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We study the spectral structure of Schrédinger operators H = A+ V for
random potentials supported on sparse sets. In the past years examples of
such operators whose spectra almost surely satisfy the following properties
have been exhibited: Anderson localization holds outside spec(A), while the
wave operators QF (H, A) exist inside this last set. We continue this program
by presenting sparseness conditions under which Q*(A, H) also exist.
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1. Introduction

Since its introduction in 1958, there has been considerable interest in the
Anderson model [4], which describes potentials that are not completely known,
but are affected by a probability distribution. By focusing on almost sure results
(and hence by discarding pathological constructions), research on this model has
given a new insight into quantum physics. A random potential, V', lies on a lattice
Z4. 1t is described by the following operator on 12(Z%):

V= V(N)x|)dn,
Nezd

where dx (M) is the Kronecker delta and {V(N)} ;4 is a family of i.i.d. random
variables of law v.* The spectral structure of the random Hamiltonian

H=A+\V

“Explicitly, the probability space is given by Q = RE% equipped with its Borel o-algebra
and the probability measure P = [],,v. The random variable V(NN) then maps an element of
Q to its N-th coordinate.
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has been investigated—where A is a positive number (the so-called disorder) and
A is the centered discrete Laplacian. It was proven by L. Pastur that the abso-
lutely continuous, essential, singular continuous and point spectra of H are almost
surely constant [20]. Indeed, from the first days Anderson has conjectured that
H has the following spectral structure (almost surely): if A is small, spec(H)
is purely absolutely continuous (delocalization) except near its edges, where it is
pure point with exponentially decaying eigenfunctions (Anderson localization); on
the other hand, if X is large, Anderson localization occurs on the whole spec(H).
While the structure of the a.c. spectrum of H is still not completely understood,
the localization part of the above conjecture was proven by M. Aizenman and
S. Molchanov [3, 1|. In their works these authors developed a method for esti-
mating the s’”-moment of the resolvent’s matrix elements

R(M,N,z) = 0y | (H — 2) Lon)

(in absolute value) for suitable A, s and z approaching the real line. This method,
which is used in the present paper, is based on the following decoupling lemmas —
which apply to a large class of probability measures including Gaussian, Cauchy,
and uniform distributions [1-3, 5, 11, 15]:*

Proposition 1. Suppose there exists an s € (0,1) such that

o g delr a7 )
afeC  [o | — B]70 dv(z)

Then, for any deterministic function F(M,N, z),

> 0.

E|V(M) - F(M,N,z)|*|R(M,N, 2)|” > ksE|R(M, N, z)|*.
Suppose instead there exists an s € (0,1) such that

Jo |l — BI~* dv(z)
K, =
Ser [ole— Bl dv(z)

Then, E|V (M)]|R(M,N,z)* < K,E|R(M,N,z)|°.

< 0.

In addition to the Anderson model, several researchers (M. Krishna et al.
[13, 14], W. Kirsch et al. [6, 12], S. Molchanov et al. [15-19]) have investigated
various sparse models, which describe random potentials lying on a set I' subject
to various geometric constraints, having in common that the distance between

“In the sequel we use parentheses with E in the same way as with Y . For instance, E X°® =
E (X?), not (EX)°.
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N € T and its closest neighbor in T' tends to infinity when |N| — oo. In the
discrete case the following Hamiltonian on [?(Z%) has been investigated,

H=A+V, V=Y V) ol ),
nel’

where {V'(n)},cp is a family of i.i.d. random variables.

Since such a model is not ergodic, Pastur’s theorem fails for the singular
continuous and point spectra of H, but still holds for the essential and continuous
spectra. Indeed, the essential spectrum of H has been completely characterized by
S. Molchanov and B. Vainberg under appropriate sparseness conditions [17, 19].
In addition, the spectral structure of H (for the above model or its continuous
analog) has been clarified in different cases. Families of random Hamiltonians
with the following, almost sure properties have been exhibited: the spectrum of
H is (possibly dense) pure point outside spec(A), while the wave operators

Q;(H, A) = t_l)irinoo e 215 (A) (strongly)
exist on the whole E = spec(A)—yielding that spec,.(H) = spec(A).

In order to complete this program we show that under suitable sparseness
conditions the above wave operators are almost surely complete, i.e., QE(A,H)
also exist. We conclude this work by exhibiting a family of random operators
H = A4V with sparse potentials satisfying almost surely the following properties:
1° the spectrum of H is purely absolutely continuous on spec(A), 2° the wave
operators exist and are complete on spec(A), 3° the spectrum of H is (possibly
dense) pure point outside spec(A).

This work, based on a private communication with V. Jaksi¢, is an applica-
tion of a completeness criterion found in [9] — a paper of V. Jaksi¢ and Y. Last
dedicated to L. Pastur.

Acknowledgements The author is grateful to Vojkan Jaksi¢ for his sub-
stantial collaboration, his generous teaching (covering many results used in the
present paper), and for having made this invitation possible. The present article
is based on the second part of the doctoral dissertation of the author, who wants
to acknowledge his thesis’ referees for instructive comments.

2. Abstract Results

2.1. The Model

At a higher level of generality the lattice Z? is replaced with a countable set
X endowed with a graph structure. We assume that this graph consists of finitely
many connected components and that the degrees of the vertices are bounded. Let
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d(M, N) be the distance between M, N € X, that is, the length of the shortest
path connecting them in X (oo if M and N lie on two different components).
The usual centered Laplacian is then replaced with the adjacency operator of X:
for ¢ € I2(X),
Ap(N) =Y o(M).
d(M,N)=1

Notice that A is a bounded selfadjoint operator on I2(X). The Euclidean distance
is replaced with a weight on the set X, that is, a function y: X x X — [0, 00)
satisfying all axioms of metric distance, except that v(M, N) = 0 does not neces-
sarily imply M = N.

For a fixed I' C X, a family {V(n)}, p of i.i.d. random variables is given.
Their law, v, is assumed to be absolutely continuous and to satisfy both hypothe-
ses of Prop. 1 for a fixed s € (0,1). We study the following random Hamiltonian
on I2(X):

H=A+V, V=> V(n)o|)on
nel’

Notation. In the sequel the connected components of the graph are
denoted by X;. For 0 < R < o0, the R-fattening of I' is defined as

while the projection on I2(I'g) is denoted by 1g. For the sake of clarity, we shall
use the following fonts: n varies in a certain subset of I, n varies in I, N varies
in a certain fattening of I' and N in the whole X.

The abbreviation a.e. & a.s. stands for almost everywhere and almost surely,
where the former refers to the Lebesgue measure and the latter to the given
probability measure P. Here, the underlying probability space is given by Q =
R(Z) equipped with its Borel o-algebra and the probability measure P = [],qv.

2.2. Preliminaries

Our work is based on the following Jaksié-Last criterion of completeness [9],
whose conclusion trivially persists for disconnected graphs:*

Proposition 2. Suppose that the spectrum of H is purely a.c. on a given Borel
set E C R. Suppose also that 11 is A-smooth on E, that is,**

sup ||11(A —e—ie) 11| < .

0<e<1
eck

*This last observation is deduced from elementary properties of the projections, P;, onto
I>(X;), namely: PjP, = 0 if j # k; 3. P; is the identity; Pj1g = 1gP; for any j and R;
f(T)P; = f(TP;) = P; f(T)P; for any bounded Borel function f and T € {A,V, H}.

** See [25].
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If for olln € T and almost alle € E

> Mm Sy | (H —e—i0)""6,)|* < oo,
Mely

then the wave operators QE(A,H) exist.

Since in this context the usual wave operators are Qfg([—[ , A), this last criterion
asserts their completeness, but without assuming their existence.

In order to prove localization we shall use the following Simon—Wolff theorem
[27]. It is easily seen that its conclusion is valid for disconnected graphs with
finitely many components, except regarding simplicity of the eigenvalues — which
follows from a recent theorem of V. Jaksi¢ and Y. Last [10].

Proposition 3. Let E C R be a Borel set. If with probability one
|(H — e —1i0)"16,|| < oo

for alln € T and almost all e € E, then the spectrum of H on E is almost surely
pure point with simple eigenvalues.*

Suppose in addition that for almost all V € Q, almost alle € E, and alln € T
there exist constants K,k > 0 independent of M € X such that

[(0n | (H — e —i0) " 1opr)| < Ke FY(M),

Then, the eigenfunctions are exponentially bounded in the following sense: for
such an eigenfunction (N) and an arbitrarily fized site Ny, there exists a coeffi-
cient Const (depending on V', Ny and the associated eigenvalue) and a universal
exponent k > 0 such that

lhp(N)| < Const e F7(N:No)
forall N € X.
Given a selfadjoint operator T' on [?(X), let T, be its restriction to I%(X).
The essential support of the a.c. spectrum of Tj is given by
S(Tj) ={e€R; Y |Im(dx|(Tj —e—i0) 'dn)| > 0} ace.
NeX;

Notice that X(7}) is defined up to a set of Lebesgue measure zero; however, its
equivalence class is almost surely constant (by a variant of Pastur’s theorem). We
define

S(T) = N E(T)).
The Jaksié-Last theorem (8| asserts:

“Recall that the spectrum of H on E is defined as spec(Hxr(H)), where xg is the charac-
teristic function of E; it is not equal to spec(H) N E in general. Moreover, the above conclusion
includes the trivial case where H has no spectrum on F.
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Proposition 4. Let E C R be a Borel set. If with probability one E C X(H)
(in the sense that E\ ¥.(H) has Lebesgue measure zero), then the spectrum of H
on E is purely a.c., almost surely.

2.3. Main Results

As mentioned in the previous section we shall determine the spectral structure
of H on a given interval [a,b] by using the Jaksi¢-Last and the Simon-Wolff
criteria (depending on the location of [a,b]). In both cases the matrix elements
of the resolvent of H have to be estimated. This will be done in one step, using
the Aizenman—Molchanov method.*

Consider the following quantity,

T(M,N) = sup (60 | (A —2) " o),
1S

where M, N € X and § = {a <Rez<b,0<Imz < 1}. In concrete models
T7(M, N) decays when M and N become distant. This motivates our choice in the
present abstract setting to make sparseness assumptions on 7(M, N):

Assumption A. Foralle >0 there exists a finite set F CT' such that
Enef‘\{m} T(n,m)* <e forallm e\ F.

Given an R € [0, 0o],

Assumption B. supperyer, (0, M)° < o0
Let J = infuer zes [(0n | (A — 2)716,)]. We also assume
Assumption C. T>0.

Our chief lemma is:

Lemma 1. Suppose 0 < R < oo. Under Assumptions A, B and C, for all
nel,
|11r(H — e —i0) 16, < o0 a.e. & a.s.

on [a,b] x €.

“Compared with the original Aizenman—Molchanov argument complications from two sources
arise: since we play with sparseness instead of the disorder, in order to control the norm of a
certain operator we remove a finite number of sites and then put them back using the resolvent
identity repeatedly; moreover, deletion of these sites never prevents a remaining site to be close
to itself, so the diagonal elements have to be treated differently.
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We deduce the following result inside spec(A):

Theorem 1. Suppose A, C, and supycr, ZMEFI T(N,M)* < oo for an in-
terval [a,b] C £(A). If Q[j;,b} (H,A) ezist a.s., then the spectrum of H on [a,b] is
purely a.c. and the wave operators are complete there, almost surely.

In order to derive Anderson localization outside spec(A) we make the following
assumptions on the weight:

ky(N,M)

Assumption D. Foranyk >0, supyex D prex® 0.

Assumption E. Foreach L > 0 there exists a finite set £ C T" such
that for all m € T'\ &, inf,ep\ {m) 7(n,m) > L.

Given an R € [0, 0],

Assumption F. There exist D, 3 such that 7(n,M)* < De #v(mM)
forallm el and M € I'g.

Our main lemma is:

Lemma 2. Suppose 0 < R < co. Under Assumptions C, D, E, and F, there
exists a universal constant k > 0 such that the following holds a.e. & a.s. on
[a,b] x Q: for all n € T there exists a K > 0 such that

(0, | (H — e —i0) " dp)| < Ke Fr(mdD)
for all M € T'p.
From Lemmas 1 and 2 we deduce:

Theorem 2. Suppose C, D, and E. Suppose in addition F holds with
R = oco. Then, the spectrum of H on [a,b] is almost surely pure point with simple
eigenvalues and exponentially bounded eigenfunctions (in the sense of Prop. 3).

2.4. Proof of the First Lemma

In this section Assumption A is used in the following form: there exists a finite
set F C I' such that

Ik
2K,

(1)

sup Y 7(n,m)* <
mENF e\ {m}

We also assume B for an arbitrary R € [0, o0], and C.

Journal of Mathematical Physics, Analysis, Geometry, 2008, vol. 4, No. 1 157



Ph. Poulin

Let H=A+ > ner\# V(1){0n | -)dn. We use the abbreviations

Ro(N,M,z) = (6x5| (A —2)" o),
R(N,M,z) = (6n5 | (H — z) " Lonr),
R(N,M,z) = (6x | (H — 2) " '0),

where M, N € X and z € §. Since the spectral measure of d); and dy with
respect to H is real-valued [9], R(N,M,z) = R(M, N, z) for any z € S; similar
relations hold for Ry and R.

In the sequel we use the Aizenman—Molchanov decoupling lemmas (Prop. 1)
in conjunction with the resolvent identity; this latter implies

R(N,M,z) = Ry(N,M,z) — Y Ro(N,p,2)V(p)R(p, M, 2) (2)
peEl\F

for all M, N € X. As a first instance, with the convention that p varies in I' \ F,

Lemma 3. Foralln,m e '\ F and z € S,

2} s 1 s K ST | D s
E|R(n,m,z)|* < kS’JST(ﬂ’m) i > 7(n,p)°E|R(p,m, 2)|*.
pFn
P roof. By the equation (2),
ﬁ(ﬂama Z)(]_ +R0(ﬂaﬂaz)v(ﬂ)) RU ’fl m, Z ZRU n,p,z )E(ﬂama Z)
pFR

Using the triangle inequality for |-|*, taking the expectation, and then apply-
ing the decoupling lemmas give ks|Ry(n,n z)|5E|R(n m, z)|° < |Ro(n,m,2)|* +
K5 psn | Ro(n,p, 2)|° IE|R(1_9, m, z)|*, from which the result follows. ]

Let us fix m € '\ F and z € S, n € I\ F being thought as the only variable.
We define the following vectors on [*°(I"\ F):

X(ﬂ) = E|R\(ﬂamaz)|sa
]' S
B(n) = ksjsT(n,m) -

They are well defined, since || X|loo < [Imz|™* and ||Bllc < 00, the latter by
Assumption B (which also ensures ||Bl|; < 0o). Let us define the operator

K s
k js ZT(Q?Z_)) ’gb(]_?),
57 p#n

(Ay)(n) =

158 Journal of Mathematical Physics, Analysis, Geometry, 2008, vol. 4, No. 1
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which acts on both [*°(T"\ F) and ll(F \ F). By the equation (1),

1
4]l = 14l = <

- p#ﬂ
In addition, the previous lemma gives (1 — A)X < B (pointwise).
Lemma 4. sup,cgSuppycr\ Zﬂep\}-Em(ﬂ, m, z)|* < oo.

Proof The relation (3) implies that (1 — A) ! = Z]O-io AJ is well-defined
and satisfies ||(1 — A)!||; < 2. Observe that, since all matrix elements of A are
positive, those of (1 — A)~! are also positive, i.e., (1 — A)~! preserves pointwise
positivity. Therefore, by the previous lemma

X <(1-A)"'B (pointwise), (4)
so || X|li < 2||B||1- In other words, ZJEU?(@,@, 2)|* < kfjs >n T(n,m)*. Since
m and z are arbitrary, Assumption B yields the result. [

Lemma 5. Forall M, N € X and z € S,

E|R(N,M,z)|* <7(N,M)* + K, Y 7(N,p)’E|R(p, M,2)|".
peET\F

P roof. The result is obtained by applying the triangle inequality for |-|*
to (2), taking the expectation, and then using the decoupling lemma. [ |

Lemma 6. sup,cssuppcr Y yrer,, E[R(n, M, 2)]* < o0.

Proof. Assumption B and Lemma 4 imply that C' = sup,cr > yser, 7(1, M)°

and D = sup,cgsSupper\ s Eﬂep\fﬂﬂﬁ(@,m, z)|® are finite. By the previous
lemma, forall N €', m e\ Fand z € S,

E|R(N,m,2)|° < T(N,m)* + K, Y 7(N,p)°E|R(p,m, )|,
peEl\F

and hence sup,cs SUpper\ 7 2 yery, E|(R R(N,m,z)|* < C + K,CD. By the same
lemma, foralln €', M €eT'pand z € S

E|R(n,M,2)]* < 7(n,M)* + K, Y 7(n,p)°E|R(p,M,2)[",
peET\F

and hence EMGFRE|ﬁ(n,M, 2)|* < C+ K;C(C + K;CD) uniformly in n € T'
and z € S, as desired. [
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We want to deduce information about ﬁ(n,M, e+i0) forn € ', M € T'g and
e € [a,b]; this last limit exists a.e. & a.s. on [a,b] x ©Q (by classical Analysis and
Fubini’s theorem).

Lemma 7. For all n €T, Z |§(7’L,M,e—i—i0)|2 < oo a.e. & a.s. on
MeTgr
[a,b] x Q.

Proof. Forafixednerl,

b
/IE > IR(n,M,e+i0)* de < (b—a)esssup Y E|R(n,M,e+i0)[°,
; McTg a<e<bM€FR

where ess sup denotes the essential supremum w.r.t. the Lebesgue measure. Hence,
by Fatou’s lemma

b
[E X R M40 de< (b= a)sup S EIR (M)
" Merg €S Merg

The result follows from the previous lemma and the triangle inequality for ||% [ |

We are now ready to prove Lemma 1. Let n € I'. By the resolvent identity,
forall M € T'p

R(n,M,e+i0) = R(n,M,e +i0) — > _ V(p)R(p, M, e +i0)R(n, p, e + i0)
peF
a.e. & a.s. on [a,b] x Q. Consequently, > yrep, |R(n, M, e +i0)|? is less than
or equal to A (3 yrer, [R(n, M, e +i0)* + M(e) 3,c r [V (p)[R(n, p, e +10)[?)
a.e. & a.s., where M(e) = maxper D yrer,, [B(p, M, e+ i0)|? and A is the number

of elements of F plus one. Then the finiteness of F and the previous lemma
complete the proof.

2.5. Proof of the Second Lemma

Now we assume C, D, E, and F. Assumption D extends by induction:

Lemma 8. For any k and « such that 0 < o < k there exists a Cy o > 0
satisfying

Z e~ k(Y (N, P1)+7(P1,Pa)+-4(P,M)) < C]lc’ae—Oé’Y(N,M) (5)

P1,...,.PeX

for every Ny M € X andl € N.
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Proof There exists an s € (0,1) such that « = sk. By Assumption D,
By = Supnex Do vex e FY(NM) < o6 for any k' > 0. Let us show that Cy o =
By, then satisfies the desired property, where t =1 — s.

The triangle inequality for  implies that the left-hand side in (5) is bounded
above by Y>p  p e (YN, P+ 4y (PLM)) g =av(NoM) for any fixed [ > 0. Tt is thus
sufficient to show Y p  p e~ th(V(N,Pr) 4y (P, M) B!, for any [ > 0.

oy

!
The result is trivial if [ = 0. Suppose it holds for [ — 1. Then,

E eftk(7(NaP1)++7(PlaM)) — E eftk'Y(NaPl) E eftk('Y(Pl aP2)++7(PlaM))
PP P Py, P

-1 l
< BuBy, = By,
as desired. ]

As a final preliminary remark,

Lemma 9. All assumptions of the previous section are satisfied.

P roof. Assumption B follows from Assumptions D and F. Assumption A
is satisfied, since for any finite € CT'and n € T\ &,

Z 7(m,n)® < (D sup Z e-%’Y(Z’:Q)) sup e—%'y(@,m),
mer\{n} PEL ger\{p} mer\{n}

where the right-hand side goes to zero as £ T X (by Assumptions D and E).
Finally, Assumption C is satisfied by fiat. ]

We are thus free to use the results and computations of the previous section.
Recall that F C I' is a finite set chosen in such a way that the relation (1) holds.
From now, by enlarging F if necessary, we also require*

_83 Ik
— 6
2 < KSCQ éD7 ( )

2’3

€

where d = infy,er\ 7 infp e\ 7))\ fm} 7(, m); this may be done by Assumption E.

Let m € T'\F and z € S be fixed, n € T'\ F being thought as the only variable.
Then, with the notation of the previous section the inequation (4) applies, namely
X < (1—A)"'B (pointwise). Consequently,

Lemma 10. X < Const (1 — A)~'6,, (pointwise).

“Here, 3, D, and C'g g refer to Assumption F and Lem. 8.
2°3
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Proof. Observe that (Adp)(n) = KsB(n) — kf—jssT(m, m)*0m(n), and hence

B = K%A(Fm + ,%%T(m,m)%m. By the inequation (4),

1 T(m, m)s 1 . .
<=+ —= - wise).
X < < - T > (1—A) "6, (pointwise)

The result follows, with Const = Kis + ks% supper\# 7(p,p)° (Which is finite by
Assumption B). B ]

Lemma 11. There exist universal constants Const and k such that
E|§(@,m, 2)|° < Const e F7(mm)
foralln,m e T\ F and z € S.
P roof. By the previous lemma,
s .
E|R(n,m,2)|* < Const » (0n | A76p). (7)
=0

Moreover,

. K.\’
A](ﬂvm) = <ksfjss> Z 1@7'5217-(@’81)8"'lﬂj_ﬁémT(ijl’m)s’
21""’1’_’]'_16F\]:

where 1, = 1 — d,(g). By Assumption F, 1,2,7(p,q)° < De S e 319 for
p, ¢ € '\ F. Hence, Lem. 8 implies

sd\ 7
. -5 8
Al(n,m) < Llf —— Y e e e 2w
s El’.“’gjfl
s\ 7
1 KSCQ gDe_T 8
< 2°3 e~ 37(m)
Cs s k3¢

273

By choice of F the equation (6) holds, so there exist constants Const and k
such that Z;io A¥(n,m) < Const e *7(@m) The equation (7) then completes the
proof. [

Lemma 12. There exist constants Const and k such that for each n € T,
MeTl'gr and z € S,

E|1§(n,M, 2)|* < Const e~ kv(n,M)
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Proof. ForNe€Tlpand m € I'\F, Lem. 5, Assumption F, and the
previous lemma yield

EIR(N,m,2)* < 7(N,m)*+K, Y 7(N,p)*E|R(p,m,2)|
pel\F

< Const e Y Em) | ¢ Z Const e ¥V e —ky(pm)
peET\F

’

where Const and %k denote generic constants. It follows from Lem. 8 that
E|R(N,m,z)|° < Conste *Y:m)  Using this last inequation and Lem. 5 again,
a similar computation then gives the result. ]

Lemma 13. For all n € T and almost all (e,V) € [a,b] x Q there exist
constants, Const and k, the latter being universal, satisfying

\R(n, M, e +i0)| < Const ¢ F1(m:2D
for all M € T'p.

Proof. Letn el befixed and M € I'. Recall that ﬁ(n,M, e +10) exists
for almost all (e,V) € [a,b] x Q. Thus, the previous result and Fatou’s lemma
yield

b
E / |R(n, M, e +i0)|° de < Const e ¥7(mM),
a

Let Ay = {(e,V) € [a,b] x Q; |R(n, M, e +i0)| > e‘iV(n’M)}, where k refers to
the previous inequality. Then, denoting by d the Lebesgue measure,

b
3 (dx dP)(Ay) < Y E [ 2™\ R(n, M, e +i0)]° de

Melg Mel'r 7§,

k
< Const Z e~z (M)
Mel'g

which is finite by Assumption D. Hence, by Cantelli’s lemma there exists a finite
€ CT'g such that forall M € T\ &

\R(n, M, e+i0)| < ez 7(mM) g0 & a.s.,

where n € T' is arbitrarily fixed. Since £ is finite, the result follows. ]
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Lemma 14. Let £ C T be finite. For a given n € T' and almost all (e,V) €
[a,b] x Q there exist constants, K and k, the latter being universal, satisfying

|R(q, M, e +i0)| < Ke (M)
forall M eTg and q € £.

Proof  Since £ is finite, the last lemma ensures for almost all (e, V)
the existence of constants satisfying |R(q, M, e + i0)] < Const e=¥7(@:M) for all
M €Ty and g € . Since e ¥7(@:M)  okr(m0)g=ky(M) - the regult follows, with
K = Const sup,c¢ efr(na), ]

We are now ready to prove Lem. 2. By the resolvent identity, for all n € T,
M € T'g, and almost all (e,V) € [a,b] x Q

R(n,M,e+i0) = R(n,M,e +i0) = Y R(n,p,e +i0)V (p)R(p, M, e +i0).
peF

In particular, there exists a constant, namely, L = supycx|R(n,p,e +i0)V(p)|,
which depends on n, e, and V', but not on M, satisfying

|R(n, M, e +i0)| < |R(n,M,e+i0)|+ L |R(p, M, e +i0)|.
peEF

The result follows from the previous lemma applied to & = F U {n}.

2.6. Proofs of the Theorems
Lemma 15. Let 0 < R < o0. If

sup > 7(N,M)* < oo,
EEFR MEFR

then 1g is A-smooth on [a,b].
P roof. The triangle inequality for |-|* and the hypothesis yield

Sup Z [(6n | (A = 2) 1ou)| < Const
NeTr \fop

uniformly in z € S. Interpreting 1z(A — z) '1x as an operator on [2(T'g), its I!
and [®° norms are given by the above expression. Therefore, Schur’s interpolation
theorem implies sup,cg ||[1r(A — 2) " 11g|| < oo, as desired. [ |
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Proof of the first theorem. Since [a,b] C £(A), we also have
[a,b] C X(H) for all V such that Q[j;b](H, A) exist, i.e., almost surely. Hence, by
Prop. 4 the spectrum of H is purely a.c. on [a, b]. Moreover, the previous lemma
(with R = 1) and the assumption of the theorem imply that 1; is A-smooth.

Lemma 1 (with R = 1) and Prop. 2 thus complete the proof.

Proof of the second theorem. Lemma 9 and the assumption
of the theorem imply Lems. 1 and 2 (both with R = 00). The result then follows
from Prop. 3.

3. Models on Z¢

We now turn our attention to the case where X = Z? (d > 2), and the
graph distance, d(M, N), is translational invariant. The graph (Z¢d) is then
determined by V = {N € Z%; d(N,0) = 1}. We set v(M,N) = [N — M]|.

Recall that the Fourier transform of 1 € 12(Z%) is defined as

D) = (Fy)(z) = (2m)7F Y Vo),

Nez4d

where z € T?¢. The symbol of A is A =FAF-L Thus, given a 'V C Z¢%, the symbol
of the Laplacian associated with V is the multiplication by

O(x) = Z Ve = Z cos (V- z).

vey Vey

It follows from a change of variables that the spectrum of A is purely a.c. and
equal to [min ®, #V)], where #V denotes the cardinality of V.

The Green function of A is defined as G(M, N,z) = (0p | (A — 2) " 16y) for
M,N € Z% and z € C,. Since (Z%d) is translational invariant, G(M, N, z) =
G(0, N — M, z); this last is abbreviated by G(N — M, z). Hence, for any N € Z¢
and z € C;,

G(N,2)

(bo(2) | (A = 2)~'on (2))o
eiN-:D
Td

Recall that our sparseness assumptions are formulated in terms of

T(MaN) = Sup|G(N_ M,Z)|,
ZES

where [a,b] is a given interval and S = {a < Rez < b,0 <Imz < 1}. Hence the
decay of G(N, z) when N — oo has to be a priori known. It is clear that G(N, z)
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decays exponentially when [a, b] is outside the spectrum of A. Moreover, the case
where [a,b] C spec(A) has been studied in [24, 23] using material from [26, 28, 29|

Proposition 5. Given a real-valued, analytic and periodic function ®(x) on
T¢, let T'(e) = {x € T? ; ®(x) = e} and let G(N,z) be defined by (8). Assume,
for (a/,b') CRan® and S = U,y T(€):

e VO(z)#£0 forallz € S';

e foralle € (da',V'), T'(e) admits at least k nonvanishing principal curvatures
at any point, where k > 1 is a fized integer.

Then, for N = |N|w and [a,b] C (a',V), lim, . .cc, G(N,z) ezists* and is
O(|N|=2) uniformly in (e,w) € [a,b] x S*'. More generally,

G(N,z) = O(IN| 2 log |N)
uniformly in (z,w) € S x S where S = {e+iy; a <e<b 0 <y <1}

For example, in the case of the centered Laplacian, which is specified by
V ={(£1,0,...,0),(0,£1,...,0),...,(0,0,...,£1)}

and whose spectrum is equal to [—2d,2d]|, T'(e) defines a regular surface for
e & {—2d,—2d +4,...,2d —4,2d}, exempt of planarity if in addition e # 0.
Hence, letting E = {—2d, —2d + 4, ..., 2d — 4,2d}U{0}, G(N, e+i0) = O(|N| 2)
uniformly on compact subsets of [—2d,2d]\ E. As an alternative, in order to avoid
convexity problems, S. Molchanov and B. Vainberg [17] have suggested to base
the discretization of the Laplacian on the diagonal neighbors

V={wW,. . @) ;) e{1,-1} forj=1,...,d}.

The resulting graph consists of 2¢~! connected components, and the spectrum of
its Laplacian is equal to [—2d,2d]. Remarkably, I'(e) defines a regular, strictly
conver surface for e ¢ {—2%,0, 2%}, as shown in [22]; hence, with E = {—24,0, 2%},
G(N,e+10) = O(|N|_d_Tl) uniformly on compact subsets of [—2d,2d] \ E.

Let us translate our abstract results to the present concrete models using the
previous proposition. Assumption A and the strengthened version of B assumed
in Th. 1 easily reduce to the following sparseness assumption:

Assumption G. There ezists an € > 0 such that 35, cp\ (ny [0 —

m|_%s'|'6 < oo foralln €T, and

lim > |n—m| Tt =0.

n|—oo
|7L€F mel\{n}

*Without constraints on the approach.
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First consider the case where [a,b] C (a’,b’) C spec(A) for a given (a',b')
satisfying the hypotheses of the previous proposition. Since (Z%, d) is translational
invariant,

. -1 _
3= inf (6| (A —2)7" )| = inf |G(0, 2)|.

Moreover, by Th. 6.1 in [24]

lim T G(0, 2) :7r/ 1V, 3(z)|~'ds(z) > 0. (9)
ZE(CJ,_ F(e)

Since in addition Im G(0, z) > 0 on S, the above implies C.
Let Aj = P;AP;, where P; denotes the projection onto [?(X;). Observe that
for any z ¢ R

[ G002 ifNeX;
(On [(Aj —2)7 6n) = { 0 otherwise.

Hence, the equation (9) implies [a,b] C E(A).

Consider now the case where [a, b] is at a positive distance of spec(A). Then, J
is clearly positive, i.e., C holds. Assumption D is satisfied for v(M, N) = |M —N|.
Moreover, Assumption F holds, since sup,cs |G(N, 2)| is exponentially decaying.
Finally, Assumption E yields our sparseness condition in this case, namely

Assumption H. lim inf |n—m|=o0.
‘n|—)oo mEF\{n}
nel’

Let © be a reunion of intervals (a', ') like above. We have proven:

Theorem 3. Suppose I' satisfies G. If the wave operators Qg(H, A) exist a.e.,
then they are complete (and the spectrum of H is purely a.c.) on O, almost
surely. Suppose instead T satisfies the weaker assumption H. Then, the spectrum
of H outside spec(A) is almost surely pure point with simple eigenvalues and
exponentially decaying eigenfunctions.

Remarks.

1. In particular, the previous theorem holds for the standard Laplacian (with
k = 1) and the Molchanov—Vainberg Laplacian (with kK = d —1) on © =
spec(A) \ E, where in both cases E is a finite, deterministic set (described
after Prop. 5). By Proposition 4 (for instance), such an E does not contain
eigenvalues of H, almost surely. In both cases completeness (a.s.) of the
wave operators on the whole spec(A) follows.
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2. Additional conditions may be imposed on the geometry of T' in order to
assure the existence of the wave operators, including additional sparseness
conditions [19].

3. As mentioned in the introduction, by Pastur’s theorem the essential spec-
trum of H is almost surely equal to a deterministic set, which was cha-
racterized by S. Molchanov and B. Vainberg [17, 19].* Using their result,
one may construct examples in which specess(H) = R. This is the case for
instance when the random potential at each site has a Cauchy or a normal
distribution. Then, the spectrum of H is dense pure point in R\ spec(A).

4. Our study includes another approach, based on Fredholm analytic theory
and valid for bounded, deterministic potentials [23|. Under suitable sparse-
ness conditions both existence and completeness of the wave operators are
derived on spec(A) minus a set of Lebesgue measure zero — which disap-
pears in the random frame.

Example. Consider H = A+V, where A is the standard (or the Molchanov—
Vainberg) Laplacian. Suppose {V(n)}, . is a family of i.i.d. random variables
lying on T' = {(5%,0,...,0) € Z%; j € Z}, whose common distribution is Cauchy
(alternatively, normal). Then, T' is sparse in the sense of Th. 3 (with s suffi-
ciently close to 1). Moreover, since I' is included in the hyperplane Z4~! C 74,
the existence of QF(H,A) follows from a deterministic result of V. Jaksi¢ and
Y. Last [7].** Hence, by Th. 3 (and the first remark following it), spec(H) is
purely a.c. on spec(A) and the wave operators are complete there (almost surely).
Moreover, by the same theorem (and the third remark following it), the spectrum
of H on R\ spec(A) is dense pure point with simple eigenvalues and exponentially
decaying eigenfunctions, almost surely.
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