uE)Zd:i:/ /taua(x’ Vit + 2@) | da
Me Me 0 . B 2
gz/ T/(W) dt + (f¢(2))? | dz. (1.44)
Me 0

By (1.43), (1.44) and the condition (vi) it follows that the set {u®} is uniformly
bounded in H'(M*® x [0,T]), so in view of (1.25), the set {II°u®} is uniformly
bounded in H'(R?® x [0,7]). Then for any bounded domain Q C R?® the set
{IT*uf} is compact in L2(Q x [0,7]). Hence IT°u® — u strongly in L2(Q x [0,T7]).
Hence u® converges to u in the sense of (1.9). Theorem 1 is proved.
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1.4. Example
We consider a concrete example of the Riemannian manifold M*®. Let D be

a system of balls with the radius d° = ae® and the centers at xj periodically

distributed in Q@ C R3, that is

3
\ .
D]E:{(L'ER : |x—(];§|§d€, .’L‘;:&Zeizlq}a
i=1
where ¢ = ¢ is a period, {e;,7 = 1,2,3} is an orthonormal basis in R3, ZZ € Z

and D; C Q,j=1...N(e).
G’ is the "pipe", that is G

{(e,2): 90,219 € [-m/2,7/2],

2 €0, 1]} — §3 x [0,1].
On M* we introduce a metric g;, () that coincides with the Euclidean metric
in Q’f, increases in Q’f in the sense of (1.1), and in the "pipe" G;-E we define it by

the following formula for the square of the element of length:
ds® = qj-sz + (d°)?(cos® pdp?® + dyp?), (1.45)

where q§ > 0.
We introduce the spherical coordinates (r,¢,4) in By y

1 = rsinpcos 1y,
Xy = 7 COS Y COS 1P, (1.46)
z3 =rsingy, r € [d°,r?/2],¢y € [-7/2,7/2],¢ € [0,2n].
We will state the function v}, supposing that it depends neither on ¢, nor on .
We denote
vy, it T € By,
v; =g, if T € G;-g,

vy, if & € Bj;.

Then vy, v2, v, satisfy the equations

r%% <r2%> =0, d°<r<re/2,
‘?z’ggzo, 0<z<1,
r%% 7“28—”7?> =0, d°<r<re/2;
the boundary conditions
vi(r€/2) =1,
{vz(ra/Q) =0;
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and conditions on the boundaries of the upper and the lower sheets

vy __ 1 Ov
w1 (d) = vy(0), o = YT 0
o
v2(d®) = vg(1); \/1ﬁ€ _%1;2 = \/165 _;Zg

Hence we have

%+b1, :%Eij,
- ’

v; =4 Az + B, TeGS,

22 + by, I€BS

r 25

where

-1
\/65. 2d° V@
a1=—d5<d83+(1+\/ﬂg>(1— 7"5) ) Azal(dg)]Q, az = —ai\/j, -

If ¢; can be represented in the form ¢; = qu]z, lj = l(z ;) where [(x) is

\f

a continuous function on Q and there exists the limit

E/2 2 71'/2

81} 81} dbdod
B P fC —
GE ik 0 —m/2
1 27 7r/2 re/2 ox w/2
71/2 2 9
+ cosv,bdz/)d<pdz+ 2) r2 cos pdipdpdr
0 —7r 2 —71'/2

1 2 A%(dF)? NG -
= 4r(a? 4 p. %4 (% - ;> + 47 \565) = 4md® (Jd# + 1) (1+0o(1)).
J

Since z% are distributed periodically in @ and d° = a(r €)3, it follows that

4
Viz) = %XQ (x) (x,(z) is a characteristic function of 2), and the averaged
ql(z

equation has the form:

o*u damy,

gu_ = 0.
oz Mt am 11t
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2. Case of the Delay of Proper Time

We consider the manifold Mj = M3 x R, where Mj3 is a particular case of the
manifold M¢ considered in Sect. 1.4 (without assumption that x; are distributed
periodically in ).

Introduce a metric on M5 similarly to 1.4 and define a metric in My by the
following formula:

3
ds? = [c.(2)]* dt® — Z g dridry,
ik=1

where
L NE
1,z € Qf G’
Cg(i): ’ ! j=1 77 5E_>07 6_>07
Gy € QU
and ¢°(Z) = {¢5,,%,k = 1,2,3} is a metric tensor on Mj.
We consider the Cauchy problem on My

1 9% 1 .9 (. - Ou
Ofuf = — — [ g*c.(x)VG =— ) =0 2.1
P Te@r o T c@Va Z.kzl or; (gf H(BVG agc,) @D
W (3,0) = f°, (2.2)
ug (2,0) = ¢°. 2.3
Ge =det g5, g'f i,k = 1,2,3 are the components of the tensor inverse to ¢&,.
( gzka gg )y ¥y ) <y p gzk)
Denote
3
L OvE s
£ _ 7))k —L I g7
vi=| 3 cldlal gt g (2.4
as "
where v7 is the solution of the problem
.19 v
ik € ~ ~ e
— G — =0 G¢ 2.5
ikzl \/@E 8.’,51 <g&‘ CE(x) axk> 9 x E 70 ( )
v=1,T € Sfj, (2.6)

It follows from the form of metric in G;-E (1.45), that

L1 A?(d5)?
VE =dm(a? +é.a3) | - — — | +4n I
! I V4
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where p; = dj +73/2,

a1 = —Ced; (65\/62 + (Eg + 1) (1 — d—§>>1, A=a \/a; ay = —ali.

T\ P;

Introduce the following generalized function

N(e)
= Vid(z —1f) (2.8)
=1
and let the following limit exist in D’(R?)
lim V*(z) = V(z), (2.9)
e—0

where V() is a measurable bounded nonnegative function.

Theorem 4. Suppose the conditions (i),(iv) of Th. I hold and:
(ii") for any domain G C R?

IIII(I) C:
e et (rj)

5 < CimeasG,

and rj- > C’odj (here 2 < Ch, 0 < );

iii") lim max S =0
e=0 5 2

(
(vi') the norms || f€]|1c are uniformly bounded with respect to e; when € — 0,
f¢(%) and ¢g°(%) converge in the sense of(1.8) to the functions f € H'(R3) and
g € L*(R3), respectively, and

e2 2
/ 7|f| +|g|d -0, e = 0.
Ca(x)

! !
2 U6y

Then the solution of the problem (2.1)-(2.3) u®(Z,t) converges in the sense of
(1.9) to the solution u(x,t) of the problem (1.10)-(1.12), where V (z) is defined

by (2.8)-(2.9).
P r oo f The theorem is proved in the same way as Th. 1. But here, for

the solution v} of the problem (2.5)-(2.7), a stronger estimate than in Lem. 1 is

used. Namely, as it appears from an explicit form of the function U , the following

inequality holds:

Ced;

« E(
| D% (v5(7) —1)| < Cm

z = (z,1) € B, (2.10)

where |a| = 0,1, and C does not depend on e.
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As for the rest, the theorem is proved in the same way as Th. 1.

R em ar k. This result is obtained for the discontinuous metric tensor g°(z).
However, ¢°(Z) can be approximated by the smooth tensor ¢5(Z) that coincides
with ¢°(2) outside of the small neighborhood of Dj;. We introduce the local
coordinates (z1,%2,x3) in the neighborhood of the point & € 3D,‘€€j, such that
r=d;+ |z1|(z1 <0), z=x1(x1 > 0), 29 = ¢, 3 = Y and set

ds® = ¢, (x1)det + [(d5)*(1 — @5, (21)) + (d5 + |21])*¢f, (21)] (cos® wada} + da?),

where ¢ (1) is a smooth nonnegative function equal to 1 for 21 < 0 and q; for
r1 26 >0, ¢ (x1) = (qj-&(wl) — qj)/(l —qj-). Then ¢°(%) = g5(z) for z1 & (0,6).

In the same way we can approximate c¢.(Z) by the function ¢, (). Similarly,
we introduce the local coordinates (z1,z2,z3) in the neighborhood of the point
T € 0D5; and set

Ces (T) = 1 — @l (21) + Ceipj (1)

We suppose § = 6(dj). Then the function V(z), calculated by the formulae
(2.4),(2.8),(2.9), but with a tensor g5(Z) and a function c.,(Z), will be equal to
the function V(x) calculated with a tensor ¢°(z) and a function c¢.(%).

The Author thanks deeply Prof. E.Ya. Khruslov for the statement of problem
and the attention he paid to this work.
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